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~— Types of Modeling

ypes of Modeling
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ﬁlements

2-D elements:
e Plane stress: plates with holes, fillets
e Plane strain: a long underground box
Plane Stress:

* the normal stress (c,) and the shear stresses (t,, and t,,)
perpendicular to the plane are assumed to be zero

e For thin members when loads act only in the x-y plane

Ay Ay g #0
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2-D Elements
Plane Strain:

e the strain normal to the x-y plane (g,) and the shear strains
(v« and v,,,) are assumed to be zero

e For long members with constant cross-sectional area
subjected to loads that act only in the x and/or y directions
and do not vary in the z direction.

g- # () y
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2-D Elements

o General 3-D stress-strain relations

o= 2% Oy = £ lex(l — v) + ve, + ve
‘" E E E T =20) v
&y = V—+—=—V—= _ , : ,
- E E E B =Ty e et
£, = LJY 1J}E—I—G“ E
z —V— = V0 =
= 'E &y 1 —v)e.
E E E a 00— vey +ve, + (1 —v)e.
Iy Tyz Tzx

:“" ; :’ 'z :“!z_ - _ -
Xy G ¥ G X G Tx}u — G{_
Strain vs. Stress

* For 2-D problems:

Xy T}'E — G}!_],-‘z Tzx = G:”:x

Stress vs. Strain

Oy Ex
{oy={ 0, 3 {et={ ¢ » {o}=[Dl{e}
( Ty Pxy
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~— Plane Stress

¢=|Clo
o, =0 e 1_1 v 0 o
sz:Tyz:O <8y >=E -v 1 0 10y (
) _l—o_ = L 0 2(1+U)_ b
x_E_ X y |
1 - o
g, =—|0o,~vo o =[D]e
E_ y Hooe] % 7
1 0
e s
L G [D]=[C]" = = 0
0 1-v
2
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Plane Strain

=0
a0
Attty 1 B ]
£ =0 —v(o, +0,)
Ly 1 % %
g, —E_O'y —v(o, -I—GZ)_
1
7/xy_62-xy

o,=v(o,+0,)
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— 2-D Elements

* For plane stress:

(1 v 0
[ —v? 1 —v
_0 0 — _
* For plane strain:
I —v % 0
- E y 1 —v 0
Dl == o
— 4V
0 0 5
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~— CST Element Stiffness

Counterclockwise node labeling (1, j, m)
Linear displacement functions:

4 )
U; Y

1d} =<

S ’ ulﬂ

\ UI’}’I y

u(x,y) = ay + arx + azy .

ai

v(X,y) = a4 + asx + agy

as
" R 13V Il x » 0 0 O "
(py=q@rerart |t 4
ay + asx + dgy 0O 0 I x vy ay
as
e
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ST: displacement

u; = u(Xx;, y;) = ay + axx; + asy;

up = u(x;,y;) = ay + axx; + azy;

=
E

v; = v(X;, Vi) = ag + asx; + aey;

v; = v(x7, ;) = as + asx; + aey;

Up =V xinaym) = d4 + d5Xpy + aes)Ym

(
(
= U( Xy, Vi) = A1 + @2 X, + a3y, —
(
(
(

1
1

_ai o Ol |
o1 /
[X] — ﬂ ﬁi ﬂj ﬁm 2A —
_yz yj Vm
— xi(yj
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CST: displacement

% = ViXm — XiVm Up = XiVj — ViXj
Bi=Ym— i P = Vi— Y
Y = Xi — Xm Vm = Xj — X;
aj | [ 2 % Om | ( w
w =52 |B B Bul{w
a v 7 Y| L
a | o o Oy |
{up =1[1 x y]{ @ = 74 L x Y| bi B P
as i Vi Vi Vm |

|

Uy,

]

u(x,y) —

24

1
{(o + ix + yy)ui + (o + Bix + y3)uj + (o + BuX + 7y )t }
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CST: displacement

Similarly,

1

U(xay) — ﬂ {(OCI +ﬂfx + y,-y)v,- + (aj + ﬁjx + yjy)vj + (OCm + ﬂmx + ]/'my)vm}

To express u and v in simpler form, we define

]
N; = 77 (o + fix + ;)

|
N; = ﬂ(o‘j +Bx+ )

1

(x,0) | [ Nawti + Njuj + Nyay
X, B Niv +]VjUj+NmUm
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! CST: displacement

=14

0 ]Vj 0 Nm Uj

W) = NJid}

where [M] is given by

N 0 N,
0 0

N
N; 0

[N =

0 0
Ny 0 N,
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CST: Shape Functions

N A

Figure 6-8 Variation of N; over the x-y surface
> X of a typical element

“““““““ J

¥ Finally, NV, N;, N,,=1forall x and y locations on the surface of the element so that

v and vwill yield a constant value when rigid-body displacement occurs.

I
I
|
|
|
|
|
|
|
N
’
R
7
’ M
N
’
~
N ’
~
’
N

(a) Rigid-body modes of a plane stress element (from left to right, pure
translation in x and y directions and pure rotation)
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ST: Shape Functions

the beam elements beyond the loading

are stress-free. Hence these elements
must be free to translate and rotate

without stretching or changing shape.

ANANANANIN

Rigid-body translation
and rotation occurs for
elements to right of load

Cantilever beam modeled using constant-strain triangle elements
2015-Applied FEM 16
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ST: Shape Functions

The strains associated with the 2D element are given by

( ou \
0x
0 I O
{e} = €y = 9 0y ¢
7 xy
u_
\ Jdy Ox J
. ou %
For the displacements, we have = U= x (Niu;j + Nju; + Nyuy,)
Uy = IV xU; + ]\G,xuj =+ Nm,xum
The derivatives of the shape functionsare N, . = 17 (0 + Bix +7.y) = P
v 24 0x : ’ 2A
o B
Similarly, Ny = ﬁ and Ny = %
2015-Applied FEM
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CST: Element Strain

Therefore, we have

W] (yiuf + ﬁivi + Vil + ﬂjvf + Vmltm + ﬂmvm)

ou 1
a — ﬂ (ﬁiui + ﬁjuj + ﬁmu?ﬂ)
Similarly, we can obtain
dv 1 (00 + 0+ )
Jy ~ 34 YiVi T ViU T Vi Um
ou N v 1
dy  Ox 24
Finally, we have .
— —_ Ul
1 )81' 0 ﬁj 0 ﬁm 0 "
{8} =—10 Vi 0 y] 0 Vm ’
2A v;
i Vi ﬂi yj ﬁj Ym ﬁm 1 "
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~— CST: Element Strain

1 g0 1 B 0 1 B, O
where [BJ = ﬂ 0 Vi [B]] — ﬂ 0 7 [Bm] = ﬂ 0 Ym
_))i ﬁi_ _yj ﬂj_ _ym ﬁm_

Finally, in simplified matrix form, we have

{e} = [Bl{d}
Bl =[Bi B Byl

The B matrix is /ndependent of the x and y coordinates. It depends solely
on the element nodal coordinates. The strains are constant hence, the
element is called a Constant-Strain Triangle (CST).

2015-Applied FEM .
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mtiffness

Total Potential Energy n, = U+ Q+Q, + Q4
Strain energy

to}=[Dlie)

v=3[[[eTer e — v =5[] D10

% V

Potential energy of the body forces: Q,=— J“{w}T{X} dVv

V

Potential energy of concentrated loads: Q, = —{d}' {P}

Potential energy of surface tractions: Q, = —Jj{lﬁ J{Ts dsS

. S
2015-Applied FEM

20



/X/

— CST: Stiffness
w =5 || [ty i 0By av - [[[1ay T Oy av

V V

(@Y (P} - [[tay ) (75} as

o= (@) ||| 1B D1s1aria)y - @y [[|iv7 1y av

Ay P) — {a)" |[IN5) () s

S

o=t ||| BT wisavia) - @ )

V

(1= [y av vy« [|ivg (s as

2015-Applied FEM Y )

21



\/

mtiffness

Derivation with respect to displacement

o{d}

V

T _ [JJJ[BJ " (p][B dv} (d} — {f} =0

|| CRECULUET:
Stiffness Matrix V
k= ||| oiz1av

T

« Constant thickness mem) [k] = tA[B]" [D][B]

e Integrand is not a function of X or y
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mple 1

Evaluate the stiffness matrix for the plane stress element. Let thickness t = 1 in.
Assume the element nodal displacements have been determined to be u, = 0.0, v, =
0.0025 in., u, = 0.0012 in., v, = 0.0, u3 = 0.0, and v; = 0.0025 in. Determine the

element stresses. (E = 30><106p3|, v 0.25)

Ay
©, 1)

i=1 0 -1
We first obtain the #’s and y’s as follows:
ﬁj:.}{}'*ym:oilzil yi:xm*xj:()*zzfz
)[))j:ym_yi:l_(_l)zz yj-:x,-—xn,:O—O:O
Bm_.}lf =—-1-0=-1 ynT:xj—xizz—O:Z
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— Example 1
We obtain matrix B as (7020 =10
EZTQ.) 0O -2 0 0 0 2
-2 -1 0 2 2 -1
For plane stress conditions
| 0.25 0 1
30 x 10° 10.25 1 0 ,
D= b psi
1 =(0.25) oo 1o02s
! 2]
1 0 -2
S N R R, "1 0 2 0 —1
k_(2)30><106 2 0 0 : 2 (1= o
£=309375) | o o 2|* |0 1 0 ) 0 -2 0 0 0
1 0 3 0 0 0.375 3 i B3 2
0 2 —1|
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- Exam

xample 1

)
k=4.0x 10°

B
= 0.25
0

g, = 19,200 psi

2015-Applied FEM

- 2.5
1.25

—1.5
—0.5
0.25

\/

125 -2 —-15 =05 0.25 7
4375 -1 -0.75 —-0.25 -3.625
—1 4 0 -2 1 Ib
—0.75 0 1.5 1.5 —0.75 |m.
-025 -2 15 25 —-1.25
—3.625 1 =075 —-1.25 4.375]
(0.0 )
- | 0.0025
0.25 0 -1 0 2 0 -1 0
i 0 1 0 200 0 2| 0.0012
X s — >
2(2) 0.0
0 0.375 -2 -1 0 2 2 -1
) -1 0.0
[ 0.0025 )
g, = 4800 ps1 Ty, = —15,000 psi

25
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ST: Body force
s Constanthody force: (£} = JJJ[N] Xy av
V
N; = 211 (i + Bix+7:7)
N; = 2L(G¢;+ﬁﬂf:+}jy) JJ’B"MA:JJ}"MA:O
N = ﬁ (o + BX + Pmy) Ui = O&j = Oy = 2TA

Ay

m\ 1 fbl) Y,
| {/fp} =« Toi >:<Xb>£

\ o l _f}pjy Yb 3
I}ﬁ —] j | I X
bmx )
b o Yy
Element with centroidal coordinate axes \ O P

2015-Applied FEM
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ST: Traction force
Ay

1
Py
L ——
-— p (Ib/in?) 1 _
2 @ >
S 3 |—x

<— p (Ib/in.?)

T

@®
2 3 -
, P
(= [[warirgas = {24 = {01
Py 0
S
(N 0
0 N
[ (L
St = [ [ { }dzdy
{ } JO JO 0 N2 0
Ny 0
2015-Applied FEM | 0 N3 |evaluatedatx=a, y=y
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~ CST: Body & traction force

Nip Y

0 e
. L sz ™
st =1 0 | el p
Jo

Nsp , D _ .

0 |evaluatedatx=a, y=y a 3
withi =1, j =2, andm = 3, &, =X, Y, Y,X, =0

Similarly g =0y=a
Therefore, we obtain

L(a — X) Lx — ay
N —_ p— —
1 =57 N> Y and N3 57
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mody & traction force

» Substituting x=4and integrating

oS | (L2 1 1 -5
0 0 @ L
0 0
1= 2(612/2) ) . . ) L {2 3|y - oLty el
(L2 — L—z) ap er/2 @ L
0 5 4 * . PLt
0 J \ / a 2
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mple 2

For a thin plate subjected to the surface traction, determine the nodal displacements and
the element stresses. The plate thickness t = 1 in., E = 30x10° psi, and v = 0.30.

20 1n.
10 in. +— T = 1000 psi

2015-Applied FEM 0
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/Cﬁilement Defects

O In bending problems, the mesh of CST elements will produce a model
that is st/fferthan the actual problem.

O As we will observe from the results shown for a beam-bending problem
modeled by CST and LST elements, the CST model converges very
slowly to the exact solution. This is partly due to the element predicting
only constant stress within each element, when for a bending problem,
the stress actually varies /inear/y through the depth of the beam.

2015-Applied FEM
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—CST Element Defects

O For a beam subjected to pure bending, the CST has a spurious or false
shear stress and hence a spurious shear strain in parts of the model that
should not have any shear stress or shear strain. This spurious shear
strain absorbs energy; therefore, some of the energy that should go into
bending is lost. The CST is then too stiff in bending, and the deformation
Is smaller than actually should be. This phenomenon developing in one
or more modes of deformation is sometimes described as shear locking
or parasitic shear.

O In problems where plane strain conditions exist and the Poisson’s ratio
approaches 0.5, a mesh can actually /ock, which means the mesh then
cannot deform at all.

2015-Applied FEM
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Constant Strain Triangle

»  Stiffness matrix for element k =BTEB (A

- The CST gives good results in regions of the FE model
where there is little strain gradient

¢+ Otherwise it does not work well.

5@a = 5a > p

2

~

(a)

bending. (b) Deformation of the lower-left CST in the model.

st o

(o)

Fig. 3.2-2. (a) Stress o, along the x axis in a beam modeled by CSTs and loaded in pure

If you use CST to
model bending.

See the stress
along the x-axis - it
should be zero.

The predictions of
deflection and
stress are poor

Spurious shear
stress when bent

Mesh refinement
will help.
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Hi 01 Pt | OB M a e fon e s 38R hanpan O8N ereia g ol WA BRI BT Tetrg 4d)
sy

‘ ; womses Q6 Or Q4 with B siine | LST elements

B vl 0w [incompatible modes

&% DE0wst ’ .

K 4 Accurate shear stress? Discontinuities
o |

LAw

o

| S vwsgen 3

Q8 elements

Some issues!
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Linear-Strain Triangular Element
* LST Element

2015-Applied FEM

X, y) =d|] +d X + @3y + a4x2 + asxy + aﬁyz

v(x,y) = a7 + agx + aoy + ajpx* + ay xy + any’

- 1,

U
U1
[25)
(2))
u3
U3
Uy
U4
U5
Us
Ug

UE,)
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mlement

The number of coefficients equals the total number of
degrees of freedom

Terms in Pascal Triangle Polynomial Degree Number of Terms Triangle
1 0 (constant) 1
X y 1 (linear) 3 CST A
(Chap. 6)
X2 xy ) 2 (quadratic)y 6 LST A
(Chap. 8)

x3 X%y xy? y? 3 (cubic) 10

2015-Applied FEM T



mment

a8

u 1l x y x> xp »» 0 0 0 0 0 O a
v 0O 0o 0 0 0 1 x y x xy y :

" L d12
{¥} = M |{a}
() [ Xy Xt o ¥ 00 0 00 0 0,0
U 1 x» »m xzz X722 y% O 0 0 O 0 0 a
) Ug - 1 x¢ y6 X2 X6 e 0 0 0 0 0 0 < g >
U] 0O 0 0 0 0 0 1 x; » x% X1V1 y% (1
Us 0O 0 0 0 0 0 1 x5 s x% Xs5Vs f? any
)00 0 0 0 0 1 x¢ yo xi xeve y&| \912)
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~— LST Element

v} = M"{a} {y} = IN){d} ) x
{a}:[}{]_l{d} - [N]:[M*][X]—l {e} = < ;‘; b = 4 5 \
oo
OIUZXyOOOOUUUZ‘
{cg=10 00 0 0 0 0 0 1 0 x 2| 2% {e=[MNa}
0 01 0 x 2y 0 1 0 2x » 0 ;
e} = [B{d}
[B] = [M'][x]"
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k= ||| " oisiav

I

ﬁlement

~

LB 0 B 0B 0B 0 Bs 0 B O]
Bl=5710 »n 0 7 0 5 0 p 0 p 0
|1 Bvov2 Poovs By ova Baovs Ps o ve P |

where the £'s and 's are now functions of x and y as well as of the nodal coordinates.

f‘flx\ _kll kl.lZ- (ul\
"N A . 'S
[ Sor ) | ki oo ki Vs )
(12 x 1) (12 x 12) (12 x 1)
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ﬁple LST Stiffness Determination

To illustrate some of the procedures outlined in previous Section for deriving
an LST stiffness matrix, consider the following example. Figure shows a
specific LST and its coordinates. The triangle is of base dimension b and
height h, with midside nodes.

2015-Applied FEM mn



me LST Stiffness Determination

We calculate the coefficients a;through a4 by evaluating the displacement u
at each of the six known coordinates of each node as follows:

up = u(0,0) = a
ur = u(h,0) =a; + axb + agh®

uy = u(0,h) = a; + azsh + ash”

u—uélj —a+aé+aﬁ+a é2+a@+a /—12
4=l | T Aty dys T da| 5 54 6|7

4u5 — 3u1 — U3
asz =

| 2 b I
4 _2(1/[2 —2u6+u1) g _4(1/!1 + Ug — U5 —u6)
T b2 > bh

2015-Applied FEM e
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Example LST Stiffness Determination

v— - l4u6 — 3uy — uzlx N [4145 — 3uy — ug}y N [2(142 — 2ug + ul)] 2

b h b?

A(uy + Uy — s — Ug) 2(uy —2us +uy)| »
+ [ o }nyr [ B y

Similarly, for v we obtain

4vs — 3u; — 45 — 3u) — 2y =2
v:vl+lv6 3bvl Uz]x+lvs 3;1171 UB]y_I_[(Uz b§6+vl)]x2

4(v) + vy — vs5s — vg) 2(vy — 2vs +0v1)| »
+ [ o }nyr [ B b%

rul\
{H}_ [Nl 0 N2 0 N3 0 N4 0 N5 0 N@ 0 ]< U1

v 0 N] 0 N2 0 N3 0 N4 0 N5 0 N6

. U6 J
2015-Applied FEM



These shape functions are then given by

3x 3y 2x? 4xy  2)? —x  2x?
Ny=1-2_2 Ny = 4=
! b e T e 2= T
—y 2y2 4xy 4y  4xy 4y2
Ny——42 N = N 2
=T Y= S T T e
4x  4x?  4xy
Ne=3=77 "7

_ﬁ1 0 g, 0 p5 0 By 0 ps 0 f
Bl=5=10 7 0 7 0 »» 0 3 0 yp 0
B v Byovs PByova Baovs Bsoove

¢ = Bd

2015-Applied FEM
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Example LST Stiffness Determination
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xample LST Stiffness Determination

3 :—3h+4th+4y ﬁzz—h+4th fi=0
fi=dy  Pi= Ay Po=dh- g
y1:—3b+4x+47by =0 y3:—b+%
v, = 4x y5:4b—4x—% Ve = —4x

oo = 5 i + ot + sy + Py + s +
&y = i V101 F YoU2 + 7303 + Pala + Pss + Vel
Yy = i i+ o+ 4 Bevel

The stiffness matrix for a constant-thickness
element can now be obtained

2015-Applied FEM
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— Comparison: LST & CST

(a) ih)

Figure 8-4 Basic triangular element: (a) four-C5T and (b) one-L5T
1 |

\ > X

|— 48 in. :

Figure 8-5 Cantilever beam used to compare the CST and LST elements
with a 4 x 16 mesh

2015-Applied FEM e

12 in. —— Parabolic load = 40 kip (total)
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%mparison: LST & CST

Table 8-1 Models used to compare CST and LST results for the cantilever beam

of Figure 8-5
Number Number of Degrees Number of
Series of Tests Run of Nodes of Freedom, n, Triangular Elements
A-14 x 16 mesh 85 160 128 CST
A-28 x 32 297 576 512 CST
B-12x8 85 160 32 LST
B-24 x 16 297 576 128 LST

Table 8-2 Comparison of CST and LST results for the cantilever beam of Figure 8-5

Bandwidth' Tip Deflection

Location (in.),

Run ny n, (in.) g, (ksi) X,y
A-1 160 14 —0.29555 67.236 2.250, 11.250
A-2 576 22 —0.33850 81.302 1.125, 11.630
B-1 160 18 —0.33470 58.885 4.500, 10.500
B-2 576 22 —0.35159 69.956 2.250, 11.250
Exact solution —0.36133 80.000 0,12

! Bandwidth is described in Appendix B.4.
2015-Applied FEM
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ﬁarison: LST & CST

A Uq (in)) A2 L
0'20'(1[' - 4(“*” A 2
L + -y, —1=
0.0014 I;j
Exact solution
0.0013 H’ q,_|
Linear-strain Symmetry
triangle
0.0012 — CST gridwork
) A
Constant-strain D KoKy ———— Symmetry
triangle NN RN
0.0011 - e\ LST gridwork
0.0010 I l I L I > Degrees of
100 200 300 400 500 freedom
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! Exercise

* 6.104a,c
* 6.11

® 6.13

* 8.3

* 85
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