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Outline
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Isoparametric Formulation: Bar element

Rectangular Element

Isoparametric Formulation: Rectangular element

Numerical Integration

Higher-order shape functions
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Bar element

 Isoparametric element equations are formulated using a
natural (or intrinsic ) coordinate system s

 When the s and x axes are parallel to each other
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 relating the natural coordinate to the global coordinate
by:

 Solving for a1 and a2
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 The displacement function within the bar is now defined
by the same shape functions

 Since u and x are defined by the same shape functions at
the same nodes, the element is called isoparametric .
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 To construct the element stiffness matrix, we must
determine the strain

 Therefore, we should determine the derivative of the
displacement (u)with respect to x

 however, u is now a function of s

Fall 2015 Applied Finite Element Method 7



University of Golpayegan

Mechanical Engineering

 [B] is ,in general, a function of s

 stiffness matrix

 |J| is called the Jacobian
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Rectangular Element
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Isoparametric Formulation

Fall 2015 Applied Finite Element Method 14



University of Golpayegan

Mechanical Engineering

Fall 2015 Applied Finite Element Method 15



University of Golpayegan

Mechanical Engineering

Fall 2015 Applied Finite Element Method 16



University of Golpayegan

Mechanical Engineering

Fall 2015 Applied Finite Element Method 17



University of Golpayegan

Mechanical Engineering

 Jacobian matrix
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Jacobian
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 B is a function of s and t in both the numerator and the
denominator

 The |J| and B are complicated expressions within the
integral

 Therefore the integration to determine the element
stiffness matrix is usually done numerically.
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Body forces
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Surface forces

 N1=0 and N2=0 along edge t=1

 Therefore, no nodal forces exist at

nodes 1 and 2
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Example 10.1 : p. 461

Fall 2015 Applied Finite Element Method 24



University of Golpayegan

Mechanical Engineering
Numerical Integration

 Gaussian Quadrature: most useful for finite element
work (evaluation of definite integrals)
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 In two dimensions:
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Stiffness Matrix: Gaussian
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Example 10.4: p.471
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Higher-order elements
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Linear bar element

Quadratic bar element
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Exercise 

 10.8

 10.15b

 10.16a,e,f

 10.18a
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