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‘ [soparametric Formulation: Bar element

‘ Rectangular Element

‘ [soparametric Formulation: Rectangular element

‘ Numerical Integration

‘ Higher-order shape functions
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|
[soparametric element equations are formulated using a

natural (or intrinsic ) coordinate system s

s=10
ol X2 s= —1 | s s =1
| L 2 1 L 2
X, U
I >
(a) (b)

When the s and x axes are parallel to each other

X=X +=s s =[x —(x1+x2)/2](2/(x2 — x1)

A
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relating the natural coordinate to the global coordinate

by:

Solving for a, and a,

X =daj + ars

x =3[(1=s)x1 + (1 +5)x2]

Fall 2015

_ X1 1 — 1+
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The displacement function within the bar is now defined
by the same shape functions

= w2 ]

U

L U
[

U
Node 1 1”1 Node 2
& & s
s=—1 s=0 s=1
(c)

Since u and x are defined by the same shape functions at
the same nodes, the element is called isoparametric .
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To construct the element stiffness matrix, we must

determine the strain

Therefore, we should determine the derivative of the

displacement (u)with respect to x

however, u is now a function of s

P

Mo
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i du  uy — uy
du__dudx | du (E) s 2 by [L 1] fw
ds  dx ds ‘ dx (dx) tex} = L L w
— dx x) —x1 £
_ s) - "2 2
>
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ol §

|B] is ,in general, a function of s

stiffness matrix

k] = r [B]" [D][B]A dx [: F(x) dx = Jil F(s)l| ds

0
[I| is called the Jacobian J| = ‘:% - %
L'
. k] ZEJ [B|" E[B|A ds
> -1
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~+Rectangular

b y, v [ H] A
A A
Us U3 D]
= b -t b -
u
4 4 3 T = [y H2
h U2
| {dy =< ~ ¢
T > X, U 3
h U3
1 2
”| l:Iil i ‘ 1 = uz H{l.
. U4 )
o Basic four-node rectangular element with nodal degrees of freedom
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u(x,y) = a1 + axx + azy + asxy
v(x,y) = as + agx + ay + agxy

|

u(x,9) = g5 (b = X)(h =y + (b + ) (h — e

+ b+ x)(h+y)us + (b — x)(h + y)ua]
1

(%, ) = g [(b = ) (h = y)or + (b4 ) (h — )

+ (b+ x)(h 4+ y)vs + (b — x)(h+ y)v4]

University of Golpayegan
Mechanical Enaineerina

Fall 2015

Applied Finite Element Method

11



A

4 »

Fall 2015

Ny

N; =

)

W} = [Nd}

(b—x)(h—y)
4bh

(b+ x)(h+y)
4bh

[NIONZONgf)

0O N 0 N
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(b+x)(h—y)
N =
(b —x)(h+Y)
Ne ="
( 1y )
U1
5]
N4 0 U2
0 N3 0 N4 | U3
U3
Uy
\ U4 ,
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Ex
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\yxyj g
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Gy
L[y 0 (h—y) 0
[B] = 157 0 —(b — x) 0 —(b+ x)
—(b—-x) —(h—y) —(b+x) (h—Yy)
(h+y) 0 —(h+y) 0
& 0 (b + x) 0 (b — x)
4 » (b+x) (h+y) (b-x) —(h+)
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Edger = |
gc N |
I l.yur" 5=§ 3
‘ (r 1_r] n [('rji}'].}
(—=1,1) 1 1 (1,1) a4 | I ]
" |t =z
4 3 A== }}‘ 2
I Piv.v
1 Edgf.': e (1‘1'_}], L Y
R 5§ = —I ___.Il_____-l___hEdgej:l
I | A J
| {xl 1‘:]) /( 2 {xb}’z}
1 2 Edger = —1
(—=1,-1) (1,-1) - X, U
(a) (b)

Figure 10-4 (a) Linear square element in s-t coordinates and (b) square element
mapped into quadrilateral in x-y coordinates whose size and shape are determined by
‘the eight nodal coordinates x1,y1,...,Va
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| L = $)(1 = 0)xy + (1+8)(1 — )xz

X = ay + axs + aszt + aust + (L +5)(14+t)x3+ (1 —5)(1 + 1)x4]
= (A=) (1 =0y + (1 +5)(1 = 1)y
+ (1 +95)(1+0)y3 + (1 =5)(1+ 1)y4

¢ p
X1

M1
X2

X N] 0 Nz 0 N3 0 Nq. 0 V2
{ }:{0 N] 0 Ng 0 N3 0 N4<JC3>

Y = das + des + ast + agst y

y
(1= 8)(1—1) (1+8)(1—1) 8
—s5)(1—1 +5)(1 —1 N
N Ny = . Ny = . y:
4 p N3:(1+s‘)4(1+r) N4:(1—s‘)4(1+r)
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a=%[y(s—=1)+y(=1—=5) 4+ (1 +5) + ys(1 — )]

b=zt =1 +p(l—=0)+py3(1+ 1)+ ya(=1 - 1)]

% c=Lxi(t—1)+x2(1 = 1) + x3(1 + 1) + xa(=1 — 7)]
~ Bl d=zxi(s— 1)+ x(=1—5)+x3(1+5) + xa(1 — 5)]
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%[(1 —S) (I —0)x; + (1 +35)(1 —1)x>

+ (L4 s)(1+1)x3+ (1 —5)(1 4+ )x4]
1= y=4[(1 = )1 = Oy + (1 +9)(1 = 1

+ (L+s)(1+10)ys + (1 —5)(1 +1)y4]

=10 S| o
2| 2
E‘:ulxj
by | "=

|

T
=
Stk

g _

0 | —¢ t—s s—1
r— 1 0 s+1 —s—1

Y,
s—t —s—1 0 t+ 1 {¥e}
1 1—-s s+t —t-1 0
(X3 =1 x x3 x4

| =g{X}"
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V1
A
1 y2

Y.} =
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B is a function of s and t in both the numerator and the
denominator

k] = ” [B] " [D]|[B|hdxdy ” f(x,y)dxdy = ” f(s,0)| | dsdt

A A A

N g

1 1
k] = J_] J_] [B]"[DI[B]|h|J| ds di

The |J]| and B are complicated expressions within the
integral

Therefore the integration to determine the element
stiffness matrix is usually done numerically.
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The element body-force matrix will now be determined from
Il
) = J J N7 {X) hlJ|dsdr (10.3.28)
8x1) "M@ x2)2x1)

Like the stiffness matrix, the body-force matrix in Eq. (10.3.28) has to be evaluated by
numerical integration.

' b ') ' b I.‘p'r
(G 0 I R R SRR
4 3
o - 5
1 2
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L

1
{fi} = J LAY h= ds
4x1) ""4x2)2x1)
¢ \
535 ,
S N I
Jsas L0 N3 0 Ny p ) 2
f evaluated
\ Jsdt ) along =1
f | 'I"
— == — A i i A i P
N.=o and N,=0 along edge t=1 onled T T a
Therefore, no nodal forces exist at 4 3
nodes 1and 2 .
* (fy=hZ0 0 0 0 |7
4 > 81 2 P § p:‘ p.'.' P ! | ,
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|
Gaussian Quadrature: most useful for finite element

work (evaluation of definite integrals)

12
o
=
=

1
Approximate area = 2y, I = J y(x) dx
—1

= X

4 1 i
: I = J ydx = Wy
4 > —1 i=1
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Table 10-1 Table for Gauss points for integration from minus one to

I
1 n

one, y(x)dx = W,y
| peadn=3

Number _ Associated
of Points Locations, x; Weights, W;
| x1 = 0.000... 2.000

x1,x2 = +0.57735026918962 1.000
3 x1,x3 = +0.77459666924148 %: 0.555...
x> = 0.000... %:0.888...
4 X1, x4 = +0.8611363116 0.3478548451
X2, x3 = +0.3399810436 0.6521451549

A
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1 1 1
In two dimensions: = J_] J_]f (s,2) ds dt = J_] [Z Wi f (si, f)] dt

s=—05773...(i=1) Tf §=05773...(i=2)
\ /
\“I ]|/
(5, 15) (55, 15)
e 22 L =057173...(j=2)
12 | 4
| |
| |
: | 5
| |
(51, 1) (53, 1))
e e —|—r=-05773...(j=1)
1 €
& | |

< P T WS (s, 0) + WaWAS (s1,0) + WaWi f (52, 11) + WaWaf(s2,12)
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Matrix:

~—Stiffness

1 1
k—J J BT (s,1)DB(s, 0)|J |h ds di
—1J-1

k = B" (s1,11)DB(s1, )| (s1, 1) [h W, W)

+ B (52, )DB(s52, 12)|J (52, 12) |[h WL W
+ B

I»-..i

D (1*5‘3j fg)l_)ﬁ(ﬁ‘gj fg) .._I(S‘gj f;) hW; W5

+ BT(S4: fq.)l_)ﬁ(ﬁq.j lf“-) J(‘T‘h lf4-) hWaW,

where 51 =11 = —0.57?3, 5y = —0.57?3, I = 0.5773, 53 = 0.57?3, I = —0.5773, and
sq4 = tg = 0.5773 as shown in Figure 10-9, and W, = W, = W3 = W, = 1.000.

A
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s=20
Linear bar element s = —1 i_’ S s =1
L 2
| —s 1l 4+ s
N, — Ny =
| > 2 >
L L
] 2 3 2 2
. - & 9
Quadratic bar element xi X3 X
— 5
s(s—1) s(s+ 1) 5
Nl e — Ng N3 =(1—s
4 »
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du duds “l
5 A i e dx/ds = L[2 = |J]
us

du [2s—1 2s+1 —4s]| ™ t
{*-“?x}—g—{ 7 7 L}{Hz}—[ﬁ’]{uz
3 3

2s—1 2s4+1 —4s
[B]:{ L L L}

A
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® 10.8
® 10.15b
® 10.16a,e,f

® 10.18a

aH
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