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Beam Element

 A beam is a long, slender structural member generally
subjected to transverse loading

 D.O.F. of each node: a transverse displacement and a
rotation
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 plane cross sections perpendicular to the neutral axis
remaining plane and perpendicular to it after bending.

Euler-Bernouli Beam Stiffness
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Displacement Function
 For constant EI and only nodal forces and moments:

 Transverse displacement function (cubic)
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Shape Functions

 In matrix form



2015-Applied FEM 7

Shape Functions
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Stiffness Matrix



2015-Applied FEM 9

Stiffness Matrix

 Stiffness matrix:
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Example 1

 Assemblage of Beam Stiffness Matrices
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Example 1
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Example 1

 B.C.’s:
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Example 2
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Example 2

where F1y = P, M1 = 0, and M2 = 0 have been used
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Example 2
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For element 1

For element 2

Example 2
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Example 3
Determine the nodal displacements and rotations and the global and
element forces. Let E = 210 GPa and throughout the beam, and
let k = 200 kN/m.

4 4I 2 10 m 

We obtain the 
structure stiffness 
matrix as
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Example 3
where the spring stiffness matrix ks given below

The governing equations for the beam are then given by

where k’ = kL3/(EI)
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Example 3
We now apply the B.C.’s:
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Example 4: Nodal Hinge
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Example 4: Nodal Hinge

 For Element 2:
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Potential Energy Approach



2015-Applied FEM 23

Potential Energy Approach
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 Load per unit length , and moment of inertia

Potential Energy Approach

The total potential energy is expressed in matrix notation as
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Potential Energy Approach
Differentiating       with respect to and equating each 
term to zero to minimize        , we obtain four element equations, which are 
written in matrix form as

p

p
1 1 2 2
ˆ ˆˆ ˆ, , andy yd d 
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Distributed Load

 Equivalent nodal forces:

 If w is constant
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Distributed Load
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Distributed Load
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Example 1
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Example 1
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Example 1
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Example 1
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Example 2: Exact Solution
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 Integrating and applying B.C.’s:

Example 2: Exact Solution
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Example 2: FE Solution

 P=0 in the previous example
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Example 2: FE Solution

 Bending moment is derived by taking two derivatives on
the displacement function.

 The shear force is derived by taking three derivatives on
the displacement function.

 For uniform distributed load:

 Bending moment: linear

 Shear force: constant

 It then takes more elements to model Bending moment
and shear force than displacement.
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Example 2: Comparison
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Example 2: Comparison


