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Beam Element

A beam is a long, slender structural member generally
subjected to transverse loading

D.O.F. of each node: a transverse displacement and a

rotation
9,04
¢1,m1/]; : % 2\ m,, 4,
- L
iy dy fays day
Figure 4-1

Beam element with positive nodal displacements, rotations, forces, and
moments
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- Euler-Bernouli Beam Stiffness

plane cross sections perpendicular to the neutral axis
remaining plane and perpendicular to it after bending.

y 1 M yE dV
= - = — I’)‘ M W = — —~ d2 d2 s
P 2{”‘ — = dX | mm | — E1E! = —w(X)
d-v dx*> EI 7 dM dx? dx?
K = =
dx? dx
w(X)
e
(a) Portion of deflected curve of beam (b) Radius of deflected curve at (X)
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Displacement Function
* For constant EI and only nodal forces and moments:
d*v

* Transverse displacement function (cubic)

ﬁ(fc) = a1)%3 -+ a25€2 + a3X + ay

5(0) = d;, = a,
dZ(E)) S
(L) = Azy =a, L’ +a,L* + a;L + ay
dl;(;) = Az = 3a,L* + 2a,L + ay
o2 ] ?AAIAAQAAA
0= 173 (di, — dy,) + 73 (o, + ¢2)] X+ [—E(dly —d>,) — Z(2¢1 + ¢,) | X+ P X+ dy,
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= Shape Functions

® In matrix form

v=[NH{d}
fcib,\
,\ 2
dy =< 2"}
=1
\¢21

IN|=[N, N> N3 N

1 1

Nl — 3(2)%3 - 3)%2L —|— LS) N2 — E(.}%3L - 2.)%2L2 —I—)?L3)
1 o3 o2 [ 22702
N3:B(—2x + 3x°L) N4:B(xL—xL)
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m Functions

Slope =0
T ”

Slope = 0 Ha Slope =0
_l_‘ 1 &2 7A \

e-_1 E-o 5-4_‘ e

Slope =0

gr()%aj}) — % o A d2ﬁ
g e =
NPT 5

2015-Applied FEM



mss M |

atrix

dx? dx?

] m
24 3 -

PN I AL T (E /_P
p p

=V =EI dz%(?) = g (12d,, + 6L, — 12>, + 6L¢b,)
iy = —i = —EI dj;(? ) _ g (6Ldy, + 4L, — 6Ld>, + 2L>$,)
fo, = —V =—EI dif;EsL) = g (—12d,, — 6L, + 12ds, — 6Lg,)
i, = i = EI L) _El (6Ldy, + 2L*¢, — 6Ld>, + 4L,

dx2 L3
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— Stiffness Matrix

(f T 12 6L 12 6L (d,
Jin \ _EL| 6L 41> —6L 2L’ < &, >
A [ L -12 —6L 12 —6L || d,
ity | 6L 2L 6L 4L || 4 |

e Stiffness matrix:

12 6L —12 oL

6L 417 —6L 2L°
—12 —6L 12 —6L

6L 2L —6L 41°

>
I
s
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~— Example 1

Assemblage of Beam Stiffness Matrices

v

> 1000 Ib-ft

L —

Z—————»x @ 29 ) @ 3

I P —
N

1000 Ib
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%ple 1
d ly ¢1 d2y ¢2 dZy ¢2 d 3y
12 6L —12 6L | T 12 6L —12
g ELY 0L 4L —6L 2L EI| 6L 4L 6L
B L3 —-12 —6L 12 —6L | = 13| _12 _6L 12
| 6L 217 —6L 4L7) 6L 2L —6L
( Fi, ) T 12 6L —12 6L 0 0 7 (d,
M, 6L 4L° —6L 2L° 0 0 2
: P, > _EI|—-12 —6L 12+12 —6L+6L —12 6L ; d,
M, L3| 6L 2L> —6L+6L 4L>+4L> —6L 2L’ ¢,
F;, 0 0 —12 —6L 12 —6L | | d5,
\ M3 J - O 0 6L 2L2 _6L 4L2 _ \ ¢3
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o B.Cls:
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Example 1

¢’1 =0
r b
—1000 £
1000 » = 73
\ O F,

dy, =0

24 0
0 82
6L 2L

dz, =0

6L
2172
4L’
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%ple 2

Using the direct stiffness method, solve the problem of the propped cantilever beam
subjected to end load P in Figure 4-8. The beam is assumed to have constant EJ
and length 2L. It is supported by a roller at midlength and is built in at the right end.

| e —
! AN 3%

Figure 4-8 Propped cantilever beam

diy ¢ by ¢ dzy  P3
12 6L —12 6L 0 0
41> —6L 2L° 0 0
The X is o E 12412 —6L+6L —12 6L
A 41° + 41> —6L 2L°
12 —6L
Symmetry 4L°
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%ple 2 ’

The governing equations for the beam are then given by

(F, ) 12 6L —12 6L 0 0 |(d,)
M, 6L 4L° —6L 2L? 0 0 b
b, | EI|—-12 —-6L 24 0 —12 6L ch,
Vo (T3 er 21 0 812 —er 202 |) 4 (
F;, 0 0 —12 —6L 12 —6L ds,
| M; | 0 0 6L 2L* —6L  4L*| | ¢;

On applying the boundary conditions
by, =0 ds, = 0 Py =0

(P . (12 6L 6L ] (dy)
§ 0 p=g3 6L AL 20210 4o
0 6L 2L 8L || ¢,

\ / L 4 \ /

where F =P, M, = 0, and M, = o0 have been used
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%ple 2

7PL} _3PL° _PL°
=~ 3ET N = 3Er P = 3E
( 7pPL3)
(Fy) [ 12 6L -12 e o o 1| 12H
M, 6L 41> —6L 2L 0 0 3PL
) B, >:g —12 —6L 24 0 —12 6L ) 451 >
M, L3 6L 2L*> 0 8L> —6L 2L’ pr2
F, 0 0 —12 —6L 12 —6L 157
| M3 | 0 0 6L 21> —6L 4L 0
\ 0 /

[
~
Y
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%ple 2

For element 1

[ 7pL) \
_ P
(2 fig s -03 el 2= ® AN
Yo | _Er| 6L 4L 6L 2L || 341;[} | )
il LP|-12 —6L 12 —6L l- L .
I 6L 212 —6L 4172 ; P
\ "/ - - PL2
4EI
\ J

192’—’ g@l
@ 2
For element 2
e L - PL

2015-Applied FEM 16



- /
xample 3

Determine the nodal displacements and rotations and the global and
element forces. Let E = 210 GPa and | = 2x10°m* throughout the beam, and

E/

let k = 200 kN/m. / P = 50 kN
1O @ 3
Z
7
Z SN
| ® & & = 200 kN/m
- 3m >t 3m -
4
N\
d ly ¢1 d2y ¢’2 dSy ¢3 d4y
We obtain the (12 6L —12 6L 0 o 0 |
structure stiffness AL _6L 2L° 0 0 0
matrix as 24 0 —12 6L 0
K El 8L° —6L 2L° 0
K=— kL kL3
12452 6L -
* EI EI
41° 0
kL’?
2015-Applied FEM | Symmetry LI




xample 3

where the spring stiffness matrix k, given below

 TFxan

dy, dy,
k —k
ks =
—k k
The governing equations for the beam are then given by
(F),)) 12 6L —12 6L 0 0 071 (dy)
M, 41> —6L 21> 0 0 0 &,
L . 24 0 —12 6L 0 ||dy
Mt =75 81> —6L 20> 0 |{ ¢4}
F;, 12+k" —6L —k'| | d,
M, 41> 0 &,
vy | Symmetry k' | dsy )

where k’ = kI3/(EI)
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ﬁple 3

We now apply the B.C's:
diy, =0 ¢ =0 dr, =0 dyy =0

0 o 8L>  —6L 2027 ( ¢,
—P =75 | 6L 12+k  —6L |{ ds
0 20> —6L 412 | | ¢,

_IPL’ 7(50 kN)(3 m) 1
d;, = = —0.0174
: El (12+ 7k) (210 x 105 kKN/m’)(2 x 10 * m?) (12+7(o.1z9)> "

b, = 3L = —0.00249 rad
. EI \12 +7k’
Fly = —069.9 kN M1 ——69.7 kN-m
¢ 9PL2 0.00747 rad F>,=1164 kN M>;=0.0 kN-m
= — ra , = . — (). .
: 12+ Tk' ? 2

Fiy=—50.0 kN M;=0.0kN-m

Fy, = —dsk = (0.0174)200 = 3.5 kKN
2015-Applied FEM 19
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= Example 4: Nodal Hinge

Determine the displacement and rotation at node 2 and the element forces for the uni-
form beam with an internal hinge at node 2 shown in Figure 4-34. Let EI be a
constant. P

d ¢ d ¢ 2 l Hinge ”
ly 1 2y 2 7 2
- ; 7 ONEE1VdONN'
(o _ El|-6a 43" —Ba - 2a° 7 a " b-——*—»g
a®|-12 —6a 12 -6a 4 Z
| 6a 2a° —6a 4a’ | dzy &, ¢2r
/ — —
dyy & Oy 4 —> % +% —_? %
(12 6b -12 6b | a 6b zz b
«@ _El| 6D 4b*> —6b 2b’ k=Bl — - 0
T pP|=12 —6b 12 —6h
6 4
| 6b—2b> —6b—4b? | R
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= Example 4: Nodal Hinge

12 12 -6 6 4 __ P
PRI R 2 " 3+ A’
a b a b d _p 3(b +a )E|
—6 4 - -a’b’P
Ell — = 0 =10 mm) _
2 a ) % ; %= b D)E
% 0 ﬁ 7 4 = a’b’P
| b b | > 2(b®+a°)El
* For Element 2: A a’*P
( B a’b’P ) Sy = T
(2 ) - - 3 3
o 12 6b —12 6b 3(b* + a*)El s = 0
< 115 - EI| 6b 4b> —6b 2b? < a’b*P > .
A(TE|-12 —6b 12 —6b|) B TVE (=2
3y /3y b3+ a3
1 | 6b  2b° —6b 4b* 0 bt P
\ 0 y, iy = — .
b?r +a3
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~~Potential Energy Approach

The total potential energy for a beam is

n, = U+ Q

where the general one-dimensional expression for the strain energy U for a beam 1is

= [[[ Lo

V

and for a single beam element subjected to both distributed and concentrated nodal
loads, the potential energy of forces is given by

2

Xy Q- JJ fids - Pydy S g
i=1

=1
S

,ﬁf,q\l\ﬂ?uu

] { <
A7 12 X
- L -
2015- -~ ~
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Potential Energy Approach

- NI =[Ni N> N3 N4

v = [N|{d} | |
N, :3(2 P3XL+ L) Ny=—(XL-2%L° +xXL°)

A0 1 1

e d 32 N; = F(—2fc3 -+ 3)2'2[4) N, = F()ACSL — AZLZ)
12x — 6L 6XL —4L%* —12x+ 6L 6xL 2L2

(0} = 5| T 2 (@)

or (ev} = —P[Bl{d}

where we define

5 [12)%—6L 65L — 4L —12% + 6L 63%L—2L2}

L} L’ L} L’

2015-Applied FEM 23



/X/

~— Potential Energy Approach

{O'x} — [D]{Sx} = _ﬁ[D] [B]{C?}
D] = |E]

The total potential energy is expressed in matrix notation as

7, = ”E {o.} {e.} dAdx — r bT,[6]" dx — {d}"{P}

0

x A

o Load per unit length w = bT' »»and moment of inertia [ = ” V> dA

A

m = | S B (B} dx— | w{d) IV ds - () (P)
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%tial Energy Approach

Differentiating 77 p Wit.h respect to dly 2 ¢1, d2y and ¢2 and .equating each
term to zero to minimize /7 _, we obtain four element equations, which are

. . ] p’
written in matrix form as

E[J (B [B] ds{d} J N wds — (P} = 0

0 0

~

{f}= L[N]dechr{f’} ) S
JOL mp {f}=Kk]{d}

k] = EI L [B]"[B]d%

12 6L —12 6L |
[IAC] _ g 41° —6L 2L°
L’} 12 —6L

| Symmetry 4L> |
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Distributed Load

~

* Equivalent nodal forces:
[ 283 -3%2L+ L0 |
L L| ¢3 5212, o3
X°L—2X°L" + XL
foszdekzigj T (wdk
) 3] —2X°+3X°L
, R°L— X212
* If wis constant - - -
—wL
2
—wlL?
=1 21
—wL
2
wl
[ 12 )
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%ibuted Load

In general, we can account for distributed loads or concentrated loads acting on beam

elements by starting with the following formulation application for a general
structure:

F=Kd-FL (4.4.8)

where F are the concentrated nodal forces and £, are called the equivalent nodal forces,
now expressed in terms of global-coordinate components, which are of such magnitude
that they yield the same displacements at the nodes as would the distributed load. Using
the table in Appendix D of equivalent nodal forces f; expressed in terms of local-
coordinate components, we can express F, in terms of global-coordinate components.

This concept can be applied on a local basis to obtain the local nodal forces _f in
individual elements of structures by applying Eq. (4.4.8) locally as

f=kd-J, (4.4.11)

where /, are the equivalent local nodal forces.
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] u
_— m my
=~ Distributed Load e )
fll\'I Tfl\
Table D-1 Single element equivalent joint forces f, for different types of loads Positive nodal force conventions
Jiy m Loading case Jay n
d P PL
. T . L | £l T
N N
P
—Pb*(L + 2a) —Pab? s 2 1 % N\ —Pa?(L + 2b) Pa~b
2. L3 2 ﬁ 3 R T 2
A\
P P
3. e —a(l —a)PL N l l ol R —P (1 — o) PL
N p N
w
i o o B N X i g
: L i I . s
2 12 N 3 g\
w D
5 —TwL —wL? m —3wL wL-=
' 20 20 \Q i R 20 30
w
6 —wL —~Swik* m —wlL SwL?
) 4 96 i \ 4 96
N L
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~— Example 1

For the cantilever beam subjected to the concentrated free-end load P and the
uniformly distributed load w acting over the whole beam as shown 1n Figure 4-28,
determine the free-end displacements and the nodal forces.

. K 2 (7 +9)
ry
EEEEEEEN N A
21 L _WLEJ L wi.?
12 12

(a) (b)

Figure 4-28 (a) Cantilever beam subjected to a concentrated load and a distributed
load and (b) the equivalent nodal force replacement system
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ﬁlple 1

Once again, the beam 1s modeled using one element with nodes 1 and 2, and the
distributed load is replaced as shown in Figure 4-28(b) using appropriate loading case
4 in Appendix D. Using the beam element stiffness Eq. (4.1.14), we obtain

(—wL P“‘
EI[ 12 —6L] (ds, 2
= ; = 4.4.24
Bl e {a )= e | (1429
\ 12 J

where we have applied the nodal forces from Figure 4-28(b) and the boundary condi-
tions d, = 0 and ¢; = 0 to reduce the number of matrix equations for the usual long-
hand solution. Solving Eq. (4.4.24) for the displacements, we obtain

[ _wL? 3 PL?) |
d>. 8EI  3EI
9, ~wL® PL’ )
\6EI  2EI
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xample 1

\/

Next, we obtain the effective nodal forces using F (©) = Kd as

12 6L

6L 4L’
—12  —6L

6L  2L°

Simplifying Eq. (4.4.26), we obtain

2015-Applied FEM

( () Y
F

—12 61
—6L 2172
12 —6L
6L 4L? |
( wi
pa_—=
2
Swl?
PL
< 12
wil
_p__=
2
wil?
12

\

s

—wlL* PL?
8EI  3EI
—wl?® PL?
6EI  2FEI

\ (4.4.26)

(4.4.27)
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%ple 1

Finally, subtracting the equivalent nodal force matrix [see Figure 4-27(b)| from the
effective force matrix of Eq. (4.4.27), we obtain the correct nodal forces as

) P L

( F, PL 4+ SwL? —wlL? N 1111'}’_2

M PL + —

JL Ry U Aar—= (4.4.28)

F, _p_ wL —wilL _p

M | 2 2 ;
wl? wL? \ )
12 12
\ J \ J

From Eq. (4.4.28), we see that F), is equivalent to the vertical reaction force, M is
the reaction moment at node 1, and F>, 1s equal to the applied downward force
P at node 2. [Remember that only the equivalent nodal force matrix is subtracted,
not the original concentrated load matrix. This 1s based on the general formulation,

Eq. (4.4.8).] n
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/Example 2: Exact Solution

We will now compare the finite element solution to the exact classical beam theory so-
lution for the cantilever beam shown in Figure 4-30 subjected to a uniformly distrib-
uted load. Both one- and two-element finite element solutions will be presented and

compared to the exact solution obtained by the direct double-integration method.
Let £ = 30 x 10° psi, I = 100 in*, L = 100 in., and uniform load w = 20 1b/in.

l " l " l " l w =20 Ib/in.

— X |

L=1001n.

N\NANNNNNNNN

Figure 4-30 Cantilever beam subjected to uniformly distributed load

To obtain the solution from classical beam theory, we use the double-integration
method [1]. Therefore, we begin with the moment-curvature equation

"o M(X)
V= (4.5.1)
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: Example 2: Exact Solution

W —wlL? X
M(x) = +wlx — (wx)| =
RAR A i l l fw) ) 2 ( )(2>
wL? ] 2 | M
2t/ X .
T2 ye2

* Integrating and applying B.C's:

1 —wx?* _l_'.-va3 wl>x?
Y=FEI\" 24 6 4
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xample 2: FE Solution

* P=o0 in the previous example

. —wL’  —(201b/in.)(100 in.)’
g, — v —QOIM)A0OI) g1 g
6ET  6(30 x 10° psi)(100 in.")
. —wL*  —(201b/in.)(100 in.)* .
b, — VLT —(01b/in)I000n.) ) hessyy,
8EI  8(30 x 10° psi)(100 in.")
1
0(x) = L*( 2x% + 3x2L)ds, + 75 — (XL — X*L)¢,
b(x = 50 in.) = ————=[-2(50 in.)’ + 3(50 in.)*(100 in.)](—0.0833 in.)
(100 in.)’
+;[(50 in.)* (100 in.) — (50 in.)*(100 in.)’] x (=0.00111 rad) = —0.0278 in.
(100 in.)’
Jx = 50in) = 20 1b/in.

30 x 106 psi(100 in.")

. 4 . . 3 . 2 . 2
y (5(2)4111) N (100 1n.)6(50 in.)” (100 1n.)4(50 in.) — _0.0295 in.
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Example 2: FE Solution

Bending moment is derived by taking two derivatives on
the displacement function.

The shear force is derived by taking three derivatives on
the displacement function.

For uniform distributed load:
e Bending moment: linear

e Shear force: constant

It then takes more elements to model Bending moment
and shear force than displacement.
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~— Example 2: Comparison

V(x) 4
(in.)
50 1n. 100 1n.
0 | |
sc=-=-==-==-= ~09zrsin
__________ —0. 1n.
Beam theory_/ =
[Eq. (4.5.8)]
—0.0833 1n.

Finite element (one element)
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xample 2: Comparison

M(x) 4
(Ib-1n.)
16,667
.,
50 in - — 100 in.
0 | R —

—83,333
—100,0004

V()C) A

(Ib)
2000

1000

2015-Applic

—33,333

Beam theory [Eq. (4.5.2)]
Finite element (one element)

Beam theory [Eq. (4.5.2)]

T— Finite element (one element)
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