Initial level of liquid

Let it be desired to find out how much
liquid clings to the inside surface of a
large vessel when it is drained. The local
film thickness is a function of both z and

t.
T <—— &(z, 1) = thickness of film
| |
.z A5
5(z,t)= = i
p.g.l

e e
e
i
o

o
o

Liquid level moving
1 downward with
speed s

Advanced Fluid Mechanics

«——— Wall of containing vessel
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Consider mass balance on element.

Input = Output + Accumulation

0
x+6x 17 pa[é‘x]

pu S| = pir,8

With constant density:

o5 li.8| . -7 |
ot Ax
Taking limit (Ax—0) gives: |- %0 _0 [7.6]
ot Ox
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Now: u, =
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The velocity distribution must be determined. In general this requires
solution of the N-S equations and it is not possible since the film thickness
changes with x and t.

However a reasonable guess at the velocity distribution will be adequate
since the mean velocity will not be sensitive to the guess made.

Assume the velocity profile for a parallel flow.

» @y=0 u,=0
lution of =—g with B.C.
i.e. solution o de g wi S @y=6 %:O
oy
2
Hence u, =§[éj/—y—:|
Y7, 2

_ pgd’
X 3ILl
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Substitute in mass balance:

With ’7% = 5=06(1)

26_ds oy 05_ds o
ox dn ox ot dn ot

Hence
pgs’ do 1 ( x ) B
u dn t :
2
7 dn
But L) #0 hence we must have o= HX
n p.8.t
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In a gas absorption experiment a viscous fluid M)
flows upward thought a small circular tube |

8 and then downward on the outside. !
= aiseibuton {FETR

= 1- show that the velocity distribution in the inside IUE:I ‘ 11 i o8
-S falling film is: i “Ul outside

= |

2 | *-{ !~ Ar

4 20 e
R

E U, = rg 1 - + 2612 IDL T:-Mo']menmm | z-Momentum

= 4u R2 R inta shell out of shell
El of th:'knfsa of thickness

| # Ar
= 2- Obtain an expression for the volume rate of !
. St =T i

& flow in the film. g i o

: f th; Vol u{ne

C; 3- Obtain the film thickness on the wall. | A
= :
< b—R—

L- — oR——+

Sharif University of Technology
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(a) Navier Stokes equation for steady state laminar flow at low Reynolds

numbers:
5 10 ( ou )
> Z
i O=p|——|r +
= 'u[r or\ or re
o] . .
.S Continuity equation:
=
ou, 10
+—— =0
= 0z ror (rur)
® pum
=
= No radial flow: Oty _ 0 = uy, =u,(r)
= oz
5
Q
S Lof o) s
% r or\ Or u
< Integrate:
4
u, = P& +elnr+cy

4u
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Boundary conditions:

u,=0 @ r=R

%zo @ r=aR
or
4
Oz—pgR +Clll’1R+02
4u
O:_pg;lea_i_i
214 Ra
. _pngaz
1 —2,u
4 22 4
czngR _peRa lnRngR {I—ZazlnR}
4u 2u 4u

Hence

4 2
U, _PeR_ -2 +24°Im <
4u R2 R

Sharif University of Technology
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(b)  Volumetric floe rate:

R
Q=27 'E ru,dr

R 4 2
0=2r 'E &{l—r—+2a2 ln%}m’r

4u | R?

) 4 o 2
=2ﬂ& R—(az—l)—R—(a4—l)+2a2 o lna+R—(l—a2)
4y | 2 4R? 2 4
4 2
:2ﬂ& l(az—1)—1(414—l)+a4lna+a—(l—az)
4u |2 4 2

4
Q:”/;:;R{_l.qaz —3a* +44* lna}
7
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(c) Film thickness:

h=aR-R=R(a-1)
a=1+ (ﬁ)
R
3
. _ pgh
{For a film flowing down a flat plate, Q = EYa }
U

Flow / Unit periphery = Q/2m

B 7r,0gR3

l6u

cei )
ol 4G
sve-(g)r3(8) -5 ()

Sharif University of Technology

{—1+4a2 ~3a* +4a* lna}

Now:
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Hence

( 2
3 —1+4+8(ﬁ)+4(£) —3—12(3)—
Q _ peR™ | k) \R R >
2nr l6u 2 3 2 3
(2] 1o £ o £ erg 2] - 2(L)
R R R R 3\R

0 :pgR3E(£]3:pgh3
2rr  16u 3 3u

R
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TURBULENT FLOW

Presented by:
Prof. D.Rashtchian
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Turbulent transport of momentum

Turbulence of random velocity fluctuations- Use statistical methods

Turbulent velocity 17,-

u, =U, + u,
Mean Fluctuatin g
Velocity Component

Interpret Uj; as a time averaged velocity defined by:

U, = lim L fﬁidt — fim — f(U,. +4,)dt = 1,
Tow T T T

7 = lim ifﬁ,.dt U, - lim if Ut =U, -U

Tow T Towo T 8=
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i.e. the mean value (or time average) of the fluctuating quantity is zero. Assume that
Ui the mean flow is steady (0Ui/0t = 0)

Note: Time averaging commutes w.r.t. differentiation.

oW, 1 gou,, o [1g. .| 0U, 0 (=
o, —?fajd"a{?f‘“d’}‘ o, ‘Ew

The time average of the fluctuation 17, is zero, but the average of the square of the

==
fluctuation is not zero and the quantity Y s used as a convenient measure of the
turbulent fluctuation-known as the "intensity of turbulence" and ranges from 0.01 to
0.1 for most turbulent flows.

\l@) r.m.s. velocity.

E:%piUi+ﬁi ):%p(Ui2+l?)

mean flow + fluctuatio ns

Mean K.E./unit volume =

Sharif University of Technology
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Equations for the mean flow

Consider the momentum and continuity equations. These apply to the instantaneous velocity
in a turbulent field.

~ Ol 1 op o,
i Ly — i
x, pox, Oxox,

% =0
The equations must apply on average
u,=U,+1u,
Continuity -
liml a—a"dt:a—a" g U, +1, :an:O Q)

TooT 4 x,  ox, o, ox

The mean value satisfies continuity. It is the mean value of velocity that we measure and
require in applications.
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Momentum:
The equations of motion for the mean flow U; are obtained by taking the time average of all

terms in the resulting equation.
Consider each term:

(i) S% = %(E}.ﬁi) - Ez(zi, J = 6% {(U./ +1, XUi +14, )}

7,
(P
© pun
=]
o]
S
<5 X J J
2 i{UU+uui+Uu +Uu}
~ Ox,
= o oU, o
= = vy +igl=u, ot @) 2.1)
15 __
< .. 1 dp 1 0 55— 1 oP
§ (ii o or, 0 ox, (P+p,) D or, (2.2)
2~ 2 2
pc 6 ui _ 5 ~ a U,'
1) v =y iU.+u.)=V— 2.3
! (itt) Ox 0 ; Ox 0 ; b Ox ,0x 2:3)

Sharif University of Technology
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Hence

oU, 1 6P o',
o= +v - ( ;) )
Ox; pox; Ox;0x; Ox;

Equation for mean flow has an additional term.(Drop the "= # ad=uu )

Ou ;u; 6U
Term —— is analogous to the convective term U, —+
Ox; " ox,
It represents the mean transport of fluctuating momentum by turbulent velocity

fluctuations.

If 4, and #; uncorrelated i.e. 1, =0 - no turbulent momentum transfer but

experience shows that u u, # 0 - momentum transfer is a key feature of turbulent
motion.
0 ==~
Term a—(u )thus exchanges momentum between the turbulence and the mean
X

7
flow (equation 2.1)even though the mean momentumof the turbulent velocity

fluctuations is zero ( pii, =0).

Advanced Fluid Mechanics
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Because of the decomposition %, = U, + i, , turbulent motion can be perceived as something which

produces stresses in the mean flow. For this reason, equation (3) may be rearrange so that all stress
can be put together.

P ox; Ox, ox, Ox, J

J i

ou. o ouU. oU., R 0
= =—[—P5,, +,u|:—’+—":|—pu -u,-J ZaT(Tii) - mean stress tensor.(7 =T +7)
J J

oU, oU,
T,=-Po, +0, —piii ; o'_l_:lu|:_‘+_f:|
J J J J J axj axi

(normal) (shear)

The contribution of the turbulent motion to the mean stress tensor is o‘fi =—pu,u, called the

Reynolds stress tensor. Define, Q; =, + 07,

Sharif University of Technology
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Turbulent shearing stresses

Time averaging of the equations of motion leads to the Reynolds stress tensor, pii i, .

i, and i are the velocity fluctuations in the i # j directions at one point and u,u; is a
measure of the "correlation" between the fluctuations.

Correlated variables

i, =U,+a4,\U, +a,)=UU, +uu,

If uu, #0, 4, and 4, are said to be correlated i.e. dependent.

If u,u; =0, uncorrelated i.e. #; and 7, are independent.

Sharif University of Technology
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1 &, 0y
A | VYo RO (AL
L= 5 A
= U = U . . Uz Uz
S Uz = -Uy
= t £ o
(P
<)
2 u,u, >0 uu, £0 ud, ~ 0
E R1Z=1 RVZ:—]' Rl2 /\/O
=
o
3
g Fig2(a) Fig2(b) Fig2(c)
g uu, >0 uu, <0 uu, =0
& R, =1 Ry, =-1 R, =1
>
=
Sharif University of Technology
Chemical & Pcmlllcum Engincering Department
i,
A measure of the degree of correlation between #;, and i, is obtained from: ? =V
1 -uz F/

Rlz_hm1 i 2dr u—\/7 {llrl_r)lngﬁf)dt}%

T—)ooT ulu2

uu

— 2
RIZ_ 't
U,

N.B. (a—b)220:>l(a2+b2)2|ab|

A2 A2
u u

Hence 12 = hm f _l+_2 dt <1
ap i,

Advanced Fluid Mechanics
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Pure shear flow

Consider a turbulent shear flow with Uj(x2) the only non-zero velocity component.

Qi3 is the only component of the mean stress tensor, Q,, = O—- — U, 1,
X

2
Q> —stress in 1 direction on face, normal in 2 direction and must result from
molecular transport of momentum in the x; direction, and turbulent transport.

Assume oU, >0.
Xy

A fluid particle with positive #, is being carried by turbulence in positive x>
direction. It is coming from a region where the mean velocity is smaller i.e. is likely
to be moving downstream more slowly than its new environment. Thus #, is negative.

Similarly negative #, associated with positive .

X2

U,x2)

c>

>

X4

Sharif University of Technology
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{Momentum/unit volume of flow at A in 1-direction} = pu, = p(U, +1i,)
The x;-momentum is transported in the x,-direction if u; and u, are correlated.

{Flux of x;-momentum in x,-direction} = p(U, + 4, )1,

{Average flux of x;-momentun in x,-direction} = pi,i1,

n ~ 9 . r _ T _
u, and 4, are negatively correlated: o, =0, =—pu,u,
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Turbulent Channel Flow

The Navier-Stokes equations in rectangular
coordinates are

oU, 1 oP 0°U, 0 —
j =———4vy ——(uiuj)
0x p Ox; Ox,0x; Ox,

For parallel, fully developed, 2 D flow

U,=U,=0

U, _o.0U, _or - LHS.=0
ox, ox,

0 — o ,__

Ox, () Ox @)

3

SGZh
v —  k—
x:@T T_) Px, Py, 5%,
W
l_.saD ax‘i

Parallel plates of separation 2h

Sharif University of Technology
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Hence the equations can be written in the simplified form,

16P U 08 —
O=———+v———"(uv)

pox oy Oy
__1OP_0

p oy oy

At the walls 2= 0, P = Po(x)

h_P.»
p P
oP 0P, dP,

(D

2)

. Hence form (2)

3)

)

Sharif University of Technology
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Hence (1) can be integrated from y=0 to y with uy ‘ .= 0

y=

oU_ ou| -

O:—X(dpo)+v %
pax’ oy |,

At y=h, uv=0, 0U /dy =0 (zero velocity gradient, no correlation)

G _ﬁ(ﬁ):ﬁé_(]
p dx’ p |,

Defining a friction velocity u=

T, =pu;
Substituting in (5)
_w v Y a2
0 h

Sharif University of Technology
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Equation (8) may be written in dimensionless form in 2 ways.

1 —L;V+ % d(U/”*):(l_l)
M ul  uh d(y/h) h

R* =u« h/v. As R* becomes large, (R* is of course a Reynolds number), the
viscous stress is suppressed. Such a limit will not applied because viscous
forces must always dominate near solid boundaries.

uv  dU/u) Vi Y
S ==
{n ur  d(yu, /v) v hu,

In this case as R* becomes large the change in total stress becomes small.
Defining appropriate dimensionless variables

Sharif University of Technology
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ptiy iU
y u,’ h
Then
_wv Ldut
u; R dn

Law of wall

For large R* (from 12)

uw  du+
- —1
u, dy+

(11)

(12)

(13)

Sharif University of Technology
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The solution of this equation must be of the form,

uv
—— =804, ut=1(y+) (aw of the wall)

*

For sufficiently small y+, turbulent stress negligible.

a’u+_1
dy + :

with  u+(0)=0

u+=y+

Core region

For large R* (from 11)

~=(1-n)

u,

(14)

(15)

Sharif University of Technology
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This equation gives no information, about U itself. However h and us are the only feasible
length and velocity scales, we can write

U _u. dF

& =7 d_77 Where F(77) is some function of 7. (17)

Integration from the center where U=U,

U-U
——L=F(n) (18)

*

From equation (14),

Advanced Fluid Mechanics

U_ sy, QU8 &) N
u, A d v dy+ (19
Matching (17) & (19),
wdf _w. df AP A 1 0
hdp vadvtr o Tan Y @ K 20
Sharif University of Technology
Chemical & Petroleum Engincering Department
F( )—iln + const f( +)—iln "+ const
n= e n . y e y .
7]
5 Hence
=
= u-U, 1 Uu 1 .
= =—In7 + const. —=—Iny" +const.
I>) U, K u., K
=
2 Discussion
=
E e+
o To simplify (12) to (14) requires Ees= 1 a
= plify (12) to (14) req Eia (a)
= . : ‘
P To simplify (11) to (16) requires L du {1-n (b)
g R* dn
o= Matching only possible if y+—
>
= n—0
<
o y+>100 )
In practice it is found that are sufficient
n<0.1
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y
2=
17,) h +
E ! Now 7<0.1; -'-%<0-1 (cf.(a))
g And y+>100 .. 77R*>100
) 0ll- =N/~ @ - S R*>100/7
= | / / ] n<0.1
3| I inertia‘l/ S R*>1000
:g = | su b105 er Experimentally
Et . | du + =£
= 107 l dn n
3 ! 1 ‘ 1 du+ 25
I o0 T =
§ 1574 l R* dn R*np
t L ]
g Y 1, 4 53 b 1 du+ 2.5
10 10 —_—= <<(1-
< 10 10 10 s Hewe 23 gn  R*p A=17)  (cf. vy
@ y° - — 1
‘:E; Also from (20) dy N 1 K
= fOh) = Eln(y*) + const. @)
=P
E Experimentally
E U-U
E' » 9 =25Inn-1.0
ﬁ *
5]
U
= —=25Iny" +5.0
> u
=
<
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Application

e 1. For Engineering Purposes these i i

= equations have been used for 7>0.1 , ur= = ‘ 1 i
§ i.e. to describe the core region, and ‘ | @
= also for 7 — 0. Note as 20 i | /

& +

é) 77—)0, u =U/u*—> —0 . | |/w-: 2.5 /Lﬂﬂ‘{i_g.;
= 2. Sometimes the Universal Velocity l i

o profile is used. ‘ ‘

= Equn. (15) u'=y" for y'<5 - 1o l B _

e ur= 5.0lny" ~3.05

S Equn. (21) u'=2.5lny"+5.0for y*>30. i ‘

—’ .. . . = y? | |

§ Limits determined experimentally. ) '

N A curve fit for 5<y'<30 b ; L) v
3 Is u'=5.0Iny" -3.05 1 = 100

Sharif University of Technology
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Example of use of turbulent velocity profiles.

momentum transfer

T, 2u!

Friction factor f 1 (72
_pU 2
2

Using the velocity defect law for flow in a tube

1 *Tlu-u, U-U
2ardy=—-L
wh’ I[ U, } e

y=0

p=l

27

= | —h{2.5lnn-1}dnp
77;[0 7h’

Advanced Fluid Mechanics

Now r=h-y ; n=y/h—>dy=hdn ; r=h(l-n)

Sharif University of Technology
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u-u,) "¢
Hence u = IZ(] —-m{2.5Inn -1}dn

U, 20
Also from experimental results

Yo _U 5 5mp+10
U, U,
—2.5Iny* —2.5In7+1.0+5.0

=25InR*+6.0

gt _h /E:E\/Z
% v 2 2 V2

0 _55 ln[EJi] +6

* 2 V2

S

u

U Re [f 5n? 51 0.
= =25In[— . [L1+6+[5nInn -5n—-2n—"L-Inpn+ =L 421
” [22] [7777777727742]0

T fite
F—4.O7loglo{2 \/:}+0.53
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Mass transfer: Turbulent Taylor Analysis, Proc. Royal. Soc. (1954), A223, P446, for
Axial Dispersion in turbulent pipe flow.

Consider diffusion equation in rectangular coordinates for simplicity.

Sharif University of Technology
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Turbulence in pipe flows

Scope of Turbulence

Most flows in nature: rivers, the atmosphere
Engineer: pipe flow, packed and plate column

Pipe Flow

a
hy

laminar Flow of same Re

Furbulent Flow

} L 0.1d

Laminar sublayer - viscous forces dominate, very thin

Transition region - region of damped turbulence because of nearby wall,
eddy sizey.

Turbulent core - region of fully developed turbulence, eddies of size d,
velocity nearly constant.

Advanced Fluid Mechanics
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Turbulent Velocities

- local downstream velocity fluctuates due to turbulent eddies .decompose

8 u, =u+1u
® pum
§ Q m A//\ﬁvm L/\ Instantane us localmean eddy )
- BB Rl
é" 3 Ug velocity velocity velocity j
= e
® pum
=]
p—
o
= - definition of u (mean velocity)
L 1 7
> u=— L u,dt
= T
S
% - clearly the average of the eddy velocity is zero
< 1 T R 1 T 1 T .
u=— I(u +0)dt = — Iudt +— Iudt
T3 T3 T3
17,
— judt =0

0 Sharif University of Technology
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Advanced Fluid Mechanics

- the magnitude of turbulent velocities is characterized by the RMS

r
= |:F I&zdt:|

0

(RMS fluctuating or eddy velocity.)

- the turbulence intensity is defined by,

turbulent intensity = L (typically up to 0.1) i.e. the average eddy velocity
u

may be 1/10 of the mean velocity.

Sharif University of Technology
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Properties of turbulent flows
(with particular reference to pipe flows)

1) Irregularity local velocities fluctuate in random manner. But all
turbulent flows are irregular. E.g. smoke plume.

2) 3D Nature pipe flows are normally considered as 1 dimension in
that downstream velocity depends only on radius. However in
turbulent flows normal velocity components, though zero on average,
have fluctuating components, (¥ and ). These give rise to

turbulent stresses (remember the mail bag example) and are important
in turbulent energy processes. This 3D nature adds the mathematical
difficulty.
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3) Turbulence is a property of the flow not of the fluid writing Newton’s
law for a flow involving turbulent stresses.

LA—y +vT)@ . [divided by p]
P dy

Where v =% is the kinematics viscosity . ﬁ
p [7]
v, = eddy viscosity
In laminar sub layer v, <<v
Transition region V,~V
Turbulent core Vp S>>V

Thus v, varies with environment and is a flow property.

Sharif University of Technology
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4) Mixing in turbulent flows-diffusivity

Rewrite Newton’s law in the form, explicit in shear stress.

f:—(v+vT)M

dy

[mu

(M]u]_[L] [L]
] T ]

Dimensions ;

i.e. (momentum flux) = (diffusivity) * (gradient of momentum / volume)

- this fundamental relation shows how transport (here of momentum) is related
to the driving force (momentum gradient).the coefficient, v , is the momentum
diffusivity. It shows how large a flux is produced by a given gradient. Exactly
analogous laws apply for heat transfer (Fourier's Law) and mass transfer
(Flick's law).
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- Now v, >> v in turbulent flows.

Turbulent is a very effective mixer of momentum which accounts for
the almost constant velocity of the core region will usually be of almost
constant temperature and composition.

But v >> v, in laminar sublayer.

Sharif University of Technology
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In laminar flow it is the molecular motion which transports momentum.
(Remember mail bag example). Hence lower rates of transport for a given
driving force. Alternatively if we consider heat transfer from the wall to
bulk, heat conduction across the laminar sub layer dominates the process
(Heat transfer comes later).

- Pictorially
J Eddy gives rise to normal velocity .
3 g . .
Y " >/ This transports x directional momentum
Y eddj in the y direction gives rise to a
momentum flux, or shear, 7.
x
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5) Dissipative Nature of Turbulence.

- Turbulence comprises eddies of all sizes.

- The largest eddies are as big as the flow field. They extract energy from the
flow but are not efficient at dissipating energy. In the absence of an energy
source, however, turbulence dies away .

- There is an energy cascade from the large eddies, through eddies of
progressively smaller size until a lower limit is reached. This lower limit is
controlled by viscous dissipation of energy and Kinematics viscousity and the
rate of energy supply are the important quantities. Based on dimensional analysis
this lower limit of eddy size is given by:

3
Z:l: 4 }A_]Reg/4
d |u'd

Advanced Fluid Mechanics

Where 7 =size of small eddies; v =kinematics viscosity
d = size of largest eddies; u' = RMS turbulent velocity
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High Reynolds number phenomenon

- Express Newton's Law of viscosity in dimensionless form.

v T ud du ld(%—,)_ 1 du’
T 2 T 2 1 T T oA (/N Da 1t
o] pu-d dy Re (v Re dy

1%)

T

Reynolds's number arises in dimensionless form of Newton's Law.
- Similarity: compare two flows in similar geometries(same shape but
different size)i.e. flows exhibiting geometrical similarity. Suppose
Reynolds numbers of each flow are the same though d,u, o and u of
cach flow may be individually different. Then as a consequence of the

above equation each flow will have the same dimensionless distribution
of stress and velocity gradient as a function of position,

Advanced Fluid Mechanics
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Stress and velocity gradient as a function of position, provided each has the same
Reynolds number;
i.e. u+ = f(y+) kinetic similarity
T+ = g(y+) dynamic similarity.

The consequence is that friction factor (dimensionless wall shear stress) can be
considered a unique function of Re.
Consider a cylindrical element of diameter d and length of dx

Viscous forces o« u 2—”.7zd5x
a

2
nd Sx du
4 dt

Interia forces « e

InteriaFor ces o« ﬁ dr

ViscousFor ces Hodt
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High Re-interia forces dominate — Turbulent flow
Low Re-viscous forces dominate — Laminar flow

Sharif University of Technology

Chemical & Petroleum Engincering Department




Summery Notes on Turbulence

Most flows are turbulent both in nature and engineering.
A turbulent pipe flow can be divided into three regions:
a) Laminar sublayer - no eddies.
b) Transition region — damped eddies (size y)
¢) Turbulent core — undamped eddies (size d)

e Turbulent velocities:

U, =u+ {Instantaneous = local mean + fluctuant}
T
u :% _[ u,dt {T is a time long enough to include many eddies}
0
1,
u' = [? I hdt]? {RMS velocity characterizes turbulence}
0
u' =y =y {Turbulence is homogenous}
u'/u=0.1 {Turbulence intensity}

Advanced Fluid Mechanics

e Newton's Law in turbulent flows. It is tempting to write

t/p=—v +V,)@

v—KinematicViscosity for Molecular
dy

v, —Eddy Viscosity for Turbulence
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v is a fluid property and constant.
viis a flow property and depends on environment (eddy size)
e Rewrite above equation as
[ 2
[M] [L]
[L) [TT

T=—(+v,) @ dimensions

(momentum flux)=(momentum diffusivity)(gradient of mom/vol)

Large v implies rapid mixing. Diffusivity has dim. [L]/[T]
vt >> v : Turbulent flows are rapidly mixed due to eddies.

e Energy in turbulent flows: turbulent dissipates considerable energy.
Large eddies take energy from mean floe, but are not efficient in
dispersing energy. Small eddies do dissipate energy efficiently. There
is a transfer of energy to the small eddies, which appears as heat due to
frictional effects.

Smallest eddy size, n, si given by ( dimensional analysis)
=

Y4 {nis also a good estimate of laminar sub-layer thickness}

7]
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d v
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e Rynolds Number arises in Newton's Law in dimensionless form

oo wn | dledd) L e

pi’  pitdy  pi'dd(y/d)  Redy’

It may be interpreted as the ratio (interia forces / viscous forces).

e Large Re implies dominance of interia forces which promote turbulence.
Small Re will dominance of friction (viscous) forces gives laminar flows.
Similarity (Consider different flows of same Reynolds Number) If we have
geometric similarity (e.g. two different pipe flows) then we will have
kinematic similarity (same du'/dy") and dynamic similarity (same 7).

Result
f= 1, = f(Re)

Advanced Fluid Mechanics
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(e 5T21 5T13 5T12 e 3503 el 5 JUSUs cleldi 1, T3 5 Top 5Ty sleilel!

iy S IS b sl
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93 5SS fan |y s ASL T3 = T3z 5Ty = T31 5Tiz = Tol Soseid 43 5|
= n—‘ - - -

T3 =5T13 = —T31 5T12 = —T21) Ao S &K e (3T 1) gl Oy gty

.(—T32
iz g ol - vector sscalar

g dal g 0L Gl s N ax s s

Scalar ~ tensor of order 0 (39 = 1)

Vector ~ tensor of order 1 (3! = 3)
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Tensor of order 2 (32=9)

Tensor of order 3 (33 =27)
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Properties

1- Sum of two 2™ order tensors is a 2™ order tensor.
2- If m =scalar, A; = 2" order tensor then mA; is a 2" order tensor.
3- Symmetric tensor:
Aj=- A
4- Antisymmetric tensor:
Aj=- Ay
5- Aj+A; 2" order symmetric tensor
Unit tensor &;; (2" order)

(*)]
1

1 0 0
8; =0 1 0]or KRONECKER DELTA
0 0 1

Az 83 58, 561 (s L3 5l e sl s 53 a3 ) S S5 Gl 3y 5 b O g 5 s
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Vector operations from an analytical viewpoint
w5 5.3 5 (Kronecher delta) 8y ds1s 53 a5 5 s 1 oslinal b Ol ge 1 Lo 5 5 W a8 51 A
G 5 5 &y se 4« (The alternative unit tensor or Levi Civita tensor) €;y >l «u
W g oM S (L pine
5 = {+1 if i=j
v 0 if i#j

+1 if ijk=123,231,312
Eiji = -1 if ijk=321,213,132
0 if anytwo indices are alike

W ) D e O gien € o2l b1 253 X 3 Oln 5 Jle Ol g6 4

3 3 3
= Z Z Z €ijk A1;A2; A3 or €ijk A1;A2; A3
K

i
g 5 oy g Ol gie |y Aoty (sla,ls 5 CTOSS g scalar o alol>

5.8 = &

a1 a2 4q3
azy az; azs

az1 dzy daszs
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—
6[' X é} = L Eijk 6]( or Eijk 6](

3
k=

[
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Summation convention
OT 5ea S5 0311 4 b p 5 b e 0T 0358 5185 05 b dher & 3 (i ko) suffix o (55

555 1SS suffix

e.g. x| = z,lﬁ % G =1,2,3)

e gt O pilgn S
— 3 _{i : Repeated suffix
j =Gk j: Free suffix
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Definition of a vector and its magnitude the unit vector

3
]7 = 81V1 + 82V2 + 83V3 = Z 81\]1
i=1

= 8;V;

RIS ( X,y,Z) 1,2,3 6&))’5& C,.q:- BL Jo-b 5u)|$j 63 K) 82 K) 61 QT BL "y

3
7] = V2 +vi+vi= > v
i=1

> = =5
51 S Gals LW 5V s 0
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Vl =W1 D V2 =W2 9 V3 =W3
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C.-@jd‘)ﬁ.:ﬂ-\’bé‘.&)‘}jleb‘.;)‘)b
51.51 = 52.62 = 53.63 =1
61.52 = 82.83 = 53.81 =0
O X8 =6, X8, =083X63=0

81 X8 =083 5 O;X8;3=0; K} 03 X 61 =96,

52)(51:—53 3 63)(62:—51 3 51)(53:—52

Comment

1- A repeated suffix is known as a DUMMY suffix it may be replaced by any
other suitable symbol
€8 Aji Xp = Ajk X = Ajm Xm
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2- Don’t use any suffix more than twise
e.g. A; Ay is meaningless
3- Xix; = X1X1 + X2X3 + X3X3 = xiz + x% + x32

Sharif University of Technology

Chemical & Petroleum Engineering Department

Applications

1- Equations of motion of a viscous fluid

2 2 2

duy + Juy + ouy + Jduy 10dp + d-uy + 0°uy +6 Uy +
— t Uy —tuw—t Uy —=——=
ot " Yok T Y20y, T Mox, pox 9x.2 " 0x,2 ' Oxzz) TN

E)uz auz E)uz auz 1 ap azuz E)Zuz azuz
3 + 92

— tuy—tuy—tuy——=—=
T T I e Vo e R o

6u3 6u3 61,13 6u3 1 ap 62u3 62u3 62u3
+ 93

—t Uy —tU—tU3T— = ———
9t T Max, T Vo, T Wax, T poxs T U\Bx2 | Gx2 | 9xs2
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