C.-@jd‘)ﬁ.:ﬂ-\’bé‘.&)‘}jleb‘.;)‘)b
51.51 = 52.62 = 53.63 =1
61.52 = 82.83 = 53.81 =0
O X8 =6, X8, =083X63=0

81 X8 =083 5 O;X8;3=0; K} 03 X 61 =96,

52)(51:—53 3 63)(62:—51 3 51)(53:—52

Comment

1- A repeated suffix is known as a DUMMY suffix it may be replaced by any
other suitable symbol
€8 Aji Xp = Ajk X = Ajm Xm
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2- Don’t use any suffix more than twise
e.g. A; Ay is meaningless
3- Xix; = X1X1 + X2X3 + X3X3 = xiz + x% + x32

Sharif University of Technology

Chemical & Petroleum Engineering Department

Applications

1- Equations of motion of a viscous fluid

2 2 2

duy + Juy + ouy + Jduy 10dp + d-uy + 0°uy +6 Uy +
— t Uy —tuw—t Uy —=——=
ot " Yok T Y20y, T Mox, pox 9x.2 " 0x,2 ' Oxzz) TN

E)uz auz E)uz auz 1 ap azuz E)Zuz azuz
3 + 92

— tuy—tuy—tuy——=—=
T T I e Vo e R o

6u3 6u3 61,13 6u3 1 ap 62u3 62u3 62u3
+ 93

—t Uy —tU—tU3T— = ———
9t T Max, T Vo, T Wax, T poxs T U\Bx2 | Gx2 | 9xs2

Advanced/ Fluid Mechanics
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1 d¢ =g—zdx1 +:—idx2 +j—j’3dx3

% _

£ dp =2 dx

=

)

o 2 dxy _ Oxy 0xq dxp 0xy . Oxp 0x3
& dt — dx, 9t | dxp at | dx3 ot
= dx _ 0xi 0%

= dt dx; at

o —

.

3 3-  xf+xi4+xE++xf

g X Xy (k = L% Tl)

=

g 4- ajk.xk = ajl.xl + ajz.xz + 07-3.x3

=

< 5- qu 'AqT = Apl'Alr + ApZ'AZT + Ap3'A3T

Sharif University of Technology

Chemical & Petroleum Engineering Department

The vector differential operation

V known as “nobla” or “del”

V=26 + & 9 + 6. g
19 20x, | 2 0xs
V=6 0 &; 0
"ox; 7 ox
The symbol V is a vector operator {the gradient of a scalar field)
d as

Advanced/ Fluid Mechanics
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The divergence of a vector field

av; dv;
= (50) 5 = () 52
_ 9y
= 7%

Sharif University of Technology

Chemical & Petroleum Engineering Department
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Product involving 6;;

6ijTi = 7}

6ij Ti = 61]'T1 + 62]'T2 + 63]T3
=611y + 61T, + 631T3 =T
= 01311 + 65T, + 63,13 =T,
= 0813T) + 63T, + 83313 = T3

Sharif University of Technology

Chemical & Petroleum Engineering Department




The gradient of a vector field

The gradient of a vector field is a tensor

0 V1 0 1% 0 V3]

6x1 6X1 6x1
6171 6172 6v3

axz 6X2 6X2
6171 6172 6U3

_6X3 6X3 6X3_
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The Laplacian of a scalar field

a%s LR

- dx;0x; - 0x;0%;

Advanced/ Fluid Mechanics
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Advanced Fluid Mechanics

The collection of differential operators which is operating on S {scalar) in the last
line is given the symbol V2,

hence in the rectangular coordinate:

02 92 92

V2= + +
6x12 6x22 6x32

In the cylindrical coordinate:

6) 1 9% 092

Vz—la( + +
S rors or) 72862 V1 972

In the spherical coordinate:

V2_16(26>+ 1 a(_ea>+ 1 92
~7Zor\" 3r) Tr2sin6 a9 \>"" 39) T 72sin26 992

Sharif University of Technology | '_-i_: _'

Chemical & Petroleum Engineering Department
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Curvilinear Coordinates

4 Z
et
s |
r.” |
s |
7 I
T 7 y
N | 7/
¢>)\\ :///
_______ NV
(a) (B)
xX=7r cos @ x=rsin 6 cos ¢
y=rsin § y =7 sin 0 sin ¢
z=2z z=rcos 0
= +Val + r=+Ve+ ¥ + 22
i

arctan {y/ x) 8 = arctan(V ; -+ yZ/Z)
2 ¢ = arctan(y/x)




Description of a fluid motion

The development of an analytical description of fluid flow is based upon the
expression of the physical laws related to fluid flow in a suitable mathematical
form.

To discuss the motion of a fluid we need to look at its prosperities. If S represents
some scalar property of the fluid (concentration, temperature, etc.) then it will be
a function of its co-ordinates x1, X, X3 written as x; (i=1, 2, 3) and time t.

S(xlr X2, X3, t) = S(xir t)
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Sharif University of Technology
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Time derivatives

The total time derivative, using the chain rule, is

ds _9S, 9Sdx 95 dx, , 85 dx
dt 9t 0x, dt 0x, dt 0x3 dt
ds _8s  as dx

dt ot ' ox, dt

Z—fbeing the time rate of change of S.

The derivatives %(iﬂ, 2, 3} have no meaning without definition since both x; and t are independent

variable.

If taken to represent the velocity of the fluid, u; = % and the time rate of change of S relative to the

moving fluid is

as

S
— + u; — written as —
at Dt

6xl'

D _d q . . . A . . .
Where the operator e +u; Pl described as differentiation following the fluid motion or
i

“substantial derivative”- imagine an observer riding on the fluid particle and continuously measuring S.
however if S is temperature it is not practical to measure the temperature of the fluid with some device,
which moves with the fluid.

Advanced/ Fluid Mechanics

o " . dx;
The temperature would be measured at some fixed in space, x; held constant. in this case f = 0and

aT
the local change measured e
Sharif University of Technology

Chemical & Petroleum Engineering Department




Three kinds of time derivatives

- N ac
1- The partial time derivatives; rr

. oo dC
§ 2- Total time derivatives; =
= 3- Substantial time derivative; 2=
x Dt
S
L DC aC —
2 Dt ot
= C Cc
p—
7 oC 5 ac
T — .v —
g ot U o
> DC ocC oc
= — = _—
c; Dt ot ox
— =—+1Uu;=—
Dt at axi

15 terms; 3 equations, i : repeated suffix, j : free suffix

Sharif University of Technology

Chemical & Petroleum Engineering Department :

o 0k 1) 5 Aslan abow g O 2 Olokes 55 ~Jin

v(x,y,t) = 2x%i + 4xytj

?.J.uﬂc.m,\.:(l,ZB) Slaes o 1) ojs&gw}@ﬂ

v(1,2,3) = 2i + 24j

— )_Dv_av_l_ 617_'_ v
=R = =9t T Yax T Vay

= 4xyj + 2x2(4xi + 4ytj) + 4xy + 4xtj
a(1,2,3) = 8i + 252

Advanced/ Fluid Mechanics
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The differential momentum balance

Newton’s second law applied to an element of fluid

1
E, = g—max ; E, E,, F;, components of force vector
[

4 g rate of change of momentum &) sz O e 1 G 55 4ot

_ 1 d(mw)
R

_mDvx = odxdvd
¥ = Dt ;m = pdxdydz
_1 dddex
BT

4 3,5 33 41 5T 45 5 g dal i Canlin bl oo OLal 2 X g 3 g0 (slag 5 plad e sutins D5 By S
0SS 5 g

1- Body forces

2- Mechanical stresses
Sharif University of Technology

Chemical & Petroleum Engineering Department
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Body forces

35 O 5 Sy g O szee 15T 5 5 5ds Jles! JS  (body force) w5,

Lb
=1 = —cosf

F,, =x.pdxdydz ; x = b, o,

Col B (55,5 31 S 3 X g o asl3 P oS

Sharif University of Technology

Chemical & Petroleum Engineering Department N




Advanced Fluid Mechanics

Stress

Linear momentum principle

The time rate of change of momentum of a body = force acting on the body

= body forces + surface forces

The forces acting on a body are either internal or external. To discuss the internal forces
consider a small element of area §A. Define the outward pointing normal to be positive.

Assume that the outside material touching the
surface exerts a forces on the inside material across
an element of area, where is a vector which is a
function of position, time and orientation of the
element. is called the stress force/unit area or
simply the stress. is a vector so called stresses act
on an area that may in general have components in
each direction. has components normal to (normal

stresses) and parallel to (shear stresses).

*,

.'llx

i

FSA

e
n

Sharif University of Technology
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STSTIC STRESS IN A FLUID IS ISOTROPIC

Consider a small tetrahedron with three of it’s faces through P and normal to the co-
ordinate axes, and the fourth face normal to a given direction n;

STSTIC STRESS ON A TETRAHEDRON

Plane Area outward normal stressvector
ABC 64, n Tyl

BCP 54, —§& —7,,8;
ACP 54, —6, 3585
ABP 54, —é&, —Ty436,

X1

X3

~

’ T?lli

X2

Momentum Balance

Rate of change of momentum=Body Forces + Surface Forces

0= pgbV+ Tnnn66n —61'[116/\1 —62T226A2 —E3T336A3

Sharif University of Technology
——

Chemical & Petroleum Engineering Department




Advanced Fluid Mechanics

Areas of co-ordinate planes are projection of the oblique plane onto co-ordinate planes,
$0 n,.04, = 04, and n,.04, = 04,

Also, 5%14 —>0aso4,—0
0=7,1n— 617115‘41 - €2T225A2 - 337335‘43

But n=nm e+n,e,+n;e,
Hence O=¢, n/(7,, —7,) +...

Tm’t = z-11 = z-22 = T33
i.e. the normal stress acting on a surface is independent of the orientation of the plane
for fluid at rest.
We associate this stress with the static pressure. As the stress acting the element in the
direction of the outward normal (i.e. tension) we write

Th=Tyn =75 =-P

i.e. T, = —P5,.j for fluids at rest.

Sharif University of Technology
——

Chemical & Petroleum Engineering Department
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FLUID STATIC'S

Definition

A fluid deforms continuously under the action of a shear stress.

Thus no shear stress can act normally to any surface within the fluid at rest.
All stresses act normally to any surface within the fluid.

Thus 7, =0(i # /) (shear stress zero)

It can be shown (see handout) that, “the normal stress acting on a surface at a point is
r

independent of the orientation of the surface including that point for a fluid at rest”
8. Ty =Ty =T33 =—P
7, =—Po; (é‘zjzlﬂl:.];é‘ij:oﬂl¢.]) a

Ty +—— —— T11
Definition

X3

The pressure at the point in a fluid at rest
is stress that acts on a surface in a direction Xy
X.

opposite to the normal vector.

0 1

Sharif University of Technology
——

Chemical & Petroleum Engineering Department




Advanced Fluid Mechanics

Newton’s law

(applied to a parallelepiped of sides ox,,0x,,0x, ).
{rate of change of momentum}={body forces}

In 1 direction

0= pg,dx,0x,0x; +17,,0%,0x; | X480 — 71,00, 005 | x

Hence in the limit ox, ——0 . :%:g_p
Xy Xy

_ o

el = 8xj

This is a vector equation. It summaries 3 equations, 1 for each coordinate drin.

Sharif University of Technology

Chemical & Petroleum Engineering Department
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Fluid Dynamics

This is concerned with fluids in motion, in particular the application of Newton’s
Second Law to an element of fluid. Any element will deform, in general, and
change shape. The rate of change of momentum must be for a specific element,
no matter how it deforms subsequently. The appropriate derivative must follow
the fluid motion-substantial time derivative.

Local + Convective = body force + pressure force + viscous force

Mathematically

/‘E _pfgi

U, =U,(x,%,,%;3,1) : Toy

du, =2 e, + O gy me—p- 1 T "t
: Ox; ‘oot T2 )

dul — aul + u_ aul x3 ”,’,";"31 A= - -

dt ot " o,

1 xz

Sharif University of Technology

Chemical & Petroleum Engineering Department




Consider a parallelepiped 6x,,08x,,0x, are stress forces acting in 1 direction of

this fluid element in a fluid motion are shown in figure
Apply Newton’s Second law to the element in the 1 direction

%{pﬁxﬁxﬁ&ﬂl } =X ,0x,0x,0x, + Surface force

The mass considered in the element = pdx,dx,Jx,. is constant.
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7 /]
()
o
=
x
)
(P
=
=
* p—( :
= i —T31
p— ! /
E; i Ta1
i ———F
L T11 « = 4 —T— ™11
— T21 |
g I
X o
> 3 T3a =~~~
5=
< 2
X1
Sharif University of Technology
Chemical & Petroleum Engineering Department
Duq surface force
=Xyt —
Dt unit volume

surface force

unit volume

(T11 X, +6x; ~T11|x, )5X25X3 +(T21 X, +8%, ~ T21|x, )5X15X3 +(T31 X5 +6%5 ~T31|x, }5X15X2

5X15X25X3

_Oty Oty Oty :i(t_l)
oxg  Oxg  Oxg  OXj

Sharif University of Technology

Chemical & Petroleum Engineering Department




Advanced Fluid Mechanics

Body force

Usually due to gravity X, = pg,

Stress force

Stress forces include a contribution from a static pressure force and the rate of strain
due to the flow. Stress may be ‘decomposed’ into these two contributions as shown in
the following equation.

T;= —P5J-i + 0 j; where P§ ;= the pressure contribution to the stress tensor(normal)
o ; = the dynamic (flow) contribution (normal and shear) for a Newtonian flow, the
dynamic contribution is given by Newton’s Law of viscosity (the derivation of which is

beyond the scope of this course).

Sharif University of Technology

Chemical & Petroleum Engineering Department
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o. = —_—t —
ji axi 8xj for constant p

It is interesting to calculate the trace of the tensor 7 ; by the contraction j=I.

ou; ou,
7, ==P0, +2,ua - and 3 ~=0 forconstant p from continuity
; X

1

T/ _
Eq. %— P

The trace of a tensor is a scalar, in this case of magnitude -3p.
Hence substitution in above equation,

1

Sharif University of Technology

Chemical & Petroleum Engineering Department




0 op e
Now —{— P§-i}= —-— [J, =1 onlyifj=i]
Ox ; / OX; /
) ézuj o | ou.
Assume constant density ; y7i = U ~ |=0 [see cons. Of mass]
Ox,0x ; Ox; | Ox;
Du, Ou, Ou, 1 0P  vo'u,
Hence = + B e

Dt & Vax, 5 pox  oxd
t t X ; P Ox; X ;0X ;

. . body force+ pressure force+viscouse force
(Local +convective) acceleration = y S P I S

unit mass
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GENERAL PROBLEM IN FLUID FLOW

NO. Unknown Unknown
1 Pressure: P
3 Velocity: u;
9 Stresses: 7,
-9 Newtonian equation and viscosity
D SV N,
4

Thus we need four equations for determining P andu,, continuity equation and three
motion equations.

Advanced/ Fluid Mechanics
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Simple Solution of the N-S Equations

Consider laminar flow down a vertical wall,

ou.
i Steady flow —~=0
(i) y o

(ii) Two dimensional % =0, u;=0
X3

(iii) Suppose the flow is fully developed

Bxl axl
(iv) By continuity Gy 2 s ©
6x2 axl
Integrating Uz = Ua(x1)
Atx;=0 u;=0

u;=0 everywhere

liguid air

Sharif University of Technology

Chemical & Petroleum Engineering Department
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(v) Momentum equation in 3 direction is zero.
(vi)  Momentum equation in 2 direction

’

atllz auz '%_ 1 ap

St
/ot axl K sz Y% sz
Steady developed w=0

P g

Hence —=
BX2

p = p(xy)

J 0 ﬂz % |
l 6)62 Bxl [
=0 developed

(vii) At liquid surface (still air) P=Dpyt+ P, 8%

(viii) Momentum equation in 1 direction.

,/’6t ,’/axl ,'8)62 P Oxy
Steady developed u,=0

o> ,‘Lll 62u1
+U 3 +g
’axl ax 2

developed

Sharif University of Technology

Chemical & Petroleum Engineering Department




Advanced Fluid Mechanics

. 0
With gpl = Pair&

d°u . :
o 2I:_g+pazrg:_g{]_pazr}
de P P
But  puir L Priguia =P
d2u1 _
1% —
de
Boundary conditions; at x=0 u=0
at x, =0 du _ 0  Nointerfacial shear
2
. dul
Integrating p——=-gxr+cC c=g0
dx;

2
X X
vuy= —g{éxg —72} = géz{[?}

X g 0
Continuity is satisfied,
Momentum in 3 direction is satisfied,
Momentum in 2 direction,

3
_ _ g0
Volumetric flow rate 0= Iul dx, = 3
0 Sharif University of Technology
Chemical & Petroleum Engineering Department
Flow Between %
Parallel Plates +h —
oy
8 — . | X ——————— gl
o
g At Xp=1% h U = 0 2o H g
i gz
8 Pressure gradient:
2 [@} is assumed constant in the x; direction.
-5 1
o
E Steady flow: gy =0;
ot
m au.
= 2dimensional: —L=0; u3;=0
8 3
g Fully developed flow, ﬂ =0; % =0; 8& =0 u, =0 (asbefore)
>
2

1 0p 1 0P
O0=—— =———— where P=p-pg;Xx;
0 %, 82 0 0%, P—P8&iX;
P =P(x1)

Sharif University of Technology
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(N.B. Manometers connected to wall pressure tapping measure Ap )

Momentum in 1 direction

2
1 0P 0 Uy
O=———+g;+0—5- where P=p—-pg;x;
p Ox; o3 o

Sharif University of Technology p iz

Chemical & Petroleum Engineering Department
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3. Suppose top plate moves with velocity Ut
Bottom plate with velocity Ug

Substituting in (1)

2
u_mzl[@}{h_w,qw}
p o pldx |2 :

=

2
#_Uszl[_]{h__c;zw}
p o pldy ]2

w(U, +U,) = [j—ﬂ{hz +2D)

4(Uy ~Uy) = [jx—ﬂ{xh}

{u _M}zl@ x; =h’ +{(UT_UB)XZ}
! 2 1| dx, 2 2h

Check when  Ur=Us=0 simplifies to previous expression
when x2=+h u;=Ug satisfies B.C.'s
Xz2= - h Us= UB
when [@] =0 u = UrtUs |, Ur —Up)x,
dx 2 2h

i.e. linear velocity profile

known as Couette flow Sharif University of Technology _. bz

Chemical & Petroleum Engineering Department




The following velocity profiles are obtained with various (dp/dx)

Consider flow relative to lower plate.

If p decreases in direction of flow (normal pressure gradient)
Velocity is always downstream relative to lower plate
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If p increases in direction of flow (adverse pressure gradient)
Velocity may become upstream relative to lower plate

This has importance in lubrication theory.

Sharif University of Technology

Chemical & Petroleum Engineering Department

Plate suddenly brought into motion

X2
U, (x2)
A X u B

Plate AB initially stationary. Motion with velocity U starts at time t=0
B.C's t<0 u=0 atx;>0
t>0 ui=U atx;=0
uq -0 at Xy —> 0
Momentum equation in 2 directions

Advanced/ Fluid Mechanics

2 2
OB oy OO g OlE DGR 6_u22+6_u22
o aXl a)(2 P a)(2 ox1 Ox5
Assuming an infinite plate and 2D motion
1y S g Sy =0
Oxq 29
op 0
B ax_z - Sharif University of Technology

Chemical & Petroleum Engineering Department
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i.e. pressure remains hydrostatic

9 _oP _

=—=0
axl 6x1

Momentum equation in 1 direction

Ouy On, o, _ 13¢p O’r, O,
L e
o Sex,  ox,  pox,  |Ox; ox2
T P g g
& o &
ou, _ 0%,
ot ox*s
c.f. equation in maths course
U Xy
—=1l-erf
U 2,\/vt
erf(0)=0.0 erf(o0)=1.0

Sharif University of Technology

Chemical & Petroleum Engineering Department
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Conservation of Momentum

Consider parallel piped dx;, dx, dx3 fixed in space.
Carry out a momentum balance in the i direction. (Say 1 direction)

unit volume

%)
Rate of accumulation of i directional momentum _5{’0”" dx 0x7 5x3}
B 0x]0x90x3

Xy

Net Rate of inflow of i directional momentum by convection| _P¥%] ox 5x3”i|x,- —pug 0X3 X3 Uj|x, + 5y,
unit volume 0x7 0x 0x3

Pom ar

0
z_aTjCOuiuj)

Force acting on element due to gravity| pg; dx;0x; dxz
unit volume

5x1 5)(2 5X3

Force acting on element in i direction due to stresses| 770X Ox3 |x,»+5x1_7:]i5x2 5x3|x,
unit volume

5)61 (5){2 5)63
+ .. +

0
=——(t;)
ax]'

0
=———(pdji+oj)
6xj

— ap 4 a (. Sharif University of Technology

NI
axi 6x ] Chemical & Petroleum Engineering Department
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0 0 op O
Hence. —(pu))+—(pu;u ;) =pg;——+—(6 ;;
at(p i) axj(p, 7)=pg; ox; ij( ji)
5ul. 6uj ap 0 6p 0
=L L R AN ) e SOy N = p i L — .
pal‘ pu; axj {u; of ul@xj(puj)} P&i ox; 8xj(6”)
Dt ax,- = 6xJ (Gﬂ)
Multiply by u;
D 1 0 Ou; 0 Ou;
pE(Euiui)Z—G—Xi(uiPHPa—x::pgiui+gj(ui6ﬁ)‘cji§;

Equation of mechanical energy (scalar)

Sharif University of Technology | '_-i_: _'

Chemical & Petroleum Engineering Department
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Energy Equations

Momentum Equation

0 0 0 0
E(Pui)'ng(P’“i u;)=pg; —L+——(0 ;)

ox; Ox;
P%WW%HW%JFW%(PW)}=Pgi—§—z+£j(ﬁji)
Continuity Equation
a—p+1(pui)=0 re. E?p%
ot Ox;j Dt ox
p DDuti = - gfl +pgi+6i—j(0ﬁ)

Sharif University of Technology o _:_ Gl w

Chemical & Petroleum Engineering Department
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Multiply by u;:

pg(l—u»u»)—— g (u;p)+ 6u,»+p -u-+i(u-6 )= G i Ou;
Dr o it ox; iP p 8%, gilj ox ; iO ji Ji ox
Physical Interpretation
D 1 0 1 o 1 1 0 0
(1 p E(Euiui) = P{a—t(guiui) tu; E(;”iui)} + Euiui{a_P;"' E(P u;)}
o 1 o 1
= a—z(gp uju;) + E(;P U ;)
= {Rate of increase of kinetic energy/ unit volume} + {Net rate of kinetic energy/volume}
(2) —axi(u,-p) = {Rate of work done on element by pressure forced per unit volume}
i
D
(3) ?:—E{%]: TF; :lj% ¥ =specific volume (i.e. per unit mass)
Xi P V
=%%=[ rate of conversion to internal energy / unit volume]
v

Sharif University of Technology
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(4) pg;u;=[Rate of work done by gravity forces per unit volume]

(5) ai(uicﬁ) = [Rate of work done by stress forces per unit volume]
x .
J

By difference

(6) -G ..%: _l*l'[ﬁ'i'%]%

7! 57(] aX, 5’(1 ij

(see tutorial 1)
= [Rate of conversion to internal energy due to viscous dissipation / unit volume]

This is the equation of mechanical energy (No.2)
It states that

[Rate of accumulation of kinetic energy / unit volume]= [Sum of rates of work done by
pressure, gravity and stresses / unit volume] — [Rate of conversion to internal energy / unit
volume]
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Conservation of Energy

Consider the parallelepiped of side dx, dx, ox,

The first law of thermodynamics will be applied

[Rate of accumulation of internal and kinetic
energy] = [Net rate of internal energy gained by
convection and conduction] + [Net rate of work
done on the system by surrounds]

[Rate of accumulation of internal and kinetic energy / unit volume] =
86 [p dx, A, O, {U+ Vzl]/é‘x ¥, O,

= [net rate of internal and kinetic energy in by convection / unit volume]

Sharif University of Technology
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[Rate of accumulation of internal and kinetic energy / unit volume] = %[p&xl 6x5 6x3 {U+%V2}]/6x1 6x5 6x3
i e e~ 1o PO )
netrateofinternaland pug 8xy Ox3{U+ -V} —puyg 8x, dx3{U+ -V
— | kineti ; : 2 X1 X, +6x;
= | kineticenergyinby = Lim
8%;—0 Ox16x5 6x3

convection/unitvolume

[netrate of heatenergyinby } . {(ql ’X1 — |X1+5X1 )66, 6x3 }
+ = Lim AP ooF
6% —0

| conduction /unitvolume 6x16x; 6x3

[netrate of work done by gravit
N ve y]_ lim [u1g16x16x2(3X3p+m+ }

| forces /unitvolume 8x,—0  Ox18x5 6x3
[netrateof workldone o | Wt dxp 6X3|X1+5X1 —UgT118x%) E’XEsL(1
= Lim
| by stressforces /unit volume | 5x,—0 Ox16x5 6x3
UpT1o 5X2 6X3|X1 +5X1 —UyTqo 6X2 6X3|X1
+
6X15X2 6X3
- UqTyq 6X1 6X3|X2+5X2 —UqTy1q 6X1 6X3|X2
6X16X2 6X3

TP oo
+.o+ 4+ ]

a9;
{p{U+ L2+ 2 pu(0+ 22 == i gy g+ {u-r--)
6X ) 3)(, i8i j itji

0 0
(0+= vz){a‘[’+&(pu)}+p{—(U+ “VA)= ;quu.g. ax{ulo)+ )
J
D o+tven=_%% oo
p{Dt (U+2V )}_ a)(i +pUI gl {UIp)+ (UI JI) Sharif University of Technology
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Equation of total energy

Subtract equation (2) from equation (3) to get
Equation of Thermal Energy

Dt aXi aXi JIan

Physical Interpretation
[Rate of change of internal energy / unit volume] = [Rate of input of internal energy by conduction / vol.] [Rate

of change of internal energy by compression / vol.] [Rate of gain of internal energy by viscous dissipation / vol.]

N.B. the last two terms represent interconversion of thermal and mechanical energy

ou; p DV . .
e R Bl i.e. compression work
aXi V Dt

. . . DV
This term is reversible because i may be true or —ve

an an aUJ 8ui
Oji— =H_—[—+_]
axj axj X axj

and may be written as a sum of squared terms

Advanced Fluid Mechanics

This term is irreversible because it is always positive.
It represents degradation of mechanical energy to internal energy (+ve in 4)

In this course we seek solution of equation (4). Sharif University of Technalogy

Chemical & Petroleum Engineering Department

Thermodynamic Relationships

The simplification of equation (4) required the following

7 ]

(P

®

: A

E (1) d0 = TdS—PdV ; dfi = TdS - Vdp

Q A A A ~

- R R RO

2 vl lav] op . |op ]

= oP N N

= = T[aT]\A/ -p ; = —T[E]p +V .. (a)

p—

£

g o0 o0 oA oA

0> 2) d0=["=)ydV+ ~dT : dA =["—)+dP +[—]odT

2 (2) [aV]T [aT]V [aP]T [aT]p

§ —napd“‘d- —av‘déd b
= —[—,.,+T[6T]\7] V+CydT ; _[—T[E]p+v1 P+CodT ... (b)
<

(3) dA=TdS+VvdpP

Cp = (%Hj = T(%J = CdT=TdS
p p
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Hence at constant pressure

d0 :—pdV+C dT .. (c)
1
5 DE)
DV 1Dp Oy

Dt ' Dt pDt ox

(5) dA =d0+ pdV + Vdp .. (e)

Sharif University of Technology p iz
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DH_ o4 oy Dp
p—=—"7" Oiji +—
Dt aXi aXJ Dt

And
A I\
4 =Cod T+ IV = T( ) ldp
Or
DH
—=C,—+[V- s
Dt " Dt V=TI )p Dt
Hence
oV. .DP 0 oT ou; DP
Co TR = e e g e
pl +{V ( )p} ] aX,( aXI) JI@X +Dt

j
DT ~DP _ &V, DP_ 62T+ du; DP

+ —_— O:;:— —
Poe PV b TG )p Dt oxiox, ' ox; Dt

pC

pv=1
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