Numerical Methods in
Engineering

O

5- NUMERICAL SOLUTIONS FOR
DIFFERENTIAL EQUATIONS

DR. ETEMADI

Initial Value Differential Equations

15t order differential equation

v =f(z,y), y=dy/dz, [f(x,y)=given function

Initial value: yla)=a

Order n: .y[”' = f( :l:_,y_,y'__,— : '_.a'yl“_-“ )

Initial value: y' (a)= @;,i=0,---,n-1

Num. Methods: 5-Differential Equations




State Space Representation

aylm-1) }

ym' - f( :1‘.._,-y__,-y’.__.,- Y
Chose variables as following:
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y' =F(z,y)>F(z,y)=|
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Num. Methods: 5-Differential Equations

Example (Satellite Dynamics)

©

Turn the diff. equ. Into state-space form:
JO=1(t)

N |.9'1 =%
|y_r =0

State variable:

State-space form of the equation:

[0 1 170
~Y=0 oY Tl:

Num. Methods: 5-Differential Equations




Example (Pendulum Dynamics)

Turn the diff. equ. Into state-space form:
mIL’6 + c [0+mgLsin®=1(t)

. (x, =6
State variable: )1

1_ =y
State-space form of the equation:

‘ T, =2,

__9

1. o Cs r(t)
‘1 - sin(z,)——x,+

ml? - mlI?

Num. Methods: 5-Differential Equations

Taylor Series Method

Taylor series expansion
y(x+h)=

. fro N l "y 2 l m 3 1 m g \ 1, T
y(@)ty (x)ht+ —y (x)h"+ —y ()" +---+—y" (x)h
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Taylor Series Method

At first construct the following matrix:

r T ,
(y) Y
(")

d—

T

(¥™)

Num. Methods: 5-Differential Equations

Taylor Series Method (Example 1)

y' =—4y+x’, y(0)=1
Choosing m=4, we have:

4

y(h)=y(0)+y'(0)h+ %y (0)h* + %y (0)h* + %y“i (0)h

f{y' =A4y+x’

y"=—4y' +2x=16y -4z’ + 2x

y" =16y’ —8x+2=—64y+16x” —8x+2

|y =—64y' +322 -8 =256y — 64z +322—8

Num. Methods: 5-Differential Equations




Taylor Series Method (Example 1)

[y =4y +2°
y" =4y +2x=16y—4z’ +2x
y" =16y’ —8x+2=—64y+16x> -8z +2
y* =64y’ + 3208 =256y — 64x” + 328

4y +

.y"
v’ 16y —4x” + 2
yﬂf

—64y +16x” —8x +2
y* | | 256y—64a® +32x—8

Num. Methods: 5-Differential Equations

Taylor Series Method (Example 1)

For y(0)=1
(y'(0)=-4(1)=—4
y"(0)=16y -4z’ +2x=16(1)=16

| y™(0) =64y +162> —8x+2 =—64(1) +2 = —62

ly* (0) =256y —642” +322 —8=256(1)—8 =248

For h=0.2 the first estimation of y can be obtained from
Taylor expansion:

y(0.2)=1+(-4)(0.2)+~(16)(0.2)" + ~(-62)(0.2)" + 3( 248)(0.2)"*

3!

=0.4539

Num. Methods: 5-Differential Equations




Taylor Series Method (Example 1)

Rounding error:

4
h

|y (0.2)-y®(0) |=-0.0018

Analytical solution ()= ﬂe‘*‘?
) ==

1(0.2)=0.4515

Estimation error
y(0.2)|,... ~y(02)|,.,. =0.4515-0.4539=-0.0024

Num. Methods: 5-Differential Equations

Taylor Series Method (Example 1)

Estimation can be continued using y(0.2) as initial
value, to obtain y(0.4), and also y(0.6), y(0.8), ..., as

well.

y(0.2) —y(0.4)
y(0.4) — y(0.6)
y(0.6) — y(0.8)

y(0.8) —> y(1.0)
Note: For more accurate estimation use smaller
value for h.

Num. Methods: 5-Differential Equations




Homework

Find y(1) for h=0.5 and h=0.25 and then compare
the results with the exact solution.

y' =—4y+zx’, y(0)=1

Class activity:

Find y(0.4) for h=0.2.

Num. Methods: 5-Differential Equations

Taylor Series Method (Example 2)

y"'=-0ly —x y(0)=0, %'(0)=1

State-space form:

Y=Y Y=Y

Num. Methods: 5-Differential Equations




Taylor Series Method (Example 2)

Choose m=4

" y; _“'ly_' —T
Y 7 o1y, 1| | 001y, +01z-1

[ 01y, 1 0.0ly, +0.lz—1
Y ~l001y, +01|"| —0.001y, - 0.01z+0.1

(4) _ 0.0ly, +0.1 _ —0.0001y, —0.01z +0.1
—0.001y, —0.01 0.0001y, +0.001z—0.01

Num. Methods: 5-Differential Equations

Taylor Series Method (Example 2)

Y, Y, 0ly, =z

Y, ~0ly, - 0.01y, +0.1z—1

Y, | | 0.0ly,+0lzx—1 —0.001y, —0.01x+0.1
y™ | |-0.001y,—0.01z+01 0.0001y,+0.001x—0.01

Class activity:
For h=1; solve the differential equation. Use y(0) -
to find y(1)

Num. Methods: 5-Differential Equations




2"d and 4% Order Runge-Kutta Methods

If F is the state-space form of the equation then:
RK2:

K, =hF(z,y) K,-hF \"“ :1?+g,-y+éKl "'|
. | ) — | +K1 .. : )

RK4: K,=hF(z,y) K, :hF‘; ;r+g,y+%Kl |

K, :hF[I ;r+'__1—_:',;gr+éKz l K,=hF(z+h,y+K,)

(a .+%(K1+2.K2+2K3+K4)
J

Num. Methods: 5-Differential Equations

Runge-Kutta 2 (Example)

N

y' =01y —x y(0)=0, ¥'(0)=1
Y=Y
Y=Y =Y

y,=—0.ly, —x
1. Class Activity: Solve by RK2 using h=0.5 to find y(1)

2. Homework: Solve by RK4 using h=0.5 to find y(1) and
compare results with RK2

Num. Methods: 5-Differential Equations




Computer Program 1

Use Taylor and RK4 method with m=4 to find R.
use similar value of h in both methods

v, =50m/s m=0.25kg

6=30°" 9=9.80665m/s”

Num. Methods: 5-Differential Equations

Computer Program 2

Use RK2 and RK4 method with a proper value of h to
find maximum deflection of the spring and final
deflection of it.

use similar value of h in both methods

D y :
fj=——1y— Hg-=- y(0)=0.1
y=-—y J‘y| y(0)

m = 6kg k=3000N /m

g=980665m/s’ (=05

Num. Methods: 5-Differential Equations
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