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. Table19.24 The Eguatlons of Energy for Multlcomponent Systems, with Grav1ty as the : T
Ox\ly External Force*

p D+ §+ 1) = - &~V [ vD | @r
pLDDZ(fIJr ) =-(V-q) = (V -['n-v]) +(v-pp) - (B) | :
P2 Gd) =~ [V + (v pg) - © ;
p% =—(V-g) - (W) ' (D)
p%=—(V q)—('er)+% . - ® L _
pé,,% = ~(V+q) — (=Vv) + (‘;ll“ ¥)#~D£ +2 HiV-J)-R] @
oG/ 2L =~ q) - @) ’ (1 E (%L_)p(v )
SR e .:
aiti”_{ + (v : il Nﬁ) = (V-kVT) = (1:Vv) + -DI% | my

. .|, . “For multicomponent mixtures q = ~kVT + E + q"sfhere-q® is 2 usually negligibleterm - Sy
B : =1 ) R |

1 e
M,
associated with the diffusion-thermg effect (see Eq. 24.2-6).

" The equations in this table are valid only if the same external force is acting on all species. If this is not
the case, then 2,(j, - g,) must be added to Eq. (A) and Egs. (D-H), the last-term in Eq. (B) has to be
replaced by 3 (n,, ga) and the last term in Eq. (C) has to be replaced by 3,(v * p.g,)-

.“Exact only if ab/at = . :
a L. B. Rothfeld, PhD the51s, Umversnty of Wlsconsm (1961); see also Problem 19D.1. _ ’ Y
* The contribution of q* to the heat flux vector has been omitted 4in this equation. ' ’
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Fig. 21.5-2. The decay function for a
specific device for the mixing of two
streams emerging from a tube and
from an annular region. This figure -
is patterned after one by E. L. Cus-
sler, Diffusion: Mass Transfer in Fluid
Systems, Cambridge University Press
(1997), p. 422, based on data of R. 5.
Brodkey, Turbulence in Mixing Opera-
tions, Academic Press, New York
(1975), p. 65, Fig. 6, upper curve. The
radius of the outer tube is V2 times -
that of the inner one.
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‘ Table 24.2-2 Summary' of Expressions for the B, in Terms of the B,,. [Note: Additional
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i four-component systems.]
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Table 17 8 1 ‘Notation for Mass and Molar Fluxes*

Q
With respect to  With respect to mass With respect to molar
Quantity stationary axes -average velocity v average velocity v* 5
Velocity. of species & v, @A) V-V B | v,—v* (&) ¢
(cm/s)
Mass flux of species a n, = p,V, D) | jo=puVe—V) (E)
(g/cm?s) s : i
Molar flux of species @ | N, = ¢,v, Q) Jo = C(vy, = v¥) y;
““““ (g-moles/cm’ s)
N N . ‘ )
Sums of mass fluxes > n,=pv ) =0 K B
. a=1 a=1 :
, N N .
Sums of molar fluxes > N, =cv* ™M) YE=0 ©)
a=1 a=1
Relations between mass | n, = M,N,, (P)
and molar fluxes
' N
Interrelations among n, =j, + p, ©) | je=n,— 0, ), g (T)
mass fluxes p=1 '
Interrelations among N,=L+cv (V) =N, ~x, X N, X)
molar fluxes p=1

* Entries in the shaded boxes, involving the “hybrid fluxes” j; and ]a, are seldom needed; they are included only for the sake of

: completeness
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§17.8 Summary of Mass and Molar Fluxes 537

Table17.8-1 Notation for Mass and Molar Fluxes* =

With respect to With respect to mass With respect to molar
Quantity stationary axes average velocity v average velocity v*
Velocity of species & Vy (A) | v,—v ®B) | v,—Vv* ©)
(cm/s)
Mass flux of speciesa | n, = p,v, D) | jo=palve— V) (B) N, -
(g/cm’s)
Molar flux of speciese | N, = c,v, G) | Ti = c (v, — v¥). 8]
(g-moles/cm? s) .

N ’ N : : -

Sums of mass fluxes Y n,=pv 1)) Y j.=0 K) oy P

a1 a=1 - =

N N

Sums of molar fluxes > N, =cv* M) YIE=0 ©)

a=1 =1
Relations between mass ha =M,N, ®)
and molar fluxes
. . .
Interrelations among n, = jo t puv (S) jo =1, — w, ), ng (D
mass fluxes A=l |

o N .
Interrelations among N,=IF+cv* (V) Je=N,—x, 2 Ng X)
p=1

molar fluxes

* Entries in the shaded boxes, involving the “hybrid fluxes

completeness.

Table17.8-2 Equivalent Forms of Fick’s (First) Law of Biﬁary Diffusion

" jzand J,, are seldom needed; they are included orﬂy for the sake of

“Flux . .| Gradient Form of Fick’s Law
j_A i VwA jA = —pgbAﬂva (A)
n, Vo, n, = wsn, +ng) — pD gV, = pav — pB V0, ©
NA va NA =xA(NA+NB) _C@ABva=CAV*_CgbABva (D)
p(vy = vg) Vo, ' '})(VA —vp) = —% Vw, : ; (E)
N
C(v/‘l - VB) N VlA C_(VA - VB) = _T-:: VxA é (F)
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Table E1 Lennard-Jones (6-12) Potential Parameters and Critical Properties

Lennard-Jones

parameters Critical properties®
Molecular : _

Weight o e/K Ref. T, Pe V. M k.
Substance M A) ) (K) (atm) (cm’/g-mole) | (g/cm-s X 10°) (cal/cm-s-K X 109
Light elements: .
H, 2.016 2915 380 a 333 1280 65.0 34.7 —
He 4.003 2.576 10.2 a 5.26 2.26 57.8 254 —
Noble gases:
Ne 20.180 2.789 357 a 45 269 41.7 156. 79.2
Ar 39.948 3.432 1224 b 150.7 48.0 75.2 264. 710
Kr 83.80 3.675 1700 b | 2094 543 92.2 396. 494
Xe 131.29 4.009 2347 b | 2898 580 118.8 490. 40.2
Simple polyatomic gases:
Air 28.964' 3.617 970 a | 1324° 37.0 86.7" 193. 90.8
N, 28.013 3.667 998 b {1262 335 90.1 180. 86.8
o, 31.999 3.433 113. a | 1544 497 74.4 250. 105.3
cOo 28.010 3.590 110. a | 1329 345 93.1 190. 86.5
CO, 44.010 3.996 190. a | 3042 728 94.1 343. 122.
NO 30.006 3.470 119. a | 180. 64. 57. 258, 1182
N,O 44.012 3.879 220. a {3097 717 96.3 332. 131.
SO, 64.065 4.026 363. c | 4307 778 122. 411. 98.6
F, - 37.997 3.653 112. a — — — — —
d, 70.905 4.115 357. a 417. 76.1 124, 420. 97.0
Br, 159.808 4.268 520. a 584. 102. 144. — — N
L 253.809 4.982 550. a | 800. — — — — :
Hydrocarbons:
CH, 16.04 3.780 154. b {1911 458 98.7 159. 158.
CH=CH 26.04 4114 212, d | 3087 616 112.9 237. —
CH,=CH, 28.05 4228  216. b | 2824 500 -124. 215. —
CH, 30.07 4.388 232, b [ 3054 482 148. 210. 203.
CH,;C=CH 40.06 4742 261. d | 3948 — - — —
CH,CH=CH, 42.08 4.766 275. b 365.0 45.5 181. 233. —
C;H, 44.10 4.934 273. b 369.8 419 200. 228. —
n—CH, 58.12 5.604 304. b | 4252 375 255. 239. —
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Table E2 Collision Integrals for Use with the Lennard-Jones (6-12) Potential for the
Prediction of Transport Properties of Gases at Low Densities">

Q“ = Qk Qp = Qk
KT/e (for viscosity Qo KT/e (for viscosity Qx5
or and thermal (for or and thermal (for
KT/e4s conductivity)  diffusivity) | kT/e4  conductivity) diffusivity)
0.30 2.840 2.649 2.7 1.0691 0.9782
035 2676 2.468 28 1.0583 0.9682
040 2,531 2.314 29 1.0482 0.9588
0.45 2401 2.182 3.0 1.0388 0.9500
050 2284 2.066 31 1.0300 0.9418
0.55 2.178 1.965 32 1.0217 0.9340
060 2084 1.877 33 1.0139 0.9267
0.65 1.999 1.799 34 1.0066 0.9197
0.70 1922 1.729 35 0.99%6 0.9131
0.75 1.853 1.667 36 0.9931 0.9068
0.80 1.790 1.612 37 0.9868 0.9008
0.85 1.734 1.562 38 0.9809 0.8952
090 1.682 1517 ' 39 09753 0.8897
095 1.636 1.477 40 0.9699 0.8845
1.00 1593 _ 1440 4.1 0.9647 0.8796
1.05 1.554 1.406 42 0.9598 0.8748
1.10 1518 1.375 43 09551 0.8703
1.15 1.485 1.347 44 0.9506 0.8659
120 1455 1.320 45 0.9462 0.8617
1.25 1427 - 1.296 46 0.9420 0.8576
1.30 1401 1.274 47 0.9380 0.8537
1.35 1377 , 1.253 48 09341 0.8499
140 1355 1.234 49 0.9304 0.8463
1.45 1334 1.216 50 0.9268 0.8428
150 1315 1.199 6.0 0.8962 " 0.8129
1.55 1297 . 1.183 7.0 0.8727 0.7898
1.60 1.280 1.168 8.0 0.8538 0.7711
1.65 1.264 1.154 9.0 0.8380 0.7555
1.70 1.249 1141 10.0 0.8244 0.7422
1.75 1235 1.128 120 " 08018 0.7202
1.80 1222 1.117 14.0 0.7836 0.7025
1.85 1209 1.105 16.0 0.7683 0.6878
1.90 1.198 1.095 18.0 0.7552 0.6751 -
1.95 "1.186 1.085 20.0 07436 0.6640
2.00 1.176 1.075 25.0 0.7198 0.6414
210 1.156 1.058 300 0.7010 0.6235
2.20 1138 1.042 35.0 0.6854 0.6088
230 1.122 1.027 40.0 0.6723 0.5964
2.40 1.107 ©1.013 50.0 0.6510 0.5763
250 1,0933 " 1.0006 75.0 06140 - 0.5415
260 . 1.0807 0.9890 100.0 05887 0.5180

* The values in this table, applicable for the Lennard-Jones (6-12) ]:Qotenlial. are interpolated from the resialts of

.L. Monchick and E. A. Mason, J. Chem. Phys., 35, 1676-1697 (1961). The Monchick-Mason table is believed to be slightly ’

better than the earlier table by J. O. Hirschfelder, R. B. Bird, and E. L. Spotz, |. Chem. Phys., 16, 968-981 (1948).
b This table has been extended to lower temperatures by C. F. Curtiss, J. Chem. Phys., 97, 7679-7686 (1992). Curtiss

showed that at low temperatures, the Boltzmann equation needs to be modified to take into account “orbiting pairs”

of molecules. Only by making this modification is it possible to get a smooth transition from quantum to classical
behavior. The deviations are appreciable below dimensionless temperatures of 0.30.

‘ The collision integrals have been curve-fitted by P. D. Neufeld, A. R. Jansen, and R. A. Aziz, J. Chem. Phys., 57,
1100-1102 (1972), as follows:

1.16145 0.52487 2.16178
= = .2-1
a9, =& THWT  exp(0.77320T*)  exp{2.43787T") ®2-1)
Qyus= 1.06036 0.19300 1.03587 + 1.76474 (E.2-2)

TR0 exp(0.47635T%)  exp{1.52996T%)  exp(3.89411T%)
where T* = xT/s.




Appendix B

The Fluxes and the Equatlons
of Change

§B.1 Newton's law of viscosity

§B.2 Fourier's law of heat conductioﬁ

§B.3  Fick's (first) law of binary diffusion

-§B.4 The equation of continuity -

§B.5 The equation of motion in terms of 7 _

§B.6  The equation of motion fora Nw'}toniah fluid with constant p and p
§B.7  The dissipation function ®, for N_éwtonian fluids

§B.8  The equation of energy in terms of q

§B.9  The equation of energy for pure N ewtonian fluids with constant p and k
§B.10 The equation of continuity for s_pécies « in terms of j,

§B.11 The equation of continuity for species A in terms of w for constant pB, 5

§B.1 NEWTON'S LAW OF VISCOSITY o _
: [+ = — (W + (W) + Gu — k)(V - V)9

Cartesian coordinates (x, y, z):

]
~ - Tax = _#l:z"f + (%ﬂ - K)(V : V) (Bl-l)ﬂ
- av,| _
Ty = .—#[2'—3; + G — V) . (8.1-2F
K : T = —#[2 f%_ + G — )V - v) S N
| —aU Ju W
_ y x
TW=TW——#LE+@. . (81'4)
v, dv,] .
Ty =Ty = "1 ] + Tz (B.1-5).
EXrA
- Ty =Tg = 7K _E + —3;’_- (81—6)
in which _
a, g
V=== ,;yy + ,;? | (B.17)

* When the fluid is assumed to have constant density, the term containing (V - v) may be orrutted For
monatomic gases at low density, the dilatational viscosity « is zero.

843




844 AppendixB Fluxes and the Equations of Change

§B.1 NEWTON’S LAW OF VISCOSITY (continued)

Cylindrical coordinates (r, 6, z):

-, ' . _
Tn=—i 2-—‘0—-] + GIL - K)(V . V) (B‘l's)d
a, '
oo = z(%a—e" + )] + G- T ) (B15Y
. L . :
a‘fvz '
ro=—u|2 ] + G~ V) . (B.1-101
L H
L [ 3 1 8‘0 ,
; T = T T\ YT ®111)
av,
Tor = T = —Mb } 20 -+ {I (B.l-!ﬁZ)
. [ gv, | o,
| Ty = 1=~ = + 797] i (B.1-13)
 inwhich ) : | |
1 ‘9"’0 ;

* When the fluid is assumed to have constant density, the term containing (V * v) may be omitted. For
monatomic gases at low density, the dilatational viscosity « is zero.

-

Spherical cc;ordinates (r,6,9)

v | -

Tn = -#[2 7,7'] +Gr-V V) (B.1-15¢
v,

Top = "#[2(1; 7 % )] +Gu -V -v) , (B.1-16)"

vy v, + v, cot 0
Tgs = —p[Z(r siln 03‘5 + ‘; )] +6u - )V - v) ' (B.1-17¢

ram 1= = [ gr( ) +1 ‘;’;’;] (B.1-18)
- Tos = Too = —”‘[ Sh: : aio ( sil: 0) i siln 6 %] e
Tor =Ty = "‘[r L2yl (1’;&)] e
in which '
V= L2 0%) + Ty sn 6+ % (B.1:21)

* When the fluid is assumed to have constant density, the term containing (V + v) may be omitted. For
monatomlc gases at low density, the dilatational viscosity « is zero.




§B.2 Fourier's Law of Heat Conduction 845

§B.2 FOURIER'S LAW OF HEAT CONDUCTION®

lq = —kvT]
Cartesian coordinates (x, y, z):
fe = —k% (1.2-1)
4y = -k% (B.22)
5= ko (B2:)
+sCylindrical coordinates (, 6, 2):
=4I (B2-4)
‘ w= k12 (B2-5)
g = -k% | (B.2+6)
A Sphericdl coordinates (r, 6, §): |
| 6= -—k‘;—f ‘ (B27)
9o = -k%‘% (B2-8)

*For mixtures, the term 3 (H, / M,)j, must be added to q (see Eq. 19.3-3).
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§B.3 FICK'S (FIRST) LAW OF BINARY DIFFUSION*
lja= —pB Ve,

Cartesian coordinates (x, y, z):

Jar = 1B ‘?;;A (B3-)
jag = ‘P@AB% - (B3-2)
’ Bt (B33)
Cylindrical coordinates (r, 6, 2): .
Jar= ‘Pgb,m?wrl1 (B.3-4)
\ o Jae= Dy }, 8;:; (B.3-5)
jae = ép@AB ‘?;‘;" (B3-6)
Spherical coofdiﬁates (r,0, )
Jar = —pPsp 8;:,# (B.3-7)
ju= Pt 8;;" B39
jas _=fp?l>u,—si1ﬁ% (B.3-9)

* To get the molar fluxes with respect to the molar average velocity, replace j , g, and w, by J}, ¢, and x,.

| §8.4 THE EQUATION OF CONTINUITY*
N [9p/ot + (V- pv) = 0]

Cartesian coordinates (x, y, z):

ap 4 ] J _
o + e (pv,) + a_y (pv) + P (ov) =0 (B.4-1)
Cylindrical coordinates (r, 8, 2):
3p +19 :
Spherical coordinates (r, 6, §):
- + =g -
Adr (p'l )t t sin 696 (pva sin 6) + ¥ sin 0 3¢ (pvd,) (B4-3)

s

* When the fluid is assumed to have constant mass density p, the equation simplifies to (V- v) = 0.




§B.5 The Equation of Motionin Termsof v 847

§B.5 THE EQUATION OF MOTION IN TERMS OF 7
[pDv/Dt ="~Vp — [V - 7] + pg]

Cartesian coordinates {x, y, z):"

(av, g, 9, av,) | i .0 i
p +

(B5-1)

G e Ty T )T e e e Ty e e Y
v v v,  av, ap | ]
y y . A -
p(ﬂt to 3 +vy 3 Y4y, 02)— 3 Laxfxy+ay7yy+azfzy- +pg, (B5-2)

2|+ 082 (B.5-3) -

N S AV B P S
+ —— = e — —
(at A T R P T A

*These equations have been written without making the assumption that 7 is symmetric. This means, for
example, that when the usual assumption is made that the stress tensor is symmetric, 7, and 7,, may be
interchanged.

- Cylindrical coordinates (r, 6, z)?

| avr avr £ avr 37),. 7}5 . ﬂp 14 14 a Top !

p(-aT'*'U,—aT'*'?—a?'*'vz 7 2 37- r}?(rf")+73_97”’+£7" 'r— +pg, (B5-4)
dv, dvg | Uy d, dvy U\ 1P 134 KA Tor — T

p(7 "o TTR m T )T Tt |par 00 ¥ ae FrAC A R R B3-3)
v, du, Vg dv, v,y dp 14 19 a : ' : o

p(-a—t'f"l)—a-—'*' v 30 +'DZ—E)—-( 9z "—,5 rT")+ra()T"‘ 'f'pgz (BS-G)

a

® These equations have been written without making the assumption that 7 is symmetric. This means, for example, that when the usual
assumption is made that the stress tensor is symmetric, 7,4 — 75, = 0.

Spherical coordinates (r, 8, ¢):
p(av,+ av,'+v‘, v, Uy Iy, v,z,+v$) '= ap

3t or T390 rsin 09 R ar
14 1 1 4 Twt Ty '
- I:TZ p (r )_+ n 836 (7,,, sin 0) + Yy Tor _r__] + pg, (B.5-7)

W, Y av,, L% av,, L 2 vycot 6\ 1dp
Aot "% ar " T8 T rsing d r

14 1 1 9 (Tg — Tig) — Tyg COL B :
[ S = (1) g6 (799 sin 6) + R + - + pg (B.5-8)
av¢ 30, e Uy avd, vy 90, U + v, cot 0 1 9p
Aot "% TT e T ran 0@ r " rsin 6d¢
(74, — T,g) + 749 COt 0 _ -
[;jr P + ey sin 6) 4+ — ”‘; gt ]+pg¢ B.5-9)

“These equations have been written without making the assumptlon that 7 is symmetric. This means, for example, that when the usual
assumptlon is made that the stress tensor is symmetric, 7,4 — 75, = 0.

-
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§B.6 EQUATION OF MOTION FOR A NEWTONIAN FLUID
WITH CONSTANTpAND 5o~ | -

[pDv/Dt = ~Vp + pV + pg]

Cartesian coordinates (x, y, 2):

av o av o a’rv,[_'F «9p N azv 02 azv,_ s B61)
Aot "y ay U 3 A yz pg: (B
av v, v, ¥, ap 'azvy v, azvy'
Aot Thg Ty Ty ”"I@“P“@‘*?*g_‘*% (B62)
S A V. N [ %, az azv,' N 563
At o Ty T )T T T e yz ps.  (BE
Cylindrical coordinates (r, 9, z): .
v, v, v, v, v\ Ip ol14 1%, &, 2 dv,
p(;r‘*'vr—a?--}-?go—'*‘vzz r)-— ar+[l, or 7"9—,‘(1"0) +r2302+ 322 rzgé' (B.6-4)
vy, vy, Uy vy Uy VU, 19p L1 vy ¢, 9 v,
— —_—t . — = e——— — +
"( G Uty 36" e T ) ra6 " Hlar ar rar( w |t g T2 Taae| T8 (BED)
dv, 9v, vsdv, v, dp 124 10, dv,| -
gt i3 P A A ,
p(at +'v"ar + 7 =0 —+ Zaz) Rl e r +r2¢902 7 + pg. (B.6-6)
Spherical coordinates (r, 0,¢) -
av,, B wdy, Y U gv, GG\ dp
At " " T3 Tenbap T ar |
14 19 3, 1%
+ ) + (Sl 0—) + B.67)
#[ 29r a r? sin 690 98)  r?sin2g a¢2 Per (
30, s v, LB Wy Vs Iy VP o — U} cot 6 _19p '
ot "% T30 T v sin 69¢ 7 T
19 (9%, 14 1 1 v 29% 2ot %
+= - — |+ .
[rz ar( ar) 1296 (sm 536 W Sin 9)) A sin2038 1238 1 sin 6 36 (B68)
av, N vy LU g . Vg Vs Vgl F V0 cOt G 1 : N
Aot "% or T30 T rsin0dg r " rsin 64 )
1.9\, 19( 1 ) 2 cot 09 - |
P LN [t P & 24 .
#[rz dr (r2 ar ) ¥ (sm 646 2 e St 0)) r*sin?9 9¢*> r? sin 6 3¢ 12 sin 6 343 tos B89

* The quantity in the brackets in Eq. B.6-7 is not what one would expect from Eq. (M) for [V + Vv] in Table A.7-3, because we have added

to Eq. (M) thg expression for (2/r)(V + v), which is zero for fluids with constant p. This gives a much simpler equation.




§B8 The Equationof EnergyinTermsofq 849

§B.7 THE DISSIPATION FUNCTION ®v FOR NEWTONIAN
FLUIDS (SEE EQ. 3.3-3) -

Cartesian coordinates (x, y, z):

o\ [dv\  [av,\2 v, go 2 v, P |dv, 0vzi 290, a0, go, |2
o [ R R e R e e B e

Cylindrical coordinates (r, 6, 2):

' a\2 {1dv, v\ [dv,\? (v 100} |1dv, dvl* |dv, 4o,
(I)l,—?.\:(ﬁ) +(?§9—+7) + E + rg; ¥ +7§a + ‘;;’;;'6—4"5 + -;3—2-4'-;”-

1 51)0 dv, ' ' .
__[7‘_;;( )t ] (B.7-:

Spherical coordinates (r, 6, ¢):
a2 (1600 v\ 1 v, v, + v, cot 0]
3 (), 100 [sine o ( % 1l [ 1 6 (%
+rZ 2+ + L + 1+ —+
['ar(r) rae] [ r 36\ 'sin o) rsin6dg| |rsinGag = ar\t

2f1a 1 d, 1) | -
3[,2‘ar('1”')+rsin gag LSOt T a¢] 4 (8.73)

§B.8 THE EQUATION OF ENERGY IN TERMS OF q
| (oC,DT/Dt = ~(V - q) - (31n p/3 In T),Dp/Dt — (x:¥v)]

Cartesian coordinates (x, y, 2):

- g, 9T, oT, T 9 94y 9q,| (dlnp) Dp ]
pC (at too oty 3y + 0,0 az) [ax +-—= p + —E] (a T —5{ (V) (B.8-1)
Cylindrical coordinates (1,8, 2): - ' _
oT | oT YT oT\_ _ % , 93| (dlnp\Dp .
pc(at+v'3r+r66+vZaZ). [rﬂr( )+?—a-6—+——] (aln T)’EE (TV) (B8'2)

Spherical coordinates (r,- 6,9):

aT , T %ol , Y JT)_l1134 1 %) (amp\Dp
pc(at+v’ér+"89+rsm0(?¢) [“za_('qu oae(""s‘ n 6)+ ] ( =] =~ @)

rsn63¢ dlnT/,

* The viscous dissipation term, —(7:Vv), is given in Appendix A, Tables A.7-1, 2, 3. This term may usually be neglected, except for
systems with very large velocity gradients. The term containing (¢ In p/J1n T), is zero for fluid with constant p.

AN
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§B.9 THE EQUATION OF ENERGY FOR PURE NEWTONIAN
FLUIDS WITH CONSTANT" p AND k -

[0C,DT/Dt = kKV°T + p,]

Cartesian coordinates (x,y,2)

(T ar o, ar\_Jer. #r aZT] '
gt to H—+— + ud, 9-1)
"CP( ot Yoy & GZ) o W ®5D)

Cylindrical coordinates (r, 6, z):

s (o . oT  waT, aT\_ 10 [.aT\, 18T, &T] .
PC,,(E+U,§+ T a()+vz¢92)—kLré)r(r¢9r)+r 302+az:|+#f¢u . (89'2)

R

Spherical coordinates (r, 8, ¢):

dT . 9T  Y%dT , Y 4T 19 (20T 1 9. ,dT 1 &T b
b Ty .14 Fl o\, . ]
pC,,( Pt £ Frsin 0 34’) k[fz ar (rz 3’) r? sin g 90 (sm ‘ 80) r? sin’g a¢] i (B.3-3)

* This form of the energy equation is also valid under the less stringent assumptions k = constant and (? In p/4 In T),Dp/Dt = 0. The -

assumption p = constant is given in the table heading because it is the assumption more often made.
® The function &, is given in §B.7. The term p®, is usually negligible, except in systems with large velocity gradients.

§B.10 THE EQUATION OF CONTINUITY FOR SPECIES «

IN TERMS® OF j,
' . (pDw,/Dt = —(V+j,) +1,]
Cartesian coordinates (x, y, z): ‘
awa .awa awa awar a}ﬂx laj“y' ajﬂl '
p(—at—”rﬁ”y@”z az)‘ [ax Yyt a|t. (B.10-1
Cylindrical coordinates (r, 6, z): .
(e, o, vgdw,  dw)_ [14,. . 1% O

Y

Spherical coordinates (r, 8, ¢):

do, Jw, Ui, Uy dw 5 1 s
p(at Gty 80+rsin03¢) [23r( Jur) % rml)ao(]“"s in 6) + sing d¢ « B103)

* To obtain the corresponding equations in terms of J; make the following replacements:

Replace p w, Ja v 7

N
by c %, | v Re=% 2 Ry




§B.11  The Equation of Continuity for Species A in Terms of w, for Constant p% 5

§B.11 THE EQUATION OF CONTINUITY FOR SPECIES A

IN TERMS OF @, FOR CONSTANT* p%,5
[prA/Dt P@AEV Wy + TA]

Cartesian coordinates (x, y, z):

d dw d
p(_f’_/i Ay, T4,

gt Ty Tyt

e ) P@AB[ B4y a&?‘*’

@11

Cylindrical coordinates (r, 9, ):

l;wA ﬁwA 73 BwA
”(7 “Gr "7 a6 "

(B.11-2)

¥

Spherical coordinates (r, 0, ¢):

dw, dws | Ug z?wA U duwy, 1 {00,
yb G0a)_ g 113 [p00h),
p( rsin6dg, P 2ar\ ar

ot YU YT

*To obtain the corresponding equations in terms of x,, make the following .replacements: :

Replace p Wy v

by ¢ X, v*
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Appendix F

5

Constants and Conversion Factors

§F1 Mathematical constants
§F.2 Physical constants

§F.3 Conversion factors

§F.1 MATHEMATICAL CONSTANTS

~

§F.2 PHYSICAL CONSTANTS'

Gas law constant (R)

Standard acceleration
of gravity (g,)

Joule's constant ()
(mechanical equivalent of heat)

Avogadro's niumber (N)

Boltzmann's constant
(k=R/N)

Faraday’s constant (F)
Planck’s constant (1)

Stefan-Boltzmann

. constant (o)

Electron charge (e)

Speed of lightina
vacuum (¢) .

m=3.14159...

€=271828 ...
In10=2.30259...
831451 J/gmal - K |
8.31451 x 10° kg - m?/s* kg-mol - K
8.31451 x 10 g+ cm’/st+ g-mol - K
1.98721 cal/g-mol - K

~82.0578 an® atm/g-mol - K
4.9686 X 10* Ib,, fé/s? <b-mol : R
15443 x 10° ft+ Ib/lb-mol R
9.80665 . m/s?

980.665 /s

321740 ft/s?

4.1840 J/cal

4.1840 X 107 erg/cal-

77816 ft+ by/Btu
602214 X 10® © molecules/g-mol
138066 X 1072 J/K

138066 X 107 erg/K

96485.3 C/g-equivalent
6.62608 X 107* I's

662608 X 1077 erg-s
56705110 W/m?-K*

13553 X 1072 cal/s+ em?K*
17124x10° Btu/hr- RS
16218 X 107°  C
2.99792 % 10° m/s

VE. R. Cohen and B. N. Taylor, Physics Today (August 199), PP BG9-BG13; R. A. Nelson,
Physics Today (August 1996), pp. BG15-BG16.
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Table E2 Collision Integrals for Use with the Lennard-Jones (6-12) Potential for the
Prediction of Transport Properties of Gases at Low Densities™*

Q=0 Q=9
KT/e  (for viscosity D4z KT/e (for viscosity Qp a8
or and thermal (for or and thermal (for
KT/e4 conductivity) diffusivity) | kT/eq45  conductivity)  diffisivity)
0.30 2.840 2649 27 1.0691 0.9782
035 2.676 2468 28 1.0583 0.9682
040 2.531 2314 29 1.0482 0.9588
045 2401 2182 3.0 1.0388 0.9500
050 2.284 2066 31 - 1.0300 0.9418
0.55 2178 1965 32 10217 09340
0.60 2.084 1.877 33 10139 0.9267
0.65 1.999 1799 34 1.0066 09197
070 1922 1729 35 09996 09131
075 1.853 1.667 36 09931 0.9068
0.80 1.790 1612 37 0.9868 09008 i
085 1734 1562 38 . 09809 0.8952
090 . 1682 1517 39 09753 0.8897
095 1.636 1477 40 0.9699 08845 -
1.00 1.593 1440 41 09647 0.8796
1:05 1.554 1.406 42 0.9598 0.8748
1.10 1.518 1.375. 43 0.9551 0.8703
1.15 1.485 1347 44 09506 0.8659 ,
120 1455 1320 45 0.9462 0.8617 '
125 1427 1.29 46 09420 0.8576
1.30 1401 1274 . 47 09380 0.8537
1.35 1377 "1.253 48 09341 0.8499
140 1355 1234 49 09304 0.8463
145 1334 1216 5.0 09268 0.8428
150 1315 1.19 6.0 0.8962 0.8129
155 1.297 1183 7.0 0.8727 0.7898
160 1.280 1.168 8.0 0.8538 07711
1.65 1.264 1154 9.0 0.8380 0.7555
170 1.249 1141 100 0.8244 0.7422
175 1.235 1.128 120 0.8018 0.7202
1.80 1222 117 14.0 07836 0.7025
185 1.209 1.105 16.0 0.7683 0.6878
190 1.198 1.095 180 07552 - 0.6751
195 71186 1.085 20.0 0,7436 0.6640
200 1176 1.075 25.0 0.7198 . 06414
~ ' 210 © 1156 - 1058 300 0.7010 06235
220 1.138 1042 350 0.6854 0.6088
230 1122 - 1027 40.0 0.6723 05964 -
240 1.107 1013 50.0 0.6510 05763
2.50 11,0933 *1.0006 75.0 0.6140 05415
260  1.0807 - 09890 100.0 05887 05180

“ The values in'this table, applicable for the Lennard-Jones (6-12) potential, are interpolated from the results of

. L. Monchick and E. A. Mason, |. Chent. Phys., 35, 1676-1697 (1961). The Monchick-Mason table is believed to be slightly
better than the earlier table by ]. O. Hirschfelder, R. B. Bird, and E. L. Spotz, . Chem. Phys., 16, 968-981 (1948).
® This table has been extended to lower temperatures by C. F. Curtiss, J. Chent. Phys., 97, 7679-7686 (1992). Curtiss
showed that at low temperatures, the Boltzmann equation needs to be modified to take into account “orbiting pairs”
of molecules. Only by making this modification is it possible to get a smooth transition from quantum to classical
behavior. The deviations are appreciable below dimensionless temperatures of 0.30.

€ The collision integrals have been curve-fitted by P. D. Neufeld, A.R. Jansen, and R. A. Aziz, J. Chem, Phys., 57,
1100-1102 (1972), as follows:

116145 0.52487 216178
e Q,=0-= + + 2-
_ WO PN T oxp(0.77320TY) - expl(243787T) €21
Q. - 106036 019300 103587, 176474 2:2)

AT s exp(047635TY)  exp(152996T")  exp(3.89411T)
where T* = «T/e. '
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868 Appendix F Constants and Conversion Factors

§E.3 CONVERSION FACTORS

In the tables that follow, to convert any physical quantity from one set of units to an-
other, multiply it by the appropriate table entry. For example, suppose that p is givenas .
10 Ib/in?, and we wish to have p in poundals/ ft2. From Table F.3-2 the result is

p = (10)(4.6330 X 10°) = 4.6330 X 10 poundals/ft*

The entries in the shaded rows and columns are those that are needed for converting
from and to SI units.

In addition to the tables, we give a few of the _con\monly used conversion factors

. here:
Given a quantity
in these units: Multiply by:  To get quantity in these units:
Pounds 453.59 Grams
Kilograms 2.2046 Pounds
Inches 2.5400 Centimeters

- Meters 39.370 Inches
Gallons (US)) 3.7853 Liters
Gallons (US.) £ 231.00 Cubic inches
Gallons (US.) 0.13368 Cubic feet
Cubic feet 28316 Liters
Kelvins 1.800000 Degrees Rankine
Degrees Rankine 0.555556 Kelvins

Table F.3-1 Conversion Factors for Quantities Having Dimensions of F or ML/#

Givgn a
quantity in
these units

LTy

l >

o (yne_s |

Multiply by -

table value

to convertto . '
these units—

g cm/s*

1.

7.2330 X 1075

e 2.24881 X 107
(poundals) | |§ B 1.3826 X 10 1 3.1081 X 10?
B 44482 X 10° 321740 1
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Notation

Numbers in parentheses refer to equations, sections, or tables in which the symbols are
defined or first used. Dimensions are given in terms of mass (M), length (L), time (f),
temperature (T), and dimensionless (—). Boldface symbols are vectors or tensors (see
Appendix A). Symbols that appear infrequently are not listed. '

A =area, [* |
. a = absorptivity (16.2-1),— -
a = interfacial area per unit volume of packed bed (6.4-4), L'
s a, = activity of species a (24.1-8),—
C, = heat capacity at constant pressure (9.1-7), ML?/£T
CV = heat capacity at constant volume (9.3-6), ML*/£'T
¢ = speed of light (16.1-1), L/t
¢ = total molar concentration (§17.7), moles/L3
¢, = molar concentration of species a, (§17.7), moles/L*
. D = diameter of cylinder or sphere, L
D, = particle diameter in packed bed, (6.4-6), L
B 45 = binary diffusivity for system A-B (17.1-2), L*/¢
@, = binary diffusivity for the pair a-8 in a multicomponent system -
(179-1), L3/t
D,; = Maxwell-Stefan multlcomponent diffusivity (24. 24), L*/t
ID,,B = Fick multicomponent diffusivity (24.2-3), L*/¢ :
DI = multicomponent thermal diffusion coefficient (24. 2-3) M/ Lt
d = molecular diameter (1.4-3), L
d, = diffusional driving force for species a(24.1-8), L™
Eit = Ui + Kigt + P = total energy i m a macroscopic system (15 1-2),
- MLY/P
E, = compression term in mechanical energy balance (7.4-3), ML?/#
E, = viscous dissipation term in mechanical energy balance (7. 4-4)
o o . LZ /t3 )
< S e=271828 .. .
' - e = emissivity (16.2-3)—
e = combined energy flux vector (9.8-5), M/#
Fu, Fy, = direct, ifidirect view factor (16.4-9), (16.5-15)—
F,; = force exerted by the solid on the fluid (7.2-1), ML/#
f = friction factor (or drag coefficient) (6.1-1),—
G = H ~ TS = Gibbs free energy (24.1-2), ML?/#
G = (pv) = mass velocity (6.4-8), M/L%
g =gravitational acceleration (3.2-8), L/#
8. = body force per unit mass acting on species a (Table 19.2-1), L/#
H = U+ pV = enthalpy 9.8-6), ML?/#* .
h = Planck’s constant (14.1-2), ML/t
h = elevation (2.3-10), L
B, Iy, oy Fioes s By = heat transfer coefficients (14.1-1 to 6), M/£T
i =V-14143)—
Jo. ]t = molar fluxes (Table 17.8-1), moles/L%
jarJa = mass fluxes (Table 17.8-1), M/L%
ju, jo = Chilton-Colburn ffactors (14.3-19, Table 22.2-1),—
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Notation 873

K = kinetic energy (7.4-1), ML2/#
K, K, = two-phase mass transfer coefficients (22.4-4, moles/t12
K = R/N = Boltzmann’s constant (1.4-1), ML2/ T
k = thermal conductivity (9.1-1 and 24.2-6), ML/FT
= single-phase mass transfer coefficients (22.1-7,22.3-4, Table 22.2-1),
- moles/tL2
k‘y’ = mass transfer coefficient for small mass-transfer rates and small
species concentration (22.1-9, 22.4-2), moles/f?
k, = mass transfer coefficient for high net mass-transfer rates (22.8-2a),
‘molés/tL? o
k; = thermal diffusion ratio (24.2-10),—
k, = electrical conductivity (9.5-1), ohm™ em™
k; = heterogeneous chemical reaction rate coefficient (18 0-3),
moles' /L i
k; = homogeneous chemical reaction rate coefficient (18 0-2), -
moles! ™"/ [3737
. = length of film, tube, or slit (2. 2-22) L
Lm total angular momentum within a macroscopic system (7.3-1),
ML/t
| = mixing length (5.4-4), L
ly = characteristic length in dimensional analysis (3.7-3), L
M = molar mean molecular weight (Table 17.7-1), M/mole
M, = molecular weight of species a (Table 17.7-1), M/mole

M, = total number of moles of spécies a in macroscopic system (23.1-3),
moles
m = mass of a molecule (1.4-1), M
m,n = parameters in power law viscosity model (8 33), M/LE " —
Mgy = total mass of species a.in macroscopic system (23.1-1), M
N = rate of shaft rotation (3.7-28), !
N = number of species ina multlcomponent mixture (17.7:1),—
N = Avogadro’s number, (g-mole)”’
" N, = combined molar flux vector for species a (17.8-2), moles/L*
n = unit normal vector (A.5-1)—
'n, = combined mass flux vector for species a (17.8-1), M/L
n = molecular concentration or number density (1.4-2), L
Py, = total momentum in a macroscopic flow system (7.2-1), ML/¢
P =p + pgh = modified pressure (for constant p and g) (2. 3 10),
M/L#
Py = characteristic pressure used in dlmensxonal analysis (3 7-4),
M/LE
p = fluid pressure, M/L#*
Q = rate of heat flow across a surface (9.1-1, 15.1-1), ML%/P
Q\'ﬁ = radiant energy flow from surface 1 to surface2 (164-5),

ke

4

MLY/P
Qy, = net radiant energy intetchange between surface 1 and surface 2
(164-8), ML* /¢
q = heat flux vector (9.1-4), M/#

) qo = interfacial heat flux (10.8-14), M/F
o R = gas constant (in pV = RT), ML*/£T mole
R = radius of a cylinder or a sphere, L
~ R, = molar rate of production of species a by homogeneous chemical
reaction (18.0-2), moles/tL?
R, = mean hydraulic radius (6.2-16), L
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5

alpha
beta

gamma

delta

epsilon

R = real part (of complex quantity) (4.1-43)
1 = position vector (3.4-1), L -
= Vx* + y* = radial coordinate in cylindrical coordinates, L
r = V2* +y* + 2% = radial coordinate in spherical coordinates, L
r, = mass rate of production of species a by homogeneous chemical
reaction (19.1-5), M/tL?
Si. S, = cross-sectional area at planes 1 and 2 (7.1-1), [2
S = entropy (11D.1-1,24.1-1), ML*/ T
T = absolute temperature, T - ]
T,..; = torque exerted by a solid boundary on the fluid (7.3-1), ML?/#*
T, = external torque acting on system (7.3-1), ML?/# |

T, — Ty = characteristic temperature difference used in dimensional analysis

(11.5-5), T
t = time, ¢
- U = internal energy (9.7-1), ML2/ ?
U = overall heat-transfer coefficient (10.6-15), M/£T
# = arithmetic mean molecular speed (1.4-1), L/t
u = unit vector in direction of flow (7.2-1),—
V = volume, L}
v = mass average velocity (17.7-1), L/¢
= molar average velocity (17.7-2), L/t
v, = velocity of species & (17.1-3, Table 17.7-1), L/t
vy = characteristic velocity in dimensional analysis (3.7-4), L/t
v, = speed of sound (94-2, 11C.1-4), L/¢
Vg = \/'m = friction velocity (5.3-2), L/¢
W = molar rate of flow across a surface, (23.1-4), moles /¢
W, = molar rate of flow of species a across a surface (23.1-3), moles/¢
W,, = rate of doing work on a system by the surroundings via moving
parts (7.4-1), MI2/P
w = mass rate of flow across a surface (2. 2-21) M/t
w, = mass flow rate of species & across a surface (23.1-1), M/¢
x, = mole fraction of species a (Table 17.7-1),—
x,y, z = Cartesian coordinates
y = distance from wall (in boundary layer theory and turbulence) -
(§4.4),L
Y, = mole fraction of species a (22.4-2),—
Z = wall collision frequency (1.4-2), L™
z, = ionic charge, (244-5), equiv/mole
a=k/ pC thermal diffusivity (9.1-7), L¥/t
B = thermal coefficient of volume expansion (10.9-6), T™!
B = velocity gradient at a surface (12.4-6),s™
y = C,/Cy = heat capacity ratio (11.4-56),—
y=W+ (Vv)f = rate-of-deformation tensor (8.3-1), £

AX =X, — X, = difference between exit and entry values
d = fallmg—ﬁlm thickness (2.2-22), boundary layer thickness
(44-14), L

® = unit tensor (1.2-2, A.3-10),—
8; = unit vector in the i direction (A.2:9),—
8; = Kronecker delta (A.2-1),—
¢ = fractional void space (6.4-3),—
&, £45 = Maximum attractive energy between two molecules (1.4-10,
17.3-13), ML*/#
& = permutation symbol (A.2-3),—




Notation 875

zeta { = composition coefficient of volume expansion (19.2-2 and Table
22.2'1 )[_ )
efa 1 = non-Newtonian viscosity (8.2-1), M/Lt

7', 1" = components of the complex viscosity (8.2-4), M/Lt.
7 = elongational viscosity (8.2-5), M/Lt
7 = zero shear rate viscosity (8.3-4), M/Lt

theta 6 = arctan(y/x) = angle in cylindrical coordinates (A.6-5),—
6 = arctan(Vx? + y*/2) = angle in spherical coordinates (A.6-23),—
kappa «x = dilatational viscosity (1.2-6), M/Lt

K, Ky, K1, K = dimensionless constants used in turbulence (5.3-1, 5.4-3, 5. 45, 5 4»6)
lambda A, A,, A7, A, = diffusivity ratios (20.2-29),—
A = wavelength of electromagnetic radiation (16.1-1), L
A = mean free path (14-2), L
A, Ay, Ay A, Ay = time constants in rheological models (§8.4 to §8.6), t

mu p = viscosity (1.1-1), M/Lt
nu v = u/p = kinematic viscosity (1.1-3), L*/¢ ‘
v = frequency of electromagnetic radiation (16.1-1), # !
xi o ¢ = composition coefficient of volume expansion (Table 22.2-1),—
pi  ILIL, I, 11, = dimensionless proﬁles (4.4-25,12.4-21,20.2- 28)
m =3.14159..

w=7+tpd= molecular momentum flux tensor, molecular stress
tensor (1.2-2,1.7-1), M/ L£

-~ tho - p =density, M/’
' p. = mass of species a per unit volume of mixture (Table 17.7-1), M/L?
sigma o = Stefan-Boltzmann constant, M/£T*

o = surface tension (3.7-12), M/#?
o, 045 = collision diameter (1.4-10, 17.3-11), L

tau 7 = (viscous) momentum flux tensor, (viscous) stress tensor (1.2-2), M/Lf
= magnitude of shear stress at fluid-solid interface (5.3-1), M/L#?
phi <I> potential energy (3.3-2), ML?/

®, = viscous dissipation function (3.3-3), ¢
¢ = m + pvv = combined momentum flux tensor (1.7-1), M/L#
¢ = arctan y/x = angle in spherical coordinates (A.6-24),—
¢ = electrostatic potential (24.4-5), volts
¢ = intermolecular potential energy (1.4-10), ML?/#*
psi ¥,, ¥, = first, second normal stress coefficient (8.2-2, 3), M/L
¥, = viscous dissipation function (3.3-3), t
¢ = stream function (Table 4.2-1), dlmens1ons depend on the
: coordinate system
omega {3, {, (g = collision integrals (1.4-14, 9.3-13, 17.3-11),—
w, = mass fraction of species « (17.1-2, Table 17.7-1),—
w4 — W4 = characteristic mass fraction difference used in dimensional

analysis (19.5-7),—
~ Overlines _
X = per mole
X per unit mass -
X = partial molar (19.3-3, 24.1-2)
X time smoothed (5.1-4)
X = dimensionless (3.7-3)
Brackets '

X) = average value over a flow.cross section
(X), [X], (X} = used in vector—tensor operations when the brackets enclose dot or
cross operations (Appendix A)




876 Notation:

dimensionless groupmgs
has the dimensions of

transpose of a tensor
turbulent (5. 2-8)
= viscous (5.2-9)

- X' = ﬂuctuaﬁng'qu_ahtity (5.2-1)

A, B = species Aand B in binary systems

= species in multicomponent systetns -

a = arithmetic-mean driving force or assocxated transfer coefficient

(14.1-3)
bulk or “cup-mixing” value for an enclosed stream (10.8-33, 14.1-2)

¢ = evaluated at the critical point (1.3-1)

I=

o [=] =
Superscripts -

X =

X =

X(v)

Subscripts

@B, ..

* b=

In =

= logarithmic-mean driving force or assoaated transfer coefﬁaent
(14.1-4)

loc = local driving force or associated transfer coefficient (i4. 1-5)

m =
r =
tot =
0
1,2

mean transfer coefficient for a submerged ob)ect (14. 1-6)
= reduced, relative to critical value (§1 J)

total amount of entity in a macroscopic system
= evaluated at a surface
= evaluated at eross-sections 1 and 2 (7.1-1)

Named dimensionless groups designated with two letters

Br = Brinkman number (10.4-9, Table 11.5-2)
Ec = Eckert number (Table 11.5-2)
Fr = Froude number (3.7-11) )
Gr = Grashof number (10.9-18, Table 11.5-2)
Gr,, Gr, = Diffusional Grashof number (19.5-13, Table 22.2-1)
Ha = Hatta number (20.1-41) ' . : '
Le = Lewis number (17.1-9) ' : . : !
‘Ma = Mach number (11.4-71) '
Nu = Nusselt number (14.3-10 to 15)
: Pé = Péclet number (Table 11.5-2)
2 I : Pr = Prandtl number (9.1-8, Table 1152)
Ra = Rayleigh number (Table 11.5-2)
Re = Reynolds number (3.7-10)
: Sc¢ = Schmidt number (17.1-8)
) _ . Sh = Sherwood number (22.1-5)

We = Weber number (3.7-12)
Mathematical operations
D/Dt = substantial derivative (3.5-2), ¢
@/Bt = corotational derivative (8.5-2), £}
V = del operator (A4-1), L™
Inx = the logarithm of x to the basee
* logye x = the logarithm of x to the base 10

exp x = e*= the exponential function of x -
erf x = error function of x (4.1-14, §C.6) _
I'(x) = the (complete) gamma function (12.2-24,§C4)
T(x,u) = the incomplete gamma functlon (12 2-24)

o..) = ”of the order of”
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Table 11.4-1 Equations of Change for Pure Fluids in Terms of the Fluxes

P Dt dInT

Eq. Special form In terms of D/Dt Comments
) - .
Cont. — ww =—p(V-v) Table 3.5-1 For p = constant, simplifies to
, (A) V-v)=0
Motion General p w =—-Vp—-[V-7] + pg Table 3.5-1 For T = 0 this becomes Euler’s
(B equation
. Dv _ _ _ = = )
Approximate P o= -Vp~ [V 7] +pg—pgBT—T) 11.3-2 Displays buoyancy term
. (@)
Energy In terms of p % ==V @)= (Vepv) = (V:[z-V]) — Exact only for @ time independent
K+U+d (D)
7 ,
In terms of b@CAUIWSHIAQ.mleﬂ.niIAQ.T.iV+bA<.mv —
K+ (B)
In terms of p IUUPM =—(v:Vp—(v:[V:1]) +p(v-g) Table 3.5-1 From equation of motion
K=2? (F)
piI _ . _ - 4
In terms of P ;= -(V-q@ - p(V-v) = (1:VV) 11.2-2 Term containing (V - v) is zero for
u G constant p
IS U . . N
In terms of nb@% =—(V-q) — (1Vv) + IUIW 11.2-3 H=U-+ (plp)
A (H) -
~ DT _ p e ; -
In terms of pC, Dr = -(V-q) =T 3T V. v) = (:Vv) — For an ideal gas T(dp/dT), = p
C,and T ! M
o dl D
In terms of pC br_ -(V-q) - A 1 nv =P (T:Vv) 11.2-5 Foranideal gas (9 Inp/d InT), = —1

m\.n and T

 DF

)




(A2

,Oonn. — %m p=—(V:pv) 3.1-4 For p = constant, simplifies to
(X) V.v)=0
Motion General %E\ =—[V-pw]-Vp—[V:7] +pg 3.2-9 For 7 = 0 this becomes Euler’s
(L) equation
Approximate %ﬂ% =—[Vepwl—Vp—~[V -1l +pg —5gBT - T) — Displays buoyancy term
. (M)
Energy In terms of %meN +U+d) = |A<.bQN +H+ dw) - (V- q) =V [z-v] 11.1-9 Exact only for @ time independen:
K+U+d (N)
In terms of %meN + &)= —(V p(K+ dW) = (v Vp) = (v+ [V 1D 3.3-2 Exact only for ® time independent
K+ (e)] From equation of metion
In terms of %meN+ Uy=—(V-pK+HW)~ (V@ = (V- [1+V)] + p(v+g) 11.1-7
k+U : (P)
In terms of %m EN =—(V- EN& - (v Vp) = (v [V:q]D) + plv-g) 3.3-1 From equation of motion
2,
=3V Q
In terms of MmmmD = —(V-plv) - (V- q) = p(V-v) = (:Vv) 11.2-1 Term containing (V - v) is zero for
u (R) constant p
"o . D nT
In terms of m.mm = —(V-pHV) = (V- q) = (1:VV) + i — H=U+ (p/p)
~ ot Dt
H (S)
Entropy — 9 nw = —~(V:pSv) - A< . MV - PS -VT) - 1 (1:Yv) 11D.1-1 Last two terms describe entropy
at .T) T2 T .
. )] production
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ROBLEMS

17A.1.

17A.2.

17A.3.

17A.4.

17A.5.

é

Problems 539

Compare and contrast the relation between binary diffusivity and viscosity tor gases and for
liquids.

How are the Maxwell-Stefan equations for multicomponent diffusion in gases related to the
Fick equations for binary systems?

In a multicomponent mixture, does the vanishing of N, imply the vanishing of Vx,?

Prediction of a low-density binary diffusivity. Estimate @,z for the system methane-ethane
at 293K and 1 atm by the following methods:

(a) Equation 17.2-1.
(b) The corresponding-states chart in Fig. 17.2-1 along with Eq.17.2-3.

(c) The Chapman-Enskog relation (Eq. 17.3-12) w1th Lennard-Jones parameters from
Appendix E.

(d) The GChapman-Enskog relation (Eq. 17.3-12) with the Lennard-Jones parameters esti-
mated from critical properties.

Answers (all in cm?/s): (a) 0.152; (b) 0.138; (c) 0.146; (d) 0.138.

Extrapolation of binary diffusivity to a very high temperature. A value of @,53 = 0.151 cm*/s
has been reported' for the system COyair at 293K and 1 atm. Extrapolate @ 45 to 1500K by the
following methods:

(@) Equation 17.2-1.
(b) Equation 17.3-10.
{c) Equations 17.3-12 and 15, with Table E.2.

What do you conclude from comparing these results with the expenmental value' of
245 cm?/s?

Answers (all in cm?/s): (a) 2.96; (b) 1.75; (¢) 2.51 _
Self-diffusion in liquid mercury. The diffusivity of Hg in normal liquid Hg has been mea-

sured,? along with viscosity and volume per unit mass. ‘_Compare the experimentally mea-
sured 9@ 4 ,- with the values calculated with Eq. 17.4-5.

T (K) Dape (m/s)  plep)  Viem’/g)

275.7 1.52 X 107° 1.68 0.0736
289.6 1.68 X 107° 1.56 0.0737
364.2 257 X 1073 127 0.0748

Schmidt numbers for binary gas mixtures at low density. Use Eq. 17.3-11 and the data
given in Problem 1A.4 to compute Sc = p./p% 45 for binary mixtures of hydrogen and Freon-
12 at x, = 0.00, 0.25, 0.50, 0.75, and 1.00, at 25°C and 1 atm.

Sample answers: At x, = 0.00, Sc = 343; at x, = 1.00, Sc = 0.407

Estimation of diffusivity for a binary mixture at high density. Predict ¢® 4, for an equimo-
lar mixture of N, and C,H, at 288.2K and 40 atm.

(a) Use the value of @ 4, at 1 atm from Table 17.1-1, along with Fig. 17.2-1.

(b) Use Eq. 17.2-3 and Fig. 17.2-1.

Answers: (a) 5.8 X 10™® g-mole/cm - s; (b) 5.3 X 107® g-mole/cm s

' Ts. M. Klibanova, V. V. Pomerantsev, arid D. A. Frank-Kamenetskii, . Tech. Phys. (USSR, 12, 14-30
(1942), as quoted by C. R. Wilke and C. Y. Lee, Ind. Eng. Chem., 47, 1253 (1955).
* R.E. Hoffman, J. Chem. Phys., 20, 1567-1570 (1952).
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540 Chapter 17  Diffusivity and the Mechanisms of Mass Transport®

17A.6. Diffusivity and Schmidt number for chlorine-air mixtures.

g
]

000000000

(a) Predict @,5 for chlorine-air mixtures at 75°F and 1 atm. Treat air as a single substance
with Lennard-Jones parameters as given in Appendix E. Use the Chapman-Enskog theory re-
sults in §17.3.

(b) Repeat (a) using Eq. 17.2-1.

(c) Use the results of (a) and of Problem 1A.5 to estimate Schmidt num'bers for chlorine—-air
mixtures at 297K and 1 atm for the following mole fractions of chlorine: 0, 0.25, 0.50, 0.75, and
1.00. ’

Answers: {a) 0.121 cam?/s; (b) 0.124 cm?/s; (¢) Sc = 1:27, 0.832, 0.602,.0.463, 0.372

The Schmidt number for self-diffusion at high density.

{a) Use Egs. 1.3-1b and 17.2-2 to predict the self-diffusion Schmidt number Sc = p/pD 4. at
the critical point for a system with M, =~ M,..

(b) Use the above result, along with Fig. 1.3-1 and Fig. 17.2-1, to predict Sc = u/pD4,. at the
following states:

Phase Gas Gas Gas Liquid Gas Gas

T, 07 10 50 07 10 20
P, 00 00 00 saturation 10 10

Correction of high-density diffusivity for temperature. The measured value® of <& ,; for a
mixture of 80 mole% CH, and 20 mole% C,H, at 313K and 136 atm is 6.0 X 10 " g-moi/cm - s
(see Example 17.2-3). Predict ¢® 45 for the same mixture at 136 atm at 351K, using Fig. 17.2-1.
Answer: 6.3 X 10°° g-mole/cm - s '

Observed*  6.33 X 10™® g-mol/cm - s

Prediction of critical ¢@,5 values. Figure 17.2-1 gives the low-pressure limit (¢®,4.), = 1.01
atT, = 1and p, — 0. At this limit, Eq. 17.2-13 gives

- 1 1 1
LOUCD 400), = 2.2646 X 107° \/Tc (— + ———) —_— (17A.9-1)
“ ; My M, O-ZAA‘ ‘Q‘EL,AA‘

Here the argument KT, 4/ £44. Of £}, 44 is reported* as = 1.225 for Ar, Kr, and Xe. We use the
value 1/0.77 from Eq. 1.4-11a as a representative average over many fluids.
(a) Combine Eq. 17A.9-1 with the relations

Oppe = 248T 4/ pea)’>  £ap/k =077T,, (17A9-2,3)

and Table E.2 to obtain Eq. 17.2-2 for (cDs4.),
(b) Show that the approximations

Oap = m Eap = V&85 (17A.9-4,5)
for Lennard-Jones parameters for the A-B interaction give

_ T(ATCS 16 €ap _ | ~

Oup = 2.44(m) « =077V T ATy (17A.9-6, 7)

when Egs. 17A.9-2, 3 (with A* replaced by B) are inserted. Combine these expressions with
Eq. 17A.9-1 (with A* replaced by B and T, by VT,sT ) to obtain Eq. 17.2-3 for (cD4).. The
corresponding replacement of p. and T, in Fig. 17.2-1 by Vp_4ps and VT,T amounts to re-

garding the A-B collisions as dominant over collisions of like molecules in determining the
value of ¢@ ;.

*V.]. Berry and R. C. Koeller, AICE Journal, 6, 274-280 (1960).
~ *].).van Loef and E. G. D. Cohen, Physica A, 156, 522-533 (1989).
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Problems 541

Estimation of liquid diffusivities.
(a) Estimate the diffusivity for a dilute aqueous solution of acetic acid at 12.5°C, using the
Wilke-Chang equation. The density of pure acetic acid is 0.937 g/cm® at its boiling point

(b) The diffusivity of a dilute aqueous solution of methanol at 15°C is about 1.28 X 10 am/s.
Estimate the dlffuswlty for the same solution at 100°C.

Answer: (b) 6.7 X 107> cm/s

Interrelation of composition variables in mixtures.

(a) Using the basic definitions in Egs. (A) to (G) of Table 17.7-1, verify the algebraic relations
in Egs. (H) to (O).

(b) Verify that, in Table 17.7-1, Eqs. (P) and (Q) simplify to Eqgs. (P’) and (Q') for binary
mixtures.

(c) Derive Egs. (P") and (Q") from Egs. (N) and (O).

Relations among fluxes in multicomponent systems. Verify Egs. (K), (O), (T), and (X) of
Table 17.8-1 using only the definitions of concentrations, velocities, and fluxes.

Relations between fluxes in binary systems. The following equation is useful for interrelat-
ing expressions in mass units and those in molar units in two-component systems:
ia__ Ja
Py — Ciaxs (17B.3-1)

Verify the correctness of this relation.

Equivalence of various forms of Fick’s law for b.i-nary mixtures.
(a) Starting with Eq. (A) of Table 17.8-2, derive Egs. (B), (D), and (F).
(b) Starting with Eq. (A) of Table 17.8-2, derive the folowing flux expressions:

. ja = —p(M Mg/ MID 3V, (17B.4-1)

— xzN,) {17B.4-2)

What conclusions can be drawn from these two equations?
{c) Show that Eq. (F) of Table 17.8-2 can be written as

L 7 Vg = —@Asv ln (1784'3)

Xg

Mass flux with respect to volume average velocity. Let the volume average velocity in an
N-component mixture be defined by

N — N
= p. V. /Mv, = 2 c, Vv, a7cai-n
a=1 a=1
in which V,, is the partial molar volume of species a. Then define

i2 = p,lv, — v (17C.1-2)

as the mass flux with respect to the volume average velocity.
(a) Show that for a binary system of A and B,

i = p(Vp/ Mpia (17C.1-3)

To do this you will need to use the identity cAV + cBVB = 1. Where does this come from?
{b} Show that Fick's first law then assumes the form

= -9 ,,Vp, (17C.1-4)

To verify this you will need the relation V 4 + V4V, = 0. What is the origin of this?

e
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Diffusivity and the Mechanisms of Mass Transport

17C.2. Mass flux with respect to the selvent velocity.

iy = palv, — V)
to be the mass flux with respect to the solvent velocity. Verify that

N =ja = (pa/ Pdin
(b) For a binary system (labeling B as the solvent), show that

i% = (o/ppdia = —0*/ P B agVx,4

(a) In a system with N chemical species, choose component N to be the solvent. Then define

How does this result simplify for a very dilute solution of A in solvent B?

T 17C.3. Determination of Lennard-Jones potential parameters from diffusivity data of a binary gas
- mixture.

= ' (a) Usesthe following data® for the system H,0-O, at 1 atm pressure to determine o, and
Q‘;, gAB/K: : .

w T (K) 400 500 600 700 800 900 1000 1100

- B, (cm?/s) 047 069 094 122 152 1.85 220 258

& One way to do this is as follows: (i) Plot the data as log(T*/?/% 4p) versus log T on a thin sheet
£ of graph paper. (ii) Plot €, 45 versus KT/&,; on a separate sheet of graph paper to the same

.
¥

ratios and Eq. 17.3-11 to solve for the two parameters o 44 and £,5/K.
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scale. (iii) Superpose the first plot on the second, and from the scales of the two overlapping
plots, determine the numerical ratios (T/(KT/&xg)) and (T2 /D 45) /€Y, 45). (iv) Use these two

*R.E. Walker and A. A. Westenberg, |. Chem. Phys., 32, 436—442 (1960); R. M. Fristrom and

A._A. Westenberg, Flame Structure, McGraw-Hill, New York (1965), p. 265.
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Chapter 18  Concentration Distributions in Solids and in Laminar Flow

According to Reid, Prausnitz, and Poling,’ Dy = 9.364 cm?/s and @,; = 0.357 cm?*/s
at 352K and 1 atm. At these conditions ¢ = 3.46 X 107> g-moles/cm’. To get a quick solu-
tion to Eq. 18.8-9, we take both diffusivities to be equal2 to 0.36 cm?/s. Then we get

N,(11.2) )
(3.462 X 1073)(0.36)

from which we find that N, = 5.523 X 10”7 g-moles/cm? - s. This can be used as a first

guess in solving Eq. 18.8-9 more exactly, if desired. Then the entire profiles can be calcu-
lated from Egs. 18.8-6 to 8.

0449=1-090 exp(— (18.8-10)

QUESTIONS FOR DISCUSSION

1. What arguments are used in this chapter for eliminating Ng from Eq. 18.0-1?
2. Suggest ways in which the diffusivity 2,5 could be measured by means of the examples in
this chapter. Summarize possible sources of error.
In what limit do the concentration curves in Fig. 18.2-1 become straight lines?
4. Distinguish between homogeneous and heterogeneous reactions. Which ones are described
by boundary conditions and which ones manifest themselves in the differential equations?
Discuss the term “diffusion-controlled reaction.”
6. What kind of “device” would you suggest in the first sentence of §18.2 for maintaining the
level of the interface constant?
7. Why is the left-hand term in Eq. 18.2-15 called the “evaporation rate”?
8. Explain carefully how Eq. 18.2-19 is set up.
. 9. Criticize Example 18.2-3. To what extent is it “just a schoolbook problem”? What do you learn
- from the problem?
10. In what sense can the quantity N, in Eq. 18.3-9 be interpreted as a local rate of chemical reac-
tion?
11. How does the size of a bubble change as it moves upward in a hql‘ud"
12. In what connection have you encountered Eq. 18.5-11 before?
13. What happens if you try to solve Eq. 18.7-8 by using exponentials instead of hyperbolic func-
tions? How can we make the simpler choice ahead of time?
14. Compare and contrast the systems discussed in §§18.5 and 6 as regards the physical prob-

lems, the mathematical methods used to solve them, and the final expressions for the molar
fluxes.
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‘ROBLEMS 18A.1 Evaporation rate. For the system shown in Fig. 18.2-1, what is the evaporation rate in g/hr of

N CCI3NO, (chloropicrin) into air at 25°C? Make the customary assumption that air is a “pure
substance.”

Total pressure 770 mm Hg
Diffusivity (CCl,NO,~air) 0.088 cm?/s
Vapor pressure of CCL;NO, 23.81 mm Hg
Distance from liquid level to top of tube 11.14 cm
Density of CCI,NO, 1.65 g/cm’
Surface area of liquid exposed for evaporation ~ 2.29 cm?

Answer: 0.0139 g/hr

'R. C. Reid, J. M. Prausnitz, and B. E. Poling, The Properties of Gases and Liquids, 4th edition,
McGraw-Hill, New York (1987), p. 591.
a5 ? The solution to ternary diffusion problems in which two of the binary diffusivities are equal was
) discussed by H. L. Toor, AICKE Journal, 3, 198-207 (1957).
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Problems 569

- |~R=1l4cm Fig. 18A.4. Schematic drawing of a wetted-wali
) - Water film runs column.
——)5/—'—\5 down the wall

- e Film thickness §

\
|
|

L=13cm .
I [1— Surface concentration
assumed equal to the
| saturation concentration
]
Lk

| Chlorine-bearing

gas

Sublimitation of small iodine spheres in still air. A sphere of iodine, 1 cm in diameter, is
placed in still air at 40°C and 747 mm Hg pressure. At this temperature the vapor pressure of
iodine is about 1.03 mm Hg. We want to determine the diffusivity of the iodine-air system by
measuring the sublimation rate. To help determine reasonable experimental conditions,
(a) Estimate the diffusivity for the iodine-air system at the temperature and pressure given
above, using the intermolecular force parameters in Table E.1.
(b) Estimate the rate of sublimation, basing your calculations on Eq. 18.2-27. (Hini: Assume r,
to be very large.)

This method has been used for measuring the diffusivity, but it is open to question be-
cause of the possible importance of free convection.

Answer: () B, ;, = 0.0887 cm?/s; (b) W,, = 2.43 X 107* g-mole/hr

Estimating the error in calculating the absorption rate. What is the maximum possible error
in computing the absorption rate from Eq. 18.5-18, if the solubility of A in B is known within
*+5% and the diffusivity of A in B is known within £15%? Assume that the geometric quanti-
ties and the velocity are known very accurately.

Chlorine absorption in a falling film (Fig. 18A.4). Chlorine is being absorbed from a gas in a
small experimental wetted-wall tower as shown in the figure. The absorbing fluid is water,
which is moving with an average velocity of 17.7 cm/s. What is the absorption rate in g-
moles/hr, if the liquid-phase diffusivity of the chlorine-water system is 1.26 X 107> cm’/s,
and if the saturation concentration of chlorine in water is 0.823 g chlorine per 100 g water
(these are the experimental values at 16°C). The dimensions of the column are given in the fig-

ure. (Hint: Ignore the chemical reaction between chlorine and water.)

Answer: 0.273 g-moles/hr

Measurement of diffusivity by the point-source method (Fig. 18C.1).! We wish to design a
flow system to utilize the results of Problem 18C.1 for the measure of @,;. The approaching

' This is the most precise method yet developed for measurements of diffusivity at high
temperatures. For a detailed description of the method, see R. E. Walker and A. A. Westenberg, |. Chem
Phys., 29, 1139-1146, 1147-1153 (1958). For a summary of measured values and comparisons with the

Chapman—Eanog theory, see R. M. Fristrom and A. A. Westenberg, Flame Structure, McGraw-Hill, New
York {1965), Chapter XHI.
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stream of pure B will be directed vertically upward, and the gas composition will be mea-
sured at several points along the z-axis.

(a) Calculate the gas-injection rate W, in g-moles/s required to produce a mole fraction x. =
0.01 at a point 1 cm downstream of the source, in an ideal gaseous system at 1 atm and 800°C,
if v, =50 cm/sand B 5 =~ 5 cm?/s. .

(b) What is the maximum permissible error in the radial position of the gas-sampling probe,
if the measured composition x, is to be within 1% of the centerline value?

Determination of diffusivity for ether-air system. The following data on the evaporation of
ethyl ether (C,H;OC,H;) have been tabulated by Jost.? The data are for a tube of 6.16 mm di-
ameter, a total pressure of 747 mm Hg, and a temperature of 22°C.

Decrease of the ether level Time, in seconds, required
(measured from the open for the indicated

end of the tube), in mm Hg decrease of level
from 9 to 11 : 590

from 14 to 16 ' 895

from 19 to 21 1185

from 24 to 26 1480

from 34 to 36 ' 2055

from 44 to 46 _ 2655

The molecular weight of ethyl ether is 74.12, and its vapor pressure at 22°C is 480 mm Hg. It
may be assumed that the ether concentration at the open end of the tube is zero. Jost has
given a value of @, for the ether-air system of 0.0786 cm”/s at 0°C and 760 mm Hg.

(a) Use the evaporation data to find 9,; at 747 mm Hg and 22°C, assuming that the zarith-
metic average gas-column lengths may be used for z, — z, in Fig. 18.2-1. Assume further that
the ether—air mixture is ideal and that the diffusion can be regarded as binary.

(b) Convert the result to 45 at 760 mm Hg and 0°C using the results of §17.3.

Mass flux from a circulating bubble.

(@) Use Eq. 18.5-20 to estimate the rate of absorption of CO, (component A) from a carbon
dioxide bubble 0.5 cm in diameter rising through pure water (component B) at 18°C and at a
pressure of 1 atm. The following data® may be used: @,; = 1.46 X 10 * cm?/s, ¢4y = 0.041 g-
mole/liter, v, = 22 ecm/s.

(b) Recalculate the rate of absorption, using the experimental results of Hammerton and Gar-
ner,* who obtained a surface-averaged k. of 100 cm/hr (see Eq. 18.1-2).

Answers: (a) 1.171 X 107 g-mol/cm?s; (b) 1.140 X 107¢ g-mol/cm? s. (This is regarded as un-
usually good agreement.)

Diffusion through a stagnant film—alternate derivation. In §18.2 an expression for the
evaporation rate was obtained in Eq. 18.2-14 by differentiating the concentration profile
found a few lines before. Show that the same results may be derived without finding the con-
centration profile. Note that at steady state, N, is a constant according to Eq. 18.2-3. Then Eq.
18.2-1 can be integrated directly to get Eq. 18.2-14.

> W. Jost, Diffusion, Academic Press, New York (1952), pp. 411-413.
3G. Tammann and V. Jessen, Z. anorg. aligem. Chem_, 179, 125-144 {1929); F. H. Garner and
D. Hammerton, Chem. Eng. Sci., 3, 1-11 (1954). :

* D. Hammerton and F. H. Garner, Trans. [nst. Chem. Engrs. (London), 32, 518 (1954).
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Problems 571

18B.2. Error in neglecting the convection term in evaporation.

18B.3.

18B.4.

18B.5.

(a) Rework the problem in the text in §18.2 by neglecting the term x4(N, + Ng) in Eq. 18.0-1.
Show that this leads to

o)
Ny =z =2 G — Xa) (18B.2-1)

This is a useful approximation if A is present only in very low concentrations.
(b) Obtain the result in (a) from Eq. 18.2-14 by making the appropriate approximation.

(c) What error is made in the determination of @ .4 in Example 18.2-1 if the result in (a) is used?
Answer: 5%

Effect of mass transfer rate on the concentration profiles.
(a) Combine’the result in Eq. 18.2-11 with that in Eq. 18.2-14 to get

1- Xa = ex (NAz(Z h Z]))

T-xn

(18B.3-1)

(b) Obtain the same result by integrating Eq. 18.2-1 directly, using the fact that N, is constant.

(c) Note what happens when the mass transfer rate becomes small. Expand Eq. 18B.3-1 in a

Taylor series and keep two terms only, as is appropriate for small N,,. What happens to the
slightly curved lines.in Fig. 18.2-1 when N, is very small? '

Absorption with chemical reaction.

(a) Rework the problem discussed in the text in §18.4, but take z = 0 to be the bottom of the
beaker and z = L at the gas-liquid interface.

(b) In solving Eq. 18.4-7, we took the solution to be of the sum of two hyperbolic functions.
Try solving the problem by using the equally valid solution I' = C, exp(b) + C, exp(—b{).

() In what way do the results in Eqgs. 18.4-10 and 12 simplify for very large L? For very small
L? Interpret the results physically.

Absorption of chlorine by cyclohexene. Chlorine can be absorbed from Cl,~air mixtures by
olefins dissolved in CCl,. It was found”’ that the reaction of Cl, with cyclohexene (C¢H,) is
second order with respect to Cl, and zero order with respect to C;Ho. Hence the rate of disap-
pearance of Cl, per unit volume is k; ¢4 (where A designates Cl,).

Rework the problem of §18.4 where B is a C¢H,~CCl; mixture, assuming that the diffu-
sion can be treated as pseudobinary. Assume that the air is essentially insoluble in the
CeHp~CCl, mixture. Let the liquid phase be sufficiently deep that L can be taken to be infinite.
(a) Show that the concentration profile is given by

Cao kIZHCAU z

— =1+ 5-1

Z) [ By z] (188.5-1)
(b) Obtain an expression for the rate of absorption of Cl, by the liquid.

(¢) Suppose that a substance A dissolves in and reacts with substance B so that the rate of dis-

appearance of A per unit volume is some arbitrary function of the concentration, f(c,). Show
that the rate of absorption of A is given by

Nolio = 2%, fo " fle )des (18B.5-2)

Use this result to check the result of (b).

> G. H. Roper, Chem. Eng. Sci., 2, 18-31, 247-253 (1953).
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18B.7.

Concentration Distributions in Solids and in Laminar Flow

Fig. 18B.6. Sketch of a two-

Stopcock bulb apparatus for measuring

T gas diffusivities. The stirrers in
= = = the two bulbs maintain uni-
Volume V /%7 L z=0 2=L\ yolume v o n
form concentration in the
: bulbs.
Mole fraction of A in Entire gaseous - Mole fraction of A in
leftbulbisx; =1-x, system is at right bulb is x4 (1)

constant pand T

Two-bulb experiment for measuring gas diffusivity—quasi-steady-state analysis® (Fig. 18B.6).
One way of measuring gas diffusivities is by means of a two-bulb experiment. The left bulb and
the tube from z = —L to z = 0 are filled with gas A. The right bulb and the tube from z = 0 to
z = +L are filled with gas B. At time t = 0 the stopcock is opened, and diffusion begins; then the
concentrations of A in the two well-stirred bulbs change. One measures x; as a function of time,
and from this deduces @ 45. We wish to derive the equations describing the diffusion.

Since the bulbs are large compared with the tube, x; and x; change very slowly with time.
Hence the diffusion in the tube can be treated as a quasi-steady-state problem, with the
boundary conditions that x, = x; and z = —L,and thatx, = x; atz = +L.

(a) Write a molar balance on A over a segment Az of the tube (of cross-sectional area 5), and
show that N4, = C,, a constant.

(b) Show that Eq. 18.0-1 simplifies, for this problem, to

dx,
N = - QD — - . 6~
Az CDas~ - (18B.6-1)
(0) Integrate this equation, using (a). Call the constant of integration C,.
(d) Evaluate the constant by requiring that x, = x3 atz = +L.
(e) Next set'x, = x; (or 1 — x3) atz = —L, and solve for N, to get finally

D pg
L

Ny =G —x3) (18B.5-2)

(f) Make a mass balance on substance A over the right bulb to obtain

D5, dx
T

(g) Integrate the equation in (f) to get an expression for x; which contains @4g:

1 +
3T XA\ SDast i
ln( : ) = - (18B.6-4)

SG — x3) (18B.6-3)

(h) Suggest a method of plotting the experimental data to evaluate @ 4.

Diffusion from a suspended droplet (Fig. 18.2-3). A droplet of liquid A, of radius 7y, is sus-
pended in a stream of gas B. We postulate that there is a spherical stagnant gas film of radius
r, surrounding the droplet. The concentration of A in the gas phase is x,, at r = ry and x,, at
the outer edge of the film, r = r,.

(a) By a shell balance, show that for steady-state diffusion r’N,, is a constant within the gas
film, and set the constant equal to r{N,,,, the value at the droplet surface.

(b) Show that Eq. 18.0-1 and the result in (a) lead to the following equation for x .:

Dap ,dx4
1“x_4r d)’

NN, = (18B.7-1)

' “S.P.S. Andrew, Chem. Eng. Sci., 4, 269-272 (1955).
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18B.8.

18B.9.

Problems 573

Fig. 18B.8. Diffusion of helium through pyrex tubing.

Natu N
atural gas The length of the tubing is L.

containing

N

<_er

Pyrex tube

(o) Integrate this equation between the limits r, and r, to get

%
] Ny = —48 (3) In 22 (18B.7-2)

r = n\n X1
What is the limit of this expression when r, — »?

Method for separating helium from natural gas (Fig. 18B.8). Pyrex glass is almost imperme-
able to all gases but helium. For example, the diffusivity of He through pyrex is about 25
times the diffusivity of H, through pyrex, hydrogen being the closest “competitor” in the dif-
fusion process. This fact suggests that a method for separating helium from natural gas could
be based on the relative diffusion rates through pyrex.”

Suppose a natural gas mixture is contained in a pyrex tube with dimensions shown in the
figure. Obtain an expression for the rate at which helium will “leak” out of the tube, in terms
the diffusivity of helium through pyrex, the interfacial concentrations of thé helium in the
pyrex, and the dimensions of the tube.
nge-Pyrex(cHe,l - cHe,Z)

In(R,/Ry)

Rate of leachng (Fig. 18B.9). In studying the rate of leaching of a substance A from solid par-
ticles by a solvent B, we may postulate that the rate-controlling step is the diffusion of A from
the particle surface through a stagnant liquid film thickness & out into the main stream. The
molar solubility of A in B is ¢4, and the concentration in the main stream is ¢ 5.

Answer: Wy, = 2L

(a) Obtain a differential equation for c, as a function of z by making a mass balance on A over
a thin slab of thickness Az. Assume that 9,5 is constant and that A is only slightly soluble in
B. Neglect the curvature of the particle.

i
i
!
!
Ca0 |
|
[
t
l
! c
Solid s
particle Liqud ! Main
containing film | li qui d
A : stream
I of
: Aand B
! Fig. 18B.9. Leaching of A by diffusion into a stagnant
2=0 z=38 liquid film of B.

7 Scientific American, 199, 52 (1958) describes briefly the method developed by K. B. McAtee of Bell
Telephone Laboratories. -
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18B.10

18B.11.

(b) Show that, in the absence of chemical reaction in the liquid phase, the concentration pro-
file is linear.

{c) Show that the rate of leaching is given by

Ny, = Daglcag — Cag)/d

Constant-evaporating mixtures. Toluene (1) and ethanol (2) are evaporating at = = 0 in a
vertical tube, from a binary liquid mixture of uniform composition x, through stagnant nitro-
gen (3), with pure nitrogen at the top. The unequal diffusivities of toluene and ethanol
through nitrogen shift the relative evaporation rates in favor of ethanol. Analyze this effect
for an isothermal system at 60 F and 760 mm Hg total pressure, if the predicted?® diffusivities
at60° Fare c@;, = 1.53 X 107%, ¢®,; = 2.98 X 107°, ¢D,; = 4.68 X 107°.

(a) Use the Maxwell-Stefan equations to obtain the steady-state vapor-phase mole fraction pro-
files y,(z) in terms of the molar fluxes N, in this ternary system. The molar fluxes are known to
be constants from the equations of continuity for the three species. Since nitrogen has a negligible

(18B.9-1)

solublhty in the liquid at the conditions given, N;, = 0. As boundary conditions, set y; = y, = 0 at
z =L, and let y, = y,pand y, = yy at z = §; the latter values remain to be determined. Show that
— —AL-2. - -ae-a _ (C D -ge-2 , C )
yi(z) = e ; 1, (z) A_-B (B + = B)e + B (18B.10-1)
le NZZ le + NZZ N N 1
A= + ; =—; = (18B.10-2)
6@13 CQD_ZJ CQDIZ C@IZ CgblZ Cgbl}

(b) A constant evaporating liquid mixture is one whose composition is the same as that of the
evaporated material that is for which N,,/(N;, + Ny} = x;. Use the results of part (a) along

position at a total pressure of 760 mm Hg. In the table, row I gives liquid-phase compositions.
Row 1II gives vapor-phase compositions in two-component experiments; these are expressed

as nitrogen-free values y,/(y, + y,) for the ternary system. Row III gives the sum of the partial
pressures of toluene and ethanol.

L x 0.096 0.155 0.233 0.274 0.375
g/ +y) 0.147 0.198 0.242 0.256 0277
Il: p, + p, (mm Hg) | 388 397 | 397 395 390

A suggested strategy for the calculation is as follows: (i) guess a liquid composition x;; (ii) cal-
culate yyq, Y29, and y; using lines 2 and 3 of the table; (iii) calculate A from Eq. 18B.10-1, with
z = 0; (iv) use the result of iii to calculate N,,, B, C, and D, and finally y, (0) for assumed val-
ues of Ny,; (v) interpolate the results of iv to y; (0) = y,o to obtain the correct N, and N-_for
the guessed x,. Repeat steps i~v with improved guesses for x, until N,,/(N,, + N,,) is close
enough to x,. The final x, is the constant evaporating composition.

Diffusion with fast second-order reaction (Figs. 18.2-2 and 18B.11). A solid A is dissolving
in a flowing liquid stream § in a steady-state, isothermal flow system. Assume in accordance
with the film model that the surface of A is covered with a stagnant liquid film of thickness &
and that the liquid outside the film is well mixed (see Fig. 18.2-2).

(a) Develop an expression for the rate of dissolution of A into the liquid if the concentration
of A in the main liquid stream is negligible.

(b) Develop a corresponding expression for the dissolution rate if the liquid contains a sub-
stance B, which, at the plane z = x8, reacts instantaneously and irreversibly with A: A + B —
P. (An example of such a system is the dissolution of benzoic acid in an agueous NaOH solu-
tion.) The main liquid stream consists primarily of B and S, with B at a mole fraction of xg...

e

# L. Monchick and E. A. Mason, J. Chen. Phys., 35, 1676-1697 (1961), with § read as §,,. in Table I'V:
E. A. Mason and L. Monchick, J. Chem. Phys., 36, 2746-2757 (1962); L. S. Tee, S. Gotoh, and W. E. Stewart,
{nd. Eng. Chem. Fundam., 5, 356-362 (1966).




Problems 575

Well-mixed
o { stream of
x A diffusing | B diffusing | Band $
A% through S through S |
1
{
i
XA i
XBoo
A— ] :
1
]
|
1
!
z=0 z=Kd z=4 . . . -
(reaction  (outer edge Flg: IBB..ll. Co.ncentratlon profiles for dif-
+ plane) of stagnant fusion with rapid second-order reaction.
liquid film) The concentration of product P neglected.

(Hint: It is necessary to recognize that species A and B both diffuse toward a thin reaction
zone as shown in Fig. 18B.11.)

a7} €9 psX XgoD
Answers: (@) N, = (%); (b) N4yl = (—"65—"0)(1 + M)
X 0D as

b 18B.12. A sectioned-cell experiment’ for measuring gas-phase diffusivity (Fig. 18B.12). Liquid A is .
- allowed to evaporate through a stagnant gas B at 741 mm Hg total pressure and 25°C. At that
= temperature, the vapor pressure of A is known to be 600 mm Hg. After steady state has been
.
&
53 ++t— Constant-
ﬁ temperature bath
. Sample ports N
24 incell seclion] i
£
g
Wt
Gas manifold with
stream of pure gas B ) Gas manifold
Screen —— § Screen —b—
TR 2 L]
~ Diffusion cell 1 o i
= of diameter 2 cm. . <— Handle for rotating Diffusion ceil -

. Four rotatable — X alternate cell Rotated —| [ .1 ] ﬂ
e, sections s - sections sections [l t i
. il :
R (|

Three stationary —»| Stationary — _ ]

sections —r— sections g
X . Height of liquid surface S ] J
- Liquid A 7
e added here N _! - _]
< to maintain
: tant | ) | N
\ “;?1?; lae r:/el L =S| Liquid reservoir — || Liquid reservoir
@ &)

Fig. 18B.12. A sectioned-cell experiment for measuring gas diffusivities. (a) Cell configura-
tion during the approach to steady-state. (b) Cell configuration for gas sampling at the end of
the experiment.

* E.]. Crosby, Experiments in Transport Phenomena, Wiley, New York (1961), Experiment 10.a.
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18B.13.

attained, the cylindrical column of gas is divided into sections as shown. For a 4-section appa-
ratus with total height 4.22 cm, the analysis of the gas samples thus obtained gives the follow-
ing results:

(z - z)incm

Bottom Top of Mole
Section of section section fraction of A
I 0.10 1.10 0.757
4 1.10 -2.10 0.641
m 2.10 3.10 0.469
IAY 3.10 410 0.215

The measured evaporation rate of A at steady state is 0.0274 g-moles/hr. ldeal gas behavior
may be assumed.

(a) Verify the following expression for the concentration profile at steady state:

_ Ny (z, — 2)
XB C@ﬂl}

(18B.12-1)

(b) Plot the mole fraction x; in each cell versus the value of z at the midplane of the cell on
semilogarithmic graph paper. Is a straight line obtained? What are the intercepts at z, and z,?
Interpret these results.

(c) Use the concentration profile of Eq. 18B.12-1 to find analytical expressions for the average
concentrations in each section of the tube.

(d) Find the best value of 9,5 from this experiment.

Answer: (d) 0.155 cm?/s

Tamishing of metal surfaces. In the oxidation of most metals (excluding the alkali and alka-
line-earth*metals) the volume of oxide produced is greater than that of the metal consumed.
This oxide thus tends to form a compact film, effectively insulating the oxygen and metal
from each other. For the derivations that follow, it may be assumed that

(a) For oxidation to proceed, oxygen must diffuse through the oxide film and that this ditfu-
sion follows Fick's law.

(b) The free surface of the oxide film is saturated with oxygen from the surrounding air.

{¢) Once the film of oxide has become reasonably thick, the oxidation becomes ditfusion con-
trolled; that is, the dissolved oxygen concentration is essentially zero at the oxide-metal surface.

(d) The rate of change of dissolved oxygen content of the film is small compared to the rate of
reaction. That is, quasi-steady-state conditions may be assumed.

(e) The reaction involved is $xO, + M — MO,.

We wish to develop an expression for rate of tarnishing in terms of oxygen diffusivity
through the oxide film, the densities of the metal and its oxide, and the stoichiometry of the
reaction. Let co be the solubility of oxygen in the film, ¢; the molar density of the film, and z
the thickness of the film. Show that the film thickness is '

296 _mot ¢

2= ©:"MO” CQ (18B.13-1)
X ¢y

This result, the so-called “quadratic law,” gives a satisfactory empirical correlation for a num-

ber of oxidation and other tarnishing reactions."” Most such reactions are, however, much

more complex than the mechanism given above.'!

' G. Tammann, Z. anorg. allgem. Chemie, 124, 25-35 (1922).
"' W. Jost, Diffusion, Academic Press, New York (1952), Chapter [X. For a discussion of the oxidation

of siticon, see R. Ghez, A Primer of Diffusion Problems, Wilev, New York (1988), §2.3
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Surfacez=+b Fig. 18B.14. Side view of a disk-shaped
catalyst particle.

— - — - ——- —Catalyst particl -2
N atalyst partice (midplane)

Surfacez=-b

Effectiveness factors for thin disks (Fig. 18B.14). Consider porous catalyst particles in the
shape of thin disks, such that the surface area of the edge of the disk is small in comparison
with that of the two circular faces. Apply the method of §18.7 to show that the steady-state
concentration profile is

¢y _coshVKa/D,z
s Cas coshVKa/Dub

where z and b are described in the figure. Show that the total mass transfer rate at the surfaces
z=*bis

(18B.14-1)

[W,| = 27R%, D A tanh A (18B.14-2)

in which A = Vkja/%,. Show that, if the disk is sliced parallel to the xy-plane into n slices, the
total mass transfer rate becomes

| WS | = 2R, @ 4An tanh(Ab /1) (18B.14-3)

Obtain the expression for the effectiveness factor by taking the limit

n, = lim |W,| _ tanh Ab
A= =

lim W Ab (18B.14-4)
A

Expfess this result in terms of the parameter A defined in §18.6.

Diffusion and heterogeneous reaction in a slender cylindrical tube with a closed end (Fig.
18B.15). A slender cylindrical pore of length L, cross-sectional area S, and perimeter P, is in
contact at its open end with a large body of well-mixed fluid, consisting of species A and B.
Species A, a minor constituent of this fluid, disappears into the pore, diffuses in the z direc-
tion and reacts on its walls. The rate of this reaction may be expressed as (n * ng)|su e = flwa);
that is, at the wall the mass flux normal to the surface is some function of the mass fraction,
wyy of A in the fluid adjacent to the solid surface. The mass fraction w4, depends on z, the dis-
tance from the inlet. Because A is present in low concentration, the fluid temperature and density
may be considered constant, and the diffusion flux is adequately described by j, = —p@43Vw,,

@ Side View End View
Well-mixed |« L n

fluid n
wn=w (/:/A}) T @
A At —_—Z [ Panind¥|

Fig. 18B.15. (a) Diffu-

) @A~ “’AOZZ) \ } | sion .'fmcl heterogeneous
i  p— | reaction in a long, non-
iy = oo dw, | Ma0 __:_» " ci.rcular cylinder. (b) Re-
: dz My | gion of thickness Az
" j{ : over which the mass
z z+ Az balance is made.
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18B.16.

18B.17.

18B.18.

18B.19.

where the diffusivity may be regarded as a constant. Because the pore is long compared to its’
lateral dimension, concentration gradients in the lateral directions may be neglected. Note the
similarity with the problem discussed in §10.7.

(a) Show by means of a shell balance that, at steady state,
dnAz _ P
7, ~sflew (18B.15-1)
(b) Show that the steady-state mass average velocity v, is zero for this system.

(c) Substitute the appropriate form of Fick’s law into Eq. 18.15-1, and integrate the resulting
differential equation for the special case that f(w,g) = kjw,,. To obtain a boundary condition
atz = L, neglect the rate of reaction on the closed end of the cylinder; why is this a reasonable
approximation?

(d) Develop an expression for the total rate w, of disappearance of A in the cylinder.

(e) Compare the results of parts {c) and (d) with those of §10.7 both from the standpoint of
the mathematical development and the nature of the assumptions made.

w4 coshN[1 - (1/D)] _ | PLKT Ceo
Answers: (c) @, = osh N , where N = NEFoI () wy = (Sp gyw,,/LIN tanh N

Effect of temperature and pressure on evaporation rate.

(@) In §18.2 what is the effect of a change of temperature and pressure on the quantity x ,?
(b) If the pressure is doubled, how is the evaporation rate in Eq. 18.2-14 affected?

(c) How does the evaporation rate change when the system temperature is raised from T to T'?
Reaction rates in large and small particles. -

(a) Obtain the following limits for Eq. 18.7-11:

R—0: Wag = —GaR)Kk"a,)c ap (18B.17-1)
R—>o0; o Wag = —GTRIK"a,D )" * car (18B.17-2)
Interpret these results physically.

(b) Obtain the corresponding asymptotes for the system discussed in Problem 18B.14. Com-
pare them with the results in (a).

Evaporation rate for small mole fraction of the volatile liquid. In Eq. 18.2-15, expand

1 1 1 - x4
= 18B.18-1
(xgh, (x'“ - xAZ)(ln 1- xm) ( ‘

in a Taylor series appropriate for small mole fractions of A. First rewrite the logarithm of the
quotient as the difference of the logarithms. Then expand In{1 — x,;) and In(1 — x,,) in Taylor
series about x4, = 1 and x4, = 1, respectively. Verify that Eq. 18.2-16 is correct.

Oxygen uptake by a bacterial aggregate. Under suitable circumstances the rate of oxvgen
metabolism by bacterial cells is very nearly zero order with respect to oxygen concentration.
We examine such a case here and focus our attention on a spherical aggregate of cells, which
has a radius R. We wish to determine the total rate of oxygen uptake by the aggregate as a
function of aggregate size, oxygen mass concentration g, at the aggregate surface, the meta-
bolic activity of the cells, and the diffusional behavior of the oxygen. For simplicity we con-
sider the aggregate to be homogeneous. We then approximate the metabolic rate by an
effective volumetric reaction rate ro, = —kj and the diffusional behavior by Fick’s law, with
an effective pseudobinary diffusivity @, Because the solubility of oxygen is very low in this
system, both ‘convective oxygen transpoft and transient effects may be neglected."

?]. A. Mueller, W. C. Boyle, and E. N. Lightfoot, Biotechnol. and Bioengr., 10, 331~358 (1968).
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Problems 579

(@) Show by means of a shell mass balance that the pseudo-steady-state oxygen concentration
profile is described by the differential equation

2 -
8 pr (.f ) . (18B.19-1)

where x = po,/pp, € =7/R,and N = KyR?/ P00 1n-

~ (b) There may be an oxygen-free core in the aggregate, if N is sufficiently large, such that y = 0
for £ < &, Write sufficient boundary conditions to integrate Eq. 18B.19-1 for this situation. To
do this, it must be recognized that both x and dy/d¢ are zero at £ = £ What is the physical
significance of this last statement?

(¢} Perform the intégréﬁon of Eq. 18B.19-1 and show how &, may be determined.

(d) Sketch the total oxygen uptake rate and £, as functions of N, and discuss the possibility

) that no oxygen-free core exists.
. 5

Answer: () x =1 — N 1-&)+ N & 1_ 1] for & = & = 0, where §; is determined as a func-
. 6 3 °N\¢
tion of N from

g-2g+ (5—%) 0

18C.1. Diffusion from a point source in a moving stream (Fig. 18C.1). A stream of fluid B in lami-
nar motion has a uniform velocity vy. At some point in the stream (taken to be the origin of
coordinates) species A is injected at a small rate W, g-moles/s. This rate is assumed to be suf-
ficiently small that the mass average velocity will not deviate appreciably from v,. Species A
is swept downstream (in the z direction), and at the same time it diffuses both axially and
radially.

.,
R

i
¥

(a) Show that a steady-state mass balance on species A over the indicated ring-shaped ele-
ment leads to the following partial differential equation if & 3 is assumed to be constant:

SO WE WYL

aca 19 ( dca\  d%a
Vg = 3z @AB[ (T W) + Ez- (18(:1'1)
SR (b) Show that Eq. 18C.1-1 can also be written as
& z29ca  dca o |1 9 ( 94\ a7z %A
fe UO(EE o) =2 awm\T )t e Y S e (18C.1-2)

inwhichs? = r2 + 22

Uniform
stream
velocity v
s Y r
i 0
~ s=Vr+yt +2 x,y.2)

r=Vxt+y?

AT,
[+%

-

—>- rigin of coordinates placed at . . .
W . point of injection; W, moles Fig. 18C.1. Diffusion of A
of A are injected per second I from a point source into a
. [ stream of B that moves with
E L . a uniform velocity.

TENRA R, <% L% v = ey - = .
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{c) Verify (lengthy!) that the solution

expl —(vy/2D 45)(s — 2)] (18C.1-3)

8 By

satisfies the differential equation above.
(d) Show further that the following boundary conditions are also satisfied by Eq. 18C.1-3:

B.C. 1: ats = o, c, =40 (18C.1-4)
. 2 3CA -

B.C.2: ass—0,  —AmsDuy 2o W, (18C.1-5)
P

BC. 3: atr=0, grﬁ =0 (18C.1-6)

Explain the physical meaning of each of these boundary conditions.

(e) Show how data on c4(r, z) for given vy and 9D,z may be plotted, when the preceding solu-
tion applies, to give a straight line with slope v,/29 45 and intercept In @ 4.

18C.2. Diffusion and reaction in a partially impregnated catalyst. Consider a catalytic sphere like
that in §18.7, except that the active ingredient of the catalyst is present only in the annular re-
gion betweenr = kR and r = R:

i)
Rl

Inregion 1 (0 < r < «R), kia =0 (18C.2-1)
Inregion Il (kR <r <R), . kja = constant > 0 . (18C.2-2)
Such a situation may arise when the active ingredient is put on the particles after pelleting, as
is done for many commercial catalysts.

(@) Integrate Eq. 18.7-6 separately for the active and inactive regions. Then apply the appro-
priate boundary conditions to evaluate the integration constants, and solve for the concentra-
tion profile in each region. Give qualitative sketches to illustrate the forms of the profiles.

(b) Evaluate Wy, the total molar rate of conversion of A in a single particle.

18C.3. Absorption rate in a falling film. The result in Eq. 18.5-18 may be obtained by an alternative
procedure. .

POOORORORD

-

(@) According to an overall mass balance on the film, the total moles of A transferred per unit
time across the gas-liquid interface must be the same as the total molar rate of flow of A
across the plane z = L. The latter rate is calculated as follows:

s o~
W, =§Lr§(wavm,)(% J;) CA|Z=de) = Wo,.., fu Calp-pdx (18C.3-1)

17

A7
)

~

Explain this procedure carefully.

£ (b) Insert the solution for ¢, in Eq. 18.5-15 into the result of (a) to obtain:
W, = Wop,.c f ( f exp(—£%) d ) dx
Q‘ ) AT AD \/~ S p(—¢ £
& 49 5ol
- = Wo, . Ca0 —= f exp(—fz) dé | du (18C.3-2)
& \/—d max
£ In the second line, the new variable u = x/ V49 ;L /v,,,, has been introduced.
L () Change the order of integration in the double integral, to get

s
%

49 ' * €
W, = WLc, _:rBIZ‘)E -2 fo exp(—£?) (J'o du)d‘f (18C.3-3)

Explain by means of a carefully drawn sketch how the limits are chosen for the integrals The
integrals may now be done analytically to get Eq. 18.5-18.

3. om om s v 5 4
o WY e Be B o e B,




18C.4.

18C.5.

18D.1.

18D.2.

Problems 581

Estimation of the required length of an isothermal reactor (Fig. 18.3-1). Let a be the area of -
catalyst surface per unit volume of a packed-bed catalytic rgactor and S be the cross-sectional
area of the reactor. Suppose that the rate of mass flow through the reactor is w (in Ib,, /hr, for
example).

(a) Show that a steady-state mass balance on substance A over a length dl of the reactor leads to

deO SaNAMA

a - T TTw (18C4-1)

(b) Use the result of (a) and Eq. 18.3-9, with the assumptions of constant § and %4, to obtain
an expression for the reactor length L needed to convert an inlet stream of composition x,(0)
to an outlet stream of composition x,(L).

(Hint: Equation (P) of Table 17.8-1 may be useful.)

w&MB 240 dx,w
Answer: (b) L = j 3 :
25ac B pg) J 00 [Max a0 + Mgl = X400 In(1 — 3x40)

Steady-state evaporation. In a study of the evaporation of a mixture of methanol (1) and ace-
tone (2) through air (3), the concentration profiles of the three species in the tube were mea-
sured" after attainment of steady state. In this situation, species 3 is not moving, and species
1 and 2 are diffusing upward, with the molar fluxes N,; and N,,, measured in the experi-
ments. The interfacial concentrations of these two species, x;y and x,;, were also measured. In
addition, the three binary diffusion coefficients were known. The interface was located at z =
0 and the upper end of the diffusion tube was atz = L.

(a) Show that the Maxwell-Stefan equation for species 3 can be solved to get

X3 = Xy (18C.5-1)

in WhiCh A= Vi3 + Vi3, with Vupy = NaL/Cg'DHy and { = Z/L
(b) Next verify that the equation for species 2 can be solved to get

C
X, = X0 + ig—z a-e+ —i—% e — %) (18C.5-2)

A

where B = Vi12 + Va2 and C= Vira — V3.
() Compare the above equations with the published results.
(d) How well do Egs. 18C.5-1 and 2 fit the experimental data?

Effectiveness factors for long cylinders. Derive the expression for 7, for long cylinders anal-
ogous to Eq. 18.7-16. Neglect the diffusion through the ends of the cylinders.
LQA)

Answer: 4 = ALGAY

where Iy and I, are “modified Bessel functions”

Gas absorption in a falling film with chemical reaction. Rework the problem discussed in
§18.5 and described in Fig. 18.5-1, when gas A reacts with liquid B by a first-order irreversible
chemical reaction in the liquid phase, with rate constant k;". Specifically, find the expression
for the total absorption rate analogous to that given in Eq. 18.5-18. Show that the result for ab-
sorption with reaction properly simplifies to that for absorption without reaction.

@ n
Answer: W, = WC gV 1m0 / o [(2 + u) erfVu + \/; ] in whichu = ki{L/v,,,
1

" R. Carty and T. Schrodt, Ind. Eng. Chem., 14, 276-278 (1975).
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Dehumidification of air (Fig. 19.4-1). For the system of Example 19.4-1, let the vapor be H,O
and the stagnant gas be air. Assume the following conditions (which are representative in air
conditioning): (i) at z = 8, T = 80°F and xy o = 0.018; (ii) atz = 0, T = 50°F.

(a) Forp =1 atm, calculate the right side of Eq. 19.4-9.

(b) Compare the conductive and diffusive heat flux at z = 0. What is the physical significance
of your answer?

Answex: (a) 1.004

Steady-state evaporation (Fig. 18.2-1). Rework the problem solved in §18.2, dealing with the
evaporation of liquid A into gas B, starting from Eq. 19.1-17.

(a) First obtain an expression for v*, using Eq. (M) of Table 17.8-1, as well as Fick’s law in the
form of Eq. (D) of Table 17.8-2.

(b) Show that Eq. 19.1-17 then becomes the following nonlinear second-order differential
equation:

d*x, 1 (dxA)2
—+ —=] = -1-
2 i \az) =0 (19B.1-1)

(c) Solve this equation to get the mole fraction profile given in Eq. 18.2-11.

Gas absorption with chemical reaction (Fig. 18.4-1). Rework the problem solved in §18.4, by
starting with Eq. 19.1-16. What assumptions do you have to make in order to get Eq. 18.4-4?

Concentration-dependent diffusivity. A stationary liquid layer of B is bounded by planes
z = 0 (a solid wall) and z = b (a gas-liquid interface). At these planes the concentration of
A is c49 and ¢y, respectively. The diffusivity D 43 is a function of the concentration of A.

(a) Starting from Eq. 19.1-5 derive a differential equation for the steady-state concentration
distribution. '

(b) Show that the concentration distribution is given by

f D qpdc,
Ca z
=% (19B.3-1)
f D ppdca
(c) Show that the molar flux at the solid-liquid surface is
NAz|z=0 = ;; j M@AB(CA)dCA (19B.3-2)

(d) Now assume that the diffusivity can be expressed as a Taylor series in the concentration
Dasca) = Dagll + Brlca — Ca) + Bols — ) + -+ 7] (19B.3-3)
in which ¢4 = 3c4g + C4) and D a5 = D 45(C4). Then, show that

@AB

NAZ |: =0 — b

(cao = a1 + §5Bx(Cag — Cap)* + = - -] (19B.3-4)

(e) How does this result simplify if the diffusivity is a linear function of the concentration?
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Problems 607 .

: l : Fig. 19B.4. Oxidation of silicon.
8(t) ?
T T T sio
x Z
Si Si +OZ_')SiOZ

Oxidation of silicon (Fig. 19B.4).! A slab of silicon is exposed to gaseous oxygen (species A)
at pressure p, producing a layer of silicon dioxide (species B). The layer extends from the sur-
face z = 0, where the oxygen dissolves with concentration ¢, = Kp, to the surface at z = 5(t),
where the oxygen and silicon undergo a first-order reaction with rate coefficient k}. The thick-
ness 8(t) of the growing oxide layer is to be predicted. A quasi-steady-state method is useful
here, inasmuch as the advancement of the reaction front is very slow.

(a) First solve the diffusion equation of Eq. 19.1-18, with the term dc,/dt neglected, and apply
the boundary conditions to obtain

Ca = Cap— (Cao — CAB)'g_ (19B.4-1)

in which the concentration c,; at the reaction plane is as yet unknown.
(b) Next use an unsteady-state molar O, balance on the region 0 < z < §(t) to obtain, with the
aid of the Leibniz formula of §C.3,

5 dcp _»
CAE dE}' = —QD/\B d_; - k|CA5 A - (198.4‘2)

(c) Now write an unsteady-state molar balance on SiO, in the same region to obtain

no o 1.dé )
, +KiC s = o (19B.4-3)

(d) In Eq. 19B4-2, evaluate d3/dt from Eq. 19B.4-3 and dc,/dz from Eq. 19B.4-1. This will
yield an equation for ¢
KisVy ( £ )
cas+|1+—las=c (19B.4-4)
@A_B As @AB Ab A0

Inserting numerical values into Eq. 19B.4-4 shows that the quadratic term can safely be
neglected.!

(e) Combine Eqs. 19B.4-3 and 19B.4-4 (without the quadratic term) to get a differential equa-
tion for 6(t). Show that this leads to

52 5 7
+ L = Vot (19B.4-5)
Z@AB k:l BLYAD

which agrees with experimental data.' Interpret the result.

The Maxwell-Stefan equations for multicomponent gas mixtures. In Eq. 17.9-1 the
Maxwell-Stefan equations for the mass fluxes in a multicomponent gas system are given. Show
that these equations simplify for a binary system to Fick’s first law, as given in Eq. 17.1-5.

Diffusion and chemical reaction in a liquid.

(@) A solid sphere of substance A is suspended in a liquid B in which it is slightly soluble,
and with which it undergoes a first-order chemical reaction with rate constant k7. At steady

'R. Ghez, A Primer of Diffusion Problems, Wiley-Interscience, New York (1988), pp. 46-55; this book
discusses a number of problems that arise in the microelectronics field.
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19B.7.

19C.1.

19D.1.

19D.2.

state the diffusion is exactly balanced by the chemical reaction. Show that the concentration
profileis

|2

R e—br/R
T (19B.6-1)

(a]

A0

in which R is the radius of the sphere, ¢4 is the molar solubility of A in B, and b = k{'R?/@ 45
(b) Show by quasi-steady-state arguments how to calculate the gradual decrease in diameter
of the sphere as A dissolves and reacts. Show that the radius of the sphere is given by
@ABCAO(l +b)
MApsph

in which Ry is the sphere radius at time fp, and p,,, is the density of the sphere.

R*=R} - (t =ty (19B.6-2)

Various forms of the species continuity equation.

(a) In this chapter the species equation of continuity is given in three different forms: Eq.

19.1-77 Eq. (A) of Table 19.2-1, and Eq. (B) in Table 19.2-3. Show that these three equations are
equivalent. -

(b) Show how to get Eq. 19.1-15 from Eq. 19.1-11.

Alternate form of the binary diffusion equation. In the absence of chemical reactions, Eq.
19.1-17 can be written in terms of v rather than v* by using a different measure of concentra-
tion—namely, the logarithm of the mean molecular weight:?

gilnM+ Vv -VInM) =3,V InM (19C.1-1)

in which M = x,M, + xgMg. (Caution: Solution is lengfhy.)
Equation 19C.1-1 is difficult to solve even for the stagnant gas film of §18.2, because of
the variable mass density p that appears in the continuity equation (Eq. A of Table 19.2-3).

Derivation, of the equation of continuity. In §19.1 the species equation of continuity is de-
rived by making a mass balance on a small rectangular volume Ax Ay Az fixed in space.

(a) Repeat the derivation for an arbitrarily shaped volume element V with a sufficiently
smooth fixed boundary S. Show that the species mass balance can be written as

:t pdV = f (n - n)dS + f rdV 19D.1-1)
1%

Use the Gauss divergence theorem to convert the surface integral to a volume integral, and
then obtain Eq. 19.1-6.

{b) Repeat the derivation using a region of fluid contained within a surface, each point of
which is moving with local mass average velocity.

Derivation of the equation of change for temperature for a multicomponent system. De-
rive Eq. (F) in Table 19.2-4 from Eq. (E). We suggest the following sequence of steps:

(a) Since the enthalpy is an extensive thermodynamic property, we can write
H(m], m,p, ms, ..., mN) = mH(w,, Wy, W3, ..., wN—l) (19D2‘1)

in which the m, are the masses of the various species, m is the sum of the m,, and the w, =
m,/m are the corresponding mass fractions. Both H and H are understood to be functions of T
and p as well as of composition. Use the chain rule of partial differentiation to show that

JH o mg
ety (dma)m E (awﬂ) ( ap ) +H (19D.2-2)

IC.H. Bedingfield, [r., and T. B. Drew, Ind. Eng. Chem., 42, 1164-1173 (1950).
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- JH NS _mg . —

Subtraction then gives for o # N

oHY _(oH) _(oH . _
(ama),,., (M),,,f(awa)w, (19D.2-4)

The subscript.w, means “holding all other mass fractions constant.”

(b) The left side of Eq. (E) can be expanded by regarding the enthalpy per unit mass te be a
function of p, T, and the first (N — 1) mass fractions:

,DH_ (oH) Dp (o) DT N (aﬁ;) Dw,
LA I « ]
P Dr p( OP)T,W, Dt + p(a'r)pw Dt P 02:] 0, ), 1. Dt (19D.2-5)
Next, verify that the coefficients of the substantial derivatives can be identified as
JH —q_[9In 1%
( p )m 1 (a In T)m, (19D.2-6)
H\ -
g ( 3T),,,w, =Gy (19D.2-7)

The coefficient of p(Dw,/ Dt) has already been given in Eq. 19D.2-4.

(c) Substitute the coefficients into Eq. 19D.2-5, and then use Eq. 19.1-14 to eliminate

p(Dw,/ Dt), and verify that (dH/om )me is the same as (H /M,). The summation on «, which
goes from 1 to N — 1, now has to be appropriately rewritten as a summation from 0 to N, by
using Eq. (K) of Table 17.8-1 and the fact that 3 r, = 0.

(d) Then combine the results of (a), (b), and (c) with Eq. (E) to get Eq. (F).

Gas separation by atmolysis or “sweep diffusion” (Fig. 19D.3). When two gases A and B are
forced to diffuse through a third gas C, there is a tendency of A and B to separate because of
the difference in their diffusion rates. This phenomenon was first studied by Hertz,> and later
by Maier.! Benedict and Boas’ studied the economics of the process particularly with regard
to isotope separation. Keyes and Pigford® contributed further to both theory and experiment.

Diffusion tube 4’ in
length and 1" in diameter,
packed with glass wool

NN A
A+B+C A+B+C
End 1 End 2
Feed A+ B c
Make-up C
Separator — C for C Separator
Raffinate 1 A+B Products l A+B

Fig. 19D.3. The Keyes-Pigford experiment for studying atmolysis.

Y G. Hertz, Zeits. f. Phys., 91, 810-815 (1934).

' G. G. Maier, Mechanical Concentration of Gases, U.S. Bureau of Mines Bulletin 431 (1940).
> M. Benedict and A. Boas, Chem. Eng. Prog., 47, 51-62, 111-122 (1951).

].J. Keys, Jr.,and R. L. Pigford, Chem. Eng. Sci., 6, 215226 (1957).
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In their experimental arrangement, C was a condensable vapor, which could be separated
from A and B by lowering the temperature so that C would be liquefied.

We want to study the details of the three-component diffusion taking place in the diffu-
sion tube of length L, when the apparatus is operated at steady state. Obtain an expression re-
lating the concentrations x,, and x, at the feed end of the tube to the concentrations x,. and
xg, at the product end. This expression will contain the molar fluxes of the three species,
which are controlled by the rates of addition of materials in the two entering streams.

Use the following notation for dimensionless quantities: { = z/L for the distance down
the tube from the feed entrance; ry = D3/ D 4 and ry = D 43/ Dy for the diffusivity ratios; and
v, = N,,L/cD 45 for the molar fluxes (with & = A, B, C).

(a) Shows that, in terms of these dimensionless quantities, the Maxwell-Stefan equations for
the diffusion are

dx
d_;=YM;;A+YM.JCB+Y/1 (19D .3-1)
5 dx .
EZB = YpuXa + Yyuxs + Y, (19D.3-2)
where Y u = vg + ra(vqa + ve), Yag = valra — 1),and Y, = —r,v,, and the remaining quantities

are obtained by interchanging A and B.

(b) By using Laplace transforms, solve Eqs. 19D.3-1 and 2 to get the concentration profiles for
A and B in the tube.

{c¢) Show that the terminal concentrations are interrelated thus,

_ Xalxar, x5 0) N Xalxar, xpi; p.) exp p. . Xalxan, xg;p dexpp
p‘i'p“ -p+(p+ —P-) p—(p "P;)

X a2 (19D.3-3)

in which

P- = 3l(Yaa + Ygg) £ V(Yu + Y + 4Y 05Y 4] (19D.3-4)
Xalxay, xpy, p) = szm +p(Ya —xa1Yap + X5 Yap) + (YaYp — YY) (19D.3-5)

A similar expression may be obtained for xg,. Keyes and Pigford® give further results for spe-
cial cases.

Steady-state diffusion from a rotating disk.” A large disk is rotating with an angular veloc-
ity Q in an infinite expanse of liquid B. The surface is coated with a material A that is slightly
soluble in B. Find the rate at which A dissolves in B. (The solution to this problem can be ap-
plied to a disk of finite radius R with negligible error.)

The fluid dynamics of this problem was developed by von Karman® and later corrected by
Cochran.® It was found that the velocity components can be expressed, except near the edge, as

v, = (UrF(Q); vy = QrG(Q); v. = VOvH() (19D.4-1)
in which ¢ = zVQ/v. The functions F, G, and H have the following expansions,®
F=af = 3= 0 - 00— - 19042
G=1+bl+3+5ab -1 —--- (19D 4-3)
H=—al? +33++ - (19D.4-4)

in which a = 0.510 and b = —0.616. It is further known that, in the limit as { — o, H —
—0.886,and F, G, F’, and G’ all approach zero. Also it is known that the boundary layer thick-
ness is proportional to Vv/(}, except near the edge of the disk.

V. G. Levich, Physicochemical Hydrodynamics, Prentice-Hall, Englewood Cliffs, N.J. (1962), §11.
*T. von Karman, Zeits. f. angew. Math. u. Mech.,1, 244-247 (1921).
®W. G. Cochran, Proc. Camb. Phil. Soc., 30, 365-375 (1934).
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' Problems 611

The diffusion equation of Eq. 19.1-16 with the known velocity components is to be solved
under the boundary conditions that: py = pyatz = 0;p, = 0atz = ®;and dp,/dr = Oatr =
0, . Since there can be but one solution to this linear problem, it may be seen that a solution
of the form p,(z) can be found that satisfies the differential equation and all the boundary con-
ditions. Thus, the solution for p, does not depend on the radial coordinate in the region
considered. '

(a) Show that at steady-state Eq. 19.1-16 gives

dps _ 1 da
HO %A 1 19D.4-5
(4] a7 "5 ag ( ' )
(b) Solve Eg. 19D.4-5 to get, for large Schmidt number,
Pa (3aSc)'? f ¢ Py P
—— =1—-— ——— | exp(—3aSc{)d (19D .4-6)
Pao réy Jo pl—3a5¢6dL
(c) Show that the mass flux at the surface of the disk is” "~ *
i
%Z/llnl/l
jaels-0 = 0.620 ”""V—’l‘fb— (19D.4-7)

for large Schmidt number. Clearly, if desired, one could use higher terms in the series expan-
sion for H and extend the Schmidt-number range.'” This system has been used for studying
the removal of solid behenic acid from stainless-steel surfaces."'

e -

"D. Schuhmann, Physicochemical Hydrodynamics (V. G. Levich Fextschrift), Vol. 1 (D. B. Spalding ed.),

Advance ublications Ltd., London (1977), pp. 445-459; see also K.-T. Liu and W. E. Stewart, Iutl. [nl.
Heat and Mass Trf., 15, 187-189 (1972). ;
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Compcxv-'\son of Qorrespondina thlinq_’\‘esJ and use of Eq_
\6-4-\3) gives

—1 2
7212 Bag P %ae _ z.Aasxw?
N
‘Q'B,AB | 0.00185%3 MA+ g 1.0
Here =1 atm and -1 -\ = 1 1 — ;
e \[Mk + Mg \!4_4_-0\ ~Jgag — 0.2 39!

Tnm -_—_Kz_qs x m“')(o.oo11583)(0.236\1)(1)“1‘/?'

. =362 A

Othev sets of values will 3'\.\1»@_ V\ééu-\y as 360& o it
o few such  sets Ffallow:

€ap /I, K 160 170 | 180

P4

Tam, A 3.63 | 260 | 3.57

The dato at 1300°K awnd 1500°K were ormiTted i the
because they appear to be ocut of line 3 at any wvate,

2

they cawnnct e fitted.  very well oy the theory Lor

" Lennard - Jornes wolewtial.’

Fram Table E“\ ancl Eqs. 6.4-15,16 owe <3et$ the
£allo w'\v‘_c, Pre dicted values:

€pe /X =\ 970 x 190 = 136 °K
Tas = 3 (2.617+339¢) = 331 A

The behavior predicted with these constamls is shown

by the broken line 1w the attached figure. The predicte
values of BAB are sysTemdtically low but the devialions
ore Lless thos 6 percenl.

~




Z 7 |7 C_

(G) The definitions of g::
Eq. D te qet:
2 *
S AN A ) = ——IAC‘B‘ABVXA \
The c_crh«aspondwxg result  for

and X, are «Fw-s_:t insevted i}

species B s:
. * . . -
L MU ) —_— TB C’DABVXB

t

—_ A i
= Tg—tB CBABVXA

Subtrecticn of the second Qq\kgj\On '?m(m the Hivst

.c_),,\ve..S.: P . D’ e N Y -y
ey "X B) = “(c ABVXA)[—"T;\ v *p ]
’ =.—-C_ﬁ Ux )‘; XB+X_._A]
=—cd)
Hence “Ya) = _EEABR UXa,
XAXB

b)F irst “tmterchange t'ﬂt lakels A and B

W Equatien 16.2-1

F\-‘om Eq lé“*“\*) 3-8* _— - j

Since Xpa+%xp =\, Uxg= —~¥%p

oo hth these smbsT\\‘c«T\ons n the  f-st equu:hon we gqet:
- -’—"“'C.BBA("VXA)

. AN

.Cir‘}"::.msoh with Eq lG"L \ sho\us that ‘BAB "BBA

16.T DQTQY‘Y[\\V\QJT!OH of Co”xsmn qu-u,me‘te_v-s ‘g‘rom ‘Dﬁ.xs\vd: 'Dc’ :
(O The ‘tmns‘?ormad CQCL*‘& acre as Sellows:

T, °K. 2.‘\3 4—0(;3 600 | 00 | \00a | 13aa | 15Q0
(2 ! i a3, 265 | 24% | 240 | Bl
(3!~ ﬁm)xlo 3.32| 293 233 | 2.1

.
%
\Q«amf\'\‘\nvvuc_ Qroph ‘:o.‘:e.r'
ou ‘oaav-\'\'\-\mcc plot of the
fuwnelion S)".D AR Yersus KT/GP\B , abTatied f{rovm Table B-
The r'es.tkl't\u3 curve -t s shovwn n the adjoinitg araph)|

Compoarisarn ol corresponding abscissae owm  the
3!\185

These Jdato. wervre ploﬁtd on
and. then su.?s'v-lmpose& on

'[Uu.cr [7.'01'5
€an /3 = T/(xT/eAB) ='1¢5 /1.0 = 165°K
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