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COMMENTARY

Reinforcement in tension,
negative bending

—

/— Skin reinforcement —

i h

o o

' A
=
1

"Ts hi2

Reinforcement in tension,

positive bending
Fig. R10.6.7—Skin reinforcement for beums and joists with h > 36 in.

of the skin reinforcement or prestressing steel to the
side face. It shall be permitted to include such reinfarce-
ment in strength computations if a strain compatibility
analysis is made to determine stress in the individual
bars or wires.

10.7 — Deep beams

10.7.1 — Deep beams are members loaded on one
face and supported on the opposite face so that
compression struts can develop between the loads
and the supports, and have either;

(a) clear spans, £,, equal to or less than four times
the overall member depth; or

(b) regions with concentrated loads within twice the
member depth from the face of the support,

Desp beams shall be designed either taking into
account nonlinear distribution of strain, or by Appendix A.
(See also 11.7.1 and 12.10.6.) Lateral buckling shall
be considered.

10.7.2 — V, of deep beams shall be in accordance
with 11.7.

10.7.3 — Minimum area of flexural tension reinforce-
ment, A, min, Shall conform to 10.5.

T S i

1IJ.T.4I — Minimum horizontal and vertical reinforce-
ment in the side faces of deep beams shall satisty
either A3.30r11.7.4 and 11.7.5.

10.8 — Design dimensions for compression
members

10.8.1 — Isolated compression member with
multiple spirals

Outer limits of the effective cross section of a

P e e P L ™ TR = ™| Tl L S o oo, T

modified in the 2003 edition 10 make the skin reinforcement
spacing consistent with that of the flexural reinforcement.
The size of the skin reinforcement is not specified: research
has indicated that the spacing rather than bar size is of
primary importance.'%?! Bar sizes No. 3 10 No. 5 (or
welded wire reifforcement with a minimum area of 0.1 in.”
per foot of depth) are typically provided.

Where the provisions for deep beams; walls, or precast
panels require more reinforcement, those provisions (along
with their spacing requirements) will govern.

R10.7 — Deep beams

The span-to-depth ratios used 1o define deep beams in the
1999 and earlier Codes were based on papers published in
1946 and 1953. The definitions of deep beams given in
10.7.1 and 11.8.1 of these earlier Codes were different from
each other and different from the current Code definition
that is based on D-region behavior (see Appendix A). The
definitions of deep beams in Sections 10.7.1 and 11.5.1 are
consistent with each other and different from the definition
introduced in 2002. which is based on D-region behavior
{see Appendix A). Since 2002, the definitions of deep
beams in Sections 10.7.] and 11.8.1 are consistent with
each other.

This Code does not contain detailed requiremenis for
designing deep beams for flexure except that nonlinearity of
strain distribution and lateral buckling is to be considered.
Suggestions for the design of deep beams for flexure are
given in References 10.22, 10.23, and 10.24.

o e e e T

R10.8 — Design dimensions for compression
members

With the 1971 Code, minimum sizes for compression
members were eliminated 1o allow wider utilization of
reinforced concrete compression members in smaller size
and lightly loaded structures. such as Jow-rise residential

E3 & 31 E
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10.7 — Deep flexural members

10.7.1 — Flexural members with overall depth to clear
span ratios greater than ¥, for continuous spans, or ¥/,
for simple spans, shall be designed as deep flexural
members taking into account nonlinear distribution of
strain and lateral buckling. (See also 12.10.6.)

10.7.2 — Shear strength of deep flexural members
shall be in accordance with 11.8.

10.7.3 — Minimum flexural tension reinforcement shall
conform 1o 10.5.

10.7.4 — Minimum horizontal and vertical reinforce-
ment in the side faces of deep flexural members shall
be the greater of the requirements of 11.8.8, 11.8.9,
and 11.8.10 or 14.3.2 and 14.3.3.

10.8 — Design dimensions for compres-
sion members

10.8.1 — Isolated compression member with multi-
ple spirals

Quter limits of the effeclive cross section of a com-
pression member with two or more interlocking spirals
shall be taken at a distance cutside the extreme limits
of the spirals equal to the minimum concrele cover
required by 7.7,

10.8.2 — Compression member built monolithi-
cally with wall

QOuter limits of the effective cross section of a spirally
reinforced or tied reinforced compression member
built monolithically with a concrete wall or pier shall be
taken not greater than 1%/, in. outside the spiral or lie
reinforcement.

10.8.3 — Equivalent circular compression member

As an alternative to using the full gross area for design
of a compression member with a square, octagonal, or
other shaped cross section, it shall be permitted 1o use
a circular section with a diameter equal o the least lat-
eral dimension of the aclual shape. Gross area con-
sidered, required percentage of reinforcement, and
design strength shall be based on that circular saction.

10.8.4 — Limits of section
For a compression member with a cross section larger

than required by considerations of loading, it shall be
permitted to base the minimum reinforcement and

ACI STANODARD/COMMITTEE REPORT

bl

—

sl

COMMENTARY -

R10.7 — Deep flexural members R | i

The code does not contain detailed requirements for design. - =
ing deep beams for fexure except that nonlinearity of strajn

distribution and lateral buckling must be considered, [

Suggestions for the design of deep beams for flexure are . -

given in References 10.17, 10.18, and 10.19. u

e

R10.8 — Design dimensions for compression .
members ] 1

- - g rIIH i

bers in smaller size and lightly loaded structures, such as :
low rise residential and light office buildings. The engineer |
should recognize the need for careful workmanship, as well
as the increased significance of shrmknge SIresses 1N-"ill.'l.
small sections. N
R10.8.2, R10.8.3, R10.8.4 — For column design,!®?? the
code provisions for quantity of reinforcement, both vertical
and spiral, are based on the gross column area and core area, |
and the design strength of the column is based on :h:gmss i
area of the column section. In some cases, however, the
gross area is larger than necessary o carry the factored load. (35
The basis of 10.8.2, 10.8.3, and 10.8.4 is that it is satisfac- 8=
tory 1o design a column of sufficient size to camy the fac- +': -
tored load and then simply add concrete around the

designed section without increasing the reinforcement o m
mect the minimum percentages required by 10.9.1. The' ull
additional concrete must not be considered as carrying load;
however, the effects of the additional concrete on member =
stiffness must be included in the strucrural analysis. The
effects of the additional concrete also must be considered in il
design of the other parts of the structure that interact with
the oversize member. =
4 (=1
i wET
.
G -
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11.6.9 — For the purpose of 11.6, when concrete is
placed against previously hardened concrete, the
interface for shear transfer shall be clean and free of
laitance. If xis assumed equal to 1.04, interface shall
be roughened to a full amplitude of approximately 1/4 in.

11.6.10 — When shear is transierred between as-
rolled steel and concrete using headed studs or
welded reinforcing bars, steel shall be clean and free
of paint,

11.7 — Deep beams

11.7.1 — The provisions of 11.7 shall apply to
members with £, not exceeding four times the overall
member depth or regions of beams with concentraled
loads within twice the member depth from the support
that are loaded on one face and supported on the
opposite face so that compression struis can develop
between the loads and supports. See also 12.10.6.

11.7.2 — Deep beams shall be designed using either
nonlinear analysis as permitted in 10.7.1, or Appendix A.

11.73 — V, for deep beams shall not exceed

10,/f] b4,

11.7.4 — The area of shear reinforcement perpendicular
to the flexural tension reinforcement, Ay, shall not be
less than 0.0025b,s, and s shall not exceed the
smaller of d/5 and 12 in.

11.7.5 — The area of shear reinforcement parallel to
the flexural tension reinforcement, Ay, shall not be
less than 0.0015b,s,, and s; shall not exceed the
smaller of df5 and 12 in.

11.7.6 — It shall be permitted to provide reinforcement
satisfying A.3.3 instead of the minimum horizontal and
vertical reinforcement specified in 11.7.4 and 11.7.5.

11.8 — Provisions for brackets and corbels

Biad W TIAVE T cwudzhin aliCiaiage on Do) S1065 01 Ll sied

plane. Furiher, the shear-friction reinforcement anchorage
should engage the pnmary reinforcement. otherwise o
potential crack may pass between the shear-friction reinforce-
ment and the body of the conerete. This requirement applies
particularly 1o welded headed swids used with steel inserts
for connections in precast and cast-in-place concrete.
Anchorage may be developed by bond, by a welded mechan-
ical anchorage, or by threaded dowels and screw jnsens,
Space limitations often require & welded mechanical
anchorage. For anchorage of headed siwds in concrete, see
Reference 11,16,

R11.7 — Deep beams

R11.7.1 — The behavior of a deep beam is discussed in
Referenves 11.5 and 11.46. For a deep beam supporting
gravity loads. this section applies if the loads are applied on
the top of the beam and the beam is supported on its bottom
face. If the loads are applied through the sides or bottom of
such & member, the design for shear should be the same as
for ordinary beams,

embedment. hooks. or welding to special devices. Bent-up
bars are not recommended,

R11.7.2 — Deep beams can be designed using strut-and-tie
models. regardless of how they are loaded and supported.
Section 111.7.1 allows the use of nonlinear stress fields when
proportioning deep beams. Such analyses should consider
the effects of cracking on the stress distribution.

R11.7.3 — In the 1999 and earlier Codes. a sliding
maximum shear strength was specified. A re-examination of
the 1est data suggests that this strength limit was derived
from tests in which the beams failed due to crushing of
suppon regions, This possibility is specifically addressed in
the design process specified in this Code.

R11.7.4 and R11.7.5 — The relative amounis of horizonial
and vertical shear reinforcement have been interchanged
from those required in the 1999 and earlier Codes because
tests! 192113 bave shown that ventical shear reinforcement
is more effective than horizonial shear reinforcement. The
maximum spacing of bars has been reduced from 18 to 12
in. becavse this steel is provided to restrain the width of the
cracks.

R11.8 — Provisions for brackets and corbels

Brackets and corbels are cantilevers having shear span-to-
depth ratios not greater than unity, which tend 1o act as
simple trusses or deep beams, rather than flexural members
designed for shear according 1o 11.2,

The corbel shown in Fig. R11.8.] may fail by shearing
along the interface between the column and the corbel, by
yielding of the tension tie, by crushing or splitting of the
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Internal Forces in the Plastic-Truss Model
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Failing in Shear * 231

If we consider the free-body diagram cut by section
compression field region in Fig. 6-25a, the entire vert

resisted by tension forces in the stirrups crossing thi
section A-A is jd cot 8, and the number of stirrups
stirrup is A .f,, whichcan be calculated from

Vs

.ﬂ"ﬂ - jd cot @

A-A parallel to the diagonals in the
ical component of the shear farce i1

s section. The horizontal projection of
it cuts is jd cot @/s. The force n one

(6-10)

cection between G and Jin

The free body shown in Fig. 6-25b is cut by a vertical

Fig. 6-20b. Here. the vertical force.

V, acting on the section must be resisted by an inclined

he diagonals (Fig. 6-25¢). The width

of the diagonals is

compressive force D = V sinfint
jd cos 8. as shown in Fig. 6-25b. and the average ¢

v

F= 5 5dcos e

ompressive stress in the diagonals is

B-11a
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11.5 Interface shear transfer

11.5.1 General

A crack shall be assumed to occur along the shear plane and relative displacement shall be considered to
be resisted by cohesion and friction maintained by the shear friction reinforcement crossing the crack. The
factored shear stress resistance of the plane shall be computed from

- B =
O V= A4(c + Ho) + dp cosey { fe=o:6 (11-24)

@j-.'ﬂ-g'b_'

where the expression A¢ (c + uo) shall not exceed 0.254.f! and a, is the angle between the shear friction
reinforcement and the shear plane.

11.5.2 Values of c and u
The following values shall be taken for cand u:
(2) For concrete placed against hardened concrete with the surface clean but not intentionally
roughened:
c=0.25 MPa
p=0.60
(b) For concrete placed against hardened concrete with the surface clean and intentionally roughened to
a full amplitude of at least 5 mm:
c=0.50 MPa
a=1.00
{c) For concrete placed monolithically:
c=1.00 MPa
u=1.40
(d) For concrete anchored to as-rolled structural steel by headed studs or by reinforcing bars:
c=0.00 MPa
p=0.60

11.5.3 Alternative equation for shear stress resistance

For concrete placed monolithically or placed against hardened concrete with the surface clean and
intentionally roughened to a full amplitude of at least 5 mm, the factored shear stress resistance may be
computed using the following equation in lieu of Equation (11-24):

v, = Apkyfof +¢,p,f, cosay (11-25)
where
k = 0.5 for concrete placed against hardened concrete

= 0.6 for concrete placed monolithically

and the expression A¢.k./of; shall not exceed 0.25¢.f and a;is the angle between the shear friction
reinforcement and the shear plane.

11.5.4 Values of cand p,
The value of o shall be computed as

- N
o = p,f, sina; +T (11-26)
£
where
A
py= "f- (11-27)

(4

and N is the unfactored permanent load perpendicular to the shear plane, positive for compression and
negative for tension.

11.5.5 Inclined shear friction reinforcement
In determining the area of inclined shear friction reinforcement to be used in Equation (11-27), only that

reinforcement inclined to the shear plane at an angle, ay, such that the shear force produces tension in the
inclined reinforcement, shall be included.

11.5.6 Anchorage of shear friction reinforcement
The shear friction reinforcement shall be anchored on each side of the shear plane so that the specified
yield strength can be developed.
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11.6.4 — Shear-friction design method

11.6.4.1 — Where shear-friction reinforcement is
perpendicular to the shear plane, V, shall be
computed by

where g is coefficient of friction in accordance with
11.6.4.3.

11.6.4.2 — Where shear-friction reinforcement is
inclined to the shear plane, such that the shear force
produces tension in shear-friction reinforcement, V,
shall be computed by

V= Ay (4 sina + cos a) (11-26)

where a is angle between shear-friction reinforcement
and shear plane.

COMMENTARY

In this equation, the first term represents the contribution ol

friction 1o shear-iransfer resistance (0.8 representing the
coefficient of friction), The second erm represents the sum
of the resistance o shearing of protrusions on the crack
faces and the dowel action of the reinforcement.

When the shear-fnction reinforcement 18 inclined o the shear
plane. such that the shear force produces tension in that
reinforcement. the nominal shear strength V,, is given by

Vy=Ayef, (08 sina + cosa) + A K sin’a

where a is the angle between the shear-friction reinforce-
ment and the shear plane (that is. 0 < a < 90 degrees).

When using the modified shear-friction method. the 1erms
(A fy 1A ) or (A, f, sin a/A,) should not be less than
200 psi for the design equations 1o be valid.

R11.6.4 — Shear-friction design method

R11.64.1 — The required area of shear-friction reinforce-
ment A, is computed vsing

A p =
AT

The specified upper limit on shear strength should also be
observed.

R11.6.4.2 — When the shear-friction reinforcement is
inclined 1o the shear plane. such that the component of the
shear force parallel 1o the reinforcement tends to produce
tension in the reinforcement. as shown in Fig. R11.6.4. pant
of the shear is resisted by the component parallel 1o the
shear plane of the tension force in the reinforcement.'! 4

|, ——Assumed crack
and shear plane

km..ad Som
<] :

Shear friction
reinforcement, Ay

Fig. R1l.6.4—5Shear-friction reinforcement at an angle 1o
assumed crack,
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11.6.4.3 — The coefficient of friction g in Eq (11-25)
and Eq. (11-26) shall be taken as:

Concrete placed monolithically ........ccccinienns 1.44

Concrete placed against hardened
concrete with surface intentionally roughened
as specifiedin 11,69 . 1.04

Concrete placed against hardened
concrete not intentionally roughened ................ 064

Concrete anchored to as-rolled structural
steel by headed studs or by
reinforcing bars (see 11.6.10) ..o 074

where 4 = 1.0 for normalweight concrete and 0.75 for
all lightweight concrete. Otherwise, A shall be deter-
mined based on volumetric proportions of lightweight
and normalweight aggregates as specified in B.6.1,
but shall not exceed 0.85.

11.6.5 — For normalweight concrete either placed
monalithically or placed against hardened concrele
with surface intentionally roughened as specified in
11.6.9, V, shall not exceed the smallest of 0.21; A.
(480 + 0.08f;)A_ and 1600A., where A, is area of
concrete section resisting shear transfer. For all other
cases, V, shall not exceed the smaller of 0.2/ A; or
800A.. Where concretes of different strengths are
cas! against each other, the value of f¢ used to eval-
uate V, shall be that of the lower-strength concrete.

11.6.6 — The value of f, used for design of shear-
friction reinforcement shall not exceed 60,000 psi.

11.6.7 — Net tension across shear plane shall be
resisted by additional reinforcement. Permanent nel
compression across shear plane shall be permitted to
be taken as additive to A,,fy. the force in the shear-
friction reinforcement, when calculating required Ayy.

O ot Do

i ;Jia,x:.-e.:».ﬂ:ﬂ.}

ACT

MAMNUAL OF CONCRETE PRACTICE

COMMENTARY
Fguanion 11 1-26) should be used only when the shear force
component parallel to the reinforcement produces tension in
the reinforcement. as shown in Fig. R11.64, When a is
greater than 90 degrees. the relative movement of the surfaces
tends to compress the bar and Eq. 1 11-261 is not valid.

R11.6.43 — In the shear-friction method of calculation,
it 15 assumed that all the shear resistance is due 10 the frniction
between the crack faces. It is therefore necessary 1o use
artificially high values of the coefficient of friction in the
shear-friction equations so that the calculated shear strength
will be in reasonable agreement with test resulis. For concrete
cast against hardened concrete not roughened in accordance
with 11.6.9, shear resistance is primarily due 1o dowel
action of the reinforcement and testis'' 7 indicate that
reduced value of = 0,64 specified for this case is appropriate.

The value of g for concrete placed against as-rolled structural
steel relates to the design of connections beiween precas)
conecrete members. or between structural steel members and
structural concrete members. The shear-transfer reinforce-
ment may be either reinforcing bars or headed stud shear
connectors: also, field welding 1o steel plates after casting of
concrete is common. The design of shear connectors for
composite action of concrete slabs and steel beams is not
covered by these provisiens. but should be in accordance
with Reference 11,48,

R11.6.5 — These upper limits on shear friction strength are
necessary as Eq. (11-251 and (11-26) may become uncon-
servative for some cases. Test data'' %1150 op normal-
weight concrete either placed monolithically or placed
against hardened concrete with surface intentionally rough-
ened as specified in 11.6.4 show that a higher upper limit
can be used on shear friction strength for concrete with f¢
greater than 4000 psi than was allowed before the 2008 revi-
sions. In higher-strength concretes, additional effort may be
required to achieve the roughness specified in 11.6.1),

R11.6.7 — I o resuliant tensile force acts across a shear
plane. reinforcement to carry that tension should be
provided in addition to that provided for shear transfer.
Tension may be caused by restraint of deformations due 1o
temperature change, creep. and shrinkage. Such tensile
forces have caused failures. particularly in beam bearings.

When moment acts on a shear plane, the flexural tension
stresses and flexural compression stresses are in equilibrium.
There is no change in the resultant compression A, f, acting
across the shear plane and the shear-transfer strength is not
changed. It is therefore not necessary 1o provide additional
reinforcement 1o resist the Nexural tension stresses, unless the
required flexural tension reinforcement exceeds the amount
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ACI BUILDING CODE 665
(318-130)
A2002—Method 2
Notation
C = moment coefficient for two-way slabs as given in Table 1
m = ratio of short span to long span for two-way slabs

S = length of short span for two-way slabs. The span shall be
considered as the center-to-center distance between supports
or the clear span plus twice the thickness of slab, whichever
value is the smaller.

w = total uniform load per sq ft

(a) Limitations — These recommendations are intended to apply to
slabs (solid or ribbed), isolated or continuous, supported on all four
sides by walls or beams, in either case built monolithically with the
slabs.

A two-way slab shall be considered as consisting of strips in each
direction as follows:

METHOD 2—TABLE |—MOMENT COEFFICIENTS

Short span

Values of m Long
- span,
0.9 0.8 0.7 ] 0.6 0.5 all

and | values
less| ofm

Moments 1.0

|

Case 1—Interior panels I
Negative moment at—
Continuous edge 0-033 [ﬂ.ﬂ&ﬂ 0.048 | 0.055 | 0.063 | 0.083| 0.033
Discontinuous edge — | — - — — — —
Positive moment at midspan 0.025 | 0.030 | 0.036 | 0.041 | 0.047 | 0.062| 0.025

Case 2—One edge discontinuous
Negative moment at—

Continuous edge 0.041 | 0.048 | 0.055 | 0.062 | 0.068 | 0.085| 0.041
Discontinuous edge 0.021 | 0.024 | 0.027 | 0.031 | 0.035 | 0.042| 0.021
Positive moment at midspan 0-031 | 0.036 | 0.041 | 0.047 | 0.052 | 0.064| 0.031
Case 3—Two edges discontinuous |
Negative moment at— .
Continuous edge 0.049 | 0.057 | 0.064 | 0.071 | 0.078 | 0.090| 0.049
Discontinuous edge 0.025 | 0.028 | 0.032 | 0.036 | 0.039 | 0.045| 0.025

Positive moment at midspan 0.037 | 0.043 | 0.048 | 0.054 | 0.059 | 0.068| 0.037
Case 4—Three edges discontinu-

ous
Negative moment at—

ontinuous edge 0.058 |0.066 | 0.074 | 0.082 | 0.090 | 0.098| 0.058
Discontinuous edge 0.029 | 0.033 | 0.037 |[0.041 | 0.045 | 0.049| 0.029

Positive moment at midspan 0.044 |0.050 | 0.056 |0.062 | 0.068 | 0.074| 0.044

Case 5—Four edges discontinuous |
egative moment at— |
ontinuous edge — — — el o
Discontinuous edge 0.033 |0.038 | 0.043 |0.047 | 0.053 | 0.055| 0.033
Positive moment at midspan | 0050 |0.057 | 0.064 |0.072 | 0.080 | 0.083| 0.050

= |
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Table 8.4 Bending-moment coefficients for slabs spanning in two directions at right.

/ angles, simply supported on four sides
Q)L#ab,f: T R
Wh 10 13 12 13 14 15 175 20

Oix 0.062 0.074 0084 0093 0099 0104 0113 016

oy 0062 0061 005 0055 0051 0046 0.037 __tfl

2 8
I. 1
&l ) A = ‘ 1 B
£ ( Ewrocode sl e “""}"’U'-” Design of reinforced concrete slabs = 227
| L
i
| qable B.5 Bending moment coefficients for two-way spanning rectangular slabs supported by beams
Bl
Bl Short span coefficients for values of I /1, Long-span coeflicients
Type of panel and moments considered 1.0 1.25 1.5 1.75 2.0 for all values of & /i
——
interior panels
Negative moment at continuous edge 0.031 0044 0.053 0.055 0.063 0.032
* positive moment at midspan 0.024 0.034 0.040 0.044 0.048 0.024
T One short edge discontinuous
Negative moment at continuous edge 0.039 0.050 0.058 0083 0.067 0.037
Positive moment 2t midspan 0.029 0038 0.043 0047 0.050 0.028
i One long edge discontinuous
; Negative moment at continuous edge 0.039 0.05% 0.073 0,083 0.089 0.037
I'-. j Positive moment at midspan 0.030 0.045 0.055 0062 0.067 0.028
| ¥ Two adjocent edges discontinuous
E Negative moment at continuous edge 0.047 0056 0.078 0.087 0.093 0.045
1 Positive moment at midspan 0.036 0.049 0059 0065 0.070 0.034
| b | = 5 ol L Figure B.8
: 1 | ] | i3 Division of siab into middle
] | T e e and edge strips
"==i _g- el
oo | =, i ! - Middie strip 3,
: §| = |% ‘
1! ! P [ T e __1__
] Edge strip
L] 3 | |+ ta
8 4 ] ]
- (——
(a) For span i (k) For span |

In addition, torsion reinforcement is provided at discontinuous corners and it should:

1. consist of top and bottom mats, each having bars in both directions of span;
2. extend from the edges a minimum distance L./5;
3. ata comer where the slab is discontinuous in both directions have an area of steel in
~ each of the four layers equal to three-quarters of the area required for the maximum
& mid-span moment;
{4 ata comer where the slab is discontinuous in one direction only, have an area of
torsion reinforcement only half of that specified in rule 3.

Torsion reinforcement is not, however, necessary &t any corner where the slab is
Continuous in both directions.

Where 1, /I, > 2, the slabs should be designed as spanning in one direction only.

It should be noted that the coefficients for both shear and moments can only be used if
tlass B or C ductility reinforcement is specified and the ratio x/d is limited to 0.25.

3

B BN B

E
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18.9 Yield Line Analysis of Rectangular Two-Way Slabs / 725

Nodal Forces at Intersection of Th?ee Yieid Lines Having Identical M,,
and M,, Capacities. From Eqs. (18.8.5) to (18.8.7) it can be observed that
wherever the ultimate moment capacities under three intersecting yield lines
are identical=that is, M, = M2 = M2 = M and Mg =M,,, =
M,,; = M, —the nodal forces at the intersection are zero, This fact is of
great convenience when using the equilibrium method-for the yield line
analysis of two-way rectangular slabs. - ~

i R

_________ B B o e
{{j_/JL :.5%__]%.-) ngLJUﬂ.J )
18.9 Yield Line Analysis of Rectangular Two-Way Slabs

A typical rectangular two-way slab panel shown in Fig. 18.9.1 has two-way
reinforcement within the panel near the bottom face providing ultimate
positive moment gapachics M,,, and M, and it also has two-way rein-
forcement along the edges near the top face providing ultimate negative
moment capacities M, and M, ; these moment capacity values are absolute

quantities per unit width of slab. The ultimate uniform load based on the
yield line theory may be determined in terms of the sides a and b, and the

absolute values of M, . M, My, and M.
&Capaclw = My nx 7 Capacity =M,
Edges supported _Y \ = H
and restrained LS
% Y b |t )
3 = B
§ ; | ( ] T ]
| | Capacity =M, Capacity =M,
o a = J‘*ﬁ.ﬂ'i!}d_{fﬁ"—;‘ﬁ _'_f
{a) Dimensions (b} Top reinforcement {c) Bottom reinforcement
Fig. 18.9.1

A rectangular two-way slab panel.

Yield Line Pattern. Three possible yield line patterns are shown n
Fig. 18.9.2. There is no unknown position in yield line pattern No. 1 of
Fig. 18.9.2a; consequently the nodal forces V need not be predetermined

(1 Cot=) (Yo ) (Y—ul=)
v ]
+
VereV
+
g
{a) Yield pattern No. 1 (b) Yield pattern No. 2 {c) Yield pattern No. 3
Fig. 18.9.2

Yield-line patterns for a rectangular two-way slab panel.
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and their value is dictated by statics alone. The unknowns x and y in yield
line patterns Nos. 2 and 3 of Fig. 18.9.2bc must be determined by means of
differential calculus in the virtual-work method; but for the equilibrium
method, in this particular case the nodal forces to define the yield lines are
all zero because the moment capacities under a set of three intersecting
yield lines are identical.

I) _Analysis for Yield Pattern No. 1. Assuming a vertical deflection of A at
the intersection of the diagonal yield lines in Fig. 18.9.3, the deflection at
the centroids of the four triangles 4-B—C-D is A/3. The work done by the
ultimate uniform load is the product of the total load on the entire panel
and A/3; thus

st
St W= w,ab (%) (189.1)

The work done by the yield moments on the boundaries of all four slab
segments is, referring to Fig. 18.9.3,

: 2A 2A
d:fg,,bf H_‘;.:= 2(M,y + M, ) a) (_b_) + 2(M .. + M,F,]{b](-;) (18.9.2)
Equating Eq. (18.9.1) to Eq. (18.9.2) and solving for w,,
| :
! M M,.,+ M,
l Wity e w, = 12 (Munx:; upx | uny ;*1 pr) (18.9.3)

Taking moments about the lower edge of slab segment A in Fig. 18.9.3,

' 1 b\ (b b
7 W (E) (E) - V(E) = (M .y + M,;,)a) (18.9.4)
| Taking moments about the left edge of slab segment D in Fig. 18.9.3,
| 1 a\fay _ : a
; 5 w,b (5) (E) = (Mynx + M,p,)(0) + V(E) (18.9.5)
1 Eliminating V between Egs. (18.9.4) and (18.9.5) and solving for w,, the same
1 expression for w, as Eq. (18.9.3) is obtained.
" gl
e

g ——— - —— |
[w]
<\
-9
=
o
MH'_P.K
R
: |
.9 q+
|
|
Mup.r

Fig. 18.9.3
Analysis for yield pattern No. 1.

¥ fz!.a..: PL};;J.g_.yI_,.aLS;bf*
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2) Analysis for Yield Pattern No. 2. Assuming a vertical deflection of A at
the two points of intersection of the yield lines in Fig. 18.9.4, the work done
by the ultimate uniform load on the entire panel is

) 8) - (o)

=22 G3ab — 2bx) (18.9.6)

The work done by the yield moments on the boundaries of all four slab
segments is, referring to Fig. 18.9.4,

2A ‘A
W= 2(M,y + M,,;,)(a) (—b—) + 2(Mx + M, )(b) (;) (18.9.7)

Equating Eq. (18.9.6) to Eq. (18.9.7) and solving for w,,

| 12£bl(Munx + Mup.‘!.'} po o Eax{M"ﬂF + M“P.?}]
. . =”I —_— W, = b2{3ﬂ'x = 2?{1} {13'9'8)

Setting to zero the derivative of Eq. (18.9.8) with respect to x gives the

i quadratic equation in X,
duw _,__, “4a(Mypy + Mopy)x? + 403 (Mns + M )% — [3ab* (M + M,)] = 0

a - (18.9.9)
/ Taking moments about the lower edge of slab segment 4 in Fig. 18.9.4,

_-,H"J,: = uf‘{‘ !

D I —

= 24a(M ,, + M)
¥ 2b%x + 3b%(a — 2x)

Taking moments about the left edge of slab segment D in Fig. 18.9.4,

(18.9.10)

-l—w,bx (E) = (Mnx + M,,)(b)

2 3
6(M,..+ M
= """xz ups) (18.9.11)
A& L
5 = -
3
L & g= 2___-&_ Mﬂpf A
sk .{ 14 Fay b S ==
g reml=— - ———— . o i Ll
: : / M, Mupy M 5 =
= oy ————- upy :
' it !‘ﬂ { ? i/ N o
I I s | £l | &
: 3 | |22 Af A SPZVRY NS s
1 / | e M
X X Muny upy

380 s TS HIeN .

P g 1804 . : )

- PR g G o LI
-’JfU"u;J“L_ Analysis for yield pattern No. 2. r ;=

-

-__-1 » & / -
GabP g o2l fi2 b 52
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Equating Eq. (18.9.10) to Eq. (18.9.11) gives the same quadratic equation in
x as Eq. (18.9.9).
The condition for x = a/2 in Eq. (18.9.9) can be shown to be

X S [Pl M. +M 2
. r" A¥iynx S upx = E_ fﬂl’ X = g (13.9.12}

J ::"i"f‘l r-’[:‘ L}“ Mun}l + :'-"I“p}. bl

which means that if the sum of positive and negative horizontal reinforce-
ment, each per vertical unit width of slab, is equal to (a*/b*) times the sum
of positive and negative vertical reinforcement, each per horizontal unit

width of slab, yield pattern No. 1 prevails.
The condition for x < a/2 in Eq. (18.9.9) can be shown to be

Mu:+M,. @ a
Mue+ Pupx .2 forx<= 18.9.13
M, + M, B 2 (122.1)

which means that in order for yield pattern No. 2 to prevail, the horizontal
reinforcement is less than that for yield pattern No. 1 to control.

3 ) Analysis for Yield Pattern No. 3. By interchanging the subscripts x and
y as well as the quantities a and b in Egs. (18.9.8), (18.9.9), (18.9.10), and

(18.9.11), the following equations applicable to yield line pattern No. 3 are
obtained. The quadratic equation in y (Fig. 18.9.2) is

85(M ypx + My )y? + 467 (Mny + Mupy)y — [3ba*(Mymy + M,,)]1 =0
(18.9.14)

Three expressions for w, in terms of y are

_ 12[a*( My + Mupy) + 26y (Mune + M =l (18.9.15)

Pt a(3by — 2y°)
24b(M e + Moy
- un. - 18.9.16)
% 2::1:}' + 3a*(b — 2y) (
oo o Sy Mougy) (18.9.17)
},-

The condition for y < b/2 in Eq. (18.9.14) can be shown to be
F

Myst Mugs & gy 22 (18.9.18)
1"44““ + -'wup}r b -

t in order for yield pattern No. 3 to prevail, the horizontal

which means tha
yield pattern No. 1 to control.

reinforcement is more than that for

EXAMPLE 189.1 Determine the controlling yield line pattern and the
corresponding ultimate uniform load for a rectangular two-way slab panel
with dimensions as shown in Fig. 18.9.5a. The slab has reinforcement in the
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