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,~ ~~}A ~~ ~ i =H ; o~~ ~ ~'~1 x, y 01)~ tAS' ~~~ ~,.; z = x + iy ~J~ ~~ ~~ .;Jb

.~,~~~

i 2 =-1

z~~:Rez=x

z ~~~~ : 1m z = Y

z0 j!.ljl ~ J,..).o : Izl =~X 2 + y2

z ~,~j-o : Z = x - iy

)~ d)S~ ~)~ [x.y] ~~ 4~~ clf.r-o "-! 0'~ ~'; z=x+iy ~Lo~ ~~ yJb ,~~ p 4lbA.; j' :~

.~~p

.~4~ ~~¥' )~ .lsy )~ ,~)~ .UbX )~ ,u~ o~~ 0-!' )~ ~1~ tAS
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1 1 1 1 x - iy x - iy
-=--.-+-=--.--= =>
z x + iy z x + iy x - iy x 2+ y2

:/$ ~~~ clb>~ ~~~} z=a+ib ./11~j ~)1~~ l!r' ~b- '0' ~,~j-o)~~ ~~.fb y.rO~l::> :~

z . Z = (a + ib) (a - ib ) =a2
- (ib)2 = a2 + b2

y ~ ~~ ~,~yo )~ ,) rS ~~ , ~)~ ~, ~l)~ ~~ ,~~ ~l:> ~b.:.o Sl~ 'J,s~~~,; 4 ~,~~

(Z2 =e + id , ZI =a + i b) .~~ cl.o'~II) ili...-..o ,~

Zl a-r-ib a+ib c-id ac+bd . be-ad-=--=--x--= +1--
Z2 c+id c+id c-id c2 +d2 c2 +d2

:~)'~ ~~ ~1, Izl = 1 0.J!'~ ($'J ~4 z JoW rW 4S ~1 j' :J.>

Izl =1~ I(n + I)+inl =1=> ~(n +'1)2 + n2 =1=> n2 + 2n +1+ n2 =1=> 2n2 + 2n=o=> n = 0 , -I

)~ 4.$!~4 )~~ Lo''; ,),5'1.0 ~1,) 'Jj .~~ 0~ 1) y z O ~~ Imz z O , ~y)~ ~~ Rez=O ,4S~~1 j' :J.>

.~~ ~,; 'J Uby

Iz-II =Imz => Ix -1+iYI=Y=> ~(x _1)2 + y2 =Y=> (x _1)2 + y2 =y2 => x =+1

·~4~ ~~)~ x e l , y z O u)~ ~.b>~ ~ 1lJ ~~1 IZ-ll~O 0~ ~.rb j'

:~;1~ r,~~ LS'.)'?

Iz-II =Rez~ Ix-I +iyl=x => J(x_1)2 + y2 = x

x2 + 1- 2x + y2 = x2

R{;J= x2: y2

Im(;J= x2-:y2

Im(!J>I=> 2-
y

2 >1=>x2+y2+y<o=>x2+(Y+.!.J2 <!
z x +y 2 4



:R=i tt.....:. j (0,-i) jS.r" ~ ..:.......1 IS1o)'!b ~bl.S"'.o ),b0l.oA j ~4l.S'"x
2 + ( Y+ ~r=±)ii .))j-O cl::>l.; j.r"

'~;'~ ;';-9 0.H'~ ~L:;.. )~ (O, I) 6..bA; J~ 0'~ ~~~ '; 6..bA;~~, ~'~lS 'jyo 0~~ 4

..::.......I)ii ~)j-O ~li R =i tt......:. j (0, ~1) jS.r" ~ ISlo)'!b J>b ..blA; .0tI.r.~.~ ~ L;;I1) x27y2 > 1 ..br.

(
Z- i ).~~, Re - =1~' L~ .'~lA;~~ .ts:..o:J~.. ) z+i .J .) u

:J>

Re (Z-i) = Re[ x + i{y -1)) =Re[ x +i(y -1) . x -i (y+1)) = Re[ x
2

+( y2 -1)+ i (.... )J
z+i x+i{y+1) x+i{y+1) x-i{y+1) x2+{y+I)2

zz= x2 +y2

z2 =(x +i y)2 =x2 - y2 + 2ix Y~ Im(Z2) =2xy

=> X
2 + y2 = 2xy = X

2 - 2xy + y2 = 0 => {x - y)2 = 0 => X - Y= 0

J' ~l,Aj ~~ 0~ ~,~ 0~ 0',;l5'" ~~l.w ~ ,~4 ~~~~ ~ Zo =xo +iyo , ~~ d:'} z=x+iy .-p' :4.ASO

Zo pyo ~ lS' o.)!,~ ~ ,~4 ~ {x-xO)2 +(y_YO)2 =R 2 o)'!'~ ,~~ ~~ Iz-zol=R ~') 4dS~

Rt~,

~ R ~~ ~~ Zo ~ G0L:. ~l! ~ ,~,~~ J' ~lA.; ~~ 0~ dJ.? ~ 1) Iz - Zo1= R ~') ~)y <.SO ~1~~

:o~l ~4~~~~,~ zl'zO .11d$~.1~ 0''; ~ ~~l.w ~ ~'.J"!~' ·~4

:.b~ 4,~, ZO'ZI lS~,..lS" ~~~ ,~~ ~~,; Iz-zol+lz-Zll=R ~') 4 to ~li; ~~ 0lS:.o (WJ'

IZQ-zll<R

:,1,~ 4,~, zo, ZI lS~,..lS" ~ ~,J~ ~ ~~ ~ ~,; Iz- zol-Iz - zil = R ~') 4 to ~lA; ~~ 0ts:..o (~

IZQ -zll>R

~~~ ,) Zo 'ZI ~~,~ 0)4~~~ ,~~ ~~,; Iz-zol=lz-ztl ~') 4 to ~lA; ~~ L.>~ (~
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(Z\ ±Zz ) =ZI ±Zz

(Z\ ZZ) =ZI ZZ

(:~)= ;~

Izl=lzl
IZ] Z21=Izd IZ21

1
3..I=M
Z2 IZ21

w1~~.rS~ \S'Y'!'~"-:' ~~ z(t)=x(t)+iy(t) ~ lS~')~. ,~,) ~ b-J,:; ~1";'-S'" ~~)~~~

.~~ J~y ,x ~l)t ~')4. ~4

.~, 1t~ 4~1ox.1~ (y

.~, 1 J,b ~ ~o)4 (~

:z(t) =sin 2 t+icos2
t ~') 4o~ ~.~~ :Jl1.

.~1 21t~ 4slo)'!.'~ ( uiJ'

.~, J2 J,b ~ ~oJ4 (~

2 {X =sin
2

tz(t ) = sin t + icos2 t :::>
y =cos2

t

(.b...>-o)4>.b>~' j'~ c...r-; y=cos2t~O , x=sin2t~O 0~'~' ~l)..b.:>~. ~~ ~ x+y=l :~)'~,~

.~, J2 ..b>o)4 ~1 J,b ~ ~~~)lo0'';~ ~~l-J ~,~,~~ ci./ )} J,' ~))~ dS

~~4~ '-.5'~ ~ ~~ z(t)=cosht+isinht~~Jl1.

{

X = cosh t
z (t ) =cosh t + i sinh t => .

y =sinh t



j'~ ,~ x =cosht ~ 1 ~ ~l.;',~, ~,J~ ~ ~~ ~ x2 _y2 =1 :~;t~ cosh2 t-sinh2 t=l ~'.J ~ ,~

.~,p~ ~,J~ ~1 '-.SUbcG-L:.

~,~ ~, ~)LS~ ~~ J~ 4..S ~)~~ ,~ ~ j~~ J~ 4bi;~ 0~yS~S'~ ,~,~ ~ 6S <.$),h;loJb

:~~ is" ()~I.A:-..' ftj~ ~lb.o r, 9 ~,~ j'~~~o~~ J~ 4~4 .r [x, y) d.bi;~f , J,b

{

X = r cos 9

y =r sin 9

{
r = ~X2 + y2

(I)
9 = tan-Il.

x

A

--...........----... x

A ~ jAb t~ J,.b :OA=r

~ x J~~~ 4A 4bi; jAb- eta-::, ~,'j :9

.~,.:,.r ()~,~ 0~ A(r,9) ~)~ ~~u~)~A elbA; ,~,~~

hl...i)~~~ ~'';;l; ~J'~ J)l:.>' pJb 4 1t )~ t6 ~~',j ~w 4S' ~4 ~,~~,; ~~, ~ ~.4 (I) ~') jI 9 ~b.A)~

·~4 ~,~ ~,:; ~~ ~ J'}~~o~~ ~) ~,~ J';) d$ ~, , 4bi;~~ ~ ~4 ,~

:~,; 0'';~~ ~~()~~ j' o~~, 4Jb

Z = x +iy = r (cos9+i sin 9) cos9+i sin9=e
i9

) Z = r . e i 9

~~ L ~)'~~)"?)~ ,~, ~~~ u)~ ~ ,) ~1~.9~ ~,~, 40~;S .;lS ~4 ~b;bl> ~ :4:1:';

:~.)'~ ~4 ~~~~ ,~ ox..:S ~,:; z. =pe
icp

, Zo =rei9
;, Jl;..o 0',.:..c ~ ,~~«s" r~'~~

Zo.ZJ = (re i 6)(pei '9) = rpe i (6+'9)= rp] cos(0+ <p)+isin(0+ cp))

z rei9 r· r--!L=_. =_e1(9- cp) =-(cos(9-cp)+isin(9-cp))
Zl pe" p p

(vn E N) zg = (rei6)" c r" eio6 = r" (cosn 0 + isin nO)

A=(I-/ii)12
1+/ii

:~,;~~~})~')[~~U)~~~'~'~:J>

.~1 ~" ~)~ (:!) )~~ ~,~~



1t

I-Iii = {;;3
8 -1-V~ -1 ~3=tan -- = -tan "., =

1

{

r ="1+3 =2
l+lii= _I Ii 3

8=tan -= 1t+ 1t r,....,~)
1 3

1t

3
-i 1t

~ I-Iii =2 e 3

j 1t

~1+lii=2 e 3

[

. )12-~ 2. 12
A = ::~ = (e-3

m

) = e-8ilt
= cos(- 81t)+i sin (- 81t)=1

1t.
-I

ze 3 -z ~)~~~~1 y,J.bo Izl=5 ,~~ ~..)~~ z ..,f' :JUoo

L 1 ~ 11_ ~ 1t •• 1t L I..t('" • J".
:~\;:l'CA~ '-'~ zn = COS-+ISln- ~. ~!I.~~ d:'~: ~

. . 2" 2°

00

-u-- m
m=1

.x
1t .. 1t In

zn = cos- +IsIn- =e 2
2° 2°

.x .it .X
1- 1- 1-

A - - i 22 23
- zl 'Z2 .z3 .zn .... - e .e .e ....

. (1 1 1 )
11t 2+2+3 +'"

=e 2 2

s., =_t_l ~1))1 o~~, 4.~1 ~XJb ~La; .s, (!+--.!.-2+~3 + ...) ~~~ c:lb.>)lo
l-q 2 2 2

:~)'~ hl~':,4~ ~ ~4c-i<s~ :soo ,<Iql < 1 d:') 4> ~~ ~)~ q,J,1~ :t1 0')~ 4S

1

.!.+_1+_1+..._ -2 =1
2 22 23 J1--

2

A=ei1t =cos1t+isio1t=-1



e
i
.e = cos9+ isin 9} =>

e1 9 = cos 9 - isin 9

cosh x = cos i x

isinh x = sini x

. ei 9 _e-i 9
sln9=---­

2 i

ei 9 +e-i 9
cos 9 =----I-

2

sin (2 + 3i) = sin 2 . cos 3i + cos 2 . sin3i = sin 2. cos h 3 + i cos 2. sinh 3 :J>
Im(A) = (cos 2).(sinh 3)

A=(cos30+isin30)8 .,)~~ ~~I~,.Lb-o:Jl1.o

A = (cos30+isin30)8 =cos(8x30)+isin(8x30)

= cos (240) +isin 240 = -l_i Jj
2 2

-r: nr ( 9+2k1t .. 6+2k1t) k 012 1vz = " r cos n + IsIn n ' =",... , n -

.~)'~ (~ ,~jA~ j' ~') ~)~,~~~~ ~~)

: (In z) ..b.lA:iw .)~ ~ V!Ji' ~JttJ ~bw (y

ILnz=Lnr+i(9+2k1t) II



-1t +2k1t -1t +2k1t
cos 2 + i sin--.;;;2~_

{

r = 1
(-i) = -1t

9=­
2

2 2
, k=O,1

k=O

k=1

J2oJ2
=:> wI =--1-

2 2

-J2 0 J2
=:> W2 =-+1-

2 2

l+i
z=----

1+ i + (1- i)2

1+ i 1+ i 1+ i 1+ i 1+ 2i - 1 0

Z= =-=-x-= =1
1+ i + 1- 1- 2i 1- i 1- i 1+ i 1+ 1

{

r = 1

(i)= e=~

[

~+ 2k1t !E +2k1tJ
?:h. = ?:Ii = ¥i cos 2 +i sin 2 k =0,1

22'

k 0 J'
, 1t 00 1t J2 oJ2

= ~ ,~4..> :COS-+1Sln-=-+I-
o .r- 4 4 2 2

k , 51t 0 0 51t J2 0 J2
=I~ A,~ ~ 4..> :COS-+1Sln-=---1-

, 0 To 4 4 2 2

(-1)= {r = 1
9=1t

In(-I) =In(1) + i (1t + 2kx)= i (1t + 2k1t)



(i)={::~
In Z=ilni=i{In (l)+i (~+2k1t)}=-(~+2k1t J

-(~+2k1t)
z=e 2

(expz)-l (~

~~1 f'1~ (e
z

~,~j-o) expz )'~ :Jl1.

exp z (~ expz (~,

:~

( l + ~ tan n a ) (~
l-Itanna (

i + i tan n a )
l+icotna (~

~~1 1~ (~-tana)n u ~o '-b- :J~
f' I+tana ) V-

( ~ - ~ tan n a ) (~ (~+tanna) (~,
r-i-rtan n n I-tanna

:~

c::::r =

o sin u n
1------

COSo.

o sine
1+--

cos c

(
~cos a - s~na)" =(~ (cosa + ~ s~na))"
lcosa+ sin a 1(cos c e-rsm a)

COS n a+isin nn 1+i tan no
= =----

cosna-isin no l-i tan no

~~4~ z5 + z4 + z3 + z2 + z + 1= 0 4J~l.a..o <.SlA~) j1~ ~j ~lA~.1 j1 ~f'1~ :Jlte

~(l+i v'3) (~ -i (y i(..All

:~l~~~~ z-l )~4J~l.a..o~;by~4:~

6[; { O+2k1t 0 0 O+2k1t}z =v1 cos 6 +1sm 6 ' k =0, 1,2, 3 , 000' 5

1t 00 1t 1.v'3
z =cos - + IsIn - =- +1 -

3 3 2 2



,Amxn ~.~Lo ~,f~~" ~1ci./ )}~0~';-b.w ~)~ d5~ ~1~1 jl S~1~ ,~.;Lo ~ j1 .J~

d5~1 ~;Lo ~1 ;1 (LS1~')~) LS~ aij~ ~ ~')~ j')~ , ~~~ 0~ n , ;-b.w m <5')'~ d5~1 ~;Lo .J~

.~I o~ ~" r1j 0~' r1i ~)~

LS~ ~'~l) 0' 0~;S~ LS1~ ss ~I ~;Lo ,~~~ 0~ AT 4. A' ~ I) 0' ~ A ~;Lo o~~I; j1 .J~

.~ J:'~ ~ L I) A ~.;Lo LSllb0~ , ~;-b.w

:~)~ 4' , ~4~ n x m ~;Lo ~ (A ~;Lo o~~1;) A' h'>'.~~ mxn ~.;Lo ~ A ./1 d5~I~ I~

~;Lo ,~ LSllb0~ , lA>~ ~I~) ~4 ~r'~ ~;Lo ,~ d5 ~1 ~lt.0~' ~Loj ~;Lo ,~ <5,) ~yAi ,~ J~I

.~cs"~ ~ ;1 4. ,~~ ~ 1) ~;Lo ,~ ~ LSlA>~1)~ .ss.ss~l> 0-!.l )~ .(~~ ~,~



m

Cij = L A ip · Bpj
p=l

(k.A)' =k.A'

(A.B)' =B'.A'

A.B*B.A

(A±B)' =A'±B'

(A')' =A
A.(B.C) =(A.B).C

, =[2 -1] [2 1]=[(2)(2) +(-1)(-1) (2)(1) +(-1)(3)] =[ 5 -1]
A.A 1 3 · -1 3 (1)(2}+(3)(-1) (1)(1}+(3)(3) -1 10

~~ 0'';~ ~ A+B ~;l.o ~)jA)~ ,~~ 0)~ nx n ($lJb~;lAA, B .I' :J~
:~)~ ,,:.ulA:..o ~.';l.o ~)}A ).) ~1 ~~ :J.>

(A' =A) , (B'=B)

(A+B)'= A'+B'= A+B

~"~~'y,.lho,C=AxB ~~~~4-, B=[~ : ~1], A=[~ ~1 ~] ~~~b~ uO} :J~
o 3 2 2 3 -1

.c ~.';Lo j' r~ 0~ , ~,~ ~ ~

,~.W y~ B ~.;l.o ;' r~ 0~ )~ ,) A ~;l.o j' r,~~ ~, ~l) '~~~~C23 J4J~ ~ l.o ~ ~1~ :J.>
:~1~ ~~4..? ~~ ~~



.A50 4..wNb..o ~1 '-J_ 11_ - A=[2 -IJ ."L, ~,~ ~ • ~Q :Jl:,.. .,--- 1 O~· .. ~..r-

:~~~~~b~ ~, ~~~ J',;~ '~',:;-.o y~~ ~ 1~1~' ~j'J ~;,1 ~.;)~ 1.) A50 ~''';'~ <?, :J>

A2 =A.A=[2 -1].[2 -IJ=[3 -2J
1 0 1 0 2-1

A3=AZ.A=[3 -2J.[2 -1]=[4 -3]
2 -1 1 0 3-2

r,~~~~,I)~,~1~~}J,I"b~~,~ ,~I wl~ jl~~ J,1"b~ uJ,1 tA5 ,:}~u-o ~~~ ~~ 'pI

:d5~wl~u-o tiJ~ ~4u-o ~ ~~ 4wl~ jl ;;..oS .1>1,~ ,p,::J ;b~ ~,;) , wI,; .wlo

A50 =[51 -50]50 -49

:A1OO ~bt..o ~1 ,-,_11_- 6~L A =[ 2 1] -~1 :J~. .~. -1 0 .r:

:~)1~~ Jl::.A J.:.jloJb :J>

A1OO=[ 101 100]
-100 -99

:~Lo.A ~~Lo J ~~ ~;aLo

.~4 ~1~ p-A 4~;lo <s~~ , lA>~ ~1~ olfyJb h~..!.1 ~jA 1.) ~';lo ~ :~J'O ~,J31o

~ t~1 .)!L~~ ~1~ ~ ~;Lo ~I ;bi <s,)t~1 ~ d$ ~1 ~jA ~}lo ,~ ~;lo 4 :uiloA ~,J31o

.~~~ ~W I 4, ~4~

12x2 =[~ ~]

A.I=I.A=A

<s';! .~~~ ~W (A~;Lo ...rt';> TeA ~~ 4, ~I ~.';lo~.; 1) ~jA ~;lo ~ ~, ;bi <s,; ~l.:& ~

:p"!}~ ~4 o~ ~.~ A = [ : :] ~}l.o yS"1 Jl:...

IITrA =a+d~



~detA = IAI = ad-bel

o,~~ 0~ 4~ ~ ~~ 0~;~ ~ ~;b j' '; 0~;~ ~l> 0'';~ ,;'}/~ '-.5lJb~.ro ~r \S~~;lA 15'),!

.~~~~

:~)~ ~li.o 3x3 ~.ro ~;Lo <s'~ Jl;.o 15'),!

[

a b C]
A= d e ~

g h 1 3><3

I I I I 1+1 Ie f I 1+2 Id f I I+~ IdeIJ,I~ ~~ A ~ =detA= A =(-1) .a. h i +(-1) .b. g i +(-1) - .c. g h

I I I I 1+2 Id f I 2+2' Ia CI 3+2 Ia C Ir," 0~ ~~ A ~ =detA= A =(-1) .b, g i +(-1) .e. g i +(-1) .h . d f

[
2 3X].detA =TrA :~4 ~,~ d5~~ 15;,.b 'J x ,A = -1 4

detA = 8+3X} -2
~8+3x=6~x=-

TrA=6 3

2 -1 3 1

3 0 2 4
·A 0~.J''' ~b.o ..::.......1 ~,..Lbo A = 0 3 0 0 ~~ ~b~ uD} :Jli.

1 2 1 3

~~~~~ 'J 0~;~ ~ 'JJ ~,..:.~ o~~ ~;lA ~~ ~;~ (0) ~~~~ d5~~~ clb.:>')lo :J>
.~~<.sO ~~,

2 3 1

det(A)=-33 2 4 =-3[2(6-4)-3(9-4)+1(3-2)J=30

113



2x -1 3

x 2 1 =11

3 1

2xl2 11+IX 11+ 31
X

21 =11
3 1 1 1 1 3

-2x + x -1+9x -6 = 11

18
8x=18=>x=-

8

2cosS

~~4~)I~~ 1 2cos9
o

o
1 0~;~)~ :Jlto

2cosS

( 2) ) (2) 4cos esinScos 292cos9 4cos 9-1 -1(2cos9-0 =4cos9 2cos 9-1 =4cos9cos29=---.---
sinB

2sin29 cos 29 sin49
= =--

sin9 sin9

~lAj I)~~ ~';lA ~ :~,;) .~'.,hi ~~ y~~b 4~I~'~,~ ~4 ~~ ~4 ~';Lo ~ 0~;;~ :~j;

.(~4~ ~, .,hi~4 lSUb~')') ,oW ~ , ~I .,hi lS~4 l5Ub~I)~ ,oW tU ~,f~~ cy jI

1 230

025 3
A=

001 0

000 3

detj A] = IAI = lx2xlx3 = 6

:~~~

·~4~~ ~;Lo 0~;.) ,~4 0~ pJb 4~';Lo 0~ ,~ ~ , 0~ rttA> 4 ~yJLo ~~ ,~ ~~ - ,

.~I ~ ~I~ ~';l.o 0~;~ ,~4 ~~ 0~ ~I~ k ~;Lo 0~ ~. ~,~~~ ~,~ k ~;Lo~ ~ ~~_r

~,.; ~;Lo jllS~~ ~ )~ ~b , ~4 o~ ~ ~;Lo ~, ~~~ ~,~ L 4~"";Lo ~ ~ ~,~ k ~~ _f

.(~~ j~~ Ub0~ lSI~ ~!JA ~') ~,~ ~,~ ~;Lo 0~}.) ,~4 o~

.~~ ..\AI,> 4,1 ~;Lo 0~';~ ~,~ k ~b 0~;~ ,~ y ~ k ~~ )~ ,) ~';Lo 0,:-w~ ~ ,~~. .I' -f



IA'I=IAI
IA.BI=IAI·IBI

IAPI=IAIP

Ik.AI = kO IA I

3 -1 2 4

1 2 3 1
I) A = 4 1 5 5

3 1 0 2

.~, IAI =0 ~,~~~,o~~,;wi ")-J ~)~ ~;Lo ,.,~, J,'~~~":'c..r 4.b:>~ ~~ urS 4 :~

2 -1 3 4

1 3 1 1
II) B=

2 0 1 2

-4 2 -6 -8

.~, IBI = 0 c.J-!'~~ ~,.:.~ ~l> ,.)~~ ~~ -2 ~~ )~ ~;l.o J,' .,b.w y ~ j'~~c~,4.? :~

.C/.,l:...o~~~~~'~_IL_,C=At3.4B.B5~~ B=[3 5], A=[2 4] J.J.:S ~~ :J~
'-" ..F..~ ".". 2 3 3 5 .. ~.r

:~

IAI = 2x5-3x4 = -2 =IA'I
IBI = 3x3-2x5 = -1 =IB'j

lei =IAd .4B.B51=IA'Jj.14BI.IB51=IA13 .42 IBI.IBI5=-23 x42 x(-1)(_1)5 =_2
3
x42 =-128

Oj~ ~,~4Sw~;~~ 0'';~ ~;l.o 0-!'~~ j' ,.1..u ~ ~,~ u)~~')~ ,~4 ~~ ~;l.o ~ A~ dt'}

.~.;S ~~

4 ,0 ~,! aij ~ ~4! 0~;~ 'J A ~;l.o j' ,.' j w~ , ,.6.~ J~ j' ~b cJ~';~ :aij ~ ~4CS w~;~

·~~~~~ij~~



~~ ~;Lo 0';'-' ~; ~ IJ ~oj~ 0!.I~4 ,~4 ci~ I; w' s~oj~ l"w La ~ ~4 ~.ro ~;lA ~ A 'pI

A ~.;Lo ~l.?JI ~;Lo N' ~ 0' o~~'; ~, ~~~~W N 4 I; 01, ~Y A slAOjl.-..o.A ~;lA ,clL:,1.> ~';lo

.~~~ ~W ~ A* ~, adj(A) ~~ 4~~, ~y~

_( )1+lle flNIl - -1 h i

_ ( )3+2Ia ClN32 - -1
d f

.~;,' ~~~ I; ~;Lo 0!.I ~l.?JI ~;Lo jI ~~ w,:-w ~,~ ~ ~ ~I, ~I;,-, A = [~ ~ ;] ¥ ~~ :Jl1.o

1 1 -1

~4~Oj~ ~.;Lo ~,:J 0~ , ~~~ ~IJ~ 0l.oJb ~6JI ~';Lo jl ~~ 0~ 'l"'~~ ~ ~" c:\.tlJ~ ~I ~.~ :~

:~)I~~

N23 =N32

3+2 1
2 41N32 = (-1) · ~32 = (-1). 1 3 = (-1)(6 - 4) = -2

~.?' I~ A-I ~Lo ~.}lA 01~~ ~ .~I .#~U'"'~ o~l ,<IAI *0 ~) ~~ '-';A.;-o ~ ~.ro ~}lA ~ A 'pI

:~,.; 01~~ 0'0'-'.?' 1~ Sl~, ~,f A ~;Lo ~~ IJ A-I ~'J 0!.I;,-, t6 A.A-1 =A-I.A =I dS<.S;,.b~



(A-I)' =(ATI

(A-It =(AP(

IA-II=I~I

(kA)-1 =k-I A-I

(A.B)-l =B-1.A-1

[
21 0]

.A ..,.,,s:- V"""!;Lo ;l r~~ w~ J~l~ Yo ~I~ ~l)~ ..:.....1 y,.Lh.o A = 3 2 1. ~4 ~b~ J:'} :Jlt.
5 1 -1

:~bl.S'"~ lSl.bJ~~1~ ~,. 4.A -I = I~; ~b~ .J>

IAI =2(-2-1)-1(-3-5) =2

[
23 1]

.u--!.;Lo 0-!.'~~ ~, )a.9 1S,-) ~l.:..c~ ~, ~,.Lh.o A = 0 4 2 ~~ ~b~ ~} :Jl1.
o 0 -1

:~)~ ~';lA 0~~~ ~1,~ :J>

IAI = 2x4x(-I) =-8

A-I -I A-I Nil N22 N33 Nil +N22+N33 (-1)1+1~1l+(-1)2+2~22+(-1)3+3~33 -1
II +A22+ 33 =lAI+lAr+N= IAI = IAI =4



:~

IA31 =IAI3=27 => IAI = 3

lA-II = I~I = ~

~6J' ~;~ 0~;~ ~~ ~, y,J.b ,~4~ 6 ~,~ 0' 0~;~ ~,~ , ~4 5x5 ~r ~;~ ~ A ..,!, :Ju..

:0'

:~,~~:~

4, ~~~ ~, ~;~ 0~;~ ~I~ k ~l> 0~;~ ,~ '-:J~ k ~~ )~ ,) ~;lo ~ ~ olf~ ~b~ t4S ~, j'

:~,; 0'~~ ~, o~ y ~ IAI )~ 0' <slA ~')~ ,oW 6S ~, A-I ~;~ 0l.oA 'IAI A-I ~;~~1 ~ ~~

adjA) :~I ~.j <slA~.1 jl ~,o'~ ~I~ .adj(kA) o~' ,~4~ ~~ ~ k , n x n~~;~ ~ A ..,!, :Ju..

.{~4~ A ~bJl ~;lo

adjA (~ k adjA (~ k'' adjA (y ko- I adjA (UJI

:~,; 0'~~ A 0~~ x~ 0,;1, d:'.;9 ~ :J>

:~I~ ~I,> I~ ~'nxn ~;lo ~ A ~~lo 0~

:~;I~ ~)~ (kA)-1 =k-I A-I 6S ~,~~ ~;~ uD1,.> ~ ~'yo 4~' ke R 0~ c..J;k j'

A-I =i~1 =>adjA=IAIA-I

adj(kA) =IkAl(kA)-l
IkAl =k

D IAI



IAI=±1

·IA+BI :~~~ly,J.bo IAI+IBI=O :~4~1~,~4~Lt.::wo n x n ~;Lo,~B,A../' :J~

A-I =A' , B-1 =B' :~;I~~ ~~A, B ~~;Lo ~l~ ~~ 4 :J>

A+B =A(I+A-IB)= A(I+A'B)= A(B-1+A')B=A(B'+A')B = A(A+B)'B

IA+BI =IA(A+B)'BI = IAII(A+B)'IIB!

IA+BI =-(IA1)2 IA+BI

IA+BI=o

~jI) ~.iLo ~ ~~, ~~tio

~ X 01 )~ 4SIAX=AXI :~4 ~I~ 4S~""';~ ..s1.u,.f "'! I) 7\. .r-~I.i.o 01~../t Anxn ~Y' ~;Lo J~ :Ut~
:~,.f~ o~, J"!~lA.o ~, 4;-b~ o~, )~~ ,) X , A ~;Lo o~, ~~lAA ,) o~l ~~~ ~~ A o~l ,~, n x 1 ~;Lo

:~W j.> 1) ~~~ ~~ fij f'} ~ 4S ,) A ~;Lo~eU~~ 4S ~, ~l) o~, ~~lio ~~ <.S'~

A-AI=[: : ~]_[~ ~ ~]=[a~7\. .. .; ]
g h 1 0 0 A g h I-A

a-A
det{A-AI) = d

g

b c

e-A f =0
h r-x

4;-b~ 0.#, ;I~~) X ;1~~ (A- AI) X = 0 4J~la.-o j.> 4 , ~,..:,'-S'"" ~l> A ~;Lo s'.)'! o~, )'~ ~ J,s eU~l.a.A j.> jI

.~l~ ~~~ (A o~, fi~li.o



1

3 -4 A 4 I 2 1±~1+4(22) 1+-/89
-2-1.. =0 ~ (3-1..)(-2-1..)-16=0 ~ A. -A.-22=0~A.= 2 = - 2

B=[I~ ~ ~]
-15 9 -7

13-A -3

o 4-A
-15 9

5

o =0
-7-A

{

4 - A= 0 => A= 4

~ A.2-6A.-16=0~A.=8,-2

~ I) o~, ;I..l.i.o 0-!.1 .r.-I=U o~, }~J'! ·~4 A. =3 J'!IJ'! A =[~ r ~] ~;L, o~, .r-~l.i.o jl~ l; ~4 )~ a)~ 'Jl1.o

.~

(~4~ A=3 ~J )~) :~)'~ det(A -AI) = 0 ~') "-!~.,:; 4 :J.>

a-3 0
2 1-3

2

1

o =O=>(a-3){(2-0)}-(O)+(I){(4+2)}=O=>a=O
2-3

(A-3I).X=O

[7~2 ~J[~]=[~]



{

- 3X+ Z= 0 ~ Z= 3x

2x - 2y = 0 ~ y = x

x+2y-z = 0 ~ x+ 2x -3x = 0

Al + A2 + A3 = Tr (A )

AIXA2XA3 =det(A)

11.)11.2+11.)11.3 +11.211.3 =~{(TrA)2 -(TrA2)}

4,8 , -2 (~

Tr(A) = Al +A2 + A3

Tr(A) = 13+4+(-7) = 10

y~, ,.'~ u-!";Lo ~.' o~., .r..~1AA A= [1: ~ ~] ~ ~) :J~
-15 9 -7

-4,8., -2 (~ -4,8, 2 (~ 4,-8,2 (c.AJ1

2 , 15 (~ 2, -14 (~

Y~lfl.1S A =[-~4 ~ ~] ~';I..o 0)t.Lr-,:)lA.o .J~

-2 , 1 (~ 2, 14 (c.AJ1

:~,~ clfL-o o~L., j>o1; Lo' ~;S ~~ '; o~, .r..~lAA~ eU~L...o~ 401i~ ~ ~1 :J>
~~.~ AW ~ ~.(" o~ ~~~~ 4\.J --.:j ~L ~,~ o·~ '~3 ~L . , L:.., ~L 3x3 . "1..0 S'..J A ··Lo<r: I ; ~~ ...r. c..s-'. »s : ...~~..~ ~,ro o-e.r .. ~.r

:~)~ tAS~~1 ~ ~}i 4, ~4~ t..S)~ ~,~, j1~ ~j! Yb;~ to ~1 ~~ ,~1~~ .~1 o~ ~~ ~~ ,~ ..bA9

Al + A2+ A3 = Tr (A) = (-14 + 2 + 2) = -10

'; o~,)~,~ 4 14 '; ~,2 '; 0.J.!.,)~,~ ..l.i1';~ (~') ~j! J~ 0'~~~;S ~Lojl ~tf1~;,k ~ '; ~~.~ 0'';~

AI =A2 =2 , A3 =-14 :~4~ ..l.i'';~ (~) ~.jf ~~ 0-!.1 ~ 1JJ.~ ~i2 1J ~., 14



·..:.....1 IAI = 42 ~1~, ~4 A= 2 ~;L. o~, .r-,)lA.o jl~ ~4- A = [~3 : : ] .~~ p ),) I) .J!.j \J"'!.?lo ,Ju.,.

.~),l ~~~ 'J ~';l.o h.~ oj!,}~ ,~

:~)'~ ~ ;S~ ~ 4S~~ i' o~~, ~ Al = 2 ~,~~ :~

Al +A,2 +A3 =Tr(A) => 2+A2+A3=6+S +1~ A2 +A3 =10

AI XA2 XA3 =det( A) => 2A2A3 = 42 => A2A,3 =21

.~),1..:.....,),,-! 1) A=[~ ~] ~;L. o~,.sIA}~.r. ,Ju.,.

:p-!.)'~~ 41~l.u J>- 4:~

I
S- A 41 21 2-A =O=>A -7A.+6=0=>Al =1 , A2 =6

AI =1=> (A -(I)I).X =0 => [41 4][X] =[0] => {4X +4y =0
1 Y 0 x+y=O

. [-1 4] [X]A2 =6=>(A-6I).X=0=> 1 -4 Y =0

-X+4Y=O} [X] [4]=> => X = +4y ~ --+x-4y=O y 1

A,I = A,2 = e ia (",:-,

At =eia , A,2 =e- i9 (~

[

COS 0 - sin 0]
A = 0 ~"';Lo o~, .J!~li.o ~'~,J.bo :J~

sinO cos .

Jwl =e2ia , A2 = e-2i9 (~,

Al = eia
, A,2 = e

2 i9 (~

:fO'!)'~~ 41~laA J.> 4 I~

det(A -AI) =°=> Ico~O-A -sinO 1=0 =>A2- 2COSO(A)+ 1= 0 => A= cosO±~cos2 9-1 = cosO±isinO
sI09 cosO-A,



:P!J1.)~,

:~}~ 01,;CSO l-iJ

~;l.o ,~ , ~1~ ~;l.o 0' 0~;:J ~1 ~1, ,~4~ ~, jl~ 4S ~4 \S'~,r~ ~;Lo oi!, ~:Jli-o.l' I~

.~~~ .J!~~,s.u F.)J)'O

·~4 0~. ~ Jl~ ,:J ~, 4)Ql.:.::.A o~, ~IA)'~~ ~ ~;1~ ~~ ,~4 ~~ ~;Lo ~ o~, }~ ,.) ol!Yb

.~~~ j1 JA::.-o 'i-!l.o..::.A o~, J'~ 4.? ~1, o~, ~lAJ'~~

.~1 )to..:, u-! A oJ!, J'.li.o ~ .,bl:.:.o oJ!,~l.)I.).)-! .)'.1iU -

.~I c.J~ AT ,A oJ!, .J!,)lA.o -

.~~u-o A 0l!.,x,)li.o~ ,A-I o~, )!,)1AA ~~ ,)~\j A ~~lo~' ­

.~, An ~;lo 0.#, )1.1A.o~ An o\!;l ,~~ A ~;lo oJ!, )I-1i.o~ A~' -

Y..:....iIS' ~"I~~.c: (A-1)A ..,..,>-- ~;l.o .::.;,...;'::' ~~ 2,0,1 ,-1 0fl' .r-'::'lA.o lSI}.::. A4x4 ~~l.o.ll .Jl1.e

'J,s'~ ~;Lo~. ~1 det A =0 toU ·~4~~ o.i-!, )'~ ~1}~ JHjA U"""!';l..A ,o~ ~ u~ ~ ~,; ~ I"'p

·~4~}!~~~

~~1~1~ B =2A - I ~;l.o o~, ~~lA.o ~4 1 , 2 , 3 oJ.!, ~~li..o 4 3x3 ~jlo~ A .II aJU,.

1 , -3 , -5 (c 1 , 3 , 5 (~ 2 , 4 , 6 ("":-' 0, 1 ~ 2 (~,

:6$ ~1 ~~ ti.l .~1 o~ y ~ 2 :J~ J~ ~l ~~~1)~ 4S ~, A ~';Lo 0loA 2A ~;lo ~1.)c.,sA I"'p

Tr (2A) =2Tr(A)

Tr(I) =3

Tr(B} =Tr( 2A) - Tr(I} = 12- 3=9

·~4~ (~) ~jf J~ ~li ~1~ ~ , ~4 9 J~laA ~~ B U""'!;Lo oj!, }!~li-o~~

.~~ 1) ~ ~jf~ 01~~ ~ AB=2A A -1 :~.1~ 0'~~ B=2A-I ~'J j' 6S~01 j' 4 1:~ti

(Rank) ~jlo~ ~J ~ ~J~

~;Lo ~J J.>'~ j' tAS~~ 0~;~ 4~r ~}'lA .:.r..r5Ji-! olf;A ,~1 k ~1~ A mxn ~;lA ~ ~) I....A!,JIU

.9~~ ~l.lb~ ~,~ ~l~ 4~, .J'!'.J'! ~';lA ~ ~J ~~~ ~ ·~4 k Y r j' ~} ['~, 0''';~

.(~L5"" ,~ ~ .9~ .:.r..'~ 4'J ~';Lo~ Y) ~~) ~;Lo 01J~ ~~¥' ~~~lA0~ ~,~

[

3 -1 2 1]
A= 6 -2 4 2

o 0 0 0

u ),..b.;~ ~.;b j' ..)~ ~1~ 4 0' ~) ~1~~ ,~4'-5'" 3x4 ~;l.o ~ ~~J)A ~;Lo 6$~' jl~' ~~ I"'p

4;hw~.~)~4~~ 0~;~ ~1)~ ~;l.o 0!1 J>1~ j1 ~1~1 ~li 3x3 ~tA~.;Lo f'W ,~~~ 4.L:a.>~



..)~ ~,~ 3 ~;l.o ~J ,~ .(~).) ~ (.)lA~'J~

..)~ ~,~ 2 ~;l.o~; ~,~~ .~,~ ~'~.)yS ~,~, 0'~~ ~;l.o 0-!' J>'.) j' Q$ 2x2 ~;-o 0~;:JrW ~~)o j'

.~, 1 ~,~ ~.);jA ~;l.o ~; ,~ .);'.) .)~, ~;Lo ~, )~ ~~ .)~ ~ J9'~ 4S"6:U1 j'

-1 2 1 3

1 2 2 -1
A o 4 3 2

-1 6 4 5

~,.), J,'s~~~ .~4~ ,.) ~;Lo~';.) ~ Ji:-.--os~~ .),~ 4..S .)~~ 4b:>~~:J ~ ~ :~

:~;'.) ~ , .~'JA:.--o

~}-J~ = J,'~ + ~,.) ~

~;~ ~= J,'~+ ~j-J~

·~4~ ~~ ~ .)yS t'~' u-!.;Lo J.>'.,) j' 3x3 ~yA ~~;.) ~ 0'~~ ~0-!1~~

,~.) ~ 4 ~.)yS t'~1 A ~;Lo J.>1.) jI~ u1J~ 2x2 w~;.) ~ J.il':1 0'~~ l.tl ~ ~1 c.;b J',..., 0t' Jb

.~, ~;; ~l.i ~.,)L,~~ ~~ 2x2 w~;.)~ Ji'~ .,)~,

1

- 1 21
1 2 =-4*0

Rank A=2

.:r..1)"'~~~ , ~W 3 .r.'.r. u-!}"lo .:r..' ~) \; ~4 )~ a ;I.1i.o ..:.....1 J.>,ju. A =[; ~~ ~] ~';Lo 'JI:.

~~1~ ~;l.o ~) ...::.Jb

o~~ .H'~ w10~}.) ~4 ,~~ 3 01~; ~1)}./1 ~1~ .~, 3x3 ~';Lo ~ Lo ~.);jA ~';Lo :~

:~).)~·~4

3IAI = 0 =>2( -4-0)+ 1(8 -3)+a(0+ 2) = 0 => a =-
2

2 -1
3
-
2

..,)~ ~1,.> A= 4 -2 3 ~.J~ ~ ;,5'1.0 ~"";lo ~
1 0 2

RankA=2



~ d)l)~ ~~)~ AB )~;-? .~~ ~)~ LA9)~ ,) B(X2,Y2,Z2)~~~B, A(Xt ,Yl ,Zl) ~~ ~ A elbA;,~

:~, ~~ J..?li )"!.ju)~

lAB =(X2 -Xl) I+(Y2 -Yl)1+(Z2 -Zl )k~

j' d...S~4~ B , A 4bA;,~~ 4.L,l9 AB )'~~ J,b,~ z,y,x )~~ ~ ~~)'~~~;~ k,}, I 01)~ t£S

:~1~ ~~~ )"!.j ~')

Xl + AX2
X m = - - --

l+A
Yl +AY2

Ym = l+A

Zl +AZ2Z =~-..;;...

m 1+A.



Iliil =Ja 2 +b
2 +C2 1

0L;:J ~u ~ I) 01 , ~, J->I, 01J,b~, ~I ii )~~ ~Lo 01~,~I~I4S~' <.S)'~~ ,ii(a,b,c) )~)"! ~ J'~~-'

~ = ii = ai+b}+ck
u lui ~a2+b2+c2

B(3,0,2) , A(2,1,-3)

AB= (3-2 ,0-1,2+3)=(1,-1,5)

- AB I- }+5k ( 1 J"7 ( 1 J~ ( 5 J-
AAB=IABI= m = m 1- m J+ m k

<.S~lJb <.SlJb~~) ~',j ~I <.SUb~~ 4S ~j~~ 'Y,~,a s4.',j~; ~ z , y ,X <.SUb)~ ~ A=aI +b1+ck )~~

:~;S ~~ )'!.j u)~ ~ 01~~ 'J ()~~

a
cosa = IAI

b
cosf =IAI c

cosy= IAI

kii = [ka )I+ [kb ) } +(kc )k



am+bn+cp =

~)~,~]I~. ~ tA5 ~I s~~ ,)~~,~ ~I~ y~l> .~~.p)~ I) v=mI +n}+pk , ii=aI+b}+ck ;I~~,~

:~~~ ~J'!.j

ii .v=am +bn +cp

u.v=liil.lvl.cos e

xj J~) ~~,; 4 'J v=mI +n}+pk , ii =aI +b}+ck ;I~~,~ ~ ~,Ij l)~~ 'o~ ~~ ~I),~ ~ ~~ 4 :~

:~f~b..o

e- am+bn+cp
cos - ltil.lvl

q.v ==

ii.v=v.u

i j k

iixv = a b c

m n p

.~, ~~ ii ,v )b~,~ fb)-! N )b~ ('

~L..o ,~.~ d;Y ~ ~) ~yS ~ ii ,v ;I~~ ,~ s,; ~ 0'~~ ~ ~I ~~~'Sj',:-o~Lo ;!,~ N ;'~J-! 0j'~' (r
·(~4~ 01o~jL )~~,~ ~)l.> y~l> ;'~~ J,k 0~ t~~'<.Sj',:..o

t~~l~jl~ .::..>L...o = INI = ltillvl sin e
iixv =-(vxii)



abc
ii.(vxw)=m n p

a ~ y

~l-J ~l! ,)~.H ~~, lS,))"! tAS~' ~~)I'lSj'~~ ')'~)"! ~ ~1~y~~l>~)~~4~1~ ~,;

~ lS'.H~..~~" ~ ~. )~ )~)"! ~ 0' ,~4~ Y'!';? )~)"! ~~ y ~~l:>- .p' tAS ~,~ 1~ .~1

.cyS o~~' ~~ ~')0',;<S" .J'~Y'! ~ 0~~ ~~ 0~yS

~,f~ ~ ~" lS')~ ,) v=mT+nJ+pk , ii=ai+bJ+ck )~.)'! ,~ ~ ~)~~ ",-,,9 ~.~ j1 o~lA:-..1 4:~

,~,! ~ ~1, lS')'~ v, ii )t.~;-?,~;-b~ 0~ ~ )~ .v=f ii oSlS),.b~ ~yS'~ R ~lo ~li ~~ 01~ o~ylb

:~4 ~1~ o~.fb lS~ ~ ~ ~4 Sj'jA ~ 4olf ylb

abc
-=-=-
m n p

~1~' 0'~ olf.fb ,~,f ~ ~" ~I)~ 1) w=ai+~1+l'k , v=mI+nJ+ck , ii =aI+b}+ck )~~ 4-J:~

W=R 1ii+R2v :~4 ~,~ 6 ~4.l.S'6J,!~ I) £2 "£1

:~~~ ~,~ ~,~ y rf:' oS~, 0' ,)~;-? ~ ~b~~1, .b~ ~yS ~l1 01~~ ,

abc
m n p =0

a ~ I'



)~J"!'~ 0~~ ~~.b~ :am+bn+cp =0

~~ '; k>o;4~' ~ ~~ <.S'4.iy ~ AB .h>o;4 J"! I; m clb.i; ·~4~ d:',;.o B(-1,3,3), A{I,2,3) AbA.;,~ :Jli,o

.~~A=3

:~JI~ o~~ ~I'J ~ :~

_ 1+3{-1) _ -I
x - --

m 1+3 2

2+3(3) II
Ym = 1+3 =4

3+3(3)
Zm = =3

1+3

.~ T~~4J' r=et1+e-t"J-· .~ l; ~~,~ cl1.o19· •• <".~ .. :Jlio
..;' • ; U'- --- • lY..~ r

:~4~ xj .::..)~ "-! .::..~ I~ l; 0' .u..,l9 ,.)).) )} )}!.;.o~ IS') A(et ,e- t
) ~ : ~

:~)b til , ~4 t =0 d5 ~~U""~ ~loj )"'10!1, ~4~ J~1...o (et _e-t )2.::..A~ d5 .cil~ ~lA;1 U""lS:a..u...19 J91.h '0!I>!~

dmin =.fi

·~4 9 J"!1J"!~,.b, o~~ A=21-1+2k )~J"!~ )~ tA5 lS)'~~ ~I y~ :Jl1.

:~4~)'!.) ~;~ ~ P~;}A ;f~)"! ~ ..J'~J"! :~

~ _2I-1+ 2k_ 1(2-: _-= 2k-)
AA - -- 1 J+

.J4+1+4 3

ii = (2m + 1)I + (-3) } +(1- m )k
v=-2I +1] +2k



·~4~ ~,~ )~~ ,~ ~,~ y ~ 4S ~<.SO 0~~ ~~ .b~ : J>

0.v=0 => -4m-2-3+2-2m =0 => -6m-3 =o=> m =_.!..
2

~~, f"~ lsx ),:>CA 4 r = cos9sin <p 1" +sin 9sin <p] +cos <pk )~j. ~-,lj :Jli.a

.~,~,; ~19 A=i )~~ 4IAx)~ : J>

:~,; 0'';~ ~~~ )~ a 'J ~~)~ ~,'j ~4- .~.'~~

r.i
cosa = liliXI

Iii= ~cos29sin2 qHsin 2 9sin 2<p+cos2<p = (cos29+sin29)sin 2<p+ cos2 <p

= ~sin2 <p+cos2<p = 1 IXI = 1

r .A =cos Bsin <p

(cosa)(Iil.I~)=i.X => cosa = cos9sin <p => a=cos-1(cos9sin<p)

.s» AP ).)~)'!~ J,b 'U)~ 0!')~ ·~4 R3 ~L.A9)~ ~li; B(2,-3,5), A(8,3,2), P(4,t,6) ~ J:>.JJ :Jl:.o

.~),l ~~~ ,) AB .J'~~

:~.J1~ : J>

AP=(-4,-2,4) , AB=(-6,-6,3)

- -61"-6] +3k
AAB = ---;:::===-

"36+36+9

AP ~ -(-47 2-= 4k-) (-6I-6]+3k)_ 48
• AAB - 1 - J+ · --

9 9

2a.(a+ Ii)= 0 => 2a.a+ 2a.Ii = 0 => 2a2+2abcos9:;: 0

a.b = fallbl cos a

2a2+2a(2a)cos9=O => 2a2(1+2cos9)=O => cos9 = -1
2

=> 9 = 2x
3



·~4.)~ J,!-l. }.))'! ,.).J'b}'! 4S~~ 'J ~J'.);! ~ u~ .~, ~,~ v=-I +J+3k , u=31 +2]-k J'~~ ,.) IJb.

:~4~ ,.) 01 ;! .)~ .)~~ ~l> J1.))'! ,.) ~Jl:> '-:-'~ j' 4S ~JI~.}'! .o~~ '-.SlA~ ~lb.. I J...

j k

N= ii x V= 3 2 -1 = 1(6+ I) - ] (9 -I) + k(3+ 2) => N= 71- 8J+Sk

-I 1 3

.- 71~8]+5k
AN = -:~;::::49=+=64=+=2=-S

:~J,l ~.)~ IJ D(3,7 ,2) , C(6,2,3) , B(2,3,S), A(O,O,I) ...r~J ~ ~lo~liJl~ fiYb~ IJb.

AB=(2,3,4) , AC=(6,2,2) , AD=(3,7,1) :fO"!JI.) I ~

:jl~I u J~ J1.);! 4.w ~1 ~'J o~ .)~I C,.b..J'~jl,:-o ~~~lA~~ '.jJ

234

AB.(ACXAD)= 6 2 2 =120
371

!~4 ~I.)~ ~I, B=(3,-I,-k) , A=(2k+I,3,-I) J'~.x,~ li ,~4 J~k .J'~ IJI1.

:f"!JI~ ~,;!~ ·~4 ~jl,..s ~.JI.)~ ~1, ~ 4 ~L.j JI.))'! ,.)~ ~~~ 4SJ,b0loA I ~

2k+l 3 -I
--=-=-

3 -I-k

2k+1 3
--=-::>k=-S

3 -I
311
-=-::>k=--
-1 k 3

~J~I J1.))'! ,~ ~I k ol~.) ')~ .J'b ~'jl ~ .h.)~~ ~~J~ 4J.)L.-o ,.) Yb J~ .s .)~,~ 'J k01~~ ~')'!~

.~JI.)

.~4~'.)~~I, w=(1,2,3), v=(-2,O,I) ,ii=(2m,l,m) )'))'!4..Ili~4J~m~U.J'~IJU.

:P'!J1.) 0!1)'!~ ~4 o~ ~" ~~ ~'J 4S '~JI.)~ ~I, ~L.j ).))'! 4..1 ~ oJL:.1~ 4S J,b~loA I ~

2m 1 m

-2 0 1 =O=> 2m(0-2)-I(-6-1)+m(-4-0) =O=> m =1
1 2 3 8



a( x - xo) + b(y - YO) +c( z - ZO) =0

ax + by + cz + d = 0

~~~,~ J~~ 0')~~~ ~4,~,~ ~~A~ lAS ~~') 01":;~ 1)d )~'f,~~b)~ d.S

.~),'

:Jli.o 0'~ ~ , ~~~~'J ~ 'J~cJ~l.a..o 0'~~ U"L> ~~l> )~

:~1~ ~~~)'!.j ~') j' ax+by+cz+d =0~ j' A (xQ .vo ,ZO) d.hi; ~l!:~

AH = axo + byo +czo +d

~a2 +b2 +c2

1 {
ax + by +cz +d = 0

:.,~ u L£. lSj'jA~,~ ~l! :~
) ) . ax + by +cz + d ' = 0

u)~ ~ ~)~~ a2x+b2y+c2z+d2 =0 , atx+bty+ctz+dt =0~,~S~~ j1 tUd~~ cJ~l.a..o:~

:~~~ ~,.; .xj



Ix-xo Y-Yo Z-Zo

IXI--XO YI-YO Z) -ZO =0

x2 -xO Y2 -Yo Z2 -ZO

:~~~~~ ~.j r} ~ ~4l5j1¥, ii(p,q,r) )1~~ 4, ~)~ A(xo ,Yo ,zo) w.; jl tS~4J~la-o
1I!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!ftI

IX-XO - Y-Yo _ Z-ZO I-----1
I p q r,

.(~4~+1 ,z,y, x ~~ ~1) ~1)~t6 ¥ ~~)

ryJ )~ h.>~eU~~ .~,f .b.:> l5~Ub )~~ ii )~~ ~ ~.;~ ~ , ~,fis" .b.:> ($~~ '-.5~~1)4 r , q , p .)!~~ ~

:~4~ )'!j u.J~ "-! (t ~1)4~ ~) l5~1)4

{

X = pt+XO

y =qt+ Yo

..Z=rt+ZO

JLi.o 0'~ ~ ,~~ J>- ,) .h> ~ .b~r' ~.~ j' <.S)~ ~}';'-5'" ,<.S~1)4 u)~ ~ .b.:> eU~la.o ~,.; 4 Q$~ ~,;:.,s.ii

D] h.> <5,) <.S'~ ~1 a...S ~rS~ ctj,f~,1') ~~ 01~~~~~ 02'01 .6.:>- ,~ 41 ~ ~1 w~ <.S'~

.h.> ,~ ~l..AJ elbA.;,~ 01,~~ ~~ <.S'clbA.;~ ./,,~ J~~ D2 .b> eU~l...o).) ~1 u~ oS~1 ~~)4

~1~ 4S,~ ~4~ .h> ,~ 0' 0~~ ~li:..o 41~ ~ .b.:> ,~ <.Sj',; r.J.&. oS ~4 ~,~ ~,; ~ ~1 ~ 4' .~,

·~4 )l.;.;.o.b.:> -'~ 0
'

X-Xo = Y-Yo = Z-ZO

Xl -XO YI -Yo Zl -ZO

:J~ 01~ ~ ~~~~') ~ ,) k> dJ~L...o 0'';~~ U"l>- ~~l.> )~

z , Y <5l.lbrLAJ¥, ZO, Yo 0')~ w ~~~ ~~ Z =Zo ' Y =Yo u)~ ~ ~4~ lAxJ~ u'j's-o ~ to Ja> eU~l.a..o (~,

.~, ~~))4 k> j1UOl> elbA; ~)~

rx = Xo
~~u~ zo,Yo,xo ,)),) d5 ~4l.5'" ~ Y-Yo =z-zo u)~ ~ ~4~Yoz~ ..:..ljI,.... ~ 45~ 4.bLu. (y

l b c



X-X2 Y-Y2 Z-Z2 X-Xl Y- YI Z-Zl .tol-oW ., ".b t.~, .~~~.~ .. e, t.:.: ~,--=--=-- --=--=-- ~,)/~L...oc\.J• ..b>,~, 4.S)~ y--J ~.....~r-:» ) ,
P2 q2 r2 PI q. rl

.~4~ .b.:> ,~ ~~lA ($lA)~)"? ~Lu , ~j',; .b~0~ •..6.:> ,~

.£L=~=.EL
P2 q2 r2

PIP2 +qlq2 +rlr2 =0 :~)'~ ..6.:> ,~ ~W .b~ ~')"? ,

.~'.b>,~ ~~lA ~lA)~~ ~ "-!.,'j 0~..b>,~ ~ "-!.,'j tJS ~1 ~~,

:~,.:.~ 0~ )"!.j ~)~ ~ ..b> ,~ ~.1 0~~~~ .b~

:J>

lAZ)~4~~li; ~ x=y=O )z=1

p .))¥ f'yib~ =~ x (o~1.9 .::..>L...o) x (tl.Qj) =

1 4x3
-x-x1=2
3 2

y=z=o ) X. =1=> X =4
4

x=z=o ) Y =1=> Y=3
3

z

Y

x

~~4~ La!)~~~~~ (x+2y+3z+4)2 +(x-2y+2z-4)2 =0 4J~L...o :Jli.o

~'~j'1 y'~ ~,~ <.S'.H~' ~.~ A
2

+B
2

=0 ~)~ ~ 4..1~l.a.o~'4S~~~ 4.b.>')Lo ,4.f~l.a.o ~~,; 4 : J>
:~)'~~ A=B=O

{
X- 2Y+ 2Z- 4 -= 0

x+2y+3z+4=0

u--? ·(~4~ ~j1~ ~,~~~,~ 4J~~,~ ~'.r" ~1 J=J~ 4.?) ~4~ ~~ ~,~ ~'1~~ ,~~l.a.o,~ 0-!'
·~4~ ~') .b.:>~~,~ ,~ s~~p~J!J'A~

. 2x -1 y -1 3z+1
~~)'~. ~Q cl> 4x+4y-21z=1 4.f~~ 4J ,l"'~ 4J~ --=--=-- eU~l..A 4J L-:... :Jli.o

~..- ~ ',' . ~ .. 3 2 2 . u;---

·~4~ N=(4,4,-21) ~)~4.?~JLo})1~1'! : J>



4....1:.>)1... .~41.5""'" ii(~ ,2,%) u)~ ",-!.b:> l.SlA;l~;! ~)~ ~4c,sA X;~ = Y~l= Z~~ .::...)~ ",-!.b> 4bla..o~;b;1
2 3

:~,~ ~1 ~,~ ~~ t6 ,~ ,~~~~ y? J,9 )~~ -'~ ~~~

:~, ~,.Lb..o .~, o~ o~'~ ~j ~)~ ~ lS'~ , ..b> 41~l..A :J~

.~;,1 ~~~ ';~ , .b> ~ 4t,'j (~ .~~ 'J~ , .h> ~lA; ~ (~,

L\: x-I = 3-y =z+1
2 1

p:x+2y+z+4=0

,.k-> u'1~~;~.bLA;0~rS~ ,j>o'; ,j-!.~r ~~ o~ c;-bo~u;~ ~ 6.JL....o.l'~~'J> S'Y? ('-'J' :~

·~4~~ , .b:> ~lA; ~~J~ 6.J~L...o ,~ Yb ;~ 4S lS'4.bA,j ~, ~~ .~~~

:~,.;'-S'" lSr-o';4 u)~ ~ 'J .b> 4J~L...o ~~ j> lS'~

{

X = 2t+l

L\: y=3-t

z =t-l

(2 t+l)+ 2(3-t}+(t -1}+4 = 0 -+ t = -10

x=2(-10}+I=-19

y=3-(-10}=13

z=(-10}-I=-11

·~4~ L\ .k:> lSj'~ [(2,-1,1) .b:> ~~lA )~~,~ y? ~~. N(I,2,1} ~ JlA} )~~~, ~~ (~

:~1~ ~~~ ,~') u)~ ~ )~)"? ,.,:) ~ ~.,'j

N.L (2}(1}+(2}(-1}+(1}(1)
cos9= INIILI = J6xJ6

cos 9 = ! =>9 = cos -1 .!.
6 6

....
N



P: x + 2y - z + 1= 0

Q:2x+z+3=0

·~4 ~;'¥' J,.9~,~ yJb 4, ~)~ A{I,2,3)~ j1 to ~.~ 1) Ja> d..J~l.a..o (WJ1

.~4 ~~ R :3x-y+2z =0 ~)"!'~)~ ~,~~J s~ J.a9 j1 ss:~~ 1) ~l~ ~~~ (y

),5'~.b..>0~ ·~4~ N2 (2,0,1) , Nt (1,2,-1) ~1~~)" ~ Q, p ~,~ <5~JLo.} .J'~)"!~' ~~ (~1) : J>
·~4 ~~ N2,N1 <5Ub)~~ ~.b> ~~l.lb )l~)"! ~4 ~)~ 4t~' ~jlJA~ ,.) fb ~

j k
N=N1xN2 = 1 2 -1 =2I-3}-4k

2 0 1

x - .! = y - 2 = z - 3 :.6.:>- cU~L...o
2 -3 -4

~)~ ·~4~ P+ kQ =0 ~)~ ~ ~)J5cs" Q , P~,~ S;.::-o~ j' tJSd~ ~~~ cU.)lM ~,~~ (~

:~)1~

(x +2y- z+ 1)+ k(2x + z +3) = 0 ::::) x(l+ 2k)+ 2y+ z(k -1)+ 1+3k = 0 (I)

(3, ~ 1,2) . (1+ 2k, 2, k -1) = 0

1
(3)(1 + 2k)-(I)(2)+ 2(k -1) = 0 => 8k = 1=> k =­

8

x(I+2Xi)+2Y+ z(i-I)+I+3(i) =0
5 7 11
-x+2y--z+-=O
488

{
P : 2X+ Y- 3Z+ 1= O

Q: 4x+2y-6z+4 =0

P : 2x + y- 3z+1=0

Q : 2x + y - 3z+ 2 = 0



.~,f~ ,~, ~~, f"~ Jyb ~ ~jr} ~ ...::,,'J~~ ~

:~~p )~ ,) .J'!.j~u'J~L...o o~~

~~o~~ ~,~ ~~~ ~ lA, ,o~ L;h.oJ~ 4.w , cJ~L...., 4.w LS~o~~ ~,~~ ~'J~b o~~ j.> Sl.r. '~j ~,~

.~,~ ~15 ~ J~ n -' cJ~~ n

{

ax + by+cz = 0

a'x+b'y+c'z=O

aNx + bNy+ C"'Z = 0

.~~~ ~~~ ~,~ 0' ~ l.>.~, lAS ~, )~j-o o~~ ~,~ <.$'~ x =Y= z =0 ~~~ o~.~ L~'~

y'~ ~~ ~~~ <.S~ ~,~4 ~ ~~~ y'~ ~')'~ J,!~o~~ ~'LS'~ ~lS' , f'j'i.b~ ,~~~ ~li

abc

a' b' c' =0

a'" b'" cN

{
(2k + 3) x + (3k + 1)Y = 0

-2x+3y=O

!
2k + 3 3k+ll -11
-2 3 = 0~ 3{2k+3)+2{3k+l) = 0~ k = 12

~~4 ~ ~.~~ y'~ ~')~)"!.) ~'J~L...o o~~ ~ ~~ LS'4.i,f~ 'J m~~t; .J'~ :JU-o

{

2x + my + z = o

x-3y+(m+l)z=O

-x +y+2z = 0

2 m

1 -3 m+l =0 => 2(-6-m-l)-m(2+rn+l)+1{1-3)=O

-1 1 2

=> -14-2m-3m-m2-2= 0 => m2+5m+16=O

L\= 25-4(16) < 0

·~4 ~.~~ y'~ ~')~ ~'':;~ ),s~ ~'J~Lt..o o~~,~~.' ~ ·~4~~ ~.) <.S')'~ p~)!f"O dJ~Lt..o~.

{

ax + by + CZ =d

a'x + b'y+ c'z = d'
" '" N "ax+by+cz=d



Ix=~, y=~, z=~1

a b c

a= a
,

b'
,

c

" b" "a c

d b

:~ax= d' b'

d' b"

a d c~
ay = a' d' c'

a" d" c

a

4z= a'

:~,~J~ ~li ;faj ~l> ~l> ,~~~~

·~4~ "":J'~ ~li ~~ ~ ~ , ~,~~ J,!J.-o o~.) ,~l> ~, J') .~4 (~ , ay 9 &) :I: 0 ~,~4 a= 0 ;, ('

·~4~ "":J'~ ~.) ~lt-i~ ~'}.) O~.)~~ ~, O.)~~ J'!~ O~.) ~l> ~'J~ ,~~ (Az , ay , ax ,a) = 0 ;, (Y

{

2X+ 3Y- Z=4

x-3y+2z =0

3x+4y+2z=5

& ~ ~ ~ 7
z=-= =-a 2 3 -I -29

1 -3 2

3 4 2

( x = ~~ , y = ;9) .~ ~b..o .:.r...roJ ~I~ ~I) Y• x y.,)li.o

·~4 ~,~ ~.) ~l+i'-S! ~'}.) ol!:..w.) ~, U~,~ 4SJ,k 'J m , k J'..1io ..J.J..~ ~ J~ 'J .J!j u'J.)lu o~~ aJu.

{

2X- Y+ 3Z= k

3x+2y+z = 3

mx-y+IOz=6

·~4 (4z = ay = ax = 0 ) , a = 0 ~4 ~4 "":"'~ ~~ ~l+i~ ~'J'~ o~.) ~l ~1.J! ~,.) ~ : J.:-­
:~';...sA~

2 -1 ~
a= 3 2 11 =0

m -1

61
2(20+1)+1(30-m)+3(-3-2m) =o=> 7m = 61=> m=-

7
k -1· 3

ax= 3 2 1 =0 => k(20+1)+1(30-6)+3(-3-12)=0~21k=21~k=1

6 -1 10



~ ...
...sJ!~

.~~ )})"! ~j~ f\'~' olfYb ,~, f. J~l.A ~~ ~1)1~ x =a 4b,Aj)~ f (x) ~l;~,!

\1£>0 30>0 ; O<lx-al<O => If(x)-LI<£ ¢::> lim f(x)=L
x-.+a

:~~ 0~ ~'J ,~ ~,~ ~')"!~ ~lAsOl~1 wl';~ ,~~~~

:~)b ~IJ J> ul~

'v'£ > 0 30 > 0 ; 0 < x - a < a=> If(x)- LI < e <=> lim f (x ) =L
x-+a+

'vI£ > 0 30 > 0 ; 0 < a - x < 0 => If(x)- LI < e <=> lim_f(x) = L
x-.+a

2x2+x 1 2x2+x-3x

3 <-:::> ----
x 5 x

1
0=-

10

1
<- =>

5

Iimf'[x}» limf[x]
x~x~ x~xo

limf(x)= f (xo)
x~xo



x<o
x

f(x)= [cOS~(X+l)] x>O

o x=O

[ x
2

] [ .ss;s "I ..: _ t • .,)~ ] "I·
I" f {x] I" ... ,.., ~'ir"~~ -- ~,~ --01m x = 1m --=--------
X~O- X~O- X -£ -£

:~

lim f(x)g(x) =0
x~a

limf'[x] = lim+[cos~(x +1)] = [COS 7t+] =[ ~,r~.~~ ~.,)~ ]=-1
x~O+ x~O 2 2

f(O) =0

{

X - IX1

f(x)= ~
x;t=O

x=O

.., .
lim f(x)= lim x-x = ~,~ =0
x~o+ x~O+ x +£

I" f () I" x + x I" 2x 21m x = 1m --= Im-=
x~O- x~O- X x~O- X

f(0)=2

[

- 1
[x]+[-x]= 0

x~Z

XEZ

~~ ~x .r..~lA.o~W (~,

~ ,~.r..~~ ~Lo.; (~

:,0 . T"'" 6.>cU L: 1­U . "J- "c.r-



lim =lim([x]+[-x])-I=-2
x---+xo

f (xo)= [xo]+[-xo] -1 =-1

1
.~~ I) f(x}= l-[Ixl] ~\;; p......s ..blA; IJ~

:~)'~ ·~4~ J,9 ~l;~ ..blii 'r-S'~~\A~ c6~, ~~:~

1-[lxl] = 0 => [Ixl] = 1=> 1:C:; Ixl < 2 => { 1:C:; x< 2
-2<x~-1

[ x
2 -4J [e+J ~1J #

lim f(x)= lim = =----
x---+2+ x---+2+ [x]2 -4 ~IJ# ~1J#

·~4~~~~ LL" ~1) ~ 'ct~ 0~~ 4k-,1,~ til,~ ~1, ~ ,~ .;lb ~.rU , u .J~ ~ ~~

[ 2 Jx -4 -1 1
lim f(x)= lim =-=+-

x---+2- x---+2- [x]2 -4 1-4 3

"\Ix E R , 0 ~ sin2 x S 1

~,,)}~ )} (-2,2) oj\.!),,) y =[Sin2 xJ ~l; ~~l.i .blA; jl ~,,)1~ ~ :J~

:~1~~:~

,~, ~ ~~ sin2 x 6S ..blA; ~)~ ,)'!) ,~~ ~1,> ~~l,j ~4 ~ J~la.A sin2 x 4S ~lA;)~ ~ ~~)~ ~l; ~1)'?~

.~4~~ ~,.;-? y ~G )~

sin2 x =1 => x =k1t±~ =±!: , ± 31t , ...
222

X~ Q

XE Q

x

2
x-5

~~1 ~~ t:,f 4.bi; ~)~ f(x)=

2x2 +1

:. I.L ~,~ ~L ~L ~ x 1..·- L..e ~~ ~ ~~ A.Jl; ~l:..>: 1-
~ . .. . . ~ 0 ~ c..s!- ..r ) ),7.J. ~-; v v v-'

2 Xo 2 -2--= =:> 3xo +5xQ + 2 = 0 => Xo =-1 , -
Xo -5 2x5 + I 3



.. . _ axn+bxn- 1 +... .
.~'~~R)~~L~'~~)~~ .~" f(x)= ~~Lt..o6.J f JUt.;: .<.,;

.T.. ;.. • .. \:-F -- r , m , m-l .' '-- ~
ax +bx +...

6 (c 4 (~ 2(y o (WJ1

sgn(x){~
-1

x>o

x=O

x<O

lim f (x) = 2(1)- 3(1)=-1
x~o+

lim f (x) =2(1) - 3(-1) = 5
X~O-

.~I:-! 1) f(x)=sgn(x 2 -1) ~\; ~~l..i.,blAi ~~ IJ~

:~.)'~ 0-!.1~~ .~,..:, u(x)=O 4S~~~ ~~L; ~Loj ~IJ~' ,f(x)=sgn(u(x)) ~l; ~~ ~c;'; 4:J>

x2-1=0--7x=±1

lim f(x)=+1
x~l+

lim f(x)=-1
x---.+l-

f (1) = 0

lim f(x)=-1
x---.+-l+

lim f(x)=+1
x---.+-l-

f(-I)=O

--



I =lim f(x) =lim f'(x)
g(x) g'(x)

.~~.I ~l> ~~ ~~, c9) G~~ ()~~, J~.~ ()~1.9 )1 f~~ 01~ is" ,~ ~),>~~ ~b- ~ i~~ ~4­

.~~~ c;b ~4~~ J~.~ ()~l! ;' ()~~')~ tAS~~~}-O) )1 Ai~ ~ ~~'.J~ :~J,l.)~

G ~C?

y e u" y' = nu' uo- l

y=au y'=u'au Lna
,

1
Y= log~

, u
y=--

ulna

y = sinu
, ,

y =u cosu

y = cosu
, , .

y = -u sm u

y=tanu y'=U'(I+tan2u)

,
, u

y = Arcsin u y=
~1-u2

,
, -u

y = Arccosu y=
~1-u2

,, u
y=Arctanu y=--

1+u2

y = sinhu y' = u'cosh u

y =coshu y' =u'sinhu

y=tanhu v' = u' (1- tanh2 u)

I=lim In(x 2 + x-I)
x-+l xe " - e

:J.>

1= In(I+I-I) =Q
l e' -e 0

2x+l 3

~ 1= lim x
2+x-l

= _1_ = ~
x~l eX +xex e+e 2e



:J>

" kex
_ k 0 xkex 1 k

1= 11m =- ~ ~ 1= lim e n =k
X~o k X -1 0" x~O k X Ink

I I
" cosx2-coshx2 0 H I I" -2xsinx2-2xsinhx2 I" sinx? + sinh x2

= 1m =- ~ ~ = 1m = Im------
x~O x4 0" x~O 4x 3 x--*l -2x 2

:~)~ sinh u - U , sin u - U SlA lSj)~ ~ et.:::-'; 4
u--+o u-+o

? 2
I I" x- + x 1= 1m =-

X~o -2x2

I = lim
x~l-

-I

2£

~ = lim ~ = lim ..II+ x =J2
-2x x~l- 2x£~ x~l- 2x£ 2

2~I-x2

· a 4..:->b..o .:......1 YF .~4 lim ~ = 2 'pI .JU,..
x~-31- 5x+16

I r ax +3a 0 H I lim
=x~~31-..I5x+16 =0~ ----+ = x-+-3

a a -2a
5 =-=5=-5-

2x"5x +16 2

. a =-5 d5~~~~ 111 I = 2 ~.J1~ J:')~ 4S ~1 j1 Lo1

:.)~ .)AI,.> r,.j ~ 4..:->b..o J.)A l.iJ [ x3
] = 27 p-!.)b x -+ 3+ «.?,.J>

3 27 0 . 3x2
I = lim x - = - ~ I = 11m - =27

x~3+ x-3 0 ~ x~3+ 1



~ = f::; (~h (x, t)}t+ ~'(x).h (x ,~(x))- a'(x).h (x,a(x))

X
2 e ti -dt

I=lim x t
x~l fX+l t 2

e dt
2

J
t e t

-dt
I=Iim I t =Q ~ :JU,.

x~l J2 t 2 0e dt
2

X2 xe e
0+2x·-

2
-- 1

H I 1· x x 2e - e -3. = 1m =--=e
• x~l 0+e(x+l)2 -0 e 4

: :.t, ~,~ 4S~1~ I~ _1_, b, a .,:)lio :JIi.
~o _ ...:~)~) ~

1 LX t
2

I = lim -- dt =1
x-+o bx-sinx 0 .Ja+t

:J>

x2

1° I 0 H~ 110 m -:r;;;; 01m =- ~ --,
x-+o 0 ° x-+O b-cosx b-l

b-l=O~b=1

x2
-- 2

1° ~ 1· 1 x H 1· 1 2x <.Sj)~ 1 2 1 41m = Im--X ~Im-x ) r>:: ~a=

x-+0 1-cos x x-+0 .Ja + x 1-cosx J;. sin x " a 1

y = fog (x)= f (g(x))=> y' = g'(x).f'(g(x))

I=limr(x 2 +X+l)+f(2x+l)-2f(3)
x~l x3 - 1

:~jO e-:'u jl CS~~

:~,~ 0~ w'~~~4 x jl o,~~ ~l;,~ f(x),g(x) .I'



:J>
f (3)+ f (3)- 2f (3) 0 H

1= I-I =0 ~~

(2x +1) f'(x2 + x+1)+2 f'(2x+1) 3f'(3)+2f'(3) 5 ,
I =lim - - f (3)

x~l 3x 2 - 3 -3

:y=f(x)g(x) j'~~~

:~~ 0'~~ y' ~t.::..:..o <.S'~' y=f(x)g(x) ~4 ~,~, ~4x j' ~l; ,~ g(x),f(x)}1 :cS~,T..),-!

Iny = g(x)ln (f (x))
, f\ )

L= g'(x).ln(f(x))+ g (x)._(x)
y fx

Y'=(g'(x).lnf(x)+g(x)~(~1)'f(x)g(x)

I I
" [x+ I)X

2

- 2
= Im-----

x-+l x 2 - 1

I (1+1)1 -2 0
12-1 =0 ~

"~j'.).x~ )iU .))jA~ ~~, ~) ~ J~~ o~li o~~, 4~ ,~4.sO ~L.-> 'J Y= [x + I)X
2

~~~ ,~,

:~)'~ y =[x+1)X
2

u':') 4

Iny = x2 In[x + I)
, 1

L=2xln(x+I)+x 2
-

y I+x

( 2X.ln (x + I)+ X2
_

1
- ) (X+ l)X

2

(2In2+-21)(2)1 1
I --Il"m x +1 = 21 2

() = n +-
x-+l 2x 2 1 2

I

:1= lim (coshx)~ y!.j ~ ~~~'y~ :Jtio
x~+oo

I

:~J'~ Y= (cosh x)~ d:'~ 4:J>

Iny=.!Io(cOShx)=> lim (Ioy)= lim (.!In(COShx)J=~ ~
x X~ x-)co X 00

H " sinh x "ex _e-x . eX
~= lim --= lim = lim -=I=>y=e

x~co cosh x x~oo eX +e-x x--)oo eX



1
I = lim (sin x)Inx

x--.o+

I

:~J'~ y=(sinx)lnx ~)~I~

lny =_I-Insinx => lim [ln y]=lim (In(st)))=~ ~ ~
InX X-+O x-;() In x 00

cosx

Ii sinx 1° xcos x 1° xcosx I"= m--= 1m = Im--= => y=e
x--.O 1 x-+o sin x x-+O x

X

(tanx)COSX -1
1= lim -----

1t 1t
x-+- x--

4 4

J2
1 2 -1 0

I=1i1t=O ~
4 4

y'(~) =_ v'2. 1n( I)+ v'2. 1+1 ..... y,(! )=v'2
y(~) 2 2 1 4

I = lint y' =v'2
1t

x~-

4

00 0
o~li J~14,~;S J!~ -;;; ~ 0 .:.~l> jl~ "" ~~L. "" ,:},;l.S'" 'J OXoo ~ 00-00 f'~ ""~ 1St...\>- j1 c.S.J~.~

o~'.).x ~l f~' ~J'! J~~



1= lim (.!..-cotx)
x~o x

:J>

1= lim (.!..-cotx) = lim (.!..__I-) =00-00 ~
x~o X x-+o X tan x

:~)'~ (tan u-u) <.SjJ1~ , J~~ o~li jt o~t.A:.-,' ~
u~O

2 2
1 10 tan x - x 10 tan x - x H 1 10 1+ tan x -I 10 x 0= 1m = 1m ~ = 1m = 1m- =

x~O x tan x x~O x2 x~O 2x x~O 2x

1= lim (_I__1)
x~l Inx x-I

I-!
1= lim x-l-Inx =Q ~ ~ lim x =Q~

x~l(x-l)lox O' X~llox+(x-l)X! 0 ·
x

x-I H 1=lim ~ =lim ---
x~lxlnx+x-l x-er ln x e l-i-l 2

1= lim ..120+1 (..10+2-..10+3)
x~+oo

1=00-00 ~ :J>

:P!)'~ t4S lSj)~~' ~ ~,; ~
n~oo

r;:;-:-:-; (r-:-;; ~) ~n+2+~n+3 err:': (n+2)-(n+3)
I = lim ,,20 + 1 "0 + 2 -"0 - 3 '.,J;+2 ,J;+j = lim ,,20 + 1. rrr; rrr:

x~+oo n +2 + n +3 x~oo "n + 2 +vn +3

. (..I20+1)X(-I) . (&)X(-I) . -.fi.JD Ii
= hm . ~j)'~ ~= hm = hm =--
x~oo~n+2+~n+3 x~+oo ,J;+,J; x~+oo 2.JD 2

, x
y=---

x2y+y3

:~ ~b ~, y,Lbo y =0 ~)~ x =0 <.S'j' ~ ~,~~ o~~ ;;.; J':::' 'J .)'!j ~'A~ 4lf~L..o :Jti.

o x2
I=hm-

x~Oy2

:J:>
xo x2 0 J~~ 0 2x 0

1= hm -=- ~ )1= hm --=hm----
x-ef) , y~O y2 O· x~O, y~O 2yy'

x
x



lim f (x) - lim g(x)
X-7Xo X~Xo

:~4 ~,~ ~ -' lim g ( x) = 0 , lim f ( x ) =0 ol!~ :($jJI,... ~;IIJ
x~o X-'-+Xo

:~,;~ ~ ..l.ij;lroJb Xo <lbA;),) g(x),f(x) ~\.; ,.,:) ~,f1.S'" ol!;l. lim f((X)) =1
X-+Xo g X

cJL..o,~;s o~~, f(x) ~l; <.S~ g(x) ~l; jI0'';~ (x~ xo) .xS~ ~ Xo 6.bA;~~ x c£S ~Loj ;o~L 0~ ~

d$ ,~, ($;'ri:' ~ ~1;S~ <Sj;'~ o~l! j' o~~';~4' .(~~ o~~' g(x) <.S~ f(x) jI01':;~4,) ~~ J> I;

~~, w' ~} ~~ u;~ ~.1 ;LS ;~ ~~ ,~,,; '; ~;~ j)~ -' ~.~;S o~~1 <.Sj;'~ o~ti ~ jI<,SlcJL-o )~ olf.fb

·~4~ j~ 4Jl-..o;~ ~l.> ($jJ 1pA o~19 j' o~~1 ~~4 ~,~

.~~~~~~~~ ($~~j s.-s ~Lo J> )~ dS c.Sj)lpA ~4WJ jl \S~1~ 4A1~1)~

sin A ( x) - A (x )

tanA(x) - A(x)

sin-1A(x) - A{x)

tan- 1 A(x) - A{x)

sinA(x) - A(x)-A3 (x)/6

tanA(x) - A(x)+A3 (x)/3

Arcsin A] x)- A(x)+A3 (x)/6

Arctan A[x] - A(x)+A3 (x)/3

A 2 (x)
cos(A(x)) -1--­

2

~l+A(x) -l+2-A(x)
m

(l+A{x))rn -l+mA(x)



~axP+bxP-l+ - ~IX+ ~I ~lq::,jp}'1

~axP+bxP-l + -~(x+ :a) ~4,))p}'1

"~4~~ 0' )~ x ~)~ ~;:s:.:::,s 4j)~ ' x j' LS'~'.# .;Jb x ~ 0 ~,

:JliA LS'~

"~,~ 0' )~ x ~)~ 0-!.;;5')~ 4j)'~ ' x j' LS'~'.#.;Jb x ~ +00 ~,

:JliA LS'~

1) I" 3x+tan2x 0 I" 3x+2x 51m =-~ 1m =
x-+o 2x -tan-l x 0 x-+O 2x-x

2) I
" x - tan x 0 '-ij.;l~ I" x - x1m = >1m--

x-+o x3 0 x3
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y=- (II)

3

:~~u-o )1} ~\j 6J~~ )~ 'J o~l ~~~ (II), (I) x~lio

-2m _m
3

m
3 3 (2)-=-+-=:>-18m=2m =>2m m +9 =O=>m=O

3 27 9

:~.JJ~ UJ-Oj"~

:~ wl~u-o ,~~ f'(a)=O 'pI

.~I ~min <.S1)b x=a ~)~ f(x) ~lJ o~l ,~~ f"(a»O ~1 (uJl

.~1 ~max <.S1)b x=a ~)~ r(x) ~lJ o~l ,~~ f'(a)<O ~I (y

0~jl) ~~~~ 4 ,~ min 4 max <..S1)b ~I~ x=a ~)~ f (x) ~lJ o~l ,~~ f"(a)= 0 'pI (~

.(~,~... (S!

{
y2y" + X

2
COS v'+ [x + l)y = 0

y(1)=3, y'(l)=O

:~I~~ cU.)Lu, ~I yl~ ol)'! x = 1~

.~I~min~(y .~I~max~ (uJl

~,~)~ 4,~~~~~ ~l;~' ~,~ x=l ~ to ~~~~,:..o ,~, y'(l)=O to ~~, ~ ~~ 4 :J.>
:~,~ ~''> X =1 ~)~ ~'.h~ cU~la.-o

y2(1). y"'(I)+ 1.eos y'(I)+ (1 + 1). Y(1)=0~ 9.y"'(I)+ 1+ 6 = 0 => y"'(I)= -7
9

.~I~(uJI)tAlJ..j5,~I~max ($1)1.) x=l ~)~ y(x) ~

~'~'.H.~<.sO~~ )Q.;~)~ ~ ,Ub~ 010~~~ 4'~' ~4 ~" ~~~ ~~~~1~

j' o~~,~,~~),s~~Ub~4,)~~, .b~)~' ~lS ,~, 4\.i~ )Q.;~)jA~~,~ o~ ~~~

.~~ is"~ cli~ ,) ),s~~ ,.b~.ro ~Ub~~,~ to~ f\,La-o (~, lS'~ ~,~ ~~ 6$)~~~



~~ J,b sl)~ a~ ~4 ·~4 i.sO c=~ ~,~ 0-!1~ ol!.,lj, o~~ b=4m, a=5m ~.; "-!~~ ,~ :JU,.

0-!1 ..:..>t...... ul~ .::..&.r' ,~4 0~ pS J~ )~ 1rad .::..&.r' 4C ol!.,lj , 0~ ..5)"r. Jl.> .J~ 1 m ~r- 4b~ , o~~
S S

a=5m da =0
dt

b=4m db =1 m
dt S

c=~ dC=_l rad
3 dt S

ds =?
dt .

b

c

'It/3
a

:~

1 b.si 5 b .S =- a. .SIn c = - .SIn c
2 2

ds 5(db. de ) 5( . 'It ( ) ( ) 'It) (J3) m
2

-=- -.SIDC+-.b.cosc =- lXSID-+ -1.4 .cos- =5 --1 =-2.83-
dt 2 dt dt 2 3 3 4 s

BC=180cm

DE = 540cm

d(BD}=3 m
dt S

d(AD) =?m
dt . S

E

D B A

Be = AB ~ 180 = AD-BD -+ 3(AD-BD}=AD -+
DE AD 540 AD

AD=~BD ~ d(AD} =~ ~(BD}=~(3}=.2. m
2 dt 2 dt 2 2 S

.::..&.r' '~":'i.sO .1>1, 4 o~1S e.ta..:. , .1>1, 12 s4 "-!~ 6J,;1, ~,~ 0y;..o ~), ~~ ylb .J~ ~ .1>1, ~ 4 yi :JU,.

~~ ~bt.o 'J ~4 ~" 6 ~1 tlJijJ' ~, 0~ J~ ~1 etA;.)1~.'}'

dv 1t
-=-
dt 4
H=12

R=4

h=6

db =?
dt .

h r h r
- = - =::) - = - ~ h = 3r
H R 12 4



r
:z:

l
1
.a

J

~,~ 0-!'~ -s '-.S' 4J,f ~ ·~4 ~ ~,~ j' ~l; ,~ ~r-5' 'J 0' ~''> is" 6 .F~J~~~ ~1~ ~~

~ 4...::tii 4~,~,; o~~ ($lA~ 4,) ),s~~ ~') ,~, ~l) c.r91~ ~ J~ ,~, ~~}A # ~L> ..b~J'

~ j' o~lA;...,' 4~l+i J~'~ ~';j4~~~~~ ,) ),slA~,~)~ ~~, ~,~~,~ 4S ~l:> ~'J

.~j'~~ 0' 0~f ~.r-5' ~

~~ ,~4 ~U t.lhi ~,~~~ .~, d:',~ (w4~'J ~;!) e S?;A ~,tj , R eLa..:, 4 0~J~ ~ jI ~lbS :J\1.

y~, ~~ ~ j' p-or-5' ~1 , ~~~ ~ ~~, ~'9 ~ ($') ~ elbS 0-!.'

:J.>

t thi~ = 2R + R9 = k -----+ R=~.. 2+e

e

~lu..o

s=1tR 2

1tR2e R 2 9
s=--=--

21t 2

.. k ..
:Alo.J)'~'..1A' ~')4:\JR=-- JA'~).)~' clI4:>~L
1"-.. • 2 + 9 ~ - . · T •

:~.)U'" .)1..,.9 1) R = 2:0 )IJ.i.o R u-b:t!

s= R
29

=(_kJ2 ~
2 2+9 2

ds =O~~ {2+9)2 -2{2+9)o =O~2+9-29=O~9=2rad
d9 2 (2+9)4

.~, ~j5'lo~ i' pA~' ~, , o.L:, ~~1 )~~ tthi ~LA e=2 rad )~ til

:~.JI~ zJ.>
o.;s t.~:R

4li',:..w' o~li t~ :r



v = 2x r2
• h

r2+h2=R2=1

v=2 1t (1-h2
) . h

: =O~21t (1-3h2)=O~h= ~ ~ 4i1~lt\Aj)1 =2h=1
($1cl.i,f ~ ~ ~, J:>-'~ )~~ ~. [a.bc- O] .~, J:'jjL.o (o.s) [a.O] (0,0) ~~.J ~ lS,~,')I~li ~ :Ju..

.~~~ ~}j 4.Sj);? ~1 ~)~ ~') j ~~ s~)~ ~~ ~1 ~,~ ,'~ ~'.J 0' U'"'1; ~ 4S o~ .k~

~~, ~ . ~ _... '1_" _. Nt· ~~
) .:~~~~).J-!

'1

It

•

-b
y=-x+b

a

S =XH 'YH =X(~b x +b)
ds -2b a
-=O:::>-x+b=O=>x=­
dx a 2

s=x.y

e-X
, 1 -x x -x

s=xx--:::>s (x)= e --e
x+l {1+x)2 l+x

-x
s'(x)=O=> e (l-x(l+x))=O=>

(1+ x)2

2 -1±J'Sx +x-l=O=> x =--
2

AL -1+J'S. 1 1~' J - 1.1: -1-J'S 1
·~.uA x= 2 ~~ WV'O.)~ ~~\:J x= 2 ~ ~~



)~,~ ~~j4 £,9 ($l.A~ ~~,~U~)~ 1) P~)~~ '¥4 lol ,.))I~ ~~, U;,\A:;..o (.$'~ol) ~ 'pI

jl.~4 P~)t--A u':ll~ ~ ~~ JjI,;UOO ,.cilu-o JlQjl~ <.SUb 9 ($Ijl~ ~ r ~1~~ >!~lio ~rOS ,()J..)'H ~_: ~

9 ~Ijl ~ r )1~ J91..L> ~'-! ,J.1.Jb 1.lJ ,~4uoo u~ 1~ \j~ jl~ ;A ~19~ r ~L..o 4j; ~I ).) 45~1

·~4~

(r cos0)2 + (r2cos0sin0) +(r sin 0)2 = 16

r2+r2cos9sin9=16~r2= 16 = 32
l+sin9.cos9 2+sin29

.~4 ~b I) ).lA.o c)!.;;.05~ .1.?4 ,~4 ~b I) :J,> )I.lio ~jSlo r2 ~I <.SI~

sin 29 = -1 :~4 III U""t

sin20 =-1 --tr~=~=32 --t rmax =Jfi
+2-1

.~4 ~b I) )I.lA.o ~~lo ~ ~4 ~4 ~b I) ~~ )1~~ r
2 ~I ($I~ ,

sin26=1 :~4 ~

. 2 32 32 {32
sm 20 =1--t rmin =2+ 1 = 3 --t rmin ='13

~~, x2 + y2 - 2x -8 = 0~ jl~~ ,~ ~19 0-!~ '0-!.;:-oS :J~

:~1~ 0~ 01';~ ~ o~~ jI o~lA:.-,' ~ :J.o-

(rcosO)2 +(rsinO)2 - 2rcosO-8 =0 ~ r2 -2rcosO-8 =0 ~ r =cosO±~cos2 0+8

:~)~ rJ~ (,.$'jl ~ ~,~ 4.?)~ 6J~l....a J> 4

:p-t),) ~~~ ,,1j1';~ r LL..I,.:......1 cos B< ~cos2 0+8 .u ~1 jl

r = cos9+~cos29+8

d 2 9· 9 -Si09(Jcos
2

9+8 + cos 9)
~=-sin9+- cos SID = __~;:::::===__..;...
d9 2~cos2 9+8 ~cos2 9+8

dr {Sin 9 =0
- = 0 => ,-----
d9 ~cos2 9+8 +cos9 =0

9 =0 => r =1+"'1+8 =4

e= 1t => -1 + "'1+8 = 2



:~~~ J' ~J~' l.:t ~~ .bli:a JJ e-:'I~ u~j ~~

:~,; LJ'';~~ ~;; j' o~~, ~ ,~4 ~~)~ L\x ~4

{
f (XO +8X)=f(xo)+f'(xo)·~x

~~O ~~ l:

LSUb ~~; )~ ,) )~~ C?ti )~ , ~1~ LSl~ )~ ,) ~,,1 ~ )1~ , ~t; 0-!.' )~ 4S ~~~ o~~1 JlA j ~~') ~1 ;1

.~'~ elbA; ~1

f(x)=tanx~f'(x)=I+tan2 x

1t
Xo =30° 8x=-lo=--rad

180

tan 29° =tan(30° - 10) - tan 30° + (1 + tan 2 30°). -1t =0.554
180

1+~ (~

1-~x _
~..:......I 1+L\x SIr. S~ "=""!;Z )!j ':".J~ ...1.15" ·~4~,s" ax .}"I ,Ju.,.

1-2L\x (~ I-ax (~ 1 (~,

:~

1-8X 1-8x 1-~ 1+(ax)2 -2Ax
1=--=-- --=-----

l+dx 1+8x· 1-~ 1-(8X)2

I -1-28x

1

f(x) =Arctan~ ~ f'(x) = 2j;
l+x

1
Xo =1 8x=-

, 100

1

~
t: 2Ji 1Arctan 1+- = Arc tan",1+-x-

100 1+1 100

trz: 1t 1
Arc tanvl.Ol =-+-

4 400

:~..u>- ...

:( ·w ,~~) .,~" ~(~,~ .. J .. ~.r-~_

3cE(a,b)lf(c)=O :ci.p~0'~~o~1f(a).f(b}<O :~4~b,~~~~ [a,b] 4lol9)~ y=f(x) ~\jo~~

.~~ is" o~~l~ ~ ~1 ~) lS')~ 4lol9~ )~ AJ~Lt.o ~ d5~1 0~f~ L£1)-! ~,~ u>)-? )~ ~ ~, j'



3ce (a, b) I f'{c)=O

:JJJ~(~

:~~ )I))"! ~j b~ ~ ~4 .J..J..~ P):J I) y=f(x) ~t­

.~4 ~~ [a,b] ~l9)~ f(x) ~l;_,

.~4 )!.~~ (a,b) ~l9 )~ f(x) ~l;_r

f (a)= f (b) _l

::Jb wL.:J 01,;~ o~l

~):J cU:JLt..o~O~~) :JIJ.aj ~ e 1) ~lto c.i>-)"!):J c.Jl~ is" ~1 )1 o:J~1 ~ 45 ,0.l.ol ~.)~ ($1~ ~ ~I jl =4;1:';

:~I~)I1A ~ ,:J~ p)~lclb19

cU:JLt..o.r51,:Jb c.J~ c.JI"':;~ u)~~I)~ ,~~ x~~ [a.b] ~l9):J, ~~ [a,b] ~19)~ y=r{x) ~~ J.;5 J:>~

.:J)b ~) m + 1 ;5'1..1> )110 ~l9):J f (x)=O dJ:Jla.o ,~~~) m ~1~b [a,b] ~19),) f'(x)=O

[3,5] (:J [1,3] (~ [-1,1] (y [-2,-1] (~I

:~.)~ 6.J~~)~ lA~.1 ~)'~~ 4.~, ~~ o)~ £ (x) = x5 +x3 -1 ~l; :J>

f{-I)=-3, f{I)=I=>f{-I).f{I)<O

~ [a b] ~19 ~ r{x) t; 4.?U~ .~L ~~ ~~ ~ k ·1 ~ tASg{x)=e-kx .f{x) ~L ~,~ ~ . ~ :Jl1., ~., ) ~ ... v • ~. - u) ~... ~~

~~I~ ~j ~lA~.1 j' ~rl~ o(!jl 3ce (a, b) , f(a)=f(b)=O ~".~, ~4~~~

f'{c)=+kf(c) (:J f'(c)=-kf(c) (~ g6{C)=0 (y f(c)=O (~1

:~)~ ~I.)'!~ .~, )}.)'! o~ o~b ~19 )~ J,)~ ~'r:- f (x) ~t; '-.5'~ ~I ~~~~~} ~ 4::::'; ~ :J>

3ne (a, b) I f'(n)=O

.g(a)=g(b)=O , ~I )!.~~' ~~ [a,b] ~19):J g{x) ~l; 1.lJ .~1 x~~, ~~ )I~ e-kx ~l; u.9.,b)1

3ne (a, b) I g'(n)=O :~)b g(x) ~\; <.SI)'! J,)~~ III

-7 g (X ) = -ke-kx.f ( x ) + e-kx r:(x )

s'(n) = 0 -7 -ke-kn .f ( n )+ e-kn .f"(n ) = 0 -7 f"(n) =kf (n)

~~,~ ~)~ rl~ [0,1] oj4)~ xe " -1=0 6.1~~ lS~~)~,~ 4~I) J~ :Jl1.

•.))b~~)~ ~t.l> (~ .~~~~~) <5')b (~,

:~ cs" o~lA::.w' ~~ J1~ , J'J~,~ ytJ j1 :J>
:~)b III .~I x~~, ~~ [0,1] ~l9)~ f{x)= xe x -1 ~l;:J~ is"~~



f(O)=-l<O } ~l:-o)~~ &b
( )

) 3c E (0,1) I f (c) =0
f 1 =e-l>O

f'(x)= eX + xe" :~)1.) lAl

~ 4(J ~t9 ~I ).) f (x)=O cU.)6w J,)~~ til , ~4 ~ ~) lSl)b ),sio ~l9 ).) r'(x) ~t ~~ UO~~

.~I~ ( ~ )~j5' ,.))1.) ~)

.~1 ~,j ),s~ ~G d$ ~~~ 4b.>)lo f(x) = x2
- xsinx-cosx ~~ ~~ 4 :J.>

f (-x) = (-x )2 -(-x )sin(-x)-cos(-x) = x2- xsinx -cosx = f (x)

..))1J..i <s1~ x =0 ).) cl.bl..o til, f (0) =-1 *0 ~~~ eU2>~ ~ ,

:~.)~ c.\..o1.~l x E (0,+00) )~ I).),>~~

f' (x) = 2x - xcos x - sin x + sin x = x (2 - cos x ) > 0

f (21t) =41t2 - 1> 0 , f (0) =-1 <0

J.5 ).) f(x) ~L.; ~.)H ~j ~t,~ 'lJ ..))b~) ~ bi9, bi9 (0,+00) ~l9).) .)!J"!}o eU.)~ ,';I;J~ ~~~

.~t yl,::-- ,.) ~ c-sl)b~ ,:)1..u:.1~~

~J6(~'

f(O)<O

f'(x)=6x5 +4x3 +2x =2x(3x4 +2x 2 +1)

:.)~u-o ~~ .~I~),.) lSl)b ;.)1.1> ),s'io ~\j ~ f'(O)=O Ct..vJl ~~

f(-10»0f(10»0

~~ 0''; ~ ~ 6.I~lJt...o~'~ S~ ~J ~1~ 'If e-'J,~, J:>,.;A-o cos ' x +3x +2=0 4J~la..o :JU,.

~~J~ ?'..l>- (~ ~~J -\i\j (~,

.... ~ 6v lUi (,)
~ ..J ..

f'(x)=-sin2x+3>0 :~)~ r(x)=cos 2 x+3x+2 ~~ 4 :J.>

htl~ ~~ is" ~~~.) u-05 ~ ..))b yl~ ~ ;.)1..1> R).) f(x)=O c\.bl..o l.iJ ..))IJ..i ~1~ R).) f'(x)=O cU.)L...o ,~I)!~

=P'tJ1,) , ~1 )1}~ u-i~ )I~ ~

f(O»O }
( )

~3CE(-10,0)lf(c)=0
f -10 <0



:( .... :. -' ,." .e.• l.a.o IJi.o~):'·' ,,(~~ (
~J v::- .. J _ jJ.r.. ~

:~4 ~.~~ )~ I) y=f (x) ~t;

.~~ ~~ [a, b] ~l9)~ f (x) ~t:; (WJI

.~L .1., .... ~. (a b) ~l9 ~ f (x) \; ("--".)!. ...~ , ) ~.

f{b)-f{a) --f'{c)
3CE (a.b) 1---

b-a

:~l ~~d.J •~~ • 1·1.. is" . .;-!.) ... .. ~.)

:~ (.),; is" '~4 ;';1~\' ~ ~1~ tSl;1~[a,b] c\.Lo\.9)~ y=f(x) ~t; o~~

minf'(x)~ f(b)-£(a) ~maxf'(x)
b-a

~~I)~ f (4) )~ ~r-os u)~ ~I)~ ,f'{x) ~ 2 ~~~ ~1~ 1$; x$;4 ~1jl ~ f (I)=10 .p' :Jlio

16 (~ 15 (~ 14 (~ 13(~,

: 1~ :··I_if'j~~ :: r., : 1-
~) yr .. . .. ~ u---

_f(_4)_-_f(_I) ~2 => f (4) -10 ~ 2 =>f(4) ~ 16
4-1 3

~I y,J.b ,ots:;l 1< f'{x) < 2~~ ~b 2 < x < 5 ~I) ~ .JI .f (2) =-3 , ~4 ~.~.~ 0 ..>1~ f (x)~ uOjJ :J~

.f(5) ~,~

.~1 )I}~ [2,5] Oj~)~ :)jl.J~ ~ ~.l~ :~

minf'(x) < £(5)-f(2) < maxf{x]
5-2

f (5)+3
1< 3 <2=>3<£(5)+3<6=>0<f(5)<3

)Q.;) C ~I ,~ 1~ I) :;1}'1~ ~)O~ c ,~1 o~ ~.rU [1,3] ~Ij )~ ~ r(x)= x 2 -3x+l C!l; lSI;! :Jli.o

~~)1~ c5'~ ~~~

.~)~ I) j.j1.J~ ~ ~.l~ [1,3] c\..L,19)~ ),s~ c:l:; ~~~ ~~ cS ),b0l.o.Jb :~

f (3)= 1
f(I)=-l

y

f(b)......---~

f(e)
: t.\'" ~I.)"LL ····1·~\' ~ .. tho
~. ... Yr .. ~



f(3)-f(l) _1-_{-_1) =3.=1
3-1 3-1 2

f'(x)=2x-3=I=>x=2, c=x=2

minf'(x)=f'(-2)=_1 , maxf'(x)=f'(O)=l
21

: b :··1·~'1 ~ ~.L til
~.) yJr - ~

1 f(I)-f(-2) 1 2-f(-2)
-s s r => -s s r
21 1-(-2) 21 3

-1<f(-2)~2-~ => -1~f(-2)~~
21 7

-1
k ......l c9l, .J...:,13 rl§ ),) tan x )..IJi..o .f (x) = tan-I x , 0 ~ x ~ 1 ~L; 4 ~[j ),) .Jlio

x

.~1;1~ l)~l./)I ~ ~1~ u.:-'.MJ1 Osxsl 0')~ dS [O,x] ~19)~ f(x)=tan- 1
x ~\,j :J>

minf'( x)1 (o,x) < f (x~ =~(0) < maxf'( x)1 (o,x)

,..LJb,)u-" b x =0, x =1 bL.A.;),)~j ~ f" .$I..l>, J.91..l>,~ ,))¥' o..L,\9),) c......1 ~~, f'(X)=~ ~)b 1..01
l+x

.,)y. ~l~ 1, ~

1 tan -1 x 1
-<--<
2 x

{

C O S X
~~4 is" [-1,+1] o.L,l9)~ ~1./)I~ ~.1~;1> ),sl.o ~\,j 4.1·~1 J:>,;..a f(x)= 2 1

X +x+

-lsx:::;O
\,j :Jlio

O<xsl ~

lim f (x)= 1
x~o+

lim f (x)= 1
X~O-

f (0)=1

11·· e- ..,.~ ) ,;9.>-! (f'~~

•. '<,.JJ, ~ U X = 0 ~).) 1) , r \.J..~•••~ Jb.
.~ Ui u---J.r. ~r.. '-""

,

f~ (0) = (x
2

+ x+ I ) Ix=O = (2x+ nlx=o = 1

C (0) =(cos x )'I . =(- sin x)1 _ =0
x=o x-a

.~ .L .... :. X =0 .) b . I.. )!. ..,~ ) C? 0'!.

•.L;J~ ~ )Jl./'1~~I~ tS1)b o~ o.)b c:\L,tg )::J f (x) ~t; 0-!.1~~



:4.bi:a u1Jo~ tLa.Ji J~~ JJ~~~~ ,-",lA.4~~ ~J'j

Hj ~1) jl A~ Job t~ , ~lo.o b> ~1 ~ ~,lj ,~~ o~~ ~) U""'loA b> A ~)~ r = f (9) ~)-! ~ d:'}

:~l~ ~~~

r
tan~=­

dr

de a

r+(~}an9
tan a =-----1

-rtan 9+( dr)
de 9

--...----~..x

1
t~, J,s~ <..r'Lo...o b.> ~ ~,'j .~'O~~ ~) <..r'l.o..o h> 9=0 4.,b~ '-.5' ~)~ r= 9+ cos9 ~~~ :J~

.~ 1~. 'J ..b~r clb.i;~b

:J.>

r 9+cos9- 9+cos9
tana=-= ( =

dr -I - sin 9) - 1+ sin 9

de (9 + cosa)2

0+ cos0 = -1 => a = 3x
-1+sinO 4

, -p' x
y =--p;-

y

~1) jl w'''';u-o '~4 y ;'1~ u~ ~bt.o J~ \t~1 ~ ~ o~~, )~lo ~') j'~1~ ~'c!S ~~ ci~ ~~ :4.:J:';

~~x, ~13y ,)\5 ~lf~Ic:ft»~ ~)b ~';4'.~~ ~ y' ~l;~~~~c..S~~ F(x,y)=O

..)~ .lib''>

ylnx=xlny

, 1 y'
YInx+y-=lny+x-

x y



In _1­
Y'(InX-~)=lnY-I..~y'= y x =1.xxlny-y

Y x 1 x x ylnx-x
DX--

y

:(1,0) c\k.Aj)~ y' ~~~'y,.Lb-o x3+1nx+x2y+cos y - 2 = O ~4~1~~ J:') :JIl.

:~)1~ 'i4 ~1J ~ :J:>

y'=
x2 -siny

=-4

(1,0)

:~)~ .x j' ~l; 0 1,.:.c ~ y ~;! ):u)~ 4~~ lS~~ j' o~lA::..wl :~,~ ~ ofJ

3x2+~+2xy+x2y' - y' siny = 01 =::) y' =-4
x (1,0)

2xy
·~4 2 2 ~ 15')~ (x,y) d..6ii yA)~ ~)"? ~~, ~)~ (2,1) 4hi; j' 6 ~,~ ~,~ '-.54J~l...o :J~

y -x

.~, ~~ ..6.:> ~ ~~ ~l9 .b>~,~~ :J:>
x2 _y2

m=--
2xy

:~4 ~b .l!4~'-.£~~ ()~l9 JJo .~,.:;, uO) F(x,y) = 0 dJ~Lt.o'pl

, F x 2 _ y2 {FX =y2_ x2 ---+F=y2X_£+h(y) "',.,"-",,"Jl.:.>-i~ x 3
y =_--!..= =:> 3 => F(x,y)=y2 X - -

3
+k

F 2xy
Y Fy =2xy ~ F =y2x+ g (x)

3

:~)b~I)~I).:l (2,1) ~c.J.:lb)I~4 y2x _
X

3
+k=O :P'!)b~

8 2
2--+k=0::::)k=-

3 3

dQ
, dy dt
y=-=-

dx dP

dt

~'o~j~~~ o~li

:~4~1.) J.;$ d'~

y=h (u) , u =m (t) , t=f (x)



, dy dy du dt
Y=-=-.-.-

dx du dt dx

- 1t () f(x)-f{2} t:
~~ '~~4J' x=-<s'·'4Jfl+2sinx u~ -- ....~LliITl =v3.,p1:Jl:.o..)' . ) 6 ). ). ~ . x~2 x-2

f{x)-f(2)
:~L x =2 ~ 1; ....... ~ -~ ~ lim = '3 u ~ : 1-

.~ ) ~ ~ ..~ - ) 2 "j.J. u--
x~2 x-

f'(2)=J3

y =f (I + 2sin x)~ y' ={2cos x)f'{1 + 2sin x)lx=~ =(2COS~) f'(I +2sin :)=J3f'(2) = J3.J3 =3

{

X =t
2 + t + 1

y=t 3 +2t 2 -t+2

dy

dy =dt =3t
2

+4t-1 ~ d
2y

=~{3t2 +4t-l} =~ {3t2+4t-l}.~
dx dx 2t+l dx2 dx 2t+l dt 2t+l dx

dt
dt 1
-=- ~b~
dx dx

dt

:~.

d2y _ {6t+4)(2t+I)-2(3t
2+4t-l)x_

1_' =~
dx2 - . (2t + 1)2 2t + Ilt=l 3

)~ oLJ:jl ,(f'(x)<O ~ f'(x»O) ~~ 1y~ il$1~4, ~~ [a,b] c:\.Lol9)~ f {x] ~lo ~~ 'pI ,~b~ ~lS)~LJ~

:~~ ~b tA5 ci~ o-l4J1 ~ 1) g(x) ..wL, ~\; 01,; is"~ .~1 )-!'~d~ ~l9 ~1

fog (x)= gof (x)= x

.~~ .llbl,> f- I (x) 0~ g(x) U)~ ~I )~

~lo <.>1 ~I) ~~ ,~),1 ~~~ y ~)-? 1) x ~Lo ~1 ]1 ~1 ~~ y =f (x) ~l; d~ ~l; 0~~S 1~ <.S1~

:~f ~~1 0 1,:; is" Jb. .~~ x =g(y)



~,~4~bJLu r(x) )b~~ (a,b) d.bi;p1~,jj~~~~} y=x b>cl!~ f-1(x),r(X) ~,~ ..>l~~(UJ'

•.))1,) J1u r-1(x) )b~ ~ (b,a)

:~)b , (b,a)e r-1(x) ~b u-o ,~4 f(x) ~~ cl! Jlw (a,b) p' (y

1 x2 - 1 +y±~y2+4
y = x - - -7 Y=-- -7 X 2 - xy -1 =0 -7 X

X x 2

y+~y2 +4
X=-~--

2

;I,)~ ;! ~lo..o .b> .~I; ~I U"'~ )b~ jl 0 J,.b ~ ~I 4.bA; ),) ~4 ...:......1 ~,.;.o f (x)= £I j;4;1 dt ~I; ,Ju.,.

.~~ 1) ~lo.o..6> 4J~~ ,~~~.; f-I(x)

(O,a)e r:' =:>(a,O)e f

f (a) =0 -7~ = 1=> x = 2 =a
2

'r-I)' (0)- 1 _ 1
\ - r'(a) - f'(2)

: 1~ J' ~-~, ., ~~ ..~ .... t. ~., o~l.A:.-,,' L ,~
~) ~.J~;::-' ~..) •

m=(r-
1

) (0)= ('(2)=.fi

y-2=.fi(x-0)--+ y=.fi x+2



· eX _e-x eX +e-x
sinh x =--- , cosh x =---

2 2

:J>
y=(eX_e-X)

2

2y=e x _e-x eXy ~~ ~y.:a >2exy=e 2x _1=>e 2x -2ye X -1=0 eX=z >z2 -(2y)z -1=0

.~4~J~ ::J)~ U)4&- ~.:..........J1.i1.c....1 ~y2 +1> y ~bc.s" ~1 ~ k::-i 4

Z=y±~ =>x=ln (y±~y2+1)

~x=ln (y+~y2+1)=>rl(x)=ln(x+~x2+1)

.~\j ~1l.Y'~ '4->6..0..:.......1 y,lko .f'{x] = log3 (4x +1) ~4~b~ Jd:>y9 IJ~

log (3Y-1)
f (x) = log, (4x +I)~ 3Y = 4x +1~ 4x = 3Y-I~ xlog4 = log(3Y -I)~ x = log 4

x = log, (3Y-I)~ r 1(x) = log, (3x -I)

g"'(x) IX dt
.~l.J 'J -2- I -b .~~ g(x) 'J JUt;, w-~-- ~l:...:> ,f(x)= ~ -....J_~'L. ~,~~.. ' .~ ~ :J~...... g (x) v- ,..... ~, """,,..,....- '~ '/ 1 l+t3 ,.....-- ~ .r:

:J>
:~)1~ f(x) ~\j)1 <.S~~ 4

fog(x) =f(g(x))=x ~ I,.)x?~ g'(x).f'(g(x))=1

~ g'(x). I 3 =1~ g'(x)2 =1+(g(x))3 ~ I,.)x?~
~1+(g(X))·

2g'( x)g'(x) = 3g2(x )g'(x)~g'(X (x) =~



· ...~••fblHUJ4 A.a:...

:~)~ cl3:;l ,F'(x)=f(x)~ .~4f(x) lS1~ 4,1 ~~ ~ p(x)~~.;9 :~li JI~I ~J.ai (UJI

If (x) dx =F(x)+c

lS1.H 4,' ~l; ~ F(x) , ~4 ~~ [a,b] ~19)~ f(x) ~l; olf.;A :(y~ ~lwl~) ~ JI~I ~~ (y

:~)'~ ol!,jl .~4 f (x)

J:f (x) dx =F(b)- F(a)

~,1 ~u ~~ lS'~ ~') ~ d..4'~' )~ .~1 4,1 ~l; 0~;S ,~ ,J'~' ~l-A )~ ~,~~ jl~ ,~,~ ce:ul:.::
.~1 o~ o~),l

:~1 o~ tP <.S),t~~ LJ'~ ~ ~ ull~l ~1)~ ~~~ );}



x3 +4x

-3x+l

(
3x 1) X2 3 (2 ) 1 -1 X1= f X---+-- dx=---In x +4 +-tan -

x2+4 x2+4 2 2 2 2

2) 1= f x + 2 dx
x 2 + 2x +5

:~)1~ ~~ )~ ~l) t!::!..ro ~~J 4

f (x + 1)+ 1 d f x + 1 d .f dx II l( 1)2 4) 1 -1 X+ 11= X= x+ =- n~x+ + +-tan --+c
(x+l)2 +4 {x +1)2 +4 (x+l)2 +4 2 2 2

00)li:..o ~19 ~ )~ ~} , ~,j ~,~ j' ($~JIP1 :\~

:~,~ 0~ 0'~~ ~4 ~~ [-a,+a] 4L:,19)~ f(x) ~~}"t

J
+a
-a f(x)dx =0

J+~ (2 x)I = ? In -=-- .tan6 x dx
-- 2+x

2

"~ 0' y~~l> C!l1 ~ o~4~ ~,j tan
6

x ~~,~} In 2
2- X

~(j.:........l~..l.! 0~ .~~l.5"" ~ ):..i~),.. Jl~l)~
+x

o~~ ~t,.>~ 'J,g Jt~t )~ 0)~ ~19 ~ )~ ~4 ~~ as ~, ~.} ~~

~} ~(j loglO (3X + .J9x2 + 1) ~(j , ~j .cos x ~(j 0~ .~4(,5"" ~ ~ JI';::';I c.X1 )..lA..o ,~ .uL... ~l..t..o :J::oo

'~4~ ~ ($,l.-...o J'';::';I)~ ,~ ~~ , ~4~ ~~ ~ ~~ ,~ ~, y ~~l.> ~t~~ ·~4~



tAS~ ~)l5'" ~~ 1~ ,~1 ~,j ~G cosx ~l;; ~,~ ~,~~~~~}~G ~ ~4 ~J'~' ~.j ~l; ~I ~~ :J:>'

:~ ..lA>1,> .,)} <.S"'!lJ ,JI~1 x.j C!lJ .,),.:. .,)y3 In ( ax + ~4x 2 +1) ~lJ

:tAS~'~.1 ~~~} ~l:i tJS0'!.1..b~

f (x)+ f (- x)=O => f (x)=-f (-x)

In(- ax + ~4x2 + 1) + In(ax + ~4x2 + 1) = 0

In(-a2x2 +4x 2 +1)=O~-a2x2 +4x 2 +1=1 ~ a2x2 =4x2~a2 =4~a=±2

.~~~ ±2 ~1~ a )~ o~~~ j1 o~~, 4~, ~.~ 4 1

.... ... A (uiff
·~~~~l

,~;-S ~4 u ~l;~ ~ ~1~1 ~ 1)~ ,U ~~ ~~~~ ~y3'-A L01~ ,I = If (x)dx J'~1 ~b..o .J~ ~~

y1~ ~,.; 4, ~1 c:ci./ ~)~~~ ~') ~ ~~ J1~1 ,~,f ~ b~1 ~~ ~~ ,) ),s.i.o J'.P'~ ,
~~~ ~G...o y~1 )~ ,~~ ~G...o J~1 ~~ cs" o~~ L~' ~ 1lJ .~l ~1,> ~~~ I ~l.:> x~~ ~~

.~1~

1
00 3x2

1= --dx
o 1+x6

.. ~. . 1" 3 2 d d 'x3 u'" ... I 1-:~~0~~~ X X= U :~)~ = ~~ ~:u-'

e2 dx
1- f.

- e X (Inx +1)

:~)~ Inx+1=u~~~ :J:>'
dx- =du ~ dx =x du
x

e2

1= rdU
= ru

=In(u)=ln(ln(x)+I)1 =In~
xu U e 2



1- J dx
- x-~

X=U2 =>dx=2udu

1= J 2..,udu = J2dU = 21nlu-11= 2lnl~ -II
u""-u u-I

1= I sin 2x dx
~4-COS2 X

-sin 2x dx = du

1= I~ =2-./4-u +c=2~4-cos2x +c
v4-u

JeX · dx Jdu -1 -1 x1= = -=tan u+c=tan e +c
. eX (e2X+1) u2 +1

I = Ix x (1 + Inx) dx

, 2 ..- I 1_
:~)~ COS x=u~~ ~ :u-r

JeXdx.< • x l' I-I = -2-x-:~ c.r y~ e )~)~.r-o , u j~ :u-r
e +1

xd d 1 x '- '" L:e x = U ~.) ~ e = u~~ .

<=xlnx=lnu ~.)1~ u=x x
~~ 4 :J.>

( x) du
Inx+~ dX=~

I = Iu (1 + Inx ) . (dU ( Jdu = U+ C =x x + C
u 1+lnx

:)'!.j JI~I ~b..o ..::......I..,.,,.tho 1= L2
f (x) dx =5 ~I~~4 IJ~

J= Jl-I f(_l) dx
x3 x 2

Ii

{
X = I ~ T = l

x=-~T=2

.fi

JI 1 (1) II dT 12 f (T) 5j= I -f - dx = -xf(T)= --dT=-
-- x3 x2 2 -2 1 2 2
J2



:~.->'~ tan9=u ~~4:J>

~~1.S~~~ j' ~j r} ~ ~lAJ'~' J> l.S'~ i.o~ .~'j> ~19 ~l:Ji.o~~ ~') 4~J'~l jl~;-? :~~

:~~o~~'d~

1- J du
- ~4+u2

u)~

~a2 _u2

~a2 +u2

~u2 _a2

u=asin9

u=atan9

u = asec9

:P'!..J1~ u =2tan9 ~~ 4 :J>

du = 2sec2 9.d9

222
I

J
2sec 9.d9 J 2sec 9 Jsec 9 d9 ( 9d9 1 I 9 al= = = -- = Jsec = n sec + tan
~4+4tan29 ~4(1+tan29) Isec 91

j4;;;i u I~ I·'=In 2 +2"+c=ln v4+u.... +u+c

:~~,~ x=3sin9~~4:J>

dx =3cos9.d9

1= J x
2dx

= J 9sin2
9. 3cos9.d9 =9 rsin2 9.d9=9 J 1-COS29 .d9=2-(a- Sin2a)-+c

~9-x2 /3cos 91 J' 2 2 2

9(a . 9 9) 9[ . -1 X x ~9-X2) 9. -1 x x r::--;)92=- -SIn cos +c=- SIn ---. +C=-Slll ---V\)-X.... +C
2 2 333 232



:~}~..:Jl> ~I)~.~1..5'" o~lk...l Iu =tan-il~~ i l~4 f (sin x,cosx) .:..),....~ .JI~I.::...o~.r.i t!1; ~1:;S.ii
u = tan-i =>du = i(1+u

2
)dx

I-tan2.~

cosx = 2
l+tan2~

2

{

X =0=>9=0

dx = (1+ tan
2 9)d9 , 1t

x=oo=>8=-
2

roo dx i~ (1+tan
2

a )de
1- J. - 2

- 0 x2+1+x~x2 +1 - (tan2e+l)+tana~l+tan2 e
d9

1t --- 1t

=1
0
2 1 cos2

e 1 = 102 de
--+tan9x-- 1+sin9
cos29 cos9

2tan~-
sin x = 2

l+tan2~
2

9
: ls tan- = u . - ... L o~ a <"~ ~ 1-
~) 2 ~~. .r: ~

9
2tan- 2u

sine = 2_
2 9 -1+u2

l+tan _.
2

( {

9 = O=> U =0

, -2
1 1+tan2~2)de=du => '!'(I+u2)d9=du

1t
2 9=-==>u=1

2

2du

1
1 l+u2 __ 11 2du 11 2du _21 1

1= 0 - --1
1+~ 0 l+u2+2u - 0 (u+l)2 - u+l 0 -

l+u2

IlfudV=uv- fVdU~

b Ib bfa udv = uv a-I Vdu



x dx =dv

Arc tanx=u

1) 1= fX.Arc tan xdx

dx
--=du
l+x2

=>
1 2
-x =v
2

x
2

1 J x
2

x
2

1 JX2
+ 1- 1 x

2 I(J J-1.dX)I =-.Arctanx-- --dx =-.Arctanx-- dx =-Arctanx-- Idx+--
2 2 l+x2 2 2 x2 +1 2 2 x 2 +1

x2 1=-Arc tan x --(x - Arc tan x) +c
2 2

2) 1= fsin-1 xdx

sin-
1
x=u {bdX=dU

=> 1- x "
dx=dv

x=v

I=xsin-I x- fpdx=xsin-Ix+~+c
1- x 2

3) I = fx 2 .In x dx

dx =du
x
1 3
-x~ =v
3

4) Jsec-l-J; dx

{
sec- 1-J; =u

dx=dv

1
-- dx
2-J; =du

=> -J; .Jx -1

x=v

1= xsec-1-J; - J~ =xsec-1-J; -.Jx-l + c
2 x-I



5) Jxsec2 xdx

{

X =u {dX =du

sec 2 x dx = dV => tan x = v

I = x tanx- Jtanxdx = x tan x + lnjcos x]

'~)'j-O ~)~ .~) ,-:-,'~ ~ l;~;?)~ ,) ~~ ~ ~~ ~') ~,~ )4~ ~4 ~L.-o ~~.J~ ,~,~~ tOlSJ,10loA :~

:~}' ~~ ~,~ )~ ,)~~, ~1~~

:~, 0~ ~li.)!j cili..-o cY -'~ ~li)~ ~'J 0-!' ~'o~,

{
e

ax

}1= J<x jllSl~~). c~sax • dx
sm ax

Jax {COSbX}J= e . .dx
sinbx

x2

.~~ I) I = J: sin£ dx ~JI~I J..ob- .J~

x = u2 => dx = 2u du
{

X =o=> U =0

1t
2

1t
x=-=>u=-

4 2

x2 X

1= J: sin£ du = J
0
2 sinu.2udu

2U~ sinu

2 -cosu

~o -sin u

x

I=(-2ucosu+2Sinu)l~ =2

:Jl:..

I) 1= J{x 2 + x -I). cos xdx



x2+x-l COS X

2X+I~ sinx

2 ~-cosx

o -sinx

I = (X2 + x-I)sinx + (2x + I)cos x - 2sin x +c

2) 1= Je-x .cos3xdx

Jl~1

-1
-cos3x
9

-x
e

e- X cos3x

~-x 1 .-e -mn3x
3

I -x 1 . 3 -x 1 3 1 J-x 3 d=e ·-Sln x-e ·-cos x-- e cos x x
3 9 9 '----v-----I

I

(1
1) I -x 1 . 3 -x 1 3

~ +- =e ·-Sln x-e . -cos x
939

I 9 -x (Sin 3x COS3XJ=-e ----- +c
10 3 9

~ J'~'
x + f*{x)

1 ~f'(x)

o~ f(x)

1=rx .f'(x)dx = [x.f'(x)- f (x)) [ =(b.f'(b)- f (b)- (af'(a)- f (a)))=bf'(b)- af" (a)



~~~ Yo I) 0)~ J~I.0)~ ~I y.:i. ).:1) ~4 r.s~~) 0)~ 0.;:-).:1 ~ ~~:~ ":".J~ ~ JI~I..::.....~ Y..j ~I; yfl

'.H.j u)1l> ~ tA.::;ii L , o~y5' ~.~ ,~~ ~1.9 y.:i. ~~~ tA.::;)~ , J~I ~)~ ~I,e. ~ I) Q( x) I~' .(~~~ clAbl o~1 , ~~

· . . ('~ ~~~ .. ~ I t:..:~ t(
'~.~~~ ... ~.~~)~ .)r- ..J~~

: "'L~I~ . ".).;'~JL ~I~ ~ 1C: . ~ J I d-.> ~ 1~1 ..b.A9 Q'[x ] ~ ... ~ -~1 (WJI~ . ~. . ~, )~ u~ ., , .) cr"~ ..j'?) .r:

Q (x) = (x - a1) ( x - a2)... (x - ai )

(~4~ ~1~ ~ Llsa jl ~1~~)

:~.)~ ~l:.> 0-!.1 )~

p(x) A} A 2 Ai
--=--+--+...+--
Q[x] x-aI x- a2 x-ai

:~~ ~1~~.,~4 t.,S);S:J 4;1 jl ~~, ~.~ ~~j-! J,I ~)~ ~t~..b.A9 Q[x] ~~.J~ yfl (y

k
Q (x) = (x - a1) ( x - a2 ) ... ( x - ai ) (x - b)

p(x} _ A] A 2 Ai B] B2 B k-----+--+...+--+ + +...+---
Q[x] x-a} x-a2 x-ai (x-b)k (x_b)k-I (x -b)

:~~ ~I~~. ,~~ ~I~ ~~~ )~. L>~~ ~ ~.~ ~1.9~ ~,~ ~)~ ~t~..b.A9 Q[x] ~~.J~ yfl (~

Q(x) == (x2 +a,x + bd (x2 +a2 x + b2) ...

:~4 ~b~. ,~~ ~~JA ~ L5)1~ ~.~ ~1.9~ f'~ ~..>.,:) ~l,.e Q[x] ~.r:u..J~ yfl (c

Q(x) == (x2+a,x +b,)( x2+a2 x + b2) ... (x2 +mx + nt



:~ tA>~~. I ~l.lbJ~ ~
•• • J J~•.J ~ •

·(~4 ~ )Q.;~)~ ~\.j ~.1~ ~b.o) ~~ ~w~? sl.lb.rS~u)~ 'l? l)i.)L5llb~ :J~

(~,

1 A B
f(x)= =-+-

x 2 + 4x + 3 x + 1 x + 3

x2 +4x+3=(x+1)(x+3)

(y

f(x)=_1_=~+ Bx+C
x ' +1 x+1 x 2 -x+1

x 3 +1=(x+l)(x 2 -x+l)

(~

2x2 -13 ABC D
f (x)= =-+-+-+-

x2 (x2+x) x+1 X x2 x'

x 2 (x 2 + x)= x3 .(x + 1)

(~

I=J~dX
x3 +x

: .• (' 4::.\.J ••• , J,e·~:1 .. ~ ,~, : 1-
~ is" ..~) .r- fl.).r--' . ~

x+3 A Bx+C A (x
2

+l)+(Bx+C)x
--=-+--=-------
x
3+x

x x
2+1

x (x2+1)

{

A + B = O {B=-3
C=1 => A=3

A=3' C=1

Ax2 +A+Bx2 +Cx

x(x
2+1)

(A+B)x2 + ex +A

x3 + x

1= J2+ -3x+1 dx = J2 dx+ J~-3J-x-dX
x x2+1 x 1+x2 x2+1

I=31nx+tan-1x-l ln (x
2+1)=31n [~]+tan-lx+c

2 x2 + 1

1= J dx
x (1 + x)2

:Jlio

:..« AJ ~, J' .e·~~, ~. c;- ,~, : 1-
~~ ...r.-) r-J")~ • ~

1 ABC A(1+x)2 +Bx(1+x)+Cx (A+B)x2+(2A+C+ B)x+A
---=-+--+ = =----------
x(1+x)2 x l+x (l+x)2 x(l+x)2 x(l+x)2



{

A + B = O {A= 1
2A+B+C=O => B=-1

A=1 C=-1

1= {!+2+ -1 ) dx=lnlxl-ln 11+ x l+ -
1
- + cJl x l+x (l+x)2 l+x

J dx 1
--=- In
x 2 _a2 2a 1~I +cx+a

:~

{

A = C = O

B=+3

0=-1

2x2-1 2x2-1 Ax+B Cx+D Ax 3 + Ax + Bx2 + B + Cx3 + 4Cx + D x 2 + 4D
----= =--+--=--------------
x4+5x2+4 (x2+1){x2+4) x2+4 x2+1 (x2+4)(x2+1)

A+C=O

B+0=2

A+4C=O

B+40=-1

1= (+00 (_3__1 ) dx =(~tan-I ~-tan-l x)Jl» =~(1t)_ 1t = 1t
Jo x2 + 4 x2 + 1 2 2 0 2 2 2 4

:.)JJI..)J .s~~ ~~~ '..sJJI~I41..liJ~ 4S ~I,; ;1~uJ~~ \SJ~I~I

0-!' j' ~'~ rA )~ 4...S~~' 4J,! ~ ; oG,S' ~lj 4~J'~' ~~~ 'J~ J'~' ~4 ,~L.o 4.i~ 0'!' )~
:~~ ~I,> o~L~ J> 4.0'~'~ .~~~ ,) J'~I ~')lc .)"!.j ~l; ~'0'~ ~~I,!

{
- I

r(x)=
x+l

1= f, f(x)dx

x s l

x >1

:~

I
3

f(x)dx = II f(x)dx+ f3 f(x)dx = II -ldx + J3
(X+l)dX

-1 -1 1 -1 1

=-x I~I+(~ +x) I: =(-1+(-1))+(; +3-(~ +1))=-2+(7.5-1.5)=4

1= f+'ln[x]dx



:~

1=rIn [x] dx+ J: In [x] dx+ ...+ J:+1In [x] dx

= JI
2

In I dx+ J:In 2 dx+...+ J:+I In n dx

=In 1+1n 2+ln 3+ ... +ln n =In (lx2x3x ...xn) =In (n!)

1t

I = ~ [2cos x]dx

:~

x x 1
- < x < -::::> 0 < cos x < - ::::> 0 < 2cos x < 1
322

x 1o< x < -::::> - < cos x < 1::::> 1< 2cosx < 2
3 2

1= J~ f'{x] dx
2

:P'!)b lft'.r.~ ·~4~ x
2 .r.1.r. ~I; ~w. (I,2).u..:,l9 )~ , 1 .r.'.r. ~I; ~w. (-~ , I) 4l.-19 )~ ~"':'l.S" 4b~ .0),b01..oJt,

I = J~ I dx +rx
2

dx
2

I=(x) 1 +[~) 2=(1+-!.)+(!_.!.)=~+2.= 23
13 233236

-2 1

1: [t]2 dt + r[t]2dt + f: [t]2dt =2(x - I)

0+ rI2dt+ f2x22dt=2(x-I)

0+ (2-1)+ 22(x - 2)= 2(x -I)=> x=~. 2



1= J: Icosx -sin xl dx

os x <~ => 0 S sinx S cos x => cos x - sinx ~ 0
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1 cosh x 0 eX + e-x 0 e2x + 1
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