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�1� �� �

b
���� .!L7 �	.��� @1� �9�� a

b
@�&. �	1�, ���� *J�-Q
B� ��=, �����K @1� ab ����� OC
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l � f������ � � �g �� L )��, % ���	(�� ?#2 �� @1�� A!�G b �!�S� �� L �������
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I��> �� �"	+B �b �� ��"�%$� �W� �� 	� x� � y� � � �?	+ �b�"	� �E%�,� ��C �"B L"�T �� ��"+	B

������ ����H �W� �� !B�mO 5J= 4	��C �� x ��  ��2 n�E%� + I�7�� 	b�� �� @	b� �� ��A�

��"	� ]��� �� M��"	� !+� �"+	B �� ���G 4��, )�T ��6� ���" M��	 �4�"�	�� �� ��	��� �"+	B �bB	��	

��i Q�D�� �%�, +� ��6� I��> �� �B	��	 
"	 �, �D�O B	 �a��	 ��� S�� �?	+ �D�"	 �� �,i

�'P + ��2 �'P 	� �8�2J2 �'P ���	 �G%G? ���C�K" 4�"�	� �� �"+	B �bB	��	 M��	 a)�T +�

�, ���� ��W� �"+	B K" �G%G? ��C �� !	�� Z%8�8 
"�� �E%�,� �	��	�� �(� 	� �C�� �b ��GC

��� ��	� ��C �, 
"	 �� ��6� M�(� �" ��2 �'P ��i ��"	� n%  !+� ����6 4��, �T !��� ��

�bAG� M� �G%G? ��C �� !	�� Z%8�8 
"�� ���	 ��C 4O �bB	��	 �� 4�"�	� Z6?�� a���� �(� �" ��2
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	� �AG� 
"	 y �b 7�� + cos� 	� �AG� 
"	 x �b 7�� ��"O� ����� �?	+ �b�"	� !+� �7�9

^"��8 csc � �

sin + sec � �

cos Mcot � cos
sin Mtan � sin

cos I��> �� �$"� �8�2J2 5�	�8 �E%��� sin�

�, ��	 R B	 �T�G� �b C��D ��J� M�6%� R�b �� �G%G? 5��8 ��'U 
"	 ^"��8 �b �	� ���:	 �, �����

�"	+B �=�(8 + ]��D �8�2J2 5�	�8 F��� !���� 8	 ������ �(> ����,^"��8 I���C ;�� 4O ��

B	 ��� ME"�"� nJ�� �	�C	 ����� �� �, ��T 4��� cos�� � �� � cos � cos� � sin � sin � ����

������S�� ��6�	� �D�"	 �� + ����� �D%�� nJ�� �	�C	 <�=

���	����%# ��� ^"��8 �b �	� �� �8�2J2 5��8 �� �� ������ ��	�
�

����� +� 
"	 E%6G8 + <�= B	 5�	�8 �"�� 	�"B ��� ���R cos + sin �$���%# ��	 ���, �����

cos �$���%# ����� 4	��C �� ��� ���	�� ����%# 1./d L�T M����� �(> ;�� �, �P �� + ��"O�

4O �$���%# Msin � � cos��
�
� �� �� �P�8 �� 4	�8� N%� + ��	 ���9 sin �$���%# ME%�,� ���R 	�

�� @��%6, E%��� 4�9� �6�� ����H �D%�� cos + � �� �
�
� � ����%# 5��8 +� Z%,�8 4	��C �� 	�

��H�� �, ��	� ��P+ � M��� ��	� e � � �� !	�� �, E%�, ���R �"�� Mcos� � � 4�U ���	 ����%# d

��	 cos � ��	�� OH )�T ��2 + KU�, j�j !	�� �j cos � � �j � e ��$�O Mj� � �j � j�j � �

j� � cos �j � � � cos � 
"	� �� � � ���� ��  cos� � �	� � OK )�T �( �  KU� , j�j !	� � +

3 J 2  �� �� �� ��  a�( �  � �:� ? �� Z % 8� 8 � �i � � 2  � �:� ? �� aKT � "i HT )� T � �	� �

���" M��	 ���U�, �8+ )�T B	 ��h�� �b "+	B �� �+�D 5J= )�T aBKT Z%8�8 ��i AHT �"+	N:	Eh��

Z%8�8 ��i AT �8+ )�T �$"� ���T B	 �a� 	 � � cos � 	 BT Z%8�8 ��i � 	 � � cos � 	 AT

Q# M��	 ���U�, aBT Z%8�8 ��i AT 4��, )�T B	 aBK

� 	 �� cos � 	 j�j a1i

+ j�� cos �j � e �, ��� �D%�� j� � �j � � B	 ME"�%$� e ��	�� 	� � M��� ��	� e � � !	�� �H	 )�?

���, ���R 4	�8� 	� � � � �� sin �$���%# Z%8�8 
%�� �� ����� I��R	 �� � � � �� cos �$���%#

���U�, j�j B	 o�� ���9 �%:� �� K" �� �, ��	 BK �" AH )�T ��	�� j sin �j �, �%�, �P�8 5�	+ ��
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"	����� M��	

� 	 j sin �j 	 j�j a-i

����H �D%�� 	� � � � �� sin �$���%# 4	�8� � � e 
���H �� 	f��D + j sin� � sin�j 	 j� � �j �"

	�%# � � � E%�	��� M��� ��	� e � � !	�� ���	 ����%# �� �AG� �� �� cos E%��� 4�9� )�?

E"�	� �j cos��� � h�� cos ��j � e ��� �D%�� jhj � � �, E%�,

j cos��� � h�� cos ��j � j cos �� cos h� sin �� sin h� cos ��j

	 j cos ���cosh� ��j� j sin ��jj sinhj

	 j cosh� �j� j sin hj �j cos ��j 	 �� j sin ��j 	 � 4�U�

	 �jhj aa-i + a1i L�Ti

� ����� I��R	 �� E�? � � e
�

���H �� 
"	�����

�$���%# ��� �� 4	�8� Me./d + -./d M1./d !����	NH �� �P�8 �� 4��,	 Z%8�8 
"��

���, 3 � �8�2J2 5�	�8 + �"�H 5�	�8 !���N%O ]	��	
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��� �����	 
����� ����

�� ������� 	 
��� ���b� ������ ������� ����� �� ������� �����  � 
�! � "#�� $�% "&� 	! �!

�b ���!  '� (%�	 �! )
��� �*+  � ��� �,-� (�� ��!�.� ��/�01� 	 23�� ���� �� ������� �1��� 4�

)5#�! �6��� �� ���/�01� 	 23��� 7��� �� � (�� ��!�.� 8�#� �4� 9� ������ (�� 9�

)���:6 �!� ;�� ���b� �! "&� ;�� �1+� �<=�

	 f�a� � A 8�# � � ���� � ( � � 9� f � �a� b� �� R �� � � > ? ��� � � ���	
 �b �� ������

�� !��! !�@	 �a� b� �! c ���A,� 8B 	 A ;�� C �,�,+ !��  6 �� � B��C ;�� �! )f�b� � B

)f�c� � C


1+ D�E 85�� ��# ���F� �b�B� 	 �a� A� �bA,� ;�� �� 
��� > ? �.:�� 9� �� f ��!�.�  '�

�� ��� �*' G�� C ������� H����  6 4� ��� B H���� �� A H���� 4� �*' �� � �.:�� 8��<% ;��

8c�  �!,� ��4��� 8�� �� (�� ��!�.� 8I $1# �! )5�� �.:�� ��/�01� 	 ���:� 
6 ��  � ����b�

)����� ���� C H���� 4� 8�a� b� �! c� 	 c�

J� =� ;�� 4� �� � ��! �1+� 	 ������ (�� J� =� 4� ������ K,? ��<% ;�� B�L� �� � f=�E

8
������ B�L� ��  �4 B��C �� �� ��<% ;�� 4� 7� ��M+ 5:&� )! � �!���� ��#� ��# �N���

O!�#�� �N��� 7� 5M+ ;�� 4� �'!� �� �-� 5M+ 
�6!�� �F� P0�

	 g��� � � � � � # � � � �� � � � = � � g � ����� �� R � � � � > ? ���� � ���� ������

)g�r� � � �� !��! !�@	 ����� �! r ���A,� B��C ;�� �! )g��� � �

I
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��n�n�n� � � �$1# �� �F�.� !��  6 Q�� � ;��� )
�:����� R ���� �! ����� �b4� S,� ������

�!�! "�. � ������ � � � B��C �� I �b A, � T�U� )5�� 9�  �  �C  �� � ni �V �! �� !��!

���A,� ��N�:@ �! � )!�#��

r � ��r�r�r� � � �

g��
�
� )! � 
 � 6��� � � �� � f � M�� � � �� �!�� ; � �/ G �. � 4� P � � %�� )g�r� � � � � 
 � �:6

	 5�� ��# �� � � ����� �b4 � �! W� -A � 5�C�  � �!�� 8g��
�
� � �  '� )
 � � '��  X � �! ��

5M+ 	! 4� �1� 8g��
�
� �� �  '� )5��  X� !��� W��@ YR ���� �� 5��� Z E[ �

�
� ������ � � �

O
�6!�� �� % )5�� �� % � g��
�
� � � � g��

�
� � �

r� �

���
��
� g��

�
� � �  '�

� g��
�
� � �  '�

�� � �4 
�6!�� ���!� �4� ;�� �! �� �N�:@ P� ;�� 4� 	 
����� I� �� ��� �
�
� �b4� g���� � �  '�

��/ )5�� 5�\� 5��� ����� �! 	 ���� �4� ;�� ]/ ����� �! (�� 8����� ��M	� �b4 � ���.6

 '� ��E ;�.6 )r� � � 
 �!�! �� % !�#�� H	 # ^ 
%�  � R �� �� �! ��� �
�
� �b4 � S, � "�. �

����� �! g �� 
�6!�� ���!� �4� ;�� �! �� r �� � �N�:@ 	 ������ I� �� ��
�
��� �b4 � 8g���� � �

I 
%� � R ���� �! �4� ;�� S,� "�.� ��/ )5�� 5�\� �V 5��� ����� �! 	 ���� �V ]/

�� �� �4� ;�� �f!�N� 	 
����� �@�� I� �b4� �� 2+ B��C  6 �! )r� � � 
�!�! �� % !�#�� H	 #

5�_� �� �#� Y��GN� �1�[ ���� �b A,� m�  '� )
����� ��GN� 5��� 	 ]/ ��:� �b4� �4 	!

;��  �` �! 85�� �. � �� 	 !��! ��  X� !��� �'a�	 m� 8g�m�� � �  '� )
� ���� �� � g�m��

5�� �'a�	 ;�� ����! I� ]/ �b .�� ���V g�m��� �  '� )�#� ���� � 5�\� ��� g�m�� B��C

�� r �� � �N�:@ P� ;�� 4� )5�� 5�\� g �V 5��� ����� �! 	 ���� g (�� �V ]/ ����� �! ��

P� �	! 
%� I� ]/ �b.�� R ���� "�.� �! � �4 r� � � 
�6!�� �� % 	 
����� � ���� �4� ;�� �!

����� 	! �! �� 5�� �'a�	 ;�� ����! I� 5��� �.�� 8g�m�� � �  '� P1=M� )5�� ^ G�.� 4�

)
����� W&��� �N�:@ �b ��!� �� � �� �4� �4 ;�� 	 5�� 5�\� 	 ���� Q�� � �� g (�� 5��� 	 ]/

R
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)
�6!�� "�.� I� �� �� ��# W&��� �b4� B��C  6 �! )r� � � 
�6!�� �� % f=�E B��C ;�� �!

�-� ��E �� )
����� �� 1� �� U� $.� 	 
� �'��  X� �! �� 8m� 8I� K�	 �bA,� 5�_� �f!�N� 2+

8
� �'�� I � ^ Q�� � �� �� G�.� 4� P� �� cck 
%� �#� ���� � 5�\� g�mk� 5�_� �� ;�� �� ��:�

g�mk� d�6 ��%	 )5�� ���V 5�!�� r � ��r� � � �rk B��C ��  X� !��� !�� 8g�mk� � �  '� 	

�!� )��V�� 5�!�� r � ��r�r�r� � � ��!�� 	 !�#�� ����� �F�� 4� P� 
%�  6 8!�F�  �C


����? '  X� �! ���!�� �6�4� 4� ���M��! �� 5�� ;�� �!� ;�� �!��# ���� )g�r� � � 
�����

4� 9�  6 ]/ ����� �! g (�� 	 5�� � � � 8�
�

8�
�

8I Q�� � �� ��V 2�E �� � � � � I� � I� � �����

���M��! P� 8!��! �� % 6�4� ;�� �b .6 �! r !�� )5�� 5�\� �V 5��� ����� �! 	 ���� 6�4� ;��

$�� �V �� 5��� Z E 4� �M��! 	 5�� ���� g (�� �M��! S,� �b .6 �! �� ����� $�� �V �� ]/ 4�

)g�r� � � �� 5? ' 
�6��� �N��� g (�� ������� 4� )5�� 5�\� g �V S,� �.� �! �� �����

 '� )!�#��  N�� e%� � � � g�r� �� � 
�6!�� �F� )
� ���� $.� J-� �6 � g	� ��

_f �� g�r� � � !��� 8
� �'��  X� �! �� g�r�� � 5M+ )�#� ���� � 5�\� ��� g�r� 8g�r� �� �

x �bA,�  6 �� � �� !��! !�@	 r 2�+ �r� �� r	 �� ���4� 
�6!�� �F� 8g�r� � �  '� )5�� ��F�

��� (%�	 �! ;�� 	[ 5�� r �! g ������� 8$�M! )g�x� � � 
���! ! �' �� % �4� ;�� �! �� ����� 4�

J� =� D�E 8
� ��� g�r� �	:� �  �1/�� �� e � �  '� � �4 8Y5�� B�L� �! ������� 4� � �!����

r 4� � 4�  �1/�� �-C? �! �� Y����� ��=�[ g �b ���!  3��  6 �� � �� !��! !�@	 � � � �������

O
���! ! �' �� %

�e � g�r�� g�x� � e

2�E �� ���� �@�� 2+ )g�x�� � �� 
� �'�� �N��� 5��� Z E �	:�� 4� 8� � e � g�r� ��/

2�E 	 5:6 In �<� r �� N�V 4� ) �
�n

� � �#� h�G� �?� �4���� �� n  '� 	 5�� �

�n
 �� � In �b4�

g 8In �bA,�  6 �! ;�� ��� )!��! �� % �r� �� r 	 �� �! ��.� �� In �� !�#�� �N��� 8� 4�  �1/�� In

�� �6!�� �F� e%�� ;�� )!�� ���� ����.6 g (�� In ]/ ����� �! �� �M+ �! 8�#� 5�\� ���

� )g�r� � � f�	GM P� )!�#�� e%�� ��  N�� G�� g�r� � � f��F� )5:�� ;1.� g�r� � �
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> ? )!�#�� �N��� RjII 4� �'!� �� IjII ��<% �-� 5M+ �� 
�6!�� �F� �����

�N��� �f (�� ;�? '  X� �! � ������ �� A � B 5M+ )A � B 
���! IjII B��C �! ����

�=�� 8f�x� 4� C 5�L ���,� �! � 
� � �� 9� 4� �� 5�� ;�� B�L� �b��� )A � C � B P� )5? '

 ��! ���� 4� 	 85�� 5�\� 5��� ����� �! 	 ���� ]/ ����� �! �� 
��	V�� 5�!�� ������

( � � 8�� ;�� �� � )
� ���� $���� RjII �� �� � Mb:� 8����� �� �a� b� 2,� �� 	 k�,�  � �l �  �

O
����� J� =�  �4 B��C �� �� g � ����� �� R

g�t� � f���� t�a	 tb�� C

�� �a� b� �b4� ��� t�a	 tb 9� �@�! B��� 8����� �E �� ����� �b4� t  �l�� ��%	 �� ���� �@��

)��.����

t �� 5�:� I �@�! 4� ��/ 5�� ������ !�#�� J� =� ��t� � ��� t�a	 tb B��C �� �� � (��

	 5�� ������ f � � 5�� ������ 8������ �6(�� Q�� � ��/ )g�t� � f���t��� C 
���! 85��

	 g��� � A � C � � �M	 )5�� ������ g P� 8����� m�+ �� ������� G�� �C 5�L (�� �!	G?�

��=� 8g�r� � � �� !��! !�@	 ����� �! r ���A,� 8RjII D�E P� 8g��� � B � C � �

f���� r�a	 rb�� C � �
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���! 	 5�� �a� b� �! r  n��� �bA,� c � ��� r�a	 rb 2+

��!�.� 23�� !��#  � ����� ��V 5�C k�+ �� ������ �6(�� �� S�� � �1+� 4� �!��=�
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�@�� )f�x� � � �� ����! !�@	 ���� �� �! G�.�� x 	! 
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f��� � ��� 	 � 	 � � �
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�! x� ���A,� 
�6!�� �F� )f�x� � �a� b� 8����! �! x  6 �� � �� ! � ��3� R�� �a� b� 4� ������

�� � )������ f (�� �� � ���� �b ��� 9� �� x� �b A,� ;��/ )f�x�� � x� �� !��! !�@	 �a� b�
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(�)*���+ ,	�� &	 -. ���	 �	�/��� "0�1 � "2 �� & �� �)3 (�4� . 
5 �6b � (��7� %/*
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#+�� S� �)�1� �b9?)

� y 	 f�x� :�E�� )�	 #:����� ��	 ���	 � "��L	 � a 1� g � f ��������	 3�" d� � � .�-

'�$ J��& � �	2I�� j
xj���� �� �1�� ��0� � �&�� �+�� �������	 a 1� f ��I #z 	 g�y�
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x� � �f ��a� � ��
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ja � dydx�a� �� ��� ��� �� x 	 a �b9?) 1� ���	 1��?	 #+�� 
�� 1��?	 �Y���=) �31�, 1� y ��=)

2� �- ����	 �� �()> �� #��1�	 1���� ��=� 5�� U��=) �� �4I�T ��$�	 '��� U��=) dy�f�a��
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P� �h 	 � ���� +�� dh
dt
�R�bE	 .�6(	

�1��	 �bj7L	 !G�� 1� 1�) 
"4	 ��� #�1�� 1��� �1���� �� ��	 S �b 8,�/ 1� S 1�) 
"4	 2� �� ����

��1 #�G�I�	 ��v8v	 +60 1� ��)�d �� �����1 �

�
+��d ������� +*�� �� �� �1�� 1��� S X��	 ��
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#�4��	 +��- ��)�d �� ��	 QyH[ ��4 �� +�� ��	
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xHQO ��y��xrtH OvJ 	CU� QDxO�U ��xrtH OvJ �x�U�Lt �OW�� QDmJwm ��xrtHOvJ �xHQO xJ Qy

	xQ�e w �OvwQ�t Q�m x� ��N �� QkD u�wvax� l� xHQO ��y��xrtH OvJ �OvDUy C��F ���wD �QiY

uOw� OvtOwU ��Q� �k�w QO �OQm ���� RQ� O��� xvwoJ �Q ���D x� �� QkD uOw� l�ORv ���� OQwt QO

p��k OL QO �� QkD u�� R� xO�iDU� ���N xm s�vm pY�L Q��N u�v�t�� s�v�wD� O��� ��� QkD VwQ l�

�� �Q x�Qty ��N u�tND VwQ l� O��� Qw	vt u�� x� 	CU� Q	v OQwt OQ� Q�m QO �Q�oQ�mx� ��Q� pw�k

QO 	OQm x
�Q� ��N jr�t QOk ��Q� ��q�� u�Qm l� u� ltm x� u�wD� xm OW�� CUO QO �� QkD VwQ

�
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Ovm�tv Rw�HD �

�
M��x� a�� R� ��N �OW�� Q�PBOkDWt Q�� wO f ���D Qo � xm s�O�O ��N �� QkD OQwt

�x�U�Lt �� u��Q��v� 	CU� x w a u�� �xR�� QO ���D swO jDWt ��Q� ��q�� u�Qm l� M �Hv�� QO xm

	CU�v �� CUy �rw�k p��k OL QO �r�tDL� ���N QFm �OL xm OQm x	Lqt u�wD�t �

�
M�x � a��

R�v ��N u�tND VwQ l� �OQm s�y�wN x�Qa xUrH u�� QO xm �QD�rm ��yWwQ ��Q� ���DQD u�tyx�

	Ovm�t x
�Q� umtt ���N QFm �OL ��Q� �v�Qm xm OQw� s�y�wN x�Qty x�

jDWt Qo � w OW�� f h� QaD �xvt�O QO ��x�kv a Qo � 	s�OQo�t R�� ���D l� swO jDWt h� QaD x�

CU� f � h� QaD �xR�� �vwQO �x�kv l� a x�ov� �OW�� xOW h� QaD a pwL R�� �xR�� l� QU�QU QO f

�� f ���a� x� �Q u� OwHw CQwY QO xm �CN�U KQ�t �Q a �x�kv QO f � ��Q� jDWt OwHw u�wD�t w

�OW�� xDW�O OwHw a pwL R�� �xR�� l� ��kv �xty QO f ���x� Qo � Qw�v�ty 	s�yO�t V��tv f ����a�

f ����a� �� f ����a� x� �Q u� OwHw CQwY QO xm �CN�U KQ�t �Q a �x�kv QO f �� �Q�PBkDWt u�wD�t

QU�QU QO f ���D s��n jDWt Qo � ��rm Qw�x� 	s�t�v�t a �x�kv QO f swU jDWt w s�yO�t V��tv

OQ�O Q�Qk �UQQ� OQwt a �x�kv QO �Q f �n� �Q�PBkDWt u�wD�t �OW�� xOW h� QaD a pwL R�� �xR�� l�

a �x�kv QO f s���n� �� ��x�DQt� jDWt w s�yO�t V��tv f �n����a� x� �Q u� OwHw CQwY QO xm

R� jDWt ��Q�O xvt�O ��kv �xty QO f Qo � s�t�v�t Q�PBkDWt Q�� k �Q f � S �� R ���D 	s�t�v�t

x�DQt Qy R� jDWt ��Q�O OwN �xvt�O R� T �xawtHt Q� R QO �� a x�kv l� QO f Qo � 	OW�� s��k �x�DQt

	s�t�v�t T �xawtHt QO �� a �x�kv QO Q�PBkDWt Q�� C��yv�� �Q f �OW��

O� Q�o� Q	v QO ��xrtH OvJ ���D l� �p�Ft

p�x� � c� � c�x� � � � � cnx
n

Q�PBkDWt x Qy ��Q� R�v p jDWt ��QDu���B �m� �xHQO R�� CU� ��xrtH OvJ l� R�v p jDWt xm �Hv� R�

O�vm xHwD xwqax� 	CU� Q�PBkDWt Q�� C��yv�� R QU�QU QO p xm s�v���t �Q�okDWt �xt�O� �� w CU�

	p�k��x� � � s� Q�O k � n ��Q� ��Q�okDWt QO xHQO p�rkD ��Ux� xm

�
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u��Q��v� �sin�� � � sin w sin� � cos s� Q�O 	O� Q�o� Q	v QO �Q sin � R �� R ���D �� p�Ft

�OwW�t Qy�� ��OOHt Twv�U ���D �Q�okDWt Q�� Q�yJ R� TB w O�O xt�O� xQ�wty �Q �Q�okDWt u�wD�t

h� QaD �xvt�O QO R�v Qo�O �D�FrFt ���D Q�yJ 	OQ�O �y��Wt C�a�w Twv�Um ���D 	sin��� � sin

	OvQ�PBkDWt Q�� C��yv�� OwN

s�vm�t h� QaD Q� R CQwYx� �Q f � R�� R ���D �� p�Ft

f�x� �

����
���

xn x � �

�xn x � �

�x�kv Qy QO xm f�x� � jxj s� Q�O �n � � ��Q� 	CU� xOW xO�O C�Ft K�LY OOa l� n �Hv�� QO

Qo � 	s� Q�o�t Q	v QO �Q n � � p�L 	CU�v Q�PBkDWt x � � QO �rw CU� Q�PBkDWt x �� �

�CU� ��xrtH OvJ l� xm OQ�O �Q �xn �� xn Q�Okt u�ty f ���D �a pwL R�� �xR�� l� QO �a �� �

s� Q�O n � � ��Q� 	k � n ��Q� fk�a� � � w �CU� Q�PBkDWt Q�� C��yv��

f ��x� �

����
���

nxn�� x � �

�nxn�� x � �

s�vm�t xO�iDU� h� QaD R� a � � QO

f�� � h�� f���
h

�
�hn � �

h
� �hn��

�� x � � x� u�wD�t �Q ��� pwtQi w f ���� � � TB �CU� QiY q�� CQ��a OL �n � � x� xHwD ��

s��xOQm C��F k � n ��Q� xm O�vm ZQi �QkDU�x� �rm Qw�x� 	O�O s�taD x � �

f �k��x� �

����
���

n�n� �� � � � �n� �k � ���xn�k x � �

�n�n� �� � � � �n� �k � ���xn�k x � �

s�yO�t p�mWD �Q Q� R QUm a QO �k � �� �x�DQt jDWt ��Q� x�ov�

f �k��� � h�� f �k����
h

� �n�n� �� � � � �n� �k � ���hn�k��

�
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k � n� � �� �k � � � n ��Q� �rw CU� QiY u�vJty q�� CQ��a OL �k � � � n xm �v�tR �D

s� Q�O
f �n����h�� f �n������

h
� �n�

xmv�� xYqN 	OQ�Ov OwHw f �n���� u��Q��v� �h � � �� h � � xm OQ�O u�� x� �oDU� � Ctqa xm

Q�� �n � �� �ki � QO �rw CU� Q�PBkDWt Q�� C��yv�� x � � ��vFDU� x� R ��kv �xty QO f ���D

	OW���t QiY ��ykDWt �� Q�PBkDWt

k �xHQO Qwr�D ��xrtH OvJ ������

�x�kv l� a �CU� xR�� l� I s�vm ZQi 	s�vm �iQat �Q ���D l� k �xHQO �� QkD xm s��xO�t� uwvm �

a �x�kv QO Q�PBkDWt Q�� k w I QU�QU QO Q�PBkDWt Q�� �k � �� �a��D f � I �� R �xR�� �vwQO

xm OQ�O OwHw k �xHQO R� p�x� ��xrtH OvJ �l� �yvD w� l� s�yO�t u�Wv �CU�

p�a� � f�a�� p��a� � f ��a�� � � � � p�k��a� � f �k��a� ���

a �x�kv QO k �x�DQt �D u� Q��vDt C�kDWt w f ���D �� k �x�DQt �D u� C�kDWt w ��xrtH OvJ u�� �va�

p�x� � c� � c�x � � � � � ckx
k pmW x� p�x� Q	v OQwt k �xHQO ��xrtH OvJ 	OvQ�O j���D

s�vm �DQt Q� R CQwYx� �Q p�x� s�v�wD�t �uOv�UQ u�wDx� w x � �x� a� � a uDWwv �� 	CU�

p�x� � a� � a��x� a� � � � � � ak�x� a�k ���

Ov���t QO Q� R CQwYx� s��k �x�DQt �D p�x� C�kDWt

�

http://www.icivil.ir


���
����������������
���������������

p��x� � a� � �a��x� a� � � � � � kak�x� a�k��

���

p�i��x� � i�ai � � � � � k�k � �� � � � �k � �i� ��ak�x� a�k�i

���

p�k��x� � k�ak

s� Q�O ��� �QW �� ��� w ��� �xU��kt QO u��Q��v�

a� � f�a�� a� � f ��a�� a� �
�
��
f ���a�� � � � � ak �

�
k�
f �k��a�

s� Q�O w OvwW�t u�aD OQix� QYLvt Qw�x� ��� �QW R� ��� ��xrtH OvJ ���Q� TB

p�x� � f�a� �
f ��a�

��
�x� a� � � � � �

f �k�

k�
�x� a�k� ���

C�kDWt w f �� k �x�DQt �D u� C�kDWt w OwN xm CU� k xHQO ��xrtH OvJ xv�o� ��xrtH OvJ u��

�� QkD �� a �x�kv QO f ���D k xHQO Qwr�D ��xrtH OvJ lv�� �Q p�x� OvQ��Q� a �x�kv QO k �x�DQt �D u�

pY�L a �x�kv QO f ��N �� QkD �k � � ��Q� xm O�vm xHwD 	Ovt�v�t a �x�kv QO f ���D k �xHQO

OW Oy�wN �Hwt �k �x�DQt �D �a �x�kv QO p C�kDWt �� f C�kDWt �Q��Q� xm CU� u�� xDmv 	OwW�t

	OvW�� l�ORv sy Q��U� a �x�kv �m�ORv QO p�x� w f�x� Ot� Oy�wN Q� R QO xm ���vat x� xm

s� Q�O OW�� a �x�kv QO f ���D k �xHQO Qwr�D ��xrtH OvJ p�x� Qo � x��k ������

lim
x��a

f�x�� p�x�

�x� a�k
� � ���

QDoQR� k xJQy 	CU� ��N �� QkD �� T�tt �N h� QaD u�ty u�� �k � � ��Q� xm O�vm xHwD

�r�N ���Dx� O��� k �xHQO �� QkD u��Q��v� �x �� a �Dkw OwW�t lJwm QDa� QU �x � a�k OW��

	Ovm p�t QiYx� f�x��p�x�
�x�a�k C�Uv xm OW�� l�ORv
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�k � � ��Q� �OW xQ�W� xm Qw�v�ty 	s�vm�t C��F k �wQ ��QkDU� �� �Q smL ������ u�yQ�

xOW C��F �k � �� �x�DQt �D smL O�vm ZQi 	OwW�t pY�L T�tt �N �� �Q�PBkDWt h� QaD

Qwr�D ��xrtH OvJ q�x� w OW�� Q�PBkDWt Q�� �k � �� �a �x�kv QO g �a��D Qo � xm swyit u�O� �CU�

s� Q�O OW�� a �x�kv QO u� �k � �� xHQO

lim
x��a

g�x�� q�x�

�x� a�k��
� �

xm OQ�O OwHw � � � �OW�� xOW xO�O e � � x�oQy �Qo�O u��� x�

jx� aj � � �� jg�x�� q�x�j � e�jx� ajk�� ���

s� Q�O ���x� � f�x�� p�x� �s�yO V��tv ��x� x� �Q ��� QUm CQwY Qo �

��x� � f�x�� �f�a� �
f ��a�

�� �a��x� a� � � � � �
fk�a�

k�
�x� a�k	 ���

s� Q�O w CU� Q�PBkDWt R�v � �OvQ�PBkDWt p�x� ��xrtH OvJ w f uwJ

���x� � f ��x�� �f ��a� � � � � �
f �k��a�

�k � ���
�x� a�k��	 ���

xwqax� 	OwW�t Q�PBkDWt Q�� �k � �� �a �x�kv QO f � �CU� Q�PBkDWt Q�� k �a �x�kv QO f uwJ

���QkDU� ZQi j�� TB �CU� a QO f � ���D �k � �� �xHQO Qwr�D ��xrtH OvJ xWwQm pN�O CQ��a

��� j�� xm OQ�O OwHw � � � �e � � ��Q�

� � jx�aj � � �� j���x�j � jf ��x���f ��a��� � ��
f �k��a�

�k � ����x�a�
k��	j � ejx�ajk��

s� Q�O � Q�PBkDWt ���D ��Q� u�ov��t Q�Okt �x�
k j�� Qo�O hQ� R�

��x�� ��a� � ���c���x� a�

���a� � � ���� j�� �rw

� � jx� aj � � �� j��x�j � ejc� ajk��jx� aj

�
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xH�Dv QO w jc� aj � jx� aj �CU� x w a u�� c uwJ w

� � jx� aj � � �� j��x�j � ejx� ajk

� 	OUQ�t C��F� x� smL w OQm lJwm x�wNrOx� j��x�j
jx�ajk

u�wD�t jx� aj uDiQo lJwm �� u��Q��v�

��yx ��Q� f ���D ��Q� ��� QkD u�wvax� k xHQO Qwr�D ��xrtH OvJ uOw� pwkat �	�� �x�
k

	s�vm�t xHwD p�Ft OvJ x� EL� �xt�O� R� p�k 	Ovm�t x�HwD �Q a l�ORv

��Q� 	s�U� wv�t a � � QO �Q �Uwv�Um w �Uwv�U ���wD k �xHQO Qwr�D ��y��xrtH OvJ � p�Ft

s� Q�O Twv�U

sin��� � �� sin���� � cos��� � �� sin����� � w sin������ � � cos��� � ��

� sin��� � �

�OvwW�t Q�QmD�� w � �� �� ��ykDWt TB u�� R� �OwW�t Twv�U u�ty Twv�U sQ�yJ jDWt uwJ w

s� Q�O �OW�� a � � QO Twv�U k �xHQO Qwr�D ��xrtH OvJ
kX

j��

ajx
j Qo � u��Q��v�

aj �

����
���

� GwR j

�� OQi j

xHQO Qwr�D ��xrtH OvJ �p�x� � x R� OvDQ��a Twv�U � xHQO w � xHQO Qwr�D ��xrtH OvJ �qFt

Q��Q� Twv�U � �xHQO w � xHQO Qwr�D ��xrtH OvJ w �p�x� � x� �

��x
� Q��Q� Twv�U � xHQO w �

CUOx� a � � QO Q� R Qwr�D ��xrtH OvJ Twv�Um ��Q� ��DQD u�tyx� 	OvwW�t x� �

�
x� � �

��
x�

Ov���t
� xHQO Qwr�D ��xrtHOvJ �

� w � xHQO Qwr�D ��xrtH OvJ �� �

��x
�

� w � xHQO Qwr�D ��xrtH OvJ �� �

��x
� � �

��x
�

	xQ�e w

�
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��xrtH OvJ u�� 	O�U� wv� a � � QO �Q f�x� � �

x
���D k xHQO Qwr�D ��xrtH OvJ �� p�Ft

TB �f�x� � x�� s� Q�O �ykDWt x�U�Lt ��Q� 	Ow� Oy�wN
kX

j��

f �j����
j�

�x � ��j pmWx�

�f �j��x� � ����jj�x�j�� xm s�v���t ���QkDU� Qw�x� w �f ���x� � �x�� �f ��x� � �x��

	OwW�t a � � QO ���D k xHQO Qwr�D ��xrtH OvJ w �f
�j����
j�

� ����j TB

�� �x� �� � �x� ��� � � � � � ����k�x� ��k

CU� Q�Dat a � � �r�wL �

x
x� q�� ��xrtH OvJ �m�ORv xm OwW xO�O QmPD O��� xDmv u�� �Hv�� QO

l�ORv �k � �� x� q�� ��xrtH OvJ xm �r�L QO OwW�t u�Qm�� �

x
�Ovm p�t � x� x �Dkw �qFt �rw

k xmv�� x� xDU� q�� ��xrtH OvJ �rw Ovm�t p�t �

�
x� �

x
�Ovm p�t � x� x �Dkw Qw�v�ty 	OwW�t

	� CU� �

�
�yv� u�ov��t xm� Ovm�t p�t � �� � x� OW�� GwR �� OQi

	O�U� wv� a � �� QO �Q hrDNt C�HQO R� f�x� � �� x� x� ���D wr�D ��xrtH OvJ � p�Ft

Q�Qk x ��Hx� Qo � 	s�vm xO�iDU� �Q�okDWt R� CU�v sRq OW�� ��xrtH OvJ l� xOW xO�O ���D �Dkw

OvJ �s�vm �DQt xHQO ��DQD x� xO�O �U� xOW xO�O ��yv�wDx� �Q CqtH w x � �x� a� � a s�yO

Qwr�D ��xrtH OvJ ���Q� uDi�� VwQ xm O�vm xHwD 	OvwW�t Qy�� hrDNt C�HQO Qwr�D �y��xrtH

s�Di�� QO �r�wDt �Q�okDWt �� w s�OQm �DQt �x� a� ��yv�wD �ULQ� �Q Qwr�D ��xrtH OvJ xm Ow� u��

p�Ft u�� QO u��Q��v� 	CU� f �j��a�
j�

u�ty �x� a�j xrtH �� Q� xm

f�x� � �� ��x� ��� �� � ��x� ��� ���

f�x� � �� ��x� �� � ��x� ��� � ��x� ��� � �x� ��� �!�

�� � ��x � �� ��DQDx� R� OvDQ��a a � �� QO ���D � w � �� xHQO Qwr�D ��y��xrtH OvJ ��Q��v�

��y��xrtH OvJ 	�� ��x� �� � ��x� ��� � ��x� ��� w ��� ��x� �� � ��x� ���

	OvwW�t ���D OwN Q��Q� ��k�kO xm OvDUy �!� CQ��a CU�Q hQ� u�ty ����D �q�� x� � xHQO Qwr�D

�
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�s�OQm pta ��N �� QkD X�N Cr�L QO xm Qw�v�ty �k �xHQO �� QkD R� xO�iDU� ��Q� xQNq��

	CU� ��N �� QkD C�a� w s�taD Q� R �x�
k 	s�vm x
�Q� ��N u�tND ��Q� �QwDUO O���

Qo � 	a � I w CU� Q�PBkDWt Q�� �k� �� �I R�� �xR�� QU�QU QO f ���D O�vm ZQi x��k ������

s� Q�O I QO x Qy ��Q� �OW�� a �x�kv QO f ���D k �xHQO Qwr�D ��xrtH OvJ p�x�

f�x�� p�x� �
�

�k � ���
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