Lecture Notes; Dr. Etemadi 4/29/2014

Numerical Methods in
Engineering

O

3- NUMERICAL
DIFFERENTIATION AND
INTEGRATION

DR. ETEMADI

Numerical Differentiation

Why numerical differentiation?
The source function is not known.

The source function is too complicated to
differentiate.

Num. Methods: 4-Differentiation & Integration




Equidistance Differentiation

Using Taylor series expansion:

f(x+h)=f(z)+hf'(x)+ %h{f”( T)+ %hﬁf”’(’ T)+--
L J.

f(x—h)=f(x)-hf'(z)+ ih«:f”{'{ﬂ )—ih:"f”’{ )+
2! 3!

Num. Methods: 4-Differentiation & Integration

Equidistance Differentiation

Forward Difference Estimation:

Backward Difference Estimation:
. (¢)-f(x-h = "
f (L'U ) ~ f( ) f( ) E O(h )
h
Central Difference Estimation:

f(x+h)—f(xz-h) E=O(h"‘)

2h

f'(z)~

Num. Methods: 4-Differentiation & Integration




Equ. Dis. Differentiation; Richardson’s Method

Is used to improve the accuracy of differentiation
Using Central Difference Approximation:

¢( h ) = "Lh [.f ( r+h ) — Jc ( r—h ):|

/ A
i

=f'(x)+a,h’ +a,h* +ah’ +---

¢l =f'(x)+ luh +l41h +1f1h +-
4 16 64

Num. Methods: 4-Differentiation & Integration

Equ. Dis. Differentiation; Richardson’s Method

o¢(h) —1(/5l— =-3f"(x)+ 1” b +R” h®+-

WH2)=E) _ ()4 0(n)

2
D

—f(x+2h)+8f(x+h)-8f(x—h)+ f(xz—2h)
12h

T (xz)=

Num. Methods: 4-Differentiation & Integration




MATLAB Homework (Error)

Plot the differentiation error by MATLAB for the first
derivative of sin x
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Num. Methods: 4-Differentiation & Integration

Homework

w(h)= F’L[]‘ (z+h)-f(z—h)]

A ’ 1

Show that:

Num. Methods: 4-Differentiation & Integration




Equ. Dis. Differentiation (Example)

Comparing Methods; Show that for

we have:

M Forward = Bceckward Central Richardson

Error

Num. Methods: 4-Differentiation & Integration

Equ. Dis. Differentiation (Example)
h
h

f(z)~ J(z+h)-f(z=h) ')q_ J(z=h) —
2h

- 12h

f'(x)

_>

Num. Methods: 4-Differentiation & Integration




Equ. Dis. Differentiation: 2"d Derivative

Num. Methods: 4-Differentiation & Integration

MATLAB Homework (Error)

Plot the differentiation error by MATLAB for the 2"d

derivative of sin x
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Num. Methods: 4-Differentiation & Integration
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Non Equidistance Differentiation

First establish an interpolating formula

Newton
Lagrange
Spline

Then differentiate the function

Num. Methods: 4-Differentiation & Integration

Lagrangian Differentiation (Example)

Now for equidistance data: x, , —,

Num. Methods: 4-Differentiation & Integration




Lagrangian Differentiation (Example)

c)=f, ~
i

fk._l (z—x, )+ (x

ki

Num. Methods: 4-Differentiation & Integration

Lagrangian Differentiation (Example)

}U( L, )="* h '

Num. Methods: 4-Differentiation & Integration




Two Dimensional Differentiation

Gradient:

of f@rhy)-flay)  of Fmyrh)-f(zy)
br h : h

f _f(z,y)—f(z—hy) of  f(zy)-f(z,y—h)
r h,. h

r 2h oy 2h

Num. Methods: 4-Differentiation & Integration

Numerical Integratgion

Why numerical integration? b

I = [ f(x)dx

f(x) is not available. a

Analytical integration is not possible or is too
complicated

Num. Methods: 4-Differentiation & Integration




Numerical Integration

f2_f3
0 b fn
b n-1
[ FO0dx=2 fi(%.,—%)
2 -0 X0 X1 X2 X3 Xn
b a
[ £00dx= fo06 =%) + F,06 =)+ f 1 (6 =%, )

a

n-1
=h(fo+ f+..+f)=h>f
i=0

;h=(b-a)/n

Num. Methods: 4-Differentiation & Integration

Numerical Integration

f2 f3

f1

fn

fo

b

J

a

f (X)dX - nz fi+1(Xi+1 o XI)

b
_[ f(x)dx = (X, — %)+ F,(% = %) +...+ f (X, —X,1)

a

=h(f,+ f,+..+ fn):hzn: f :h=(b-a)/n
i=1

Num. Methods: 4-Differentiation & Integration
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Numerical Integration

®

f2 3

f1i

jb' f (X)dx

n-1

:Z(fi + fi+1)(xi+1_xi)/2

b
jf(x)dx Z(f +f ) h/2=(f,+2f +..+2f  +f )h/2

i=0

=(h/2)(f,+ fn+2§ f.)

Num. Methods: 4-Differentiation & Integration

Maximum error estimation

If a<é<b then

(b a,)h,
1",'

——f"($)

Num. Methods: 4-Differentiation & Integration
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Determine n for integration of the following function
so that the integration error is less than 107(-10)

2

' (x)=
[1+1}

_ (1- (i}l 0)

12.

—— - <1x107"° > n> \P{m*—"
127 )

Num. Methods: 4-Differentiation & Integration

Simpson's Method (3points)

For 3 points:

(%o,2,,2, )

Num. Methods: 4-Differentiation & Integration
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Simpson's Method (3points)

=" vag o) Mg vag v £ (s AT+ )

n-1

. n—2 ‘b—a)} 4 P
I:EL% +f+4 ) fi+2 f} E=-C_H2 50 (a)

180

i=13, - =24,

Nn=2Kk is a necessity

Num. Methods: 4-Differentiation & Integration

Simpson's Method (4points)

For four points

(T, 3)

h" v 2 2 )
I=—(fo+35+35,+F)

3R° 4, -
E R — fH' |C }
80

3h n-2 n-3
E(f(ﬁ fo+3 D (fi+f,)+2 ), fij

i=1,4,7,.. i=3,6,9,..

N=3k is a necessity

Num. Methods: 4-Differentiation & Integration
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Integral Estimation Using Polynomial

Fit a polynomial to tabulated data
Then use it to analytically evaluate the integral
For example by Lagrange’s method:

P, (x)= ET (x;)0,(x) |I= |‘an_1 (z)dz
E:= ]_ v il

n

n b )
= Z I (z;) [ (;(x)dx= Z A f(z;)

i=1 =1

(.(z)dx

wil

a b

Num. Methods: 4-Differentiation & Integration

Gauss Integration Method

(( £\
1 ( £L;, t ) fizo

For n+1 data:

b n
J.f (x)dz=> Af,, x<a<bs<zx,

i=0

Use the following n+1 equations to evaluate Ai , i=0,1,...

b n
f=1= If (x)dr=b-a=>) A,

i=0

b

== J.f (z)dx=

hl _ 2 n

.+l _ i+l

b
) F IS b™ —
— —> ( T } _-l:-.: =
Y J:f‘l'( : n+1

Num. Methods: 4-Differentiation & Integration
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Gauss Integration (Example)

195

A+A+A =105 ) (A, =0.1930

Ay +2A,+34,=18637 ; =4 A =0.9002
Loy ALy L S2ETED) I A, =—0.0433

Num. Methods: 4-Differentiation & Integration

Gauss Two-point Integration

| p ) ) I-".. 1 "-.II X I._.- 1 Y
Gauss Formula: (t)dt=f | — L f [ 7

b
For a general integral like: jj (x)dzx

Change the variable from x to t and then use the

Gauss two-point formula
 (b-a)t+(b+a)
r="—T"—_ "= dx

_(b-a)

dt

Num. Methods: 4-Differentiation & Integration
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Gauss Two-point Integration

b

J.f (z)dx

a

:(_b—a._\)t+(__b+a_}:d:_x:(_b—a.‘}dt
- > 5

[erng. b—ar [(b-a)t+(bta)
J.j (x)dx = > J.j [%}dt

J.ﬂ’}”] T~

(h a) I { (b—a )\/§ +(b+a _)} N f{( b—a )J§ +(b+a :)}

!

2

Num. Methods: 4-Differentiation & Integration

]
J

Integration (Two-point Example)

1) I = J."m (x)dx

Analytic al solution;
2777277

2
Gauss two-point method:

-
T
s

o |
— erz +8in +— i =
[\/? 4} [ 43 4]‘

Num. Methods: 4-Differentiation & Integration
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Integration (Two-point Example)

~(.7854

Analytlcalsolutlon I=tan (r)‘ =

T
2777777 4
I__ (1+0.5) ~

Gauss two-point method:

0.789

Num. Methods: 4-Differentiation & Integration

Gauss Three-point Integration

Gauss Formula:

° 5 3, 8 5 3
jlf(t)<:|t_§f(—\g)+5 O+ f(+\/;)

b
For a general integral like: J' f(x)dx
Change the variable from x to t and then use the
Gauss two-point formula

_ (b—a)t+(b+a) e dp— (b : a) dt

~

Num. Methods: 4-Differentiation & Integration
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Gauss Three-point Integration

7

1
= jrmd wk
I= jf(B}d (b I5f| -7-_\/56—(_1.

(b+a) (b+a [Bb-a
+8, |+ jl N

Num. Methods: 4-Differentiation & Integration

\ ‘
\

Integration (Three-point Example)

1
= Ia: sin(x)dx

0
Analytic al solution:
1

= |zsin(z)dz=[-zcos(z)+sin(x)], =030117

0
Simpson’s method

/[ = Im.sfrn.{ z)dr = %|:.S"i'n.(:l:) +4| — |sin |+ 0sin( 0:)} =

Gauss three-point method:
1

e Ia: sin(x)dx= 1 $15(0.1127)sin(0.1127)

|
[

+8(0.5)sin(0.5) + 5(0.8873)5in(0.8873)} =

Num. Methods: 4-Differentiation & Integration
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