Chapter 4:
The Finite Volume Method for
Diffusion Problems



Introduction

General transport equation 1s

a(gjﬁ') +div(ppu) = div(Tgradg) + S,

For steady diffusion:
div(I'gradg)+S, =0

Control volume integration gives

| div(Tgradg)av + | S,dv = [n-(Tgradp)dd+ | S,dv
CV CV A CV



Finite Volume Method for One-dimensional
Steady State Diffusion
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Step 2: Discretisation

Integration of the diffusion equation over the CV gives

[ ( d¢jdV+deV {m@} -{m@) +SAV =0
oodx o dx dx ), dx /,

To find expressions at the east and west faces, use
Taylor series approximations
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Rewriting the diffusion equation for an interior point P:

do N
ﬁ‘[—a’r( dx)dV*' J S,dV =0
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On a uniform grid linear interpolation of ' is
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Diffusive flux terms are
do Pr = P
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The source term S may be a function of ¢ = express S in linear form as:

S,AV =S8, +5 ¢,
Substituting (4.6), (4.7) and (4.8) into (4.4)
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No source terms (5,= 0), heat flux g, specified at west boundary.

For the point near a west boundary (point 2):
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Summary of Boundary Conditions

For a one-dimensional CV of width Ax near boundary B:

1) Set coefficient ay(i) =0 (i — P) —

2) Add source contributions 1 o

(a) Fixed value ¢y:
k.A
Add: S =——29,
) é.xf'léﬁ
G - kA,
7 Ax/2

to the source terms 5, and S,
(b) Fixed flux g:

Add gpAp in the form of S, + S, @ to the source terms S, and S,



Step 3: Solution of equations

Discretised equations of the form (4.11)
a,9, =a, @, +a.g. +8, (4-11)

must be set up at each nodal point.

- We obtain a system of linear algebraic equations
Solve the system for ¢ values

—> Use any matrix solution method.

e.g. Tri-diagonal matrix algorithm.



Tridiagonal Matrix Algorithm

Consider a system of equations that has a tridiagonal form

@, + ¢y, =h,
ayhy +d @y + 0, =b
aydy +dyfy =y =h,
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Subtract (a;/d,) times row | from row 2 = obtain 0 in a, position.

i,
d; < d; _[d 1'?1 Note: ¢, is not altered

In general
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At the end of the forward elimination phase, the form of the system
is as follows:
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Of course, the b,’s and d,’s are not as they were at the beginning of this process, but
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Use single dimensioned arrays =2 (a,), (d.), (¢,), (b,)
Store the solution in array (@,).
subroutine Tri(n, a. d, c, b, ¢)
real array a(n), d(n), c(n), b(n), @n)
integer i, n
real mult | (multiplier)
fori=3ton-1do
mult «— ald._,
d. —d.— (mult)c_,
b. «— bi — (mulf)b,_,
end for
Py — by_yld,_;
for i =n-2 to 2, step —1 do
¢ — (b;—c;9.,)/d,
end for

end subroutine Tri



Example:

f !
Governing equation — ikk £J +5=0
dx\ dx

k— I, 9— T, S=heatgeneration per unit volume

Consider the problem of source-free heat conduction in an insulated
rod whose ends are maintained at constant temperatures of 100 °C and
500 °C respectively. Calculate the steady state temperature in the rod.
Take thermal conductivity £k = 1000 W/mK, cross-sectional area 4 =
10x10-3
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[n this case, §=0



Solution: Let us divide the rod into 5 equal control volumes (CV’s).
Rules for grid generation:

1) Locations of the CV faces are defined first.

2) Then nodal points are placed at the centers of the CV’s.

3) Numbering starts from the boundary node at left.

4) All CV’s have a volume of dx.4

5) Inter-nodal distances are equal to dx, (0xyp = 0Xpp = 0X)
6) Near west boundary (node 2), dxyp = 0x/2

7) Near east boundary (node 6), 0xpp = 0x/2
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1 2 3 4 3 7 (4.8)
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General equation:

ApPp = Ay @y + e + S,
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The resulting system of equations are
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Solve the system of equations using Tri-diagonal matrix algorithm
(TDMA) for 75, T, ... T, ; , where (n=7)




The solution is:

Exact solution 1s:

I'=800x+100

i IR I B B B R
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100]
140 |

220 |
300 |
380 |
460 |
500 |

i

Numerical

0 005 0.15

0.25

0.35

Distance x (m)

0.45 0.5

Comparison of the numerical result with the

analytical solution.



Example 4.2 Now we discuss a problem that includes sources other than those arising from
boundary conditions.

Figure 4.6 shows a large plate of thickness L = 2 cm with constant thermal
conductivity k£ = 0.5 W/m/K and uniform heat generation g = 1000 kW/m®. The
faces A and B are at temperatures of 100 °C and 200 °C respectively. Assuming that
the dimensions in the y- and z-directions are so large that temperature gradients are
significant in the x-direction only, calculate the steady state temperature distribution,
Compare the numerical result with the analytical solution. The governing equation is

d dT
d_r (k —) rg=0 (4.25)




The governing equation is: i-r;f £J+ g=0

dx\  dx
o d (. dg
- I +5=0
The general equation 1s: rir( dx]
Comparing the above equations, where SAV =5,+5,0,
p=T,T =k, §,=qAV §,=0 where, AV = AAx

Take area 4 = 1 in the y-z plane
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Solution is similar to the previous example.



General equation:

2

ApPp =y Py + APy + S,
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The solution is:

Exact solution 1s:
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200
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=

Node number 2 3 4 5

6

x(m) 0,002 0,006 0.01 0.014 0018
Finite volume solution 150 218 254 258 230
Exact solution 146 214 250 254 226
Percentage error 2.73 1.86 1.60 1.57 1.76
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Example:

Shown in Figure 4.9 is a cylindrical fin with uniform cross-sectional area 4. The
base 1s at a temperature of 100 “C (Tp) and the end is insulated. The fin is exposed to
an ambient temperature of 20 *C. One-dimensional heat transfer in this situation is
governed by

) dl

where h is the convective heat transfer coefficient, P the perimeter, £ the thermal
conductivity of the material and T, the ambient temperature. Calculate the
temperature distribution along the fin and compare the results with the analytical
solution given by
T'—Tx cosh[n(L — x)]
Tg ~ T cosh(nl)

where n° = hP[(k4), L is the length of the fin and x the distance along the fin. Data:
L=1m,hP/(k4d) = 25 m™? (note k4 is constant).

(4.41)
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Solution is similar to the previous example. Find coefficients of

ApPp = Uy @y + U @p + S,




General equation:

ApPp = Ay @y + A + S,

1 2 3 4 5 6 7
Iy :% o oW . ffo X o E o ‘%q—=5
i e i
Interior nodes (nodes 3-5): o | a . s, s
S, =mAVT,, Sy=—wAv, LA LA s | _par | wart
I'=k OXyp | OXp ’
a, | da; a, SF .
E;';fg‘;‘“da"y 0 |5 ;‘j; ay +ag =S, | =AY =2 | RAVT, 42T,
a, |ag ap S, S,
For boundary node 6: ;w‘q* 0 |ay+ay =S, | -n*AV | AV,
Xypp




The solution 1s

T 100
T, |64.22
T, |36.91
T, |=|26.50
T, | |22.60
T, |21.30

7.1 2130




Comparison with the analytical solution

Node  Distance Finite volume Analytical Difference Percentage
solution solution Error
2 0.1 64.22 68.52 4.30 6.27
3 0.3 3691 37.86 0.95 2.51
3 0.5 26.50 26.61 0.11 0.41
5 0.7 22.60) 2205 —-0.07 —0.31
6 0.9 21.30 21.21 -0.09 -0.42

Maximum error: 6.27%

The numerical solution can be improved by employing a
finer grid.

Consider the same problem, but use 10 control volumes.

Comparison of the results 1s given as follows



W11 T

== The analylical zolulion .
® Numerical solution (coarse grid)

B0 B Numercal solution (fine grid) =
s |
5
E 80—
A
g |
i

40 -

20

0.0 0.2 0.4 0.6 0.8 1.0
Distance {m)
Node Distance Finite volume Analytical Difference Percentag
solution solution error

1 0.05 80.59 g82.31 1.72 2.08
2 0.15 56.94 57.79 0.85 1.47
3 0.25 42.53 4293 0.40 0.93
4 0.35 33.74 3392 0.18 0.53
5 0.45 28.40 28.46 0.06 0.21
6 0.55 25.16 25.17 0.01 0.03
7 0,635 23.21 23,19 - 0.02 —0.08
8 0.75 22.06 2203 —0.03 —-0.13
9 0.85 21.47 21.39 —0.08 —0.37
10 0.95 21.13 21.11 —0.02 —0.09



Homework :

Write a Fortran program to find the temperature distribution in the
rod in example 4.3. Compare the results obtained using 10 and 50
points on a graph. Use the algorithm given in the pseudo program
appearing in the following slide.

Insulated
(zero heat flux
across this boundary)
TB n//
{
Tamhimt

The geometry of example 4.3.



Main program

call grids

call internal coefticients
call boundary coefficients
call ap_coefficient

call tdma

end program

subroutine grids
for i =2 to N—1
Find ox, (). ox (i)
end for
end subroutine grids

subroutine internal coefficients

fori=2to N—1

4 _ T4
—r . a (i) =—=
ox, (i) ox, (1)

S (i)=—-n"AV,

a,. (i) =

end for
end subroutine internal coefficients)

S, (i) =n*AVT,



subroutine boundary coefficients (overwrite on near-boundary coefficients)
for i = 2 (west boundary)
Su(i) = Su(i)+a ()T,
Sp(i) = Sp(i) - a. (i)
a (i)=0
end for
for i = N—1 (east boundary)
no corrections are needed for Su and Sp since g, =0 (Su(i)= Su(i)+qg.4,)
a(i)=0
end for
end subroutine boundary coefficients
subroutine a_p coefficient
fori=2to N-1
a,(i) = a,(i) + a (i) ~Sp(i)
end for

end subroutine a p coefficient



Finite Volume Method for Two-dimensional Diffusion Problems

Consider the two-dimensional steady state diffusion equation

ﬁ(rﬁ‘ﬂﬂ[ @}Lszo
ox\ ox /) oyl oy

.....................................

k 1
= Ay -

Integrating the above equation over the CV,



Noting that 4, = 4, =Ayand 4, = 4, = Ax, we obtain:

(4.53)

Equation (4.53) represents a balance of the generation of ¢ 1n a CV and the fluxes
through its cell faces




By substitution of the above expressions into eqn. (4.53) we obtain

[ A Ge=0r -T A4 G =0 Lt Y Y R ¢ & Oy =0p -T 4 9 =05, Sav =0
IF‘E i'j-r[f,p ﬂy,g'-"_‘-. ﬂy_'i'P
Substituting the linearised form of the source term SAV =S + 5,4,

4 ™
.4 I A T A4 l_ A
L T Chl S nn_© Q&p

~ o F
OXxyp  OXpp OV ff'Jf"m y

( 3 (
I' A4, [,A4 [' 4 (4,
== )‘?ﬂ}{ L Jﬁ: ~—= | s + }Eﬁh +S,
OXpp \OVsp OVpy

This egn can be written in the form:

ApPp = Ay @y +apPp +agpe +a, P, + 8,

where
Ay dr dg dy dp
A=A =Ay I' 4 |T" A4 [ A4 [ A
f = 4 - Ax LA £ L "’"‘ : ”. L | a, +a,+a;+a, =S
“5 “n 5I;F;P 5IFE 5_}’5-1;. 5}‘]:.._1.;




Finite Volume Method for Three-dimensional Diffusion Problems

Steady state diffusion in a 3D situation is governed by

- - -
1 b

o _.0¢ C g\ O© ol
I + I + [ +5=0 |
ox\ ox /) oyl oy) oz\ o0z (4.59)

A typical control volume is shown below.
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Integration of eqn (4.58) over the control volume gives

which can be discretized as

Rearranging  a,¢, = ay@y +ag@; +ass + aydy +azds +ardy + S,

a, a as i ap, ar a,

T A |TA|T.A|T A |T,4 |4 |a+a.+as+a,

£ & 5 & i

OXyp | OXpz | OVsp | OVpy | OZgp | O¥pr | +ag+ar =S

P




Summary of Discretized Equations for Diffusion Problems

aP';ﬁF = Zﬂm& nkb T Su
p = Zﬂnb -SF

source terms: SAV = S + Spi;ﬁp

Ay g dg dy g dr

dp

' A |T A
lD wWoW £ £

OXyp | OXpg

Ay Tdg — S,r:-

I'A |[I'A |’ A | A4
2D W W e & g & M "

ay 4+ ar 4+ ag 4+ a,
-5

P

3 D rv.' Aw re AE r.‘i‘ A.'; ru An l_e':- A!:- i

OXyp | OXpp | OVsp | OVpy | OZgp | OY

Ay + ar + ag + a,
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Example :
Consider a 2D plate
Thickness = lem, &A= 1000W/m/'K

Calculate the temperature distribution

T=100¢°C

AN

g, =500 —

kW/m?

0.4 m

/ insulated

\[]3111

insulated




T=100 °C

1,6) (2,8) \ 3,6 4,6) (5,6)

f_M=ﬁ];=ﬁ-:“£" .,*'“J[ ' ,:',: : "..'2{ "g,
j=59 o g o ¢ | An3)

ﬂ'}?nl[dl} W

! L
i=4 g (PN I R S - o | Ap(d)

_ I ax,f3) * axf3)
¢ = S00kW/m : . insulated

] 8y (4) ‘

i=3 cln( o | o _© A 3)
Ax(2) | Ax(3) | Ax(4)

1.2 2.2) (3,2) (4.2) [5.2)
o 's) s) Ap(2)

2,1 31 4. 15 1)
=1 4.0 ) j ) :ji )
i=1 i=2 i=3 i=4 i=35(N=5)

insulated

First draw control volumes, with equal spacings
Then, place nodes at the center of the control volumes.

Ax=L/N=-2=03/(5-2)=01,Av=L/M-2=04/{6-2)=0.1



The governing equation is
5(_ T &(. 6
- frfﬁf{r‘;ﬂ:n (TC=k)
cx\ ox ) eyl oy

which can be discretised as

S = T e e R e A e

This equation is written for each node (7, /) in the domain

ap (i, )T, j)=a, (L, HT(E=1 j)+ag (i, )HT(Ei+1, j)
+ag(i, DT, j =1 +a, (i, HT(i, j+1)+S. (i, )

For interior points: (i=2—-4,j=2—6)

_D__
T4, T4 T4 4, 3,
ﬂ:‘r' = — " {}E = — . ':I_E' = — - ,g_\", = — - ri::l: _____ ____ﬂax
OX, ox, OX, ox, f1|“f o . )# Ay
{IP = I:I[_r__- + ﬂ]_‘ + {Ii.;' + ﬂ_k.‘ = Sll._-_. ‘SF = U'J 'Sg.' = [} il____________i
dy,
—ot




After finding ap ag,a,;a,,a coefficients follow the following steps

1) Solve the general equation using TDMA along j = 2 line (nodes
(2,2,(3,2),and (4. 2))

ﬂ;@ flo) ally)=-a - aly)-S,

unkncm ns Imtldlh un{ncmn but set
them to zero

- Temperatures along j = 2 are solved  (Horizontal sweep)

2) Use TDMA along j = 3 line (nodes (2, 3), (3, 3) and (4, 3))

ay Iy, —apl, +apl; = —a@ 'ﬂ_.m
J

- .,
Known from [nitially was set to
3) chcat untilj = 5 line previous iteration 7ero

4) Use TDMA along i =2 line ——
5) Repeat until 7 =4 line
6) Go to step 1

— Vertical sweep




7) Repeat steps 1-6 until scaled residual norm becomes R <& where ¢
= tolerance (use ¢ = 1.E-6)

where 7 1s the residual norm detined as

- (Note the absolute value sign)

and




Homework :

Write a computer program in Fortran language to find the
temperature distribution in the 2-D plate problem given in the
previous example. Use the algorithm given in the pseudo program
on the next page. (a) Use 5x6 grids (b) 51x51 grids and plot the
temperature countours.

Thickness = lem, &A= 1000W/m/K

T=100°C
~

0.4 m

=5 . .
9,, =500 _— 1nsulated

kW /m? r/f’f”

'

-

i

N
\0.3 M

insulated




Main program
call grids
call internal coefficients
call boundary_coefficients
call boundary_values
call ap_coefticient
for iter =1 to iter, .
call solver
call boundary values
call residual
(check if residual 1s below a desired value)
end for
call print

end program



