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� f�x� z�j�y� y � �x � z � y�g

� f�x� z�j�y� z � y� � ��x��g

� f�x� z�jz � �x�g

�OQ�Ov ���H��H C�Y�N 	��wQ ��mQD �va� �RoS �� SoR �rm Cr�L QO 	O�vm�t x�Lqt xm Qw�v�ty

�O����� �Q SoR w RoS Q� R OQ�wt R� l� Qy QO �u� QtD ������

hr��S � f��� ��� ��� ��g w R � f��� ��� ��� ��� �a� ��g

�� S � f�x� y� � R � Rjy � x�g w R � f�x� y� � R � Rjy � jxjg

G� S � f�x� y� � R � Rjy �� xg w R � f�x� y� � R � Rjy � xg

CQwY u�� QO �OvW�� x���Q xU T w S 	R O�vm ZQi �x��k ������

�RoS�oT � Ro�SoT �

�OQ�O 
Q�PB CmQW C�Y�N 	��wQ ��mQD Qo�O CQ��a x�

�OwW�t C��F� Q� R CQwY x� 	
Q�ow�a w 	��wQ ��mQD h� QaD R� xO�iDU� �� �C��F�

�x� z� � �RoS�oT �� �y� ��x� y� � T � �y� z� � RoS�

�� �y� �u��x� y� � T � �y� u� � S � �u� z� � R�

�� �u� ��x� u� � SoT � �u� z� � R�

�� �x� z� � Ro�SoT ���

 OQ�O OwHw S w R 	��wQ Q� wYD w xvt�O �� RoS �mQt x���Q Q� wYD w xvt�O u�� �
��DQ� xJ �p�wU



�� x��	Q � pYi

�O�vm C��F �OW�� xawtHt l� X w x���Q xU T w S 	R O�vm ZQi �u� QtD ������

hr�� �RoS��� � S��oR��

�� �RoS�jX � Ro�SjX�

G�

�����
����
R � R �� RoT � SoT

R � S �� ToR � ToS

O� �RoS��X � � R�S�X ��

x� Dom�RoS� � S���Dom�R��

w� ��RoS� � R���S��

R�Qi� w �RQ� sy x���Q 	��


Qw�O�� �Ov�xOW h� QaD xawtHt l� 
wQ Q� xm s� R�OQB�t 	��wQ R� 
�xDUO �UQQ� x� 	ki VN� u�� QO

hrDNt 
�yxN�W QO �y x���Q u�� �R � A � A Qo � CU� AxawtHt 
wQ x���Q l� R xm OwW�t

�Ovvm�t �i�� �tyt 
�yWkv ���� Q

�CQwY u�� QO �OW�� AxawtHt 
wQ x���Q l� R O�vm ZQi �h� QaD �����

Qo�O CQ��a x� ��a� a� � R s�W�� xDW�O a � A Qy 
�Q� Qo � s�t�v�t 	���DR�� A 
wQ �Q R x���Q �hr�

�CU� ���DR�� R�� �a � A� aRa

��b� a� � R OwW xH�Dv �a� b� � R R� a� b � A Qy 
�Q� Qo � s�t�v�t ��uQ�kDtA
wQ �QR x���Q ��

Qo�O CQ��a x�

�CU� uQ�kDt R�� �a� b � A� �aRb�� bRa�

�b� c� � R w �a� b� � R Qo � a� b� c � A Qy 
�Q� Qo � s�t�v�t ���r�kDv� A 
wQ �Q R x���Q �G
	� Re�exive �
� Symmetric ��� Transitive



R	Qi	 w �RQ	 sy x��	Q ��� ��

Qo�O CQ��a x� ��a� c� � R x�ov�

�CU� �r�kDv� R�� �a� b� c � A�aRb � bRc �� aRc�

A 
wQ �Q R CQwY u�� QO �OW�� AxawtHt 
wQ x���Q l� R O�vm ZQi �h� QaD �����

�OW�� �r�kDv� w uQ�kDt 	���DR�� x�oQy 	s�t�v�t ��
RQ�sy x���Q l�

�O� Q�o� Q�v QO �Q A 
wQ Q� Q� R 	��wQ w A � fa� b� c� d� eg xawtHt �p�Ft �����

R� � fb� b�� �a� b�� �b� a�� �b� e�� �e� b�g

R� � f�a� a�� �b� b�� �c� c�� �d� d�� �e� e�� �c� e�� �e� b�g

R� � f�a� c�� �c� e�� �a� e�g

R� � f�a� a�� �b� b�� �c� c�� �d� d�� �e� e�g

��O�vm �UQQ� � CU� uQ�kDt R� x���Q ��a� a� �� R� p�Ft u�wva x� �Q� R 	CU�v ���DR�� R� x���Q

��a� a� �� R� �#t� �a� b� � R� w �b� a� � R� �Q� R CU�v �r�kDv� x���Q u��

CU�v �r�kDv� x���Q u�� ��e� c� �� R� �rw �c� e� � R� �Q� R �CU�v uQ�kDt �#t� CU� ���DR�� R� x���Q

��O�vm �UQQ��

�CU� �r�kDv� �rw CU�v uQ�kDt w ���DR�� R� x���Q

�CU� 
RQ� sy x���Q l� xH�Dv QO w �r�kDv� w uQ�kDt 	���DR�� R�x���Q

h� QaD Q� R CQwY x� �Q IA x���Q �OW�� xawtHt 
wQ x���Q l� R O�vm ZQi �h� QaD 	����

�s�vm�t

IA � f�x� x�jx � Ag

�v�ty x���Q 	A 
wQ R� x���Q �!�!� p�Ft QO �s�t�v�t A xawtHt 
wQ Q� ���v�ty x���Q �Q IA x���Q

�CU� 
RQ� sy l� A 
wQ IA x���Q xm CU� �y�O� �CU�

��� Equivalencer relation ��� Identity relation



�� x��	Q � pYi

CQwY u�� QO �OW�� A xawtHt 
wQ x���Q l� R O�vm ZQi �x��k �����

�IA � R Qo � �yvD w Qo � CU� ���DR�� R �hr�

�R � R�� Qo � �yvD w Qo � CU� uQ�kDt R ��

�RoR � R Qo � �yvD w Qo � CU� �r�kDv� R �G

�C��F�

�O� Q�o� Q�v QO �Q �x� x� � IA QYva �IA � R s�yO�t u�Wv �OW�� ���DR�� R O�vm ZQi �OD�� �hr�

�iQ
 R� �IA � R �va� ��x� x� � R TB 	CU� ���DR�� R xm �Hv� R� �x � A CQwY u�� QO


�Q� �x� x� � R xH�Dv QO w �x� x� � IA s� Q�O 	x � AQy 
�Q� xm CU� �y�O� 	IA � RQo �

�CU� ���DR�� R u��Q��v� �x � A Qy

CQwY u�� QO �OW�� uQ�kDt O�vm ZQi �OD�� ��

�x� y� � R�� �y� x� � R�� �x� y� � R��

x�ov� R � R�� Qo � �iQ
 R� �R � R�� u��Q��v�

�x� y� � R�� �x� y� � R�� �� �y� x� � R

�CU� uQ�kDt R TB

CQwY u�� QO �OW�� �r�kDv� R O�vm ZQi �G

�x� z� � RoR �� �y� �x� y� � R � �y� z� � R �� �x� z� � R

�CU� �r�kDv� R s�yO�t u�Wv �RoR � R O�vm ZQi TmaQ� �RoR � R TB

�x� y� � R � �y� z� � R �� �x� z� � RoR � R �� �x� z� � R��

�RoR �� R xm O�vR� p�Ft �r�kDv� x���Q l� �u� QtD 
����



R	Qi	 w �RQ	 sy x��	Q ��� ��

�u� QtD �����


RQ� sy x���Q l� R�v R � S O�yO u�Wv �OvW�� A 
wQ 
RQ� sy x���Q wO S w R O�vm ZQi �hr�

 �QJ  CU� Q�QkQ� R�v R � S OQwt QO smL u�� ��� �CU� A 
wQ

�CU� uQ�kDt x���Q l� R � R�� x���Q O�yO u�Wv �OW�� A 
wQ x���Q l� R O�vm ZQi ��

x���Q l� S Qo � �va� �OQ�O Q� QO �Q R xm CU� �vQ�kDt x���Q u� QDmJwm R � R�� O�yO u�Wv �G

�R �R�� � S x�ov� 	R � S xm OW�� uQ�kDt

�CU� uQ�kDt x���Q l� R � R�� x���Q O�yO u�Wv �OW�� A 
wQ x���Q l� R O�vm ZQi �O

x���Q l� S Qo � �va� �OQ�O OwHw R QO xm CU� �vQ�kDt x���Q u� QDoQR� R � R�� O�yO u�Wv �x

�R �R�� � S x�ov� 	R � S xm OW�� uQ�kDt

umtt 
RQ� sy 	��wQ x�rm s�y�wN�t �O� Q�o� Q�v QO �Q A� fa� b� cg xawtHt �p�Ft �����

O��� pk�OL TB �OW�� ���DR�� O��� A 
wQ 
RQ� sy x���Q Qy xm CU� �y�O� �s� Qw� CUO� �Q A 
wQ Q�

�O� Q�o� Q�v QO Q� R CQwY x� �Q R�x���Q � OW�� IA pt�W

R� � f�a� a�� �b� b�� �c� c�g

Qo � �CU� R� x���Q 	A 
wQ 
RQ� sy x���Q u� QDmJwm u��Q��v� ��r�kDv� sy w CU� uQ�kDt sy x���Q u��

QYva Qo � �s�vm xi��� IA x� �Q �v�ty Q�e QY�va O��� s� Qw� CUO� �Q 
Qo�O 
RQ� sy 	��wQ s�y�wN�

uOwRi� �� �OQm xi��� u� x� R�v �Q �b� a� QYva �DU��� x���Q uQ�kD �iL 
�Q� 	s�vm xi��� IA x� �Q �a� b�

Q� R CQwY x� 
Qo�O 
RQ� sy x���Q u��Q��v� �Ov�t�t Q�QkQ� R�v x���Q uOw� �r�kDv� �QW QYva wO u��

�O���t CUO�

R� � f�a� a�� �b� b�� �c� c�� �a� b�� �b� a�g

�OQw� CUO� 
O�OH 
RQ� sy 	��wQ w OQm Zwa �b� c� �� �a� c� �� �Q �a� b� QYva Vkv u�wD�t

R� � f�a� a�� �b� b�� �c� c�� �a� c�� �c� a�g



�� x��	Q � pYi

R� � f�a� a�� �b� b�� �c� c�� �b� c�� �c� b�g


�Q� �OQm xi��� IA x� �Q �a� c� w �a� b� QYva wO O��� O�OH 
RQ� sy x���Q uOQw� CUO� 
�Q� Q�� u��

xi��� �Q �b� c� O��� �a� c� w �b� a�QYva wO OwHw �� �s�vm xi��� R�v �Q �c� a� w �b� a� O��� uQ�kD �iL

x���Q ��DQD u�� x� w s�vm xi��� x���Q uQ�kD �iL 
�Q� R�v �Q �c� b� O��� QN� QO �OW�� �r�kDv� x���Q �D s�vm

�O���t CUO� CU� A�A 
w�Ut xm Q� R

R� � f�a� a�� �b� b�� �c� c�� �b� c�� �c� b�� �a� c�� �c� a�� �a� b�� �b� a�g

x�rm w Ow� Oy�wN A 
wQ 
RQ� sy x���Q u� QDoQR� 	CU� A � A 
w�Ut R� x���Q xm u�� x� xHwD ��

�Ov�xOt� CUO� A 
wQ 
RQ� sy 	��wQ


wQ Q� R 	��wQ l� Qy R� �r�Ft �O� Q�o� Q�v QO �Q A � fa� b� cg xawtHt �u� QtD �����

�O�yO x��Q� A

�CU�v �r�kDv� �rw CU� uQ�kDt w ���DR�� 
�x���Q R �hr�

�CU�v ���DR�� �rw CU� �r�kDv� w uQ�kDt 
�x���Q R ��

�CU�v uQ�kDt �rw CU� �r�kDv� w ���DR�� 
�x���Q R �G

�CU�v �r�kDv� w uQ�kDt 	���DR�� R �O

�s�vm�t �iQat �Q OQ�O O�Oa� x� Q�v w Q�H QO 
O�� R 
�yOQ� Q�m xm 
RQ� sy x���Q l� xt�O� QO

Q� R CQwY x� Z 
wQ �Q �n x���Q �OW�� �a��
 OOa l� n O�vm ZQi �h� QaD ������

�s�vm�t h� QaD

x �n y �� �k � Z� �x
 y � kn�

R�v x � y� mod n� O�tv R� OQ�wt ��a� QO �s�t�v�t n ��xv�t�B x� ���DWyv sy x���Q �Q �n x���Q

�OwW�t xO�iDU�
��� Congruence relation ��� Modulo



R	Qi	 w �RQ	 sy x��	Q ��� ��

x���Q w OW Oy�wN p�O�D Z�Z pm x� nxv�t�B x� �DWyv sy x���Q n � � Cr�L QO xm O�vm xHwD

�Ovm�tv u��� �Q �Y�N

sy x���Q l� Z 
wQ n xv�t�B x� �DWyv sy x���Q 	n �a��
 OOa Qy 
�Q� �x��k ������

�CU� 
RQ�

���DR�� �n x���Q �va� �x �n xTB �x
x � 
 � ��n xm CU� �y�O� x � Z Qy 
�Q� �C��F�

�CU�

�va� �y 
 x � �
k�n TB �x
 y � kn xm OQ�O OwHw k � Z u��Q��v� �x �n y O�vm ZQi p�L

�y �n z w x �n y O�vm ZQi �n x���Q uOw� �r�kDv� C��F� 
�Q� �CU� uQ�kDt �n x���Q w y �n x

Q�N� 
w�UD wO u�iQ
 �tH R� �y 
 z � k�n w x
 y � kn xm OvQ�O OwHw k� k� � Z QY�va �va�

� �CU� �r�kDv� �n u��Q��v� �x �n z OwW�t xH�Dv uO�O Q�Qk �� �x
 z � �k � k��n s� Q�O

� � � O�tv R� �qwtat xawtHtl� 
wQ 
RQ� sy x���Ql�V��tv 
�Q� ��Q�PoO�tv ������

�� �Q xRy x�ov� 	�x� y� � R w 
RQ� sy l� R Qo � Qo�O CQ��a x� �s�vm�t xO�iDU� ���Or�D� O�v�wN� �

�s�yO�t V��tv x � y

�a� b � A w OW�� A xawtHt 
wQ 
RQ� sy x���Q l� � � � O�vm ZQi �h� QaD ������

�s�t�v�t b RQ� sy �Q a x�ov� a � b Qo �

CQwY u�� QO �OW�� AxawtHt 
wQ 
RQ� sy x���Q l� � � �O�vm ZQi �h� QaD �	����

xawtHt R� CU� CQ��a 	s�yO�t V��tv � �a� �� � �aO�tv �� �Q u� xm 	a ��
RQ�sy Tqm a � A 
�Q�

��a � fx � Ajx
 ag Qo�O CQ��a x� �OvDUy a RQ� sy xm A QY�va xty

�O� Q�o� Q�v QO A � fa� b� c� d� egxawtHt 
wQ �Q Q� R 
RQ� sy x���Q �p�Ft ������

R � f�a� a�� �b� b�� �c� c�� �d� d�� �e� e�� �a� b�� �b� a�� �c� d�� �d� c�g
��� Equivalence class



�� x��	Q � pYi

�OvW���t Q� R CQwY x� x���Q u�� 
RQ� sy 
�yUqm

�a � fa� bg 	�b � fa� bg 	�c � fc� dg 	 �d � fc� dg 	�e � feg

CQwY u�� QO �O� Q�o� Q�v QO �Q Z 
wQ �� 
RQ� sy x���Q �p�Ft �
����

�� � fx � Zjx�� �g � fx � Zj�k � Z� x
�� �kg � fx � Zj�k � Z� x� �k��g

�Ci�� Q� R �� Tqm u�wD�t ��DQD u�ty x� �CU� Z QO OQi O�Oa� xty xawtHt �� Qo�O CQ��a x�

�� � fx � Zjx�� �g � fx � Zj�k � Z� x
 � � �kg � fx � Zj�k � Z� x� �k � �g

� fx � Zj�k � Z� ��k� �� � � � ��

u�vJty �O����� R�v �Q �
�� �
�� ��� �� 
RQ� sy 
�yUqm ��!�!� p�Ft QO �u� QtD ������

�O� Qw� CUO� �Q ��� ��� ��� �� 
�yUqm

�s�vm�t �UQQ� Qo�Om� �� �Q 
RQ� sy 
�yUqm ���DQ� Oa� x��k wO QO

QO �a� b � A w OW�� A xawtHt 
wQ 
RQ� sy x���Q l� � O�vm ZQi �x��k ������

CQwY u��

a � b�� �a � �b

ZQi j�
 �x � a TB x � �a O�vm ZQi ��a � �b s�yO�t u�Wv �a � b O�vm ZQi �OD�� �C��F�

��DQD u�ty x� ��a � �b xH�Dv QO w x � �b �va� �x � b TB 	CU� 
RQ� sy � xm �Hv� R� w a � b

��a � �b xH�Dv QO w �b � �a xm O�O u�Wv u�wD�t

x � A Qy 
�Q� TB 	CU� ���DR�� � xm �Hv� R� �a � b xm s�yO�t u�Wv ��a � �b O�vm ZQi p�L

p�L �x � �x �va� �x � x s� Q�O

a � �a � �a � �b �� a � �b �� a � b��



R	Qi	 w �RQ	 sy x��	Q ��� ��

�s� Q�O �yxQ�Ro uOQm Z�kv w ��!�!� x��k x� xHwD �� �xDmv ������

a �� b�� �a �� �b

�k�w QO �t� �Ow� Ovy�wNv 
w�Ut �yv� 
RQ� sy 
�yUqm x�ov� 	OvW��v RQ� sy b w a Qo � Qo�O CQ��a x�

�O�vm xHwD Q� R x��k x� �OQm C��F� �Q u�� R� QDW�� 
R�J u�wD�t

u�� QO �a� b � A w OW�� A xawtHt 
wQ 
RQ� sy l� � O�vm ZQi �x��k ������

CQwY

a �� b�� �a � �b � 	

x � �a � �bQYva u��Q��v� ��a � �b �� 	 O�vm ZQi 	hrN ZQi j�
 �a �� b O�vm ZQi �OD�� �C��F�

xHwD �� p�L �a � xCU� uQ�kDt � xm �Hv� R� �x � b w x � aTB �x � �b w x � �a �va� �OQ�O OwHw

��a � �b � 	 TB �CU� Zk�vD xm a � b OwW�t xH�Dv 	x � b w a � x xmv�� w � uOw� �r�kDv� x�

� �a �� b s� Q�O ��!�!� xDmv j�
 ��a �� �b TB �a � �b � 	 O�vm ZQi 	TmaQ�

xawtHt CQwY u�� QO �OW�� AxawtHt 
wQ 
RQ� sy l� � O�vm ZQi �h� QaD ������


�yUqm xty xawtHt R� CU� CQ��a 	OwW�t xO�O V��tv A�� O�tv �� xm � 
wQ A CtUk GQ�N

�A�� � f�aja � Ag Qo�O CQ��a x� �AQY�va 
RQ� sy

QO �Q �!�!� p�Ft QO R� �D R� 
RQ� sy 	��wQ w A � fa� b� cg xawtHt �p�Ft ������

�OvW���t Q� R CQwY x� 	��wQ u�� R� l� Qy 
�Q� 
RQ� sy 
�yUqm xawtHt �O� Q�o� Q�v

A�R�
� ffag� fbg� fcgg

A�R�
� ffa� bg� fcgg

A�R�
� ffa� cg� fbgg

A�R�
� ffag� fb� cgg

A�R�
� ffa� b� cgg



�� x��	Q � pYi

�xm O�W�� xOQm xHwD xDmv u�� x� uwvm �D O��W �xDmv ������

	a � A Qy 
�Q� xH�Dv QO w CU� ���DR�� 	
RQ� sy x���Q Qy �Q� R 	OvDUy �yD�v 
RQ� sy 
�yUqm �hr�

��a �� 	 xH�Dv QO w a � �a �va� �a � a

��RHt �� Ov� w�Ut �� 
RQ� sy 
�yUqm Qo�O CQ��a x� �OvDUy �RHt 	Cw�iDt 
RQ� sy 
�yUqm ��


�yUqm R� �m� QO A
��a� R� l� Qy �va� �OR�U�t �Q A xawtHt 
RQ� sy 
�yUqm ��tDH� �G

�OvQ�O Q�Qk 
RQ� sy

Q� R x� �Q A xawtHt x���Q u�� 
RQ� sy 
�yUqm x�ov� 	OW�� A 
wQ 
RQ� sy x���Q Qo�O CQ��a x�

�O�vm xHwD Q� R p�Ft x� �Ovvm�t s�UkD �RHt wO x� wO w �yD�v 
�yxawtHt


�yUqm s�y�wN�t �O� Q�o� Q�v QO Z 
wQ �Q n xv�t�B x� �DWyv sy x���Q �p�Ft �	����

sD� Qwor� j�
 �OW�� Z QO x�wNrO OOa l� m xm O�vm ZQi �s� Qw� CUO� �Q x���Q u�� 
�RHt 
RQ� sy

m OOa u�wD�t �va� �� � r � n
 � w m � nq � r xm OvQ�O OwHw r w q K�LY O�Oa� 	s�UkD

�� � r � n 
 � xm CU� �y�O� �CU� s�UkD u�� xOv�t�k�� r w CtUk GQ�N q 	OQm s�UkD n Q� �Q

�m� QO K�LY OOa Qy �va� �CU� r 
RQ� sy Tqm R� 
w�a m TB �m �n r CQwY u�� QO

x���Q u�� 
�RHt 
RQ� sy 
�yUqm u��Q��v� �� �� n 
 � xm OQ�o�t Q�Qk r 
RQ� sy 
�yUqm R�

w CU�RHt 
RQ� sy Tqm n 
�Q�O �n x���Q Qo�O CQ��a x� �n
 �� � � � � �� � �� �R� OvDQ��a

u��Q� xwqa �OvDUy �RHt wO x� wO w �yD�v �yUqm u�� xm CU� �y�O� �Z�	n � f��� ��� � � � � n
 �g

�OR�U�t �Q Z xawtHt �yv� ��tDH�

�s�yO x��Q� �Q R�Qi� h� QaD �D s��xO�t� 	jwi p�Ft w xDmv x� xHwD ��

R� P xawtHt Q� R CQwY u�� QO �OW�� �yD�v xawtHt l� A O�vm ZQi �h� QaD ������

�x�oQy 	s�t�v�t A ��R�Qi� l� �Q P �A�

�OW�� �yD�v P w�a Qy �hr�

��� Partition



R	Qi	 w �RQ	 sy x��	Q ��� ��

�OvW�� �RHt wO x� wO P 
��a� ��

�OW�� A 
w�Ut P ��tDH� �G

pmW x� �Ovm�t s�UkD �yD�v 
�yxawtHtQ� R x� �Q A xawtHt 	A R�Qi� l� xm Cio u�wD�t 
OwyW Qw��

�O�vm xHwD �!�

�!� pmW

�OQm R�Qi� hrDNt 
�yWwQ x� u�wD�t �Q �yD�v xawtHt l� xm CU� �y�O�

CUO� �Q A 
wQ Q� hrDNt 
�yR�Qi� s�y�wN�t �A � fa� b� cg O�vm ZQi �p�Ft �
����

�va� �s�vm�t s�UkD 
w�a lD xawtHt Q� R xU x� �Q A �OD�� �wQW 
�Q� �s� Qw�

P� � ffag� fbg� fcgg

QO 
w�a lD xawtHt l� u�wva x� �Q swU QYva w O�O Q�Qk xawtHt l� QO �Q A w�a wO Qy u�wD�t

�s� Qw��t CUO� �Q Q� R R�Qi� xU ��DQD u�O� �CiQo Q�v

P� � ffa� bg� fcgg

P� � ffa� cg� fbgg

P� � ffag� fb� cgg



�� x��	Q � pYi

Q�v QO A xawtHtQ� R l� u�wva x� �Q AOwN xm CU� u� 	CiQo Q�v QO A 
wQ u�wD�t xm 
R�Qi� u� QN�

�s�W�� xDW�O 
w�a lD R�Qi� l� w s� Q�o�

P� � ffa� b� cgg

l� 
wQ 
RQ� sy 
�yUqm xawtHt xm s�v�O�t ��!�!� xDmv x� xHwD �� �xDmv ������

xawtHt l� 
wQ Q� xOt� CUO� 
�yR�Qi� xU��kt �� p�L �OvR�U�t �Q xawtHt u� 
wQ R�Qi� l� 	xawtHt


wQ hrDNt 
RQ� sy 
�yx���Q x� xDU��w 
RQ� sy 
�yUqm xawtHt w ��!�!� p�Ft QO 	A 
w�a xU

l� 
RQ� sy 
�yUqm xawtHt Ovv�wD�t �y R�Qi� u�� R� l� Qy xm OwW�t xOy�Wt 	��!�!� p�Ft QO A

x���Q l� Ov�wD�t A R�Qi� Qy xm s�yO�t u�Wv 
Oa� x��k w h� QaD QO �OvW�� A 
wQ 
RQ� sy x���Q

�OW�� x�rw� R�Qi� u�ty 	x���Q u� 
RQ� sy 
�yUqm xm Ovm h� QaD A 
wQ 
RQ� sy


wQ �Q �P x���Q �OW�� AR�Qi� l� P w �yD�v xawtHt l� A O�vm ZQi �h� QaD ������

�s�vm�t h� QaD Q� R CQwY x� A

X �P y �� �X � P� x� y � X

�OvyO�t V��tv R�v A�P O�tv �� �Q �P x���Q �s�t�v�t PR�Qi� x� xDU��w 
RQ� sy x���Q �Q �P x���Q

�CQwY u�� QO �OW�� AR�Qi� l� P w �yD�v xawtHt l� A O�vm ZQi �x��k ������

�CU� A 
wQ 
RQ� sy x���Q l� �P x���Q �hr�

�A��P� P ��

xH�Dv QO w
S
P � A TB 	CU� AR�Qi� Pxm �Hv� R� �O� Q�o� Q�v QO �Q x � AQYva �hr� �C��F�

	h� QaD j�
 TB 	x� x � X xm �Hv� R� �x � X xm OQ�O OwHw X � PxawtHt u��Q��v� �x � SP

�CU� ���DR�� �P �va� �x �P x

�y� x � X xH�Dv QO �x� y � X xm OQ�O OwHw X � P xawtHt TB �x �P yO�vm ZQi p�L

�y �P zw x �P y O�vm ZQi 	�P uOw� �r�kDv� C��F� 
�Q� �CU� uQ�kDt �P u��Q��v� � y �P x�va�



R	Qi	 w �RQ	 sy x��	Q ��� ��

TB 	y � X � Y xm �Hv� R� �y� z � Y w x� y � Xxm OvQ�O OwHw X�Y � P 
�yxawtHt �va�

�x �P z �va� �x� z � X xH�Dv QO �X � Y s� Q�O 	CU� R�Qi� l� P uwJ w X � Y � 	

A 
�yxawtHt Q� R R� ���yxawtHt A��P
RQ� sy 
�yUqm xawtHt w P R�Qi� xm s�v�O�t ��

�s�yO�t u�Wv 
Q�o w�a �� �Q �yv� 
w�UD �OvDUy

�aO� �OQ�O OwHw a � XQYva �va� �X �� 	 TB 	CU� R�Qi� P xm �Hv� R� �X � P O�vm ZQi

�CU� X xawtHt u�ty a 
RQ� sy Tqm xm s�vm�t

�Hv� R� �a� x � Y xm OQ�O OwHw Y � P xawtHt h� QaD j�
 �x �P a u��Q��v� �x � �a O�vm ZQi

j�
 xm �Hv� R� �x � X O�vm ZQi 	TmaQ� ��a � X TB �x � X �va� �X � Y TB 	a � Xxm

w�a l� Q��Q� PR�Qi� w�a Qy u��Q��v� ��a � X xH�Dv QO w x � �a �va� �x �P a TB 	a � X ZQi

�CU� 
RQ� sy 
�yUqm R�

Tqm �CU� PR�Qi� 
��a� R� �m� A��PxawtHt QO 
RQ� sy Tqm Qy xm s�yO�t u�Wv p�L

X � P TB �a � A �
S
P �iQ
 R� �a � �a xm s�v�O�t �O� Q�o� Q�v QO �Q �a � A��P
RQ� sy

��a � X s�yO�t u�Wv �a � X xm OQ�O OwHw

p�L �X � �axH�Dv QO �a � �a �va� �x �P a TB �x� a � Xx�ov� 	x � X Qo � xm CU� �y�O�

�x � Y xm OQ�O OwHw Y � PQYva TB 	x � A �
S
P xm �Hv� R� �O� Q�o� Q�v QO �Q x � �a QYva

u��Q��v� �X � Y xH�Dv QO �a � X � Y u��Q��v� �a� x � Y �va� �x �P a TB 	x � �a �iQ
 R�

� � �a � Xw x � X


wQ P � ffa� bg� fcg� fd� egg R�Qi� w A � fa� b� c� d� eg xawtHt �u� QtD ������

�O� Q�o� Q�v QO �Q A

�O�yO V��tv �DQt 
�yGwR �� �Q PR�Qi� x� xDU��w 
RQ� sy x���Q �hr�

�O� Qw� CUO� �Q x���Q u�� 
RQ� sy 
�yUqm ��

s�yO Q�Qk Qo � �OW�� A�yD�v xawtHt 
wQ 
RQ� sy x���Q l� � O�vm ZQi �u� QtD ������

�A�P� A��A��� �� O�yO u�Wv 	A�� � P



�� x��	Q � pYi

��xm�Wt w�����DQD x���Q 
��

�Ov�xOW h� QaD xawtHt l� 
wQ Q� xm s� R�OQB�t 	��wQ R� Qo�O xDUO l� �iQat x� VN� u�� QO

xm 	OvR�U�t �Q �DQt 
Q�H 
�yQ�DN�U 	CU� xOW h� QaD �yv� 
wQ Q� ���DQD 	��wQ xm ���yxawtHt

OQwt �DQt 
Q�H Q�DN�U u� QD ���OD�� u�wva x� R�v �Q �yxm�Wt �Ovvm�t ��i�� Q�H QO �Q �tyt Vkv

�s� R�OQB�t x�rw� h� Q�aD x� �OD�� QO �s�yO�t Q�Qk xar��t

bRa w aRb Qo � 	s�t�v�t ��uQ�kDtO�B x���Q l� A xawtHt 
wQ �Q R x���Q �h� QaD ��	��

Qo�O CQ��a x� �a � b xm OyO xH�Dv

�CU� uQ�kDt O�B R�� �aRb � bRa �� a � b�

	���DR�� RQo � 	s�t�v�t ���� RH ��DQD l� A xawtHt 
wQ �Q R x���Q �h� QaD ��	��

�OW�� �r�kDv� w uQ�kDtO�B


�yxawtHtQ� R s�tD 
wQ �Q ���� pwtW x���Q �OW�� xawtHt l� A O�vm ZQi �p�Ft ��	��

�CU� ���DR�� P �A� 
wQ � x���Q �va� �X � Xs� Q�O X � P �A� Qy 
�Q� �O� Q�o� Q�v QO A

P �A� 
wQ � Kw�w x� �CU� uQ�kDtO�B P �A� 
wQ �TB �X � Y x�ov� Y � X w X � Y Qo �


wQ �� RH ��DQD l� � u��Q��v� �X � Z OwW�t xH�Dv Y � Z w X � Y R� �Q� R �CU� �r�kDv�

�CU� P �A�

s� Q�O x � RQy 
�Q� �O� Q�o� Q�v QO �k�kL O�Oa� xawtHt 
wQ �Q � x���Q �p�Ft 	�	��

uQ�kDtO�B R 
wQ �u��Q��v� �x � y x�ov� y � x w x � yQo � �CU� ���DR�� R 
wQ � TB �x � x

��DQD l� R 
wQ �xH�Dv QO w CU� �r�kDv� R 
wQ �TB �x � z x�ov� y � z w x � y Qo � �CU�

�CU� �� RH

�	� Ordered relation �	� Lattice �
� Anti�symmetric ��� Partial order



xm�Wt w ���DQD x��	Q ��� ��

QO �a��
 O�Oa� xawtHt 
wQ Q� R CQwY x� �Q �uOQm O�a �� � ��uOQtW x���Q �p�Ft ��	��

�O� Q�o� Q�v

xjy �� �k � N� y � kx

�CU� �� RH ��DQD l� N 
wQ �j� x���Q xm OQm �UQQ� u�wD�t �DL�Q x�

�Q A CQwY u�� QO �OW�� A 
wQ �� RH ��DQD x���Q l� � O�vm ZQi �h� QaD 
�	��

O�tv �� �Q u� �� RH ��DQD x���Q �� x�Qty A �� RH �DQt xawtHt �s�t�v �t ���� RH �DQt xawtHt l�

�s�yO�t u�Wv �A���

�p�Ft ��	��

QDtm x���Q u�ty � u� QO xm �R��� CQwY u�� QO �OW�� �k�kL O�Oa� xawtHt R O�vm ZQi �hr�

�CU� �� RH �DQt xawtHt l� 	CU� O�Oa� 
w�Ut ��

�CU� �� RH �DQt xawtHt l� �P �A���� x�ov� 	OW�� x�wNrO xawtHt l� AQo � ��

�CU� �� RH �DQt xawtHt l� 	�N� j� �va� 	uOQtW x���Q �� x�Qty �a��
 O�Oa� xawtHt �G

aRb xm CQwY u�O� 	s�yO�t V��tv Q�Owtv 	UwD �qwtat �Q �� RH ��DQD 	��wQ �xDmv ��	��

a 
w�Ut �� QDoQR� b �� � CU� b 
w�Ut �� QDmJwm a s�� wo�t w s�yO�t V��tv a 

 b 	UwD �Q

KqY� a 

 c 

 b CQwY x� �Q Q�Owtv u�� u�wD�t 	cRbw aRc s�W�� xDW�O x���Q QO Qo � ��CU�

p�Ft x� �OwW�tv xO�O V��tv x���Q uOw� ���DR�� 	OwW�t sUQ ���DQD 	��wQ 
�Q� xm ���yQ�Owtv QO �OQm

�O�vm xHwD Q� R


wQ Q� R CQwY x� �Q � �� RH ��DQD x���Q w A � fa� b� c� d� e� fg xawtHt �p�Ft ��	��

�O� Q�o� Q�v QO

�� IA � f�a� b�� �a� c�� �a� d�� �a� e�� �a� f�� �c� d�� �f� b�g
��� Divisibility relation ��� Partial ordered set



�� x��	Q � pYi

�s�vm sUQ Q� R sQi x� 
Q�Owtv O��� �a� b�� �a� c�� �a� d�� �a� e�� �a� f� �DQt 
�yHwR x� xHwD ��

�!� pmW

�s�vm KqY� Q� R CQwY x� �Q Q�Owtv xm OvwW�t Ea�� �c� d�� �f� b� �DQt 
�yHwR �t�

�!� pmW

xawtHt l� �P �A���� s�v�O�t �O� Q�o� Q�v QO �Q A� fa� b� cg xawtHt �p�Ft ���	��

�CU� Q� R CQwY x� x���Q u�� Q�Owtv �CU� �� RH �DQt



xm�Wt w ���DQD x��	Q ��� ��

�!� pmW

�u� QtD ���	��

�O�vm sUQ A � fa� b� c� d� e� fg 
wQ �Q Q� R �� RH ��DQD x���Q Q�Owtv �hr�

�� IA � f�b� a�� �c� a�� �c� d�� �c� e�� �c� f�� �e� a�� �e� b�� �e� f�g

�� �Q x���Q u�� �OD�� �O� Q�o� Q�v QO A � fx � Nj� � x � ��gxawtHt 
wQ �Q uOQtW x���Q ��

�O�vm sUQ �Q u� Q�Owtv TBU 	O�vm XNWt u� �DQt 
�yHwR

QY�va CQwY u�� QO �OW�� �� RH �DQt xawtHt l� �A��� O�vm ZQi �h� QaD ���	��

�s�� wo�t ��Q�PB�vxU��kt �Q �yv� CQwY u�� Q�e QO �b � a�� a � b Qo � s�� wo ��Q�PBxU��kt �Q a� b � A

u�� QO �O� Q�o� Q�v QO �Q ��!�!� p�Ft QO �P �A������ RH �DQt xawtHt �p�Ft ���	��

�OvQ�PB xU��kt w�a wO u�� TB �fag � fa� cg �iQ
 R� �OvQ�PB�v xU��kt fbg w fagQY�va CQwY

�O�vm XNWt �Q x���Q u�� Q�PB�v xU��kt w Q�PB xU��kt QY�va Q��U

w xOW h� QaD A � f�� �� �� �� �� �� �g 
wQ �Q Q� R �� RH ��DQD x���Q �u� QtD �	�	��

�O� Q�o� Q�v QO �Q CU�xOW xO�O V��tv Q� R Q�Owtv 	UwD

�O�vm XNWt �Q x���Q u�� �DQt 
�yHwR �hr�

�O�vm XNWt �Q u� Q�PB�v xU��kt w Q�PB xU��kt QY�va ��

��� Comparable ��� Incomparable



�� x��	Q � pYi

��!� pmW

�CQwY u�� QO �OW�� �� RH �DQt xawtHt l� �A��� O�vm ZQi �h� QaD ���	��

CQ��a x� �x � a s�W�� xDW�O x � A Qy 
�Q� Qo � 	s�t�v�t A ��w�a u� QDoQR� �Q a � A w�a �hr�

�OW�� QDoQR� A 
��a� xty R� Qo � CU� A w�a u� QDoQR� a 	Qo�O

CQ��a x� �a � x s�W�� xDW�O x � A Qy 
�Q� Qo � 	s�t�v�t A ��w�a u� QDmJwm �Q a � A w�a ��

�OW�� QDmJwm A 
��a� xty R� Qo � CU� Aw�a u� QDmJwm a 	Qo�O

a 	Qo�O CQ��a x� �a � xOyO xH�Dv a � x Qo � 	s�t�v�t A ��p�t� Rm �t w�a �Q a � A w�a �G

�OW�� xDW�Ov OwHw aR� QDoQR� 
w�a Qo � CU� A p�t� Rm �t w�a

a 	Qo�O CQ��a x� �a � xOyO xH�Dv x � a Qo � 	s�t�v�t A �	p�t�v�t w�a �Q a � A w�a �O

�OW�� xDW�Ov OwHw a R� QDmJwm 
w�a Qo � CU� A p�t�v�t w�a

Q�v QO A � f�� �� �� �� �� �� �g xawtHt 
wQ �Q Q� R �� RH ��DQD x���Q �p�Ft �
�	��

xir�wt � �OQ�Ov OwHw �yv� R� QDmJwm 
w�a �Q� R 	OvDUy p�t�v�t � w � 
��a� CQwY u�� QO �O� Q�o�

	OvDUy p�t� Rm �t � w �	� 	� 
��a� ��DQD u�ty x� ��OvDU�v ��� �� w ��� �� RH� ��DQt GwR I�y swO

u� QDoQR� x���Q u�� ��OvDU�v �a� a� RH� ��DQt GwR I�y pw� xir�wt � �OQ�Ov OwHw �yv� R� QDoQR� 
w�a �Q� R

�OQ�Ov w�a u� QDmJwm w w�a
��� Maximum element ��� Minimum element ��� Maimal element �	� Minimal

element



xm�Wt w ���DQD x��	Q ��� ��

��!� pmW

u�� �O� Q�o� Q�v QO �Q ��!�!� p�Ft QO �P �A���� �� RH �DQt xawtHt �p�Ft ���	��
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�xawtHtQ� R �� R ���D OQ� x�oQy

CQwY x� �k�kL ���D �rm pmW TB �s�t�v�t

f � A 

 R

�OW���tv R xawtHt Q� R ��twRr ���D xvt�O �va� &A �OW���t

���D �OW�� �k�kL 
�yx��QO �� �� � 
�yT� QD�t xawtHt M��� s�vm ZQi p�Ft �����

f �M��� 

 R

f�A� � jAj h� QaD x���� ��

s�vm�t x�U�Lt �Q u� Q�O�kt �NQ� �CU� �k�kL ���D l�

f�� � �

� ��
�� � 
�� f�� � �

� �
�� � �

f�� � ��

�� ��
�� � ����

�Ovt�v�t u��vQF� ���D �Q ���D u��

�� F ���D 	OW�� xOw� ��� 
� 
xR�� Q� xDUw�B ���wD xawtHt C��� 
� s�vm ZQi p�Ft �����

h� QaD x����

F �g� � Maxg �� Maxfg�x�� � � x � 
g�

�CU� �k�kL ���D l�
�� real�valued function



�Q	Okt� �k�kL ��	wD 
�� ���

pFtr��i �O�vm x�U�Lt �Q ���D Q�Okt OvJ C��� �� x� jraDt Q�Okt OvJ ��NDv� 
�R� x� �h�rmD

�g�x� � sinx � C��� 
�

F �g� � Max����g�x� � �

��rDNt ���wD ��

Q�YDN� x� �� ��rDNt Q�Okt ���D l� OW�� 		rDNt O�Oa� xawtHt 	C xawtHtQ� R u� OQ� xm ���D Qy

���D xvwtv 
�Q� �OwW�t xO�t�v �rDNt ���D l�

f � C 

 C

f�x� iy� � x
 iy

�k � kL � ��w D �OW� ��t v C xaw tHtQ � R ��twR r 	r DNt � �� D l � x vt�O �CU� 	r DNt � �� D l �

� D� TwQO QO x m OW� ��t 	r DNt R � r� v� �w�wt 	r DNt � ��w D w �k � kL R � r� v� pY� �w�wt

�OvwW�t s�UkD xDUO OvJ x� �yv�h� QaD x���� pmW $�Lr x� R�v OwN�k�kL ���wD �Ow� Oy�wN Q�oQO �yv� ��

p�ta� R� xO�iDU� �� �xvt�O w�a� x Q�eDt �UL Q� u� Q�Okt xm OwW�t jq
� �a��D x� �Q�H ���D

�O���t CUO x� �U�L �rY�

�OvW���t 
Q�H ���D p�P ���wD R� l� Qy u��Q��v�

f�x� � �x� 
 gx� �� x � Z

t�x� � �x� 
 �x� �� x � Q

h�x� � �x� 
 �x
 �
�� � x � R

u�x� �
�x� 
 �
x� � � � x � ��� ��

�� Complex Valued function �� �
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Q�e �a��wD �D�FrFt ���wD xvwtv 
�Q� �s�t�v�t ��r�aDt� �Q�H Q�e ���D l� OW��v 
Q�H xm �Q ���D TB

�OvDUy 
Q�H

f�x� � sin �x� �� g�x� � cosx� 
 cosx
 tanx

�QJ �OvDU�v ���D Q�N� g w f ���wD �k�w QO �s��xOQmv QmP �Q g w f ���wD xvt�O Q�N� 
�yp�Ft QO O�OQ�Qk

�OOQo�t XNWt V�xvt�O w x���� �� ���D Qy xm

u� QDa�Uw u� xvt�O R� u�tO�Qt OOQo �iQat V�x���� �� 	ki ���D l� x�oQy O�OQ�Qk l� j�
 Q� um�r

x� �YNW Q�Okt x���� u� xawtHt u� w�a Qy 
�Q� xm CU� �R xawtHtQ� R u� QDa�Uw� 
�xawtHt

�OyO CUO

�x���� R� x�oQy p�Ft 
�Q�

f�x� �
�

x
 �

���D u�tQw�vt �OOQo O�� ���D l� u�wva x�

f�x� �
�

x
 � � x � R 
 f�g

�OOQo�tv h� QaD C����� Q QO QiY Q� s�UkD �Q� R �OW���t

� �QJ� �OW���t R 
 f�g Q��Q� g ���D xvt�O w R Q��Q� f ���D xvt�O xQ�Wq�jwi 
�yr�Ft QO TB

Q� R pmW x� ����D l� 	ki w � ���D l� u�wD�t xQ�wty xawtHt Qy �� �v�ty ���D �����

�O�O C�Uv

f � A 

 A

f�x� � x

w IA i� identity functionA x� ���r�e w xO�t�v A Q� �v�ty ���D �� A xvt�O �� �v�ty ���D �Q ���D u��


Oa� TwQO QO �Ovvm�t Vkv Q�Okt u�ty x� �Q xvt�O Q�Okt Qy �v�ty ���D TB �s�yO�t u�Wv �A ��

O�Oa� Q�H QO � OOa xm xvwov�ty 	CU� 
O�rm Vkv ���wD Q�H QO �v�ty ���D Vkv xm OQm s�y�wN x�Lqt

�Ovm�t 
R�� �Q �U�U� Vkv
i� identity function� �



�Q	Okt� �k�kL ��	wD 
�� ���

���D �OW�� xOw� C��F �
W C w xawtHt l� A s�vm ZQi C��F ���D 	����

f � A 

 fCg

f�x� � X

x� �Q xvt�O Q�Okt Qy C��F ���D TB �s�t�v�t C C��F ���D ��Q�YDN� �� C� C��F� Q�Okt ���C��F ���D �Q

�Ovm�t Vkv C��F Q�Okt l�

�OwW�t xO�t�v xr��vO l� OW�� 	�a��
 O�Oa� xawtHt 	N u� xvt�O xm ���D Qy �xr��vO �����

�s�t�v�t �y�vDt xr��vO l� �Q ���D 	OW�� N R� OwOLt w �y�vDt 
�xawtHtQ� R ���D xvt�O x�oQy

�hr��
f � N 

 Q

f�n� � �

n

� ��
g � N 

 R

g�n� �
p
n

� G�
h � N 

 R

h�n� �
p
n� � �

� O�
a � N 

 R

a�n� � �

�n��

� x�
b � N 

 R

b�n� � �n� �

�s�U� wv�t �Q a xr��vO Q�O�kt �NQ� �OvDUy xr��vO l�

a��� � �� a��� � �
� � a��� �

�
� � a��� �

�
� � a��� �

�
��

�� �Q a�n� �rm Qw
 x� w a� O�tv �� �Q a��� 	a� O�tv �� �Q a��� 	Q�DWwv QO Q�YDN� Qw�vt x� 	pta QO

xrtH �� s�n xrtH �Q an � a�n� � �

�n��
xr��vO u�� h� QaD x���� x� xHwD �� �s�yO�t u�Wv an O�tv

�� C pw	 hQL Constant �� Sequence
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�rm CQwY x� 
Q�PoO�tv u�� �� �Q ���D u�� Q�O�kt TB �s�t�v�t xr��vO �twta

��a�� a�� a�� � � � � an� � � �


Q�Okt CQwY x� �� w

����
�
�
�
�
�
�
�
�
�

�
��

� � � � � �
�n��

� � � �

u� QO xm OvwW x��Q� ��� pmW Ovv�ty Q�wQ�HvR CQwY x� 
O�Oa� �� ���W� �Dkw �s�yO u�Wv s�v�wD�t

Q�v KU�t O�Oa� u� �� ���W� u� Q�O�kt �� 
�xr��vO �k�w QO OOQo C��aQ QN��D w sOkD w xOW C��aQ ��DQD

u�� QO &OW�� xOW xO�O ��DQD u�ty x� ��� h�OQ O�Oa� 
xQ�HvR s�vm ZQi Qo�O CQ��a x� �CU� xOw�

Qo�O Q�Okt �

�
	��a��
 OOa u�rw�� � OOa 
�R� x� xr��vO Q�Okt � u� QO xm CU� 
�yxr��vO O�Qt CQwY

�OW���t �yv�� Q���v w ��a��
 OOa u�twO� � OOa 
�R� x� xr��vO

� � � � � � � n � � �
��y

��y
��y

��y
��y

� �

�

�

�

�

�
� � � �

�n�� � � �

Qy 
�R� x� xr��vO Q�Okt Qy swO h�OQ QO w �N� xr��vO xvt�O 	pw� h�OQ u� QO xm �Q jwi pYit CQwY


Q�YDN� w xO�U pmW x� CU� xOW xDWwv u� Q� R QO �a��
 OOa

�� �
� �

�
� �

�
� �

�
�� � � � �

�
�n��

� � � �

j���D p��k �v�U� x� jwi O�Oa� xawtHt �� OwN uyP QO �xr��vO xvt�O� �rY� O�Oa� xawtHt &s�U� wv�t

�OvDUy

�k�w QO 	s�vm h�OQ �QN��D w sOkD �iL ��� �DQt �DQwY x� �Q 
O�Oa� �� w ����W� x�oQy Tma Q�

�s� Q�O CUO QO xr��vO l�

�
�	� 
�

� �



�� �
�
�	� 
�

� �



��
�

�

�
�	� 
�

� �



��
�

� � � � �

�
�	� 
�

� �



��
n

� � � �



�Q	Okt� �k�kL ��	wD 
�� ���

u� QO xm OyO�t u�Wv �Q �yT� QD�t R� 
�xr��vO V��tv u��

A� �

�
�	� 
�

� �



�� � A� �

�
�	� 
�

� �



��
�

� � � � � An �

�
�	� 
�

� �



��
n

� � � �

Ok�i xr��vO ��U�U� �� w OW��v OwyWt jwi 
�yp�Ft Ovv�ty �xr��vO h� QaD x����� xr��vO uwv�k CU� umtt

�OW�� xOw� �x����� uwv�k

�hr��� �)��� �)��� �)���� �)��� � � �

���)�� �)��� �)���� �)������ �)������ �)������� � � �

�k� Q
 x� �Q x
w� Qt xQ�tW �� xrtH CU����t CU� CH�L xm �H Qy �D xr��vO xvwov�� �� Q�m w xar��t QO

�OW���t Q�Wa� skQ � �D � QPH V��tv ��� xr��vO � CW�O CUO QO w x�U�Lt

�OW���tv u���tv Qt� wO� QO �rw OvDUy �x���� 
�Q�O� Ovtvwv�k �yxr��vO �NQ�


�� �� �� �� �� �� �� �� �� ��� ��� ��� ��� � � �

�rt�D lOv� �� �#t� �CU�v swrat �qai �t Q� xr��vO x���� 	CU� QwyWt ��JD�Dw��i xr��vO x� xm 	xr��vO u�� QO

�CU� u� p�k�t �tH wO �tH pY�L ����D Q�Okt� xr��vO xtrH Qy xm OwW�t swrat

� � 
� � �

� � � � �� � � � � �� � � � � �� � � � � �� �� � �� � ��

���an�� � an � an�� �rm Qw
 x� w

x� ��HQ� �� xr��vO Qy �Q� R �Ovt�v�t �DWoR�� xr��vO l� �� �aH�QD xr��vO l� �Q 
�xr��vO u�vJ ��Lq�Y�

xrtH wO w �*� �aH�QD x���Q uDW�O �� �O���t CUO x� 
Q�H ����wQ ltm x� w �r�k xrtH OvJ �� wO

�OQw� CUO x� �v�U� x� u�wD�t �Q xr��vO CqtH xty 	xr��vO pw�

xr��vO Ovv�t �s�vm�t GQO RDv�QB l� uwQO ��DQD x� �Q xr��vO CqtH C�kw� �y�o

��� �� �� �� �� �� �� �� �� �� �� �� �� �� � � ��
��
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 O�vm XNWt �Q xr��vO u�� sy �� xrtH O�v�wD�t ���

O�Oa� xr��vO Qw�vt �r�k O�tv ��

��� �� �� �� �� �� �� �� �� �� �� �� �� �� � � ��

w sWW xrtH � 	sHvB xrtH � 	sQ�yJ xrtH � 	swU xrtH � &swO xrtH � 	pw� xrtH � u�QO xm CU�

�DQt GwR R� �L�LYD x��Wt x� �Q u� QDy� OwW�t xO�O u�Wv RDv�QB �� xr��vO �Dkw �OW���t �Py�ra �DL

�OW���t QU�t �r�a QDxDiQW�B 
�yQ�H QO �yxr��vO xvwov�� xar��t �OQm �krD

�s� Q�o 	xDmv

f��x� � �� f��x� � x� f��x� � x�� f��x� � x�� � � �


�xr��vO ��DQD u�O� �O�vm �iQat �%�yx���� u�ty ��� Qo�O ���D � �yv�� x��Wt �OvW�� ZwQit ���D Q�yJ

OwW�t pY�L ���wD R�

��� f�� f�� f�� f�� f�� � � � � fn� � � �

u� QO xm

�n � �� �� � � � � fn�x� � xn

h� QaD QO xm xvwov�ty 	OvW�� xOw� Ovv�wD�t 
R�J Qy �xr��vO CqtH� xr��vO Q�O�kt xm s�W�� xDW�O xHwD

�s�t�v�t ���wD R� ��xr��vO �Q �* � h�OQ �s��xOWv p��k ���D xv�Oty 
�Q� �D�OwOLt I�y ���D

$wLrt �Q xr��vO l� �k�w QO �s�vm x��Q� ��DQD x� CU�Q x� AJ R� �Q ���W� R� 
QU l� �kwt Qy 	xDmv

O�Oa� R� �DQt 
�xawtHtQ� R �� w �a��
 O�Oa� �DQt xvawtHt �� �Q ���W� 
QU l� �Dkw �s��xDW�O

�OwW�t xDN�U ��y�vDt�v �� w �y�vDt � xr��vO l� s� Q�tW� �a��


�OvDUy O�Oa� R� �UOvy w ���UL 
�xr��vO �tW 
�vW� xr��vO wO Qy

�� �� ��� ��� ��� ��� ��� � � � ��


�� �� �� ��� ��� ��� ��� � � � ��



Tma Q� wYD w s�kDUt Q� wYD ��� ���

�� �� ��� ��� ��� ��� ���� � � � ��

��
 �

�
� �
�
�
 �

�
� �

��
�
 �

��
� � � � ��

 CU� xvwoJ ���UL xr��vO �rm sQv

 CU� xvwoJ �UOvy xr��vO l� pm CQwY

 CU� �W��Ri� ���UL xr��vO l� �kwt xJ

 CU� �Wy�m ����QW xJQO w �W��Ri� �UOvy xr��vO l� ����QW xJ QO

�Q ��� w ��� 
�yxr��vO �QJ �O� R�U� �Wy�m �UOvy xr��vO Q�yJ w �W��Ri� ���UL xr��vO xU �h�rmD

 OQ�O �UOvy p�mW� �� �
��DQ� swyit u�� ���  O�t�v�t �UOvy

Tma Q�wYD w s�kDUt Q�wYD ��	

R� 
Q�O�kt R� pmWDt Y R� 
�xawtHtQ� R �A � X w ���D l� f � X 

 Y s�vm ZQi ��h� QaD


O�tv u�� R x� �s�yO�t u�Wv f �A� x� w xO�t�v f CLD A Q� wYD 	OvDUy A 
��a� Q��vDt xm ���D

f �A� � ff�x�jx � Ag

�CU� A Q� f CLD �va�	fA ���D Q�O�kt xawtHt f �A� �Pyr

�s�vm h� QaD �Q X R� 
�xawtHtQ� R s�v�wD�t B � Y Qy Q��v ��y��Wt

f���B� � fx � X jf�x� � Bg

Q�Okt xm CU� f ���D xvt�O R� ����a� R� pmWDt f���B�TB �s�t�v�t BTma Q�wYD �Q f���B�

Vkv B R� 
w�a x� �Q �yv� f xm xvt�O R� ����a� Qo�O CQ��a x� �� OQ�O jraD B x� ��a� u� 
�R� x� ���D
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�Ovm�t

�� �
��DQ� xJ f���f �A�� �va� u� Tma Q� wYD s�vm Q��DN� B � f �A� x�oQy ��O�rm ��yVUQB

 OQ�O A

 OQ�O B �� �
��DQ� xJ f �f���B�� �va� u� Q� wYD 	s� Q�o� A � f���B� x�oQy xmv� ��


�xawtHt Q�Owtv�� �Q f ���D �s� R�OQB� 
R�U x�UOL x� w xOQm �UQQ� ���yr�Ft ut� �Q �w�wt s�v�wD�t

�s� Q�o�t Q�v QO

�!� pmW

s� Q�O A� � f�� �� � � � g 
�Q�

f �A�� � f�g

s� Q�O A� � f�� �� g 
�Q�

f �A�� � f�g



Tma Q� wYD w s�kDUt Q� wYD ��� ���

�s�vm�t x�U�Lt �Q f���f�k� p�L

f���f�g� � f�� ��
�g

	p� F t u �� QO x H � D v QO �f���f �A��� � f�� ��
�g w f���f �A��� � f�� ��
�g � v a �

 OvDUy �rm �t�mL� �yv�� ��� A� � f���f �A��� w A� � f���f �A���

 OQ�O B� �� �
��DQ� xJ f �f���B��� 	B� � f�� �� �g x�o Qy

CQwY u�� QO �B � Y w A � X 	���D l� f � X 

 Y s�vm ZQi �x��k ��
��

A � f���f �A�� �hr�

f �f���B�� � B � �

xH�Dv QO �f�x� � f �A� TB �OW�� x�wNrO 
w�a x � A s�vm ZQi �hr�� C��F� 
�Q�D �u�yQ�

�CU� Q�QkQ� �hr�� �Pr w x � f���f �A�� h� QaD j�


�CU� x Ovv�t f���B� R� 
w�a Vkv y �Pr �y � f �f���B�� s�vm ZQi ���

y � f�x�� x � f���B�

� y � B xH�Dv QO �f�x� � B �x � f���B� uwJ 	Tma Q� wYD h� QaD j�
 �#t�

&OOQo p�O�D 
w�UD x� 
�xawtHt 
�yC��RH jwi x��k QO xm OW�� xDW�O O��� �oS� w xJ f ���D �VUQB

����QW xJ CLD Qo�O CQ��a x�

A � f���f �A��

w

f �f���B�� � B

 OQ�O ���y�DU�m xJ f ���D �OvDU�v Q�QkQ� �y� w�UD p�Ft u�� QO xm O�vm xHwD p�k C�LiY p�Ft x�

�CU� u�Um� A R��tDt 
��a� Vkv p�Ft u��QO

f��� � f��� � f�
�� � �



��� u� s�y�it w ���D � pYi

xvt�O R� 
w�a I�y 	UwD xv�Oty R� � w�a u�vJty �OW���tv l� x�l� �a��D u�vJ Ov� wo ��Lq�Y�
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