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Chapter 1

1.1. A finite element is a small body or unit interconnected to other units to model a larger
structure or system.

1.2. Discretization means dividing the body (system) into an equivalent system of finite
elements with associated nodes and elements.

1.3. The modern development of the finite element method began in 1941 with the work of
Hrennikoff in the field of structural engineering.

1.4. The direct stiffness method was introduced in 1941 by Hrennikoff. However, it was not
commonly known as the direct gtiffness method until 1956.

15. A matrix is arectangular array of quantities arranged in rows and columns that is often
used to aid in expressing and solving a system of algebraic equations.
1.6. As computer developed it made possible to solve thousands of equations in a matter of

minutes.
1.7. Thefollowing are the general steps of the finite element method.

Step 1
Divide the body into an equivalent system of finite elements with associated
nodes and choose the most appropriate element type.

Step 2
Choose a displacement function within each element.

Step 3
Relate the stresses to the strains through the stress/strain law—generally
called the congtitutive law.

Step 4
Derive the element gtiffness matrix and equations. Use the direct equilibrium
method, a work or energy method, or a method of weighted residuals to
relate the nodal forcesto nodal displacements.

Step 5
Assemble the element equations to obtain the global or total equations and
introduce boundary conditions.

Step 6
Solve for the unknown degrees of freedom (or generalized displacements).

Step 7
Solve for the element strains and stresses.

Step 8

Interpret and analyze the results for use in the design/analysis process.

1.8. The displacement method assumes displacements of the nodes as the unknowns of the
problem. The problem is formulated such that a set of simultaneous equations is solved
for nodal displacements.

1.9. Four common types of elements are: smple line elements, simple two-dimensional
elements, smple three-dimensional elements, and simple axisymmetric elements.

1.10 Three common methods used to derive the element stiffness matrix and equations are
(1) direct equilibrium method
(2) work or energy methods
(3) methods of weighted residuals

1.11. The term ‘degrees of freedom’ refers to rotations and displacements that are associated
with each node.
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1.12. Fivetypica areaswhere the finite element is applied are as follows.
(1) Structural/stress analysis
(2) Heat transfer anaysis
(3) Fluid flow analysis
(4) Electric or magnetic potential distribution analysis
(5) Biomechanical engineering
1.13. Five advantages of the finite element method are the ability to
(1) Model irregularly shaped bodies quite easily
(2) Handle general load conditions without difficulty

(3) Model bodies composed of severa different materials because element equations
are evaluated individually

(4) Handle unlimited numbers and kinds of boundary conditions
(5) Vay the size of the elements to make it possible to use smal elements where
necessary
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[KP]+ [KA] + K]

[k 0 -k
0 ks 0

-k 0 k+k
0 —k; -k

0
—kg
—k,

Ky, + kg

arefixed so u; =0 and u, = 0 and [K] becomes

[k +ky =k,

L —k; k2+k3}

[K] {d}

[k +ky, =k

L —ko kz“‘J{ }
(K] {d} =[KT]{F} =[K™] [K] {d}
= [K{F} ={d}

—k,
ky + kg

Us

—ks Uy

Uz
Uy

Using the adjoint method to find [K™]

Cu=
Cp=

Cu= (-1 (-k)
Cu= kit+k

ko + ks
1'% (k) =k

3
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T P AL

det [K] = [[K] | = (ki + ko) (ka2 + ka) — (— ko) (ko)
= KT = (ko) (ko + ka) —ko?

k-y= 1C7]
det K
{kz +ky  ky } {kz +ks ks }
K = k, ki +k | _ K, ki +k,

(k1+k2)(k2+k3)—k22 B kKo + kg kg + K Ky

AR aleA

Uy ky Ky + Ky kg + Ky Ky
Uz =
kKo +1q K + K Kg
U= (k +ky) P

B ki ko + Ky K+ K5 kg
(c) Inorder tofind the reaction forces we go back to the global matrix F = [K] {d}

Fiy kk 0 -k 0 A
Fox _ 0 ks O —ks u,
For | |~k O Ktk —k Ug
k, P
Fi= —kiuz=—k 2
- o ' Ky Ky +Ky K +k; kg
o Fy= -k, k, P
K Ko + kg kg ks kg
F2><:—k3U4:—k3 (k1+k2)P
ky Ko +Ky kg +k; Kg
= FZ)(: _k3 (k1+k2)P
K Ko + kg kg +k; K
2.2
Z
1 k 2 k3 Fy

— o |-

k]_: k2:k3:lOOO E
n.
@ @ @ G
00 = { K —k}(l); : k(z)]:[ K —k}(Z)
Kk k@ k  k|®

By the method of superposition the global stiffness matrix is constructed.

4
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@ @ (©)]
k -k 0]@® k -k 0
[Kl= |-k k+k —-k|@=[K]=|-k 2k -k
0 -k k [(3) 0 -k k
Nodelisfixed= u; =0andus =6
{F} = [K] {d}
=" k0T =0
Foy =0p = —E 2k —k| qu,=?
0 {Zk —kHuz} 0 = 2ku,—ké
= = =
Fay -k kJl6 Fo= —ku, +ké
U2:k—5:§:m$U2:0.5”
2k 2 2

Fac= —K(0.5) + k(1)
Fa = (= 1000 %) (0.57) + (1000 %) 1)

Fax = 500 Ibs

Internal forces
Element (1)

B, @] T k —k][wu=0
£, @ " [k k]ly,=05"
= f,¥ = (-1000 %) (05 = f,Y =-5001b

f, ) = (1000 %) (051 = £, =5001b
Element (2)

f, 2 [ k —k} {uz = 0.5”} f, ) =-5001b
= =
far? -k k]l =1" f3,? =500 Ib

23

@ K== == | ]

k k
By the method of superposition we congruct the global [K] and knowing {F} = [K] {d}
we have
(=2 - —k—0—0—P+{u=0
F,,=0 -k 2k -k 0 0] |u
Fox=Pr =] 0 -k 2k -k 0|qus
=2 —b—6—6—%k Tts="0
5
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0 2k -k 07]{u,] 0= 2ku,—kug
(o) <Pp=|-k 2k —k|[<u3t=P = —ku,+2kuz—ku,
0 0 -k 2k]Jlu) 0= —kuz+2kuy,

U= B
2 2
Substituting in the equation in the middle
P=—Kku,+2kus—kuy

- P= —k(ﬁ) +2ku3—k($)
2 2

= w= P
"k
oo P ows
2T kT K

(c) In order to find the reactions at the fixed nodes 1 and 5 we go back to the global
equation{F} =[K] {d}

P P
le: —kU2: _kﬂ =>F1X: —E

P P
F5X: —kU4: _kﬂ :>F5X: —E
Check

SFy=0=> Fy+F5+P=0

= _P + (—E) +P=0
2 2

24

@ K=K =k =[] = [_:: _: }

By the method of superposition the global [K] is constructed.
Also {F} = [K]{d} andu;=0andus =&

Fr=—F#—k—6—0—06T{u—==0
Fp=0| |-K 2k -k 0 0] |u,="
Foe=0b=| 0 —k 2k —k 0[{uz=2
Fi =0 0 0 —k 2k —k||u=2
Fe=2—16—6—6—k——kgttc=>
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(b) 0=2ku;—kus @
0= —kuy +2kuz—Kkugs )
0=—kuzg+2kus—ko (3)
From (2)

U= 2 U
From (3)
5+2u

Subgtituting in Equation (2)

5~k (W) + 2K (2 Up) -k (5+§62Xj

=u -2§:>u =
3 4 3

I
=>U4=5+—2(4) =>U4=¥

(c) Going back to the global equation
{F} = [K]{d}
o ké
FlX: —k U = —kz = le: —T

Fsc = —kU4+k5=—k(%) +ko

ké
= F5X: T

25

1 -1 2 -2
1= J; [k@]:[_2 2}
d> dg d, d,
k=] 3 o we=]
-3 3 -4 4
ds ds
5 -5
k1= s s
7
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Assembling global [K] using direct stiffness method

1 -1 0 0

-1 1+2+3+4 0 -2-3-4
(K] =

0 0 5 -5

0 -2-3-4 -5 2+3+4+5
Simplifying
1 -1 0 O
-1 10 0 -9 [kip
0 0 5 -5]in
0 -9 -5 14

[K] =

2.6 Now apply + 2 kip at node 2 in spring assemblage of P 2.5.
Fox= 2Kkip
[K{d} = {F}
[K] from P25
1 -1 0 0]wu=0 F

-1 10 0 -9 |u 2
Al T (A)
0 0 5 -5||u=0 Fs
0 -9 -5 14] |y, 0
whereu; =0, u3=0asnodes 1 and 3 are fixed.
Using Equations (1) and (3) of (A)
10 -9|(u] _ (2
-9 14]lu,] " o
Solving
u,= 0.475in., us;=0.305in.
2.7
1 K 2
—= OANNANANANNAO —
c c

+fiy — = O ANNANANNANNAO —— +f,

+ nodal force conv.

flx: C, f2X:—C
f= —k5:—k(U2—U1)
flx: —k(Uz—U]_)

fox= = (= K) (Uz— )

fix] [k k] [w
] 1% kJ lu

Kl = k —k)] sameasfor
[K1= & k| tensileelement

8
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2.8
Ib _ Ib
q k=500 7 k=500 1 5001b
1 2 3
1 1 1 -1
kj_: 500 ;k2:500
— 1 -1 1
So
1 -1 0
[K]=500|-1 2 -1
0o -1 1
{F} = [K] {d}
F=2
F; =1000
= 0= 1000 u, — 500 ug (2)
500 = —500 uy + 500 usz 2
From (1)
U, = Uz = u,=05u 3
2 1000 3 2 3 ()

Substituting (3) into (2)
=  500=-500 (0.5 uz) + 500 uz
=  500=250u;

= uz= 2in.

= U= (05) (2in)=uw=1in.

Element 1-2
f P ] 1 -17(0 in) f,®=-500lb
of %9 111 [T
fax J 1M = 500lb
Element 2-3
f,, @ R f, @ =—-500lb
@f " 1 12T @
fax : f3. 7 = 5001b
0
Fix=500[1 — 1 0] |1 in.|= F, =-500lb
2in.
29
, kleOO*l% k=1000~:% k=1000-%%_
1000 b ' 4000 Ib
1 2 3 4
9
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D @
] = 1000 —1000}
|-1000 1000
2 (©)
@] = 1000 —1000}
|-1000 1000
(©) (4)
O] = 1000 —1000}
|-1000 1000
D @ & @
1000 -1000 O 0
(K] = -1000 2000 -1000 O
0 -1000 2000 -—1000
) 0 -1000 1000 |
Hr=2 +—+4660——1606—56 0—I{u=0
F,,=-1000| |-1000 2000 -1000 O U,
Fa =0 - —1000 2000 —1000 | |u,
F,, = 4000 0 -1000 1000 | |u,
= u;=0in.
u= 3in.
uz= 7in.
us=11in.
Reactions
w= 0
u= 3
Fix= [1000 —1000 O 0] b= 7 = F1x=—3000 Ib
u= 11

Element forces
Element (1)

f2x(1)J
Element (2)

[

f3X(2)
Element (3)

fsx(s)l )
f4x(3)J )
2.10

N

[ 1000 -10007(0)  f,® =-3000Ib
=
[-1000 1000 (3]  f, ™= 3000Ib
1000 -10007(3)  f,,® =—4000lb
=
[-1000 1000 J|7)  f, @@= 4000lb
[ 1000 -10007(7 fo @ =—40001b
=
[-1000 1000 |(11] ~ f, @ = 4000Ib
7,
; k:SO():—E_
":'000% 2 4000 b
AVAVAY, -~
2 4
Rigid bar — o .
k=500 12
9 ;e - n.
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@y _ [ 1000 1000
(K] =
|-1000 1000
@) = [ 500 -500
|-500 500
|-500 500
{F} = [KI{d}
Fpy =2 1000 —1000
F,,=—4000| |-1000 2000
Fay =2 | 0 -500
Fu =2 0 500
—4000 .
= U= — ==2in.
2000
Reactions
Fu 1000 —1000
Foe| _ |-1000 2000
| | O -500
Fa 0  -500
Fix 2000
Foy —4000
= = b
Fax 1000
Fay 1000
Element (1)
f,®] [ 1000 -1000
£, @[ [-1000 1000
. L
Element (2)
f @] [ 500 —500} {
£, @[ [-500 500
Element (3)
f, @] [ 500 -500
f, @] [-500 500

211

2000 N

s 2000
1 2 m. 3 Fy
ey

}

0 0 u=0
-500 -500|u,="?
500 0 |[|ug=
0 500] |u, =

0 0 1[0
-500 -500||-2
500 0O ||O
0 500/ (0

f, 0 2000
f, @ —2000
X

=
Tt

131
-1
-

|

2
f2x( )

2
f3x( )

3
f2x( )

3
f4x( )

N

6=20mm

11
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K] = { 2000 —2000}; [k(z)]:[ 2000 —2000}

—2000 2000 —2000 2000
{F} = [K] {d}
Fu =2 2000 -2000 O =0
F,, =0} = |—2000 4000 —2000||u,="?
Fay =2 0 —2000 2000 |u;=0.02m
= u, = 0.01m
Reactions
Fic= (=2000) (0.01) = F3,=—20 N
Element (1)
f 2000 —2000] [ O f 20
Alx - N Alx — N
fo —2000 2000 | |0.01 fo 20
Element (2)
fo| _ [ 2000 —20007 (0.01 . fo| _ 20 \
f,]  L-2000 2000 | (0.02 i) Lo
2.12
L, 10,000 N 20000 N 10,000 N
450 N
%1*’““2 “““3'““4%
@ @) ® ’
1 -1
[k¥] = [K¥] = 10000
-1 1
2 2
k@] = 10000
2 2
{F} =[K]{d}
le =7 =% © ia = ©
F,, =4500 N -1 3 -2 0| |u="
= 10000
Fa =0 ) -2 3 -1 |u=2
Fu =2 —6—1+—H ;=0
3
0=—2Ww+3uz= U= E U= U =15u3
450 N = 30000 (1.5 ug) — 20000 Us
= 450N = (25000 %)u3=>u3:1.8>< 10%m
= U= 1.5(1.8x 10%) = u, = 2.7 x 102m
Element (1)
f 1 -1 0 f,®=—270N
>t = 10000 { } =
foy -1 1] [27x10° f, U= 270N
12
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Element (2)
f. 1 -1] [27x102 f,2 = 180N
2L = 20000 =
fa L 1.8x1072 fo, @ =—180 N

Element (3)

f (1 -1 -2 f, @ = 180N
fax | _ 10000 {1.8><10 }:) o
fay -1 1] 0 f, & =-180N

Reactions

Fu = 20000 Ny1-q 10
{Fad = ( peof it {2.7><10

2} = Fi=—270N

m 0

= Fgu=-180N

. kN kN kN
1 I A %0y 5
i

[k(l)] - [k(2)] - [k(3)] = [k(4)] =20 |:_i _1i|

213

1
{F} = [K]{d}
Fi,=7? —1+—6—0—% (u=0
Foy =0 -1 2 -1 0 0] |u
Foy =10kN: =207 D -1 2 -1 0 quz=
Fs =0 D 0 -1 2 - |u=
Fsy =7 —O—0—t—1 (U=
0=2u, —u u,=0.5u
b —U3 = U sl L=
0=-u;+2u, = u,=05u,
= B5KkN=-20u;+40(2u;)—20u,
= 5=40u;= u,=0.125m
= us= 0.125m
= Uz = 2(0.125) = u3=0.25m
Element (1)
f1e 1 -11(0 f, 0 =-25kN
R =20 =
fy -1 1) (0125 f,, M= 25kN
Element (2)
ffx _ 20[ 1 —1} {0.125} - ffx(2)=_2.5kN
fay -1 1] 1025 f3X(2) = 25kN

13
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Element (3)
{fsx}: 0 (1 -1 {0.25} N fo @ =2.5kN
fax -1 1] (0125 f,, 0 =—25kN
Element (4)
fu [ 1 -1] (0125 f, @ = 25kN
~ =20 = .
fsy -1 110 f Y = —25kN
0
Fix=20[1 -1 Fix=—25kN
w= 20[1 - {0.125} B
0.125
Fex= 20[-1 1] o [ = Fe=-25 kN
214
Z 400 1000 N 4000 7y 2000N
| 2 3

1 -1
] = (9] = 400
K= K=a00| |
{F} = [K] {d}
le =7
F,, =100 =400 | - 2 -1
Fs =—200 -1 1

100 = 800 u, — 400 u3
—200 = —400 u, + 400 us
—-100=400u, = U, =-0.25m

100 = 800 (—0.25) —400 uz = u3 =—0.75m
Element (1)

f. T1 1] ( 0 . @ =100N
{}X} = 400 { } =

fo -1 1] (-0.25 f, M =—100N
Element (2)

£ r 71 (— -

fox| o[ L 1] o.25} _, fa®=200N

o -1 1] =075 T f, @ - 200N
Reaction

{Fund = 400[1 -1] {_0.25} = F1,= 100 N

215
ookt % -

14
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1) = [ 500 —500}; [k(z)]:[ 500 —500} [k<3>]:[ 1000 —1000}
|-500 500 ~-500 500 ~1000 1000
Fp =2 7500 0 -500 O u =0
Fx=? | _| O 500 -500 O U, =0
Fo =2kN{ ~ |-500 —500 2000 —1000| |u;=?
Fae =2 . 0 0 -1000 1000] |u,=0
= uz;= 0.001 m
Reactions
Fi = (—500) (0.001) = Fy, =—0.5 kN
Fax = (—500) (0.001) = Fa =—0.5 kN
Fa= (—1000) (0.001) = F4=—1.0 kN
Element (1)
{ﬂx} _ [ 500 -500] { 0 }:} {ﬁx} _ {—O.SkN}
f,] L[-500 500] |0.001 for 0.5kN
Element (2)
{f}xl _ [ 500 -500] { 0 }:> {sz} :{—O.SkN}
f,] L-500 500] |0.001 £, 0.5kN
Element (3)
{ﬂx} _ [ 1000 —1000} {0.001} N {gx} _ { 1kN }
f,J L-1000 1000] | O f,.]  l-1kN

2.16

Fue 100  -100 0 0 0
100| _|-100 1004100  —100 0 | |u
—-100{ | o 100  100+100 —-100| |u,
Fa 0 0 -100  100] [0
100] _ {200 -100] (u,
{—100} ~ 1-100 200} {us}
U, = :—3 n
us= — % in

217

15
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566 =506 0 D
Fi,=7 u=0
400+ 300
0 - —300-300 —-400 u,
= 500+ 300
1000 N U
D —300—-300 (300+ 300+ 400) —-400
Fax="? u, =0
D —400 —400 400+ 400

0 = 1500 u, — 600 usz
1000 =—600 u, + 1000 us

_ 1508

Uz = U= 25u,
600
1000 = — 600 U, + 1000 (2.5 uy)
1000 = 1900 u,

u, = @ = i mm = 0.526 mm
1900 19

us =25 (i) mm = 1.316 mm
1.9

Fix = —500 (i) =-263.16 N
19

o [(L) o (25{ )

=_-400 (i+§j =—-736.84 N
1.9 1.9

2Fx=-263.16 + 1000 - 736.84 =0
2.18

@)

1000 Ib

o Ib
k = 2000 X

~

Asin Example2.4

= U+Q
U= % kxl, Q=—Fx
Set up table
7= % (2000) x?— 1000 x = 1000 x* — 1000 X
Deformation x, in. 7, 1b-in.
-30 6000

-20 3000

16
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1000
0
—-125
0
1000

-1.0

0.0

0.5

1.0

2.0
Bnp
oX

—— =2000 x—1000 =0 = x=0.5in. yieldsminimum 7, as table verifies.

T Ibin.

-3 -2 -1 1 2 3
\ Minimum
(b)
1000 Ib
7y = L e F = 250,2— 1000 X
2
X, in. 7, Ib-in.
-3.0 11250
-20 3000
-1.0 1250
0 0
1.0 — 750
2.0 —1000
3.0 — 750
anp
—— =500x-1000=0
ox
= x = 2.0in. yields 7, minimum
(c)

- N
k = 2000

T

400 kg x 9.81%: 3924 N

17
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m,= % (2000) x*— 3924 x = 1000 X*— 3924 X

o,
—— = 2000x—-3924=0
ox
= x = 1.962 mm yields 7z, minimum
Toymin = % (2000) (1.962)*— 3924 (1.962)
= 7 min = —3849.45 N-mm

(d) = % (400) X% — 981 x

anp
—— =400x-981=0
ox

= X = 2.4525 mm yields z, minimum

Tty min= % (400) (2.4525)%— 981 (2.4525)

2.19
i F =10001b
Now let positive x be upward
k=50042
m= L e Fx
2
1
= (500) X*— 1000 x
7, = 250 x*— 1000 x
anp
—— =500x —1000=0
ox
= x=20in.T
2.20
F =500 b
F= k& (x=9)
dU = F dx

18
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F

U= [ (k) dx

0

4000

kx®
U= — w2

3 1000 F=Ks
Q=-Fx 12 5

= 1 ko~ 500 x
3

0
p. = 0=ké&=500
ox

0= 1000 x*— 500

= x=0.707in. (equilibrium value of displacement)
Tl min = :—13 (1000) (0.707)3-500 (0.707)

Ty min = — 235.7 Ib-in.

2.21 Solve Problem 2.10 using P.E. approach

3
1 1 1
=Y, %= 2 Ka (Up— U)” + 3 ko (Us—Up)” + > ks (Us—Up)?
e=1

- flx(l) U — f2x(1) Uz — f2x(2) U

(2

=37 Uz— fzx(s) Uzx— f4x(3) Uy
or
—2 = K+ ku -, =0 @
oy
on

Tp = kiuz—kiur —kouz + ko Up— ks us

+katz— P =1, @ 1,0 =0

)
on
3, koUs—kaUp —f3c™” =0 3)
on
Ty _ ket @ =
au4 K'3 Ug K3 uz f4X 0 ( 4)

19

© 2012 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



www.icivilir glrec uuwaigo ¢ (lgauiiils gols LUy

In matrix form (1) through (4) become

-y 0 07 (y fu
—k Ktk tks —ky —kg | juy| fzx(l) + fzx(z) + fzx(s)
0 ~k, ke 0| |ug| £,
0 —ks 0 Ky Uy f4x(3)
or using numerical values
1000 -1000 0 0 ] [w=0 Fy
—-1000 2000 -500 -500| [U, _ |—4000
0 -500 500 O | |u;=0[ | F
0 -50 0 500] |uy=0 Fu

Solution now follows asin Problem 2.10

Solve 2™ of Equations (6) for u,=— 2 in.

For reactions and element forces, see solution to Problem 2.10
2.22 Solve Problem 2.15 by P.E. approach

>
o SRR
500 <1
3 I kN
kN
K 1000 E
o_
4
3 A
1 kN

3
1 1
o = z T ©= E ky (U3—U1)2+ E ko (U3—U2)2
e=1

1
+ > ks (Us—U3)” = 1 Uy

—fa Us— @ Uy — 3P Us

3 4
T T

on
—P = 0=- k1U3+ klul—flx(l)
ay
or
— P = 0=—kyuz+ ko Up— @
du,
or
a_P = 0= kyUs+ ko Uz— KUz — kg Us + kg Uz — Fax® — 3, — 3P — kg Uy
Ug
or
—P = 0= k3U4— k3 Uz— f3X(4)
du,
In matrix form
ky 0 -k 0 U Fix
K —ky Ktky+ks —kg| Jus[ Ry =2kN
0 0 -k ks Uy Fax

For rest of solution, see solutions of Problem 2.15.
20
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2.23
| =ag +axx
1(0)=a =1
I(L) =as+aL=1;

IZ_Il

a» =
2 L

I,
| =1+ 2—1x
L

NowV =IR
V==V;=R(l2-1y)
V:VZZR(lz—ll)

{zlz} " [—i _J {:j

21
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Chapter 3

31

L |1 1
[ka]-AE | L
L [-1 1
[Ro]= A& (1 1
L, [-1 1
AE —AE ]
T N 0 0
AR AR AE -AF
K=| &+ 4 - L 0
0 CAE AR AR AR
L2 LZ L3 L3
- AR AEs
|0 0 L L

(b) A!.El:AZEZZASE3:E
L L L L

1-1 0 0

AE|[-1 2 -1 0
K= —

L0 -1 2 -1

0 0 -1 1

It isknown that { F} = [K] {d}
F,=? 1 -1 0 O|fwy=0

F,, =0 AE|-1 2 -1 O0O||lu,="?
— = —

Fy =P Ll 0o -1 2 —1f|u=2
Fi =7 0 0 1 1|{y=0
2AE AE

= 0= — U— — U3 =>U3:2U2
L L
—-AE 2AE
P= U+ —— Uz
L L
—-AE 2AE
= P= > —(2U2)
L
PL
= W= - —
AE
23
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1PL 2 PL
= U= 22— = U= ——

3 AE 3 AE

() A=1in% E=10x10°ps; L=10in.

P = 1000 Ibs
_1PL _ 1 (1000) (10)

O =328 = 3 maox109)

= Up=3.33x10%in.

U3= ——— =2U
T 3AE 2

= U= 6.67x107%in.
(ii) Going back to { F} = [K] {d}
—-AE :—AE(

Fi= u
1* 2 3 AE

1Py 1
L L

)
-1
= Fu= - (1000) = Fy=-3333lbs

Fas = U= —— (2=

—-AE —AE (2 PL)
L L \8 AE

2
3
-2
= Fgi= 3 (1000) = F4=-666.7 Ibs
(i) f=0oA, wheref="force, o= dressand A= area

Going back to the local system and substituting

Element (1)
O'1x=LAX - E[ 1 _1}{111:0 }
o=z ALl 1f{y,=333x107*
6
= oy = _% UZ:_% (3.33x 107
= o) =-333.33ps (O)
6
= o, = %uz - 10x10% 5 334109
= o) =333.33ps (T)
Element (2)
o = 22 _ E[ 1 —1} u, = 3.33x10°*
on="2| AL[-1 1f|y=667x10"
10x10°

x 10 (3.33 - 6.67)

E
= Oy = r (Uz—Ug):

24
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= of2 = -333.33ps (C)

6
IO % (Us—up) = 2271 104 (6.67-3.33)
= o2 =333.33ps (T)
Element (3)
f.
on="%| _ E[ 1 —1}{u3=6.67><10_4}
G4X=LAX AL|-1 1]|y,=0
§)
S oy = % (Us—ug) = 210 154 667 -0)
= o3 = 666.7ps (T)
6
N 04(13)? = % (Uus—ug) = 10x10 x 107 (-6.67)
= 0§ = —666.7 ps (C)

S0  oY=06®=-3333psi (T)and
o® = 666.7 psi (C)

32
I A 3 SKkN  E =210GPa
= O - O A4 x 10w
Element 1-2
laol=8ax10°| -
1-2 -1 1
Element 2-3
lod=84x10°| * 7%
2-3] — -1 1
{F} =[K]{d}  and up=0
Foy =0 =84x10°|-1 2 -1|ju,="?
Fa, =—5000 0 -1 1]lu;=2
= 2U2—U3:0 = U3:2U2 (1)
= —5000=84x 10° [— U, + Ug] @)
Substituting (1) in (2), we have
_50006 T—W+2u; = U;=-0595x 10™*m
84 x10
= U3=-1.19x10"*m
Element 1-2
f 1 -1 0 £ =5000 N
{1X}:84><106{ } A=
foy -1 1][-0595x10 f5) =—5000 N

25
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Element 2-3
foy o[ 1 -1](-0595%x10™ f{2) =5000N
=84 x10 4 =
fax -1 ~1.19x10" f{2 = — 5000 N
= 84x10°[1-1 0] <—0.595x10*} = F, =5000N
-1.19%x10™
33
i 2 80001b = 30 x 106 ps
| ; =20in2
in. 50in.
N 20in. | ! N
1 -1
kyo] = 3x10°
foa=axacr F 7]
[Kog] = 1.2 x 10° 1A
S 1 1
[3 3 0
[K]=10°| -3 3+12 -12
|0 -12 12
le i : —3 (_ (Ul—owl
F,, =8000} = 10°| -3 42 -1] {uz (
Fay | —t2—+Fte—8
= Up=1.905%x 107 in
Fy (3 -3 0 0
Fout = 10°| -3 42 -1.2|{1.905x107
Fay | 0 -12 12 0
= Fy=-57151b
Fo = 8000 Ib
Fa= — 2286 |b
1
{flx} :3><106{ 1 —1} 0 3 £ = _57151b
foy -1 1.905x10 f{) =5715Ib
f 1 -1 -3 42 = 22861b
{ ZX} - 12 10° { Hl.gosxlo } N
fax -1 1 0 f{2) = 22861b
34
? 2 4000E 20'000'9\3 aR £ =30 % 100 psi
3 30in. ,! 30in. I 30in. —R A= a0in

[kis] = 4% 10° {_i _1}

[kos] = 4 x 10° [_i _1}

26
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1 -1
ke ] = 4% 10°
[ka] 1 J
{F} = [K] {d}
r1 -1
Fix=0
-1 2
Fp=4000 | = 4x10° 0 1
F., = —10000
3x 0 0
Fix =0

= U= —1667x107%in.
us= —1.333x103in.

Fix 1 -1
Poxl 2 g1t | 2
Fax -1
Fax 0 0

= Fi=666.7Ib

Fax = 4000 Ib
Fax = —10000 Ib
Fac= 53333 1b

-1 1

0 Offy=0
-1 0f|u,
2 -1||ug
-1 1jly,=
0 0]{w=0
-1 0

2 -1

-1 1

(1 —1] 0
=
-1 1]|-1.667x107*

1 -17(-1667x10%
11-1.333%x1073

f 1 —17(— -3
{ 5| Z 4y 108 1.333x 10
f4x -1 1] 0
35
§>' EA 2 E;. A 3 150001b
N 30 in. -1|- 30 in. I
Element 12
[k ]—5><106_ 1A
T 11
Element 2-3
5 f1 -1
= 2 2
[ko—g] =5x 10 A li|
L 2 2
1 -1 0
- 6 -1
Globa [K] =5x10° -1 3 =
0 -4 4
{F} = [K]{d} andu; =0
lez? 1 -1 0 Ul=0
F,,=0 =5x10°|-1 £ |y,
Fa, =15000 0 2 1ly

27

u, =—1.667x10™*

Uy =-1.333x107°
U4 = 0

£ = 666.71b
f5) =—-666.71b
f2) = 4666.67 b

=
f{2) = — 4666.71b

{9 = —53333lb
9 =5333.3Ib

E, = 30 x 10° psi
E, = 15 x 10° psi
A = 5in?
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3 1
0= —-UW-—=U3 = Wu=3U 1
2 2 2 3 3 2 ()
6.1 1
= 15000 =5x 10 [E u2+§ ug] 2

Substituting (1) in (2)
(2x15000) _

T

= up, = 0.00075in.
= us= 3(0.00075) = u3=0.00225in.

Element 1-2
f 1 -1 0 f,, =—150001b
>l =5x10° = X
for -1 1](0.00075 f, =150001b
Element 2-3

-1
{fZX} I 7%1 > {0.00075} R f,, =—150001b
Fax z 3

000225 ~ f, =150001b
0
Fy=5x10°[1 -1 0] {0.00075
0.00225
—  Fiy= —150001b
36
/ 5 Ey, A 5
E, = 30 x 10° psi
2 co A 25 Ey =10 x 10° g:;
50 in. A= 2in?
Rigid bar —] 20— 7 4
TR
12 -12
kio] = 10°
lla-2 [—1.2 1.2}
o] = ko = 10° | 0667 0867
2l = Rl =2 0667 0667
{F} = [K] {d}
c o 2—12——0 o—Hu—o
= ool = 19|12 2533 0667 0667 ||u,=2
sz: ; 6——0-667—10-667—0 ty=0
e, 6——0:667—10 0:667 1ty ="0
4x = ¢
= U= 3.16x107in.
Reactions

Fy= (-1.2x10% (u;) = Fi=—37895Ib
Fax= (-0.667 x 10°) (u;) = Fa=—2105.251b

28
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-n
£
I

= (-0.667 x 10%) (u) = Fu=-2105.251Ib

[ 1.2 —1.2} 0 £ = _3789.51b
|-12  1.2](3.16x107° f{) = 3789.51b

= 10°

{fzx} _ 0| 0667 —0-667}{3.16x103} £42 =2105.251b

fa |-0.667  0.667 0 fi2) =~ 2105.251b
{f3x _ 108 [ 0.667 —0.667} 3.16x1073 £ =2105.251b
fax | -0.667  0.667 0 f2) = ~2105.251b
37
3 10000 Ib E =15 x 10" psi
A=3 in?I
k = 5{1)0 -—
n.
1 -1
ko] = [ka_a] = 1.5 x 10°
[ki2] = [Ks—] {_1 J
[ks_s] = 5000 L=
2-3] — 1 1
F =0 [ 15600——1500—6 —He="0
5| -1500 1505 -5 )| |u,=7?
F, =0 =10 I
-5 1505 -1500||u;="?
F3X =10000 n 1c00 1 i fay
L L4 \vJ LTIUUT B J i U4 — U
Fax =0
{ 0 } - 10° [1505 -5 Huz} u, =221x10°in.
10000 L -5 1505](us Uy = 6.65x107%in.
Reactions
Fi = (1500 x 10°) () = Fy,,=—33.151b
Fux= (1500 x 10°) (Us) => Fu=-99751b
fiy s[ 1 -1 0 £ = 33.15Ib
= 1.5x 10 [ } =
foy -1 1](2.21x10° f{) =33.15Ib
for 1 -1][2.21x10°° f42) =—33.151b
= 5000 =
fax -1 1](665x10°° {2 =33.15Ib
f 1 -1 3 ) =99751b
{ 3X} _ 1_5><106[ He.b‘smo } _
fax -1 1 0 9 = —99751b
38
z Esr= 200 GPa
?I ©) 2 @_ I v Ao =4 x 10~ m?
7 Sed <——  [E.=70GPa
7 An=2x 10" m?

29
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[K?] =

(4><104m2)(200><106l';’§)[ 1 -1}

im 1 1

1 -1
[k®] = 800 x 10° [ }k—N
-1 1|m

1@ = (2%x10™*m?)(70 x10° ranz){ 1 _1}

Im 1 1
1 -1
[K?] = 140 x 10? kN
-1 1|m
Fi=0 1 U = 01
Foy = 10° 0 940 -140|{u,
Fa=—20 kNJ -140 140 ||us [
= 0=10°(940u,—140U3) = Uz=6.741u, (1)
= —20000 = 10% (— 140 u, + 140 us) )

Substituting (1) into (2)
= —20000 = 107 (- 140 u, + 140 (6.714) u,)
= Uu,=-025x10"m
= U3=-1678x10°m
F1 = 10 (- 800 x (= 0.25 x 107%))

= Fix=20kN

f 1 -1 0 £ = 20kN
{“} 8OO><102{ } =

foy -1 1][-0.25x10 f5) = —20kN
I

f3x

140 % 102 { 1 —1H —0.25x107° } . £{2 = 20kN
-1 1

~1.678x1072 {2 =— 20 kN
3.9
Y
| I0KN 2 3 F, E = 210 GPa
- o > A=4x107*m?
Zm Zm L 5 4 8 = 25mm
1 1
[ks] = [Ko] = 4.2 x 10° kN
-1 1m

{F} = [K] {d}

30
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F, =0 1 —1—0Hu="0 1

X

Fo, =—10kN} = 4.2x 10" il 2 —1fu, =7

Fo =7 J -1 1 u3=0.025m[
~10kN

TN 5, 1(0.025
42x10° 2= 1(0.025)
= u, = 0.01238 m

0.01238

Fa= 42x10°[-11
* -] {0.025

} = Fs=530kN

Fiu = 42x10*[1-1] { = Fy=—520kN

0.01238}

Element forces
£ 1 -1]( o0 £ = —520kN
Xl - 42%10 [ H } =
£0 -1 1/]0.01238 {9 =520 kN

f{2) . [ 1 —1](0.01238 f{2) = _530kN
= 4.2x10 =
-1 1/(0.025 f{2) =530 kN

3.10

| 2 B kN E = 70 GPa
o > A=2x10"%m
2m 2m k = 2000 N
1 -1
k¥ = [K®] = 7000
[K7T = [K”] 41
1 -1
(k@] = 2000
-1 1
{F} = [K]{d}
Fi =7 F—7—0—0 =0
F,, =8kN T A T (P
Fa =0 | ) -7 9 -2||juz=?
Fo =2 )0 2 2-4u, =06
= 8=10°[14 U — 7 uy @
0= 10°[- 7 up + 9 ug]
7
= U3:§U2 (2)

Substituting (2) into (1)
8 7
= —=14uw-7x—1u
103 2 9 2
=  Up=09351x10°m
=  Uuz3=07273x10°m

31
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Element (1)
{flx} - 7wt | 7Y 0 :{ flx}:{—e.s%}kN
fox -1 1]]0.9351x107° foy 6.546
Element (2)
{fzx} = 75 10° [ 1 -1]{0.9351x1073 :{fzx}={l'455}kN
fax -1 1]{0.7273x10°® fax) (-1.455
Element (3)
fol - oo qqe| 1 ~L|[07273%20°°] _ ffa] _[1455],
4 -1 1 0 fr) |-1.455
. 0
Fix=107[7 - 0.0351%10°3 = Fy, =—6.546 kN
A X

—3
Fa= 10°[-22] {07273)(10 } F,, =—1.455kN
311
/
;
I E = 210 GPa
é im A=3x10%m
7
7
7
1 -1
[ki-2] = [Ko-3] = [ko—4] = [k2s] =2.1x 10 4 1
{F} = [K] {d}
F, =0 —1—0—B—HpHu="o
F,, =30 kN -1 4 -1 4 |y
Fa =0 =21x10" | 6—+—1—P =0
Fs =0 ) -1 0 1 w0
F, =0 ) -1 0 0 Alju-0
= U= 3572x10"m
Reactions
Fy = (21x10") (-1) (u) = Fyu,=—7500N
Fa= (21x10") (=1) (Uy) = Fax=—7500N
Fax= (21x10") (=1) (U) = Fa=—7500N
Fsx= (21x10") (=1) (U) = Fsx=—7500N

Element forces
fi o= —fy 3= —f, , = —f, 5=(21x10") (w)

7500 N

= fi_,

32

© 2012 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



www.icivilir glrec uuwaigo ¢ (lgauiiils gols LUy

f, 5 =—7500N
f,_, =—7500N
f, ¢ =—7500N
3.12
i = Ed_u
A(X) dx
u= j P dx
AX)E
u= J'Lxdx
Ao(L1+7)E
= J‘de
AoL(1+X)E
= J‘de
A (L+X)E
PL .
= j du (Changevariableu = L + x and du = dx)
AgEU
= ijldu
AE’uU
PL
= — Inu
0
= u= % In(L +x)
u= 1000 (20 (2? In (20 +x)
2x10x10
u= —10‘3In(20+x)
u(x=0) = (-=In20) x 10~
= —2.996 x103in.
u(x = 10) = (-n (20 + 10)) (-107)
= —3.401 x107%in.
Two elements

33
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-P 5 =3 0|(y
_AE| S sty
0¢= |7 3+5 T
Fsx 2|0 %Z % Us_ g
AE 5 5
= —F (u—=-u)=-P 1
L (4 i 2) 1)
= A’+ (— U1+3U2) 0
2
5 5
= W= —— U =—U 2
27 A3 T ™ &
Substituting (2) into (1)
AOE
—U—-- (—=u
( Uy 4(12 1) =
[12 32l = 2
12 2\12) )" 2AE
[60—25} —PL
U= ——
48 2AE
24
= W= —PL ﬁ
ZAE 35
-PL 24
= W= — —
AE 35
5 24
= W= = —=|—
12 35( AJE
2 PL
= W= -—- —
7 AE
Now Ag=2in% L=20in, E=10x 10°ps
P = 10001b
_(1000) (20) .,
2(10><106) 35
= u=-06857x10"in
5 3
= U= — (-0.6857 x 10
> 12( )
= Uuy=-02857%x10"in
One element
L 3
A=Ao[ 2) Ao(1+—) 5 Ao
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L u- 3—PL
2 AE

_ 2 (1000)(20)

3 (2)(10 x10°)

= U, =
u; = —0.667 x 102 in.

3.13

[any
N|—

a; + axX + ag’

u=
U(O): U =a;
U 5)= wm b)) +as ()

”(IE) = U3:U2+az(|5) +a3('§)2

Solving for a, and az from (2) and (3)
_ 2w + U3 —2uy)

)

Q= u3_ul, 2
By (1) and (4) into (A)
u:u2+(U3I_U1)X+ 2(U1+‘|Jg_2U2) 2
u=[N]{d}
2 2 27|%
[—x 2X 4x X 2X
Uu=sl—+—m2 72 7Tz )%
[ | L
Us
Ju oN
= — =[B]{d} = — {d
e =3 [B] {d} ax{}
Using (7) in (8)
U
|1 4x -8 1 4x
@=-1+% T e
Us
1 4x -8x 1 4x
B= | TR

- a [? [RT
K] = A L/Z [B"] E [B] dx
A = cross sectional area of the bar
E = Young's Modulus of the bar

35

(A)
)

@

©)

4)

©)

(6)

@)

®)

9

(10)

11
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3.14 Givenu =a + bx¥ for 2 noded bar

= ﬂ = 2bx
dx

uO)=u=a
u(L) = U, = uy +bL?
by
b= B

us= ug+ [u}g

L2

This displacement function allows for a rigid body displacement as the a = u; term does
this. Also should allow for constant strain, but have € = 2bx or alinear strain. Therefore,
not complete. Need to complete 2" degree polynomial and 3 node for compatible
function.

Try U= a; +apX+ag X

% = ap + 2a3X

‘ay’ allows for constant strain term.
3.15 (a)

1 1
C= _,S: I
V2 J2
c? cs -c? -cs
K= EA § -Ccs -&°
L c? cs
82
1 1 -1 -1

1 1 -1 -1|lb
-1 -1 1 1/|in
-1 -1 1 1

[K] = 2.25x 10°
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(b)
2 Ay
E = 15 x 10° psi
A= 1in?
L= 15in
N}ﬁ
X
1
C:__J',Szﬁ
2 2
1 _¥3 _1 43
4 4 4 4
[K]_15><106><1—§ 3 &3
15 _1 & 1 _\B
4 4 4 4
3 _3 _J3 3
4 4 4 4
1 V3 -1 3

K=1-3 3 ¥3 3|1
411 Y3 1 —/3]in
v3 -3 -3 3

©
by
E = 210 GPa
A=4x10""m?
L=3m
- X
l 300
2
C: ﬁl S:_l
2 2
(3 _¥8 _3 3]
4 4 4 4
NE) 1 V3 1
(K] = (210x10%)(4x10|—% 2 & ~3
3 _3 3 3 _iB
4 4 4 4
B 1 3 1
L 4 4 4 4 |
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3 V3 3 3
K = 7000 V3 1 V3 1 |kN
3 J3 3 /3| m
J3 1 V3 1
(d)
y
E = 70 GPa
A=2x10"%m
L=1m
1E 12
\)w\
X
C= 0.9397 Cc?=0.883 CS=0.321
S=0.3420 £=0.117
0.883 0321 -0.883 -0.321
(= (70x10)@2x107)| 0321 0883 -0321 -0.883
1 -0.883 -0.321 0.883 0.321
-0.321 -0.883 0.321 0.883
0.883 0321 -0.883 -0.321
[K] = 14 x 107 0321 0883 -0.321 -0.883| N
-0.883 -0.321 0883 0.321|m
-0.321 -0.883 0.321 0.883
316 ()
y
2/)3
E=12x 10° psi
A=05in2
L=60in.
30°
i X
C=0866 u;=05in. v;=0.0in.
S=05 u,;=0.25in. Vo =0.75in.
u; = u; C+vy S=0.5(0.866) + (0.0) (0.5)
= u; = 0433in.
u, = Uz C+V,S=(0.25) (0.866) + (0.75) (0.5)
u, = 0.592in.
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(b)

30°

2 >

X

, S=-

1
2
i =ucvoe(2)(£) o) 4

= u; = 0433in.

W, = U,C+V,S= (4) (fj (%) (_%)

= U, = -0.1585in.

S

3.17

120°
X 1 x
I 30°
(a)
(b
2>
u; =0.0 u,=5.0mm E =210 GPa
vw=25mm v,=30mm A=10x10"m’
L=3m

(& Weknow that {d’} =[T] {d}
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C S 0 0

-SC 0 0
(1=

0 0 C S

Lo 0 -s C

C = c0s120° =-0.5, S=sn 120° = 0.866

o [ -05 0866 O o ][00
s | _|oss 05 0o o |Jooos
u,l 0 0 -05 0.866]|[0:005
; L 0 0 -0866 -05]t0.003
Vs
v 0.002165 2.165
1

o | | = f000ws | 125 |
u 0.000098 0.098
; -0.00583 -5.830
Vo

(b) C = cos(-30° =0.866, S=—0.5

. 086 -05 0 0 |00
| -|o5 o086 o 0 [Jooozs
u,l 0O 0 086 -05]||0005
; o o0 05 0866)0003
Vs
, 125
Uy
vl )28
! 3.03
us
) 5.098
Vs
318
U

@ a:%[—c _s c g

Vo
C:Q, s:ﬂ, E=30x10%ps, L=60in.
2 2
0
oo 30><106[_£ V2 2 @} 0
60 2 2 2 21001
0.02
— o= 10600 ps
(b)ng,S:%,E:21OGPa,L:3m
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0.25
1B 1 B 10 5 210x10°
o= [-F -1 £ 1] 100 X107 x ——

0

= o= 45470 <
m

= 0= 45.47 MPa
3.19

N
N
N\
N
S
fix 0 U
fiy| |-10 v
fzx f2x U,
=12 (="
fax fax Us
fay fay \Z
fax fax Ug
f4y f4y V4
(@) For element 1-3; 6= 180°
fix 0 1 0 -1 o|w
byl _ J-10l _ |0 0 0 o|/%u
fa fst 10 1 ollo
fay fay o o o ollo
For element 1-4; 6= 225°
f1x 0 1 1 -1 -1|(w
iyl _ 10l _K|1 1 -1 -1fjn
fax fix] 21 -1 1 1|lo
fay fay -1 -1 1 1llo

a1
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For element 1-2; 8= 135°

fix 0 1 -1 -1 1(uw
iy _J-10{ _K -1 1 1 -1 %
fox fax| 2.1 1 1 -1]0
foy fay 1 -1-1 1lo0
Total K
B 1 1 1 17
2 0 ™2 2 -1 0 T2 T2
1 1 1 1
0 1 2 2 00 2 72
1 1 1 _1
2 2 2 2 00 0 0
i .1 _1 1
[Kl=k| 2 2 "2 2 00 0 O
-1 0 0 0O 10 0 0
O 0O O O oo0O o0 o
_1 1 i1
2 2 0O O 0O 2 2
_1 _1 i 1
2 2 0 0 0O 2 2]

(b) Applying boundary conditions
Ug = V4:U2:V2:U3:V3:0
[K] isreduced to

=2
=2 0= 12 =[5 2]

:>U1:0
= -1
UK
3.20
i‘ L | L |

i | E=1x10%ps
A=5in?
L=100in.
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1 i _1 _1
2 2 2 2
loo = ABL|Z 2 T3 73
Lo -3 -3 3 3
1 _1 1 1
2 2 2 2
Element 2-3
C= ﬁ’ S:_Q; |_2_3:\/§|_
2 2
i _1 _1 1
2 2 2 2
_ AE _% % % _%
ko] = 101 1 1
Les|=2 2 2 32
i _1 _1 1
2 2 2 2
Applying the boundary conditions
{0} _ 1x5x10°|3+3  3-3 |:U2i|
100  V2x100[3i-1 1+i]lv,
:u2:0
_ 10x +/2 x 100
5x10°
=V, = 0.283in.
{1 = [K{d}=[k][T"]{d}
U
{fl’x}zﬁ[l —1}{0 S0 o} Vi
fox Ll-1 1llo 0 c sl|.
V2
0
_ 5x10°[¢c s -C —s} 0
J2x100l-¢c -s ¢ sJ| o
0.283
5x10° [ /2 } .
f;, = ———|-——(0.283) | =—7.07 kips
= ol 2 089 P
5x10° [/2 } .
f,, = ————| —(0.283) | =7.07 kips
2x \/EXJ.OO- 2 ( ) p
oy 7.07 kips .
O = =——— =5 01,=1414ps (T
2 A 5in.2 2 psi (T)
fax 7.07 kips .
O»3= =——— = 0,3=1414ps (T
2-3 A 5in? 2-3 psi (T)
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321

Element 1-2
2
L1_2: ﬁ L, 0=60°
i f8 _1 _B
4 4 4 4
ko= 3RE| % § % -3
2L | _1 _J¥3 1 B
4 4 4 4
_¥3 _1 3
4 4 4 4
Element 1-3
Liz=L; 8=90°
0 00 O
AE _
LiIooooO
01 0 -
Element 1-4
2
Lig= E L; 6=120°
1 _J¥3 _1 B
4 4 4 4
[ked] = J3AE _§ 3 @ -4
2L | _1 B 1 _iB
4 4 4 4
3 3 _J¥3 3
4 4 4 4
Applying the boundary conditions
U2=V2=U3=V3=U4=V4=0
I = E[%)HH%) %(%ﬂné(—ﬂ
LRR) 0+ 2(—3) LD +1+56)
_AE|Y 0
L Lo 1+3«@_
SRR
Fly L L0 1+¥_ Vi
5 _
{100} AE[Z 0 {ul}
= = —
100 Lo 1+35|
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Lo doou 281l
YT BAE T AE
400 L 4351

V= —— sy = ———
T (33+4AE T AE
322

/

1000 Ib

3
§ > 1000 Ib
3 30° 1

S

4

I— 100in. |

c? cs -c? -cs
, AEl cs &? -cSs -%°
K= [T K] [M=—| " A
L|-c? -cs cC CS
-CS -8 ¢cs &
For element 1; 9= 120°

1 _J¥3 _1 A3
4 4 4 4
J3 3 NE) 3
[KY] = AE\TF 4 4 T3
2L 12 3 1 _4B
4 4 4 4
2 _3 _PB 3
L 4 4 4 4
For element 2; 6= 180°
1 0 -1 0
[K?] = AEIO 0 0 O
Li-10 1 0
LO 0 0 O
For element 3; 6=210°
(3 B _3 _¥3]
4 4 4 4
\/3 1 \3 1
(K] = VBAE| % i % %
2L |83 _f8 3 B
4 4 4 4
3 _1 L1
4 4 4 4

Applying the boundary con;jiti ons

Up=Vo=U3=Va=Us=Vs4=0
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{1000}_ AE Bried g0+
1000 L

)
—§+0+§ §+0+§ {Vl
{1000} _ E[l.?? 0.16}{“1}
l1o0o/ ~ L lo16 059/lw

422 (100)

= 2200\ - o00a22in
1x10x10
L 15000 o ez
1x10x10
Element (1)
1 B 1 B
fiy P Rt
R = e R
f 7 2
2x L _% 4 % 4 0
foy £ 3 & s)loo
4 4 4 4
= fo, = 287 1b
ny:_497|b

t0= [1,2+f,,2 =1W=57411b(C)

o 1O _-574

A A
= o= -574ps (C)
Element (2)

fie 1 0 -1 0](42%
iyl _ AE| 0 0 0 ofJ1570%
fax Ll-10 1 0 0
fay 0 0 0O 0
fac= —4221b

fay= 0lb

£@ - \/mﬁ@:mmm

o = 1@ 422

S
A A P
= 02 = 422 psi (T)
Element (3)
3 3 _3 _i3
f1 4 4 4 4 422%
fy| _BAE| % & % 1|0k
3 V3
f4x 2L —% _TS % TS 0
f4y _¥3 _1 B 1 0
2 4 4 4
= i = —862.81b
fay = —496 Ib
46
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t0= [1,2+f,2 =1@=0961b(T)

f® o906 .
= 1796 s
A A psi (T)
o® = 996 psi (T)
3.23
12,0001b !
—-
L =100in.
E =10 x 106 psi
A=1in?
Element (1)
C= 1; S=£
2 2
(1 3!
4 4 | 2
-
SE AE _%3:___%_1 _____ _
L b1 B
|4 4
153
L | 4 4
Element (2)
(3 f]
=2
[K?] = AE ___%____%__i _________
L b1 _JB
|4 4
A I_3 3
L | 4 4
{F} = [K] {d}
{12000} _AE[3 0 {U'l}
0 Llo 3w
—12000= FE W
L 2
12000 x 100 x 2
Sy ———
1x10x10°
=u;=0.24in.
vi=0
U, =
v,=0
oﬂ):[c’]{d}:E|:_1 _ﬁ 1 ﬁ} 2
LL2 2 2 2]jy=024
v,=0
47
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6
= oW = 101><%o E (0.24)}

= o® = 12000 ps
3.24

P = 1000 1b

A 4
X]

15 ft
Y/
1 %)u 2
} 20 fi TP = 1000 Ib
Lz_l =20 L2_3 =15 L2_4 =25
61 =180° 023 =90° 024 =143.13°
sin 641=0 sin O,3=1 sin O,4=1

cosb,=—1 | cosf,3=0 cos 6, 4,=-0.8

Li4=15 Ly3=25 L3 4=20

614=90° 6,.3=36.87° | 6;4=180°

sné4=1 sn6.3=0.6 | sSin6;4=0

cos 64 =0 cos 63=0 coshqa=-1
Boundary conditionsu; =v; =u;=v;=0

(2 @ (2 (©)
Xy Xy Xy Xy
AE[1 0 -1 0 AEI0O 0 0 O
ko] = — 2) ; [kog] = — 2
[ka-1] 2|0 o OO()[zs] 5o 1 0_1()
-1 0 1 O @ 0 0 0 O 6
0 0 0 O 0 -10 1
€ 4) @ (4)
X y X'y Xy Xy
AE[1 -1 1 0 AEI0O 0 0 O
ksd = — 3); [ki4] = — 1
b= 5510 o o of@itd=Tl0 1 o D@
-1 0 1 O 4) 0O 0 O 4)
0 0 O O 0 -10
(2 (4

X y X y
AE — —

lod = = 0.64 048 -0.64 048 @)

25(-048 036 048 -0.36

-064 -048 0.64 -0.48

048 -0.36 -048 0.36

(4)
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O €
X y X y
AE [ 0. 48 —064 -0.4
k= PE 064 048 -064 -0.48 O
25| 048 036 -048 -0.36
—064 -0.48 064 048 3
-048 -036 048 0.36
{F} = [K] {d}
Fi=7? 0.0756—0.0192 .05 06— 00256
:7
Fiy 00192 00811 0 0 -00192
Fox =0 005 ) 00756 -00192 0
Fay=1000] _ 1 0 D -00192 00811 O
Fax = -0.0256 -0.0192 0 0 0.0756
F;, =1000 —-0.0192 -0.0144 0 -0.0667 0.0192
Fay =2 ) ) 00256 00192 0.05
Fay =2 —6 0:0667—0.0172—0:0144 )
0.0102 n O iy —n
. ) Ul A4
—0.0144— )—9—(1;6 6711 4=0
0 -0.0256 0.0192 ||Ub ="
-0.0667 0.0192 -0.0144||V2="7
00192 -005 ) Uy="?
0.0811 ) ) Vz3=7?
0 0.0756  -00192|lu, =0
0 0.0192 00811 [V,=0

= 0=[0.0756 u; —0.0192 v, + O uz + 0 v3] AE
= U= 0254w,
1000 = [-0.0192 u, + 0.0811 v, + 0 uz — 0.0667 v3] AE
0=[0uz+0v, +0.0756 uz + 0.0192 v3] AE
= U3=—-0.254v3
1000 = [0 u, —0.0667 v, + 0.0192 uz + 0.0811 v3] AE
1000 = [-0.0192 (0.254 v5) + 0.0811 v, —0.0667 v3] AE
= 1000 = [0.0762 v, —0.0667 v3] AE
1000 = [ -0.0667 v, + 0.0192 (—0.254 v3) + 0.0811 v3] AE
= 1000 = [-0.0667 v, + 0.0762 v3] AE

Multiplying (4) by (33%2)

= 1142.4 = [-0.0762 v, + 0.0870 v3] AE

Adding (3) and (5)
2142.4 = [0 v, + 0.204 v5] AE

_ 105021
AE

V3

49
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4
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Substituting (6) into (3)

1000 = [0.0762V2 - 0.0667(102221)} AE

105021

Vo Vo = V3

Substituting in (1) and (2)

U = 0.254 Vo = 0.254 (105021)
_ 26675
2T AE
uz=—0.254 v3 =—0.254 (105021)
AE
26675
° AE
Going back to the local stiffness matrices
u
| _ AE[1 0 -1 0]V 20
fay 20lo 0 0 ol |w=0|_ , _26675 AE

v, =0 >N 20

= fx=13331b; f=01Ib

fio= ,/(fZX)2+(f2y)2 = f1,=13331b (T)

Member 1-3
u=0
{fSX} _ E[—o.m ~0.48 0.64 0.48} V=0
fay 25048 -036 048 0.36]| Us
V3
. [_0_64(—26675)_ o 48(105021)} AE
AE AE /125

= fy=—13331b
fh = [—o. 48(—26675) B 0_36(105021)} AE

AE /125
= fa=—10001b

fia= \(f3)? +(f3,)* = f15=1667 Ib (T)

Member 2—4

Uy
{fZX} _ E[o.m -048 -0.64 048 } V2

25(-048 036 048 -036]|Us=0
v, =0

fzy

= fn= 133310 (C)
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f,= 1000 b (C)
f2—4 = ( f2x)2 + ( f2y)2

= f,4= 16671b (C)

Member 2-3
U,
{flezﬁ[o 00 OJ:| Vo :>f2x=0
fzyf 1510 1 0 -1l|Us fy=0
V3
= f2_3:O|b
Member 3-4
Uz
f3X _ E[l O —l Oj| V3 - f3X=—1333|b
fay] 2000 0 0 ol|u=0[ " f3=0Ib
v,=0
fau= [(f3)? +(f3,)” = f24=13331b(C)
Member 1-4
u=0
{UX} _ E[o 0 0 o} v =0
fay 150 -1 0 1J|u=0
v,=0

= f1_4 =0Ib
3.25 Theglobal stiffness matrix is changed since matrix [ko—4] isnot incorporated in

F, =0 @ @)
[ 0-9756—0-H192 605 0
Fly -
E o 00192 00811 O 0
2X —
F,, =1000 -Q-05 0 0.05 0
= AE 0 0 0  0.0667
Fix =0
-0.p0256 -0[0192 © 0
~0.p192 -0l0o144 0 -0.0667
Fax = o o 0
Fay =0 I —olos67—6 0
3 (4)
00256 —_00192 Q Q ]
00192 60144 | o | goser| 1270
U
0 0 0 0 o
0 ~0.0667 | 0 0 v
0.0756  0.0192 |-0.05 0 Ug
0.0192  0.0811 0 0 V3
=0:05 0 0-05 0 U=
n n n P aYadnte V4 =

= 0= [0.05U2+0V2+0U3+0V3] AE
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= Ww=0 (1)
1000 = [0 up + 0.0667 \, + 0 Uz— 0.0667 V5] AE (2)
0=[0us+0v,+0.0756 us +0.0192 vs] AE ®)
= U= -0.254v3 3)
1000 = [0 u,— 0.0667 v,+ 0.0192 uz + 0.0811 v3] AE (4)

Adding (2) and (4)
2000 = [0.0192 ug + 0.0144 v;] AE (5)

Substituting (3) in (5)
2000 [0.0192 (- 0.254 v3) + 0.0144 v3] AE

210000
AE

3:

(210000) _ —53340
) e =

= uz= (-0-254
3= ( AE

Substituting in (2)

= 1000 = [0.0667 A —0.0667(210000)} AE

AE
224993
= Vo =
AE
Forces on members
Member 1-2
u, =0
= — =
v, =0
= f1_2: 0
Member 1-3
u=0
f] _ AE [0.64 048 -0.64 -0.487 |v=0
fiy ~ 25 1048 0.36 -0.48 -0.36] |u,
V3
fio= AE _0_64(—53380j_ OAS(ZlOOOOH
25 AE AE

= fix= —2666.5Ib

= AE [_ 0_48(—53380)_0_36(210000)}
25 AE AE

= f,= —2000 Ib

fia= \(f,)° +(f,)>  =f3=33331b(T)
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Member 2-3
fos]  AEJO O O 0] |v,=0
foyf 15 [01 0 -1 |u
V3
= fZX:O
S = AE [1 (224993)_(210000)}
15 AE AE
= fy=—1000 Ib (C)
fas= ()7 +(f5,)?
== f2_3= 1000 Ib (C)
Member 3-4
Us
fox]  AEJ1 0 -1 07 |v,
fay/] 20 [0 0 0 0] |u=0
v, =0
= fy=1 (£53340) AE = f3,= - 2666.5 Ib (C)
AE
= f3y= 0
fo4= yJ(fg)? +(fay)? = f24=2667 Ib (C)
Member 1-4
W =0
fu] AE O 0 0O 07 |y=0 fi,=0
= =
fiy 15 [0 1 0 -1] |y =0 fiy =0
v, =0
= f1_4= 0lb
3.26
P
7 4 3
15 ft
7
1 2
} 20 ft )

Since both elements 2—4 and 1-3 are removed, the global stiffness matrix will change
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Fy =2 ® @ ©) @)
Fy = ? [ 0,05 0 —0.05 0 0 0 0 0 Yw=0
Fy, = D 0.0667 0 0 0 0 0 —O.d)667 v, =0
X
- =9
FZy —1000 0.05 D 0.05 0 0 0 0 D u,
F -0 = AE D D 0 0.0667 0 —-0.0667 [0 D vy =7
= 000 D D 0 0 0.05 0 005 P |lu=2
F3V =1 D D 0 —-0.0667 0 0.0667 [0 D vy =?
Fax =7 D D 0 0 -005 0 005 D u, =0
Fay =7 . D o0de67 0 0 0 0 P 00p67 ||v, =
=>0:0.05U2 =>U2:0
1000 = 0.0667 v,— 0.0667 v3 Q)
0=0.05us = uz;=0
1000 = - 0.0067 v, + 0.0667 v3 (2)
Adding (1) to (2)
2000=0v2+0v3
The matrix, therefore, is singular and we get an inconsistent equation.
Of course this should have been expected since the truss is unstable.
3.27

@) @ @
-3 2-3 34

L 50 ft 50ft  20ft
0 53.13° 126.87° 90°
cos® 06 -06 0
sin@ 0.8 0.8 1

@ ®
0.36 048 !-036 0.48
@

an_ AE 048 90641048 —0.64
K= oo | 2P B> 4
50
| (©)
|
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2 3
[ 036 —0.48!-036 0.48 @
I
7= AE |-048 Q64 1048 064

50 '
| ©)
B3 @
000 0 5
AE |0 110 -1 @)

k(s):— |
[K™] o

Invoking boundary conditions. Therefore, need only 3-3

] - {% (0.36+0.36) + &£ (0) £ (0.48-0.48) +4E (0)
AE (0.48-0.48) + AE (0)  £E (0.64+0.64) + 4 (1)

- [©72) 2 0
0 (1.28) £E 4 AE
{F} = [K]{d}

{F3X =5K } = AE rs'_éz 0 } {Us}
— 128
F3y =-10K 0 ¥+2L0 V3

(0.72) (AE)
50 ¥

= 5K=

U= (5000)x (50) x (12)
(0.72) (3) (30 x10°)

= Uuz= 0.0463in.

- [L128 1
= -10K= [38+ L] AEV;

= w3=-0.0176 in.

Forces on the members
Member 1-3 (1)

uy=0
fie] _ AE [ 06 08 -0.6 —08] |v=0
fi, ] 50 |-0.6 —0.8 06 08] |u
V3
= f;. @ =—2.055 kips
Member 2-3 (2)
u,=0

% | _ AE [-06 08 06 -0.8] |v,=0
fse ) 50 | 06 -08 -06 08
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= 3@ =6.279 kips
Member 3-4 (3)

Us
fax | O AE [0 1 0 =11 |v,
fix ] 20 10 1 0 1] |u=0
v, =0
AE
= fi = —— (~0.0176
3x 20( )
= f5, = —6.6Kkips
3.28
TC S 0 0]
-SC 00
[m1= 00 C S
| 0 0 -S C]
[C =S 0 0]
. |S Cc o0 o0
[T1]=
0 0C -S
0 0 S C]
TC S 0 0][C =S 0 O
-SC 0 0||S c o0 o0
M7=
00 C S|[|o ocC -5s
|l 0 0 -Sc|]lo 0SS cC
[ c?+s? -—xc+sC 0 0
. |-CS+Cs s?+cC? 0 0
= T[T]=
0 0 C’+S? -+
.0 0 -CS+CS S*+C?
10 0 0]
0100 Identity
1= =l
M= 10 0 1 o < mawix -
0 0 0 1
10 0 0]
0100
But = =
o 00 10|
0 0 0 1
C -S 0 0
S C 0 0
= TN=[TY=
[T1=1[T7] 6o 0 cC -s
0 0S C
56

© 2012 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



www.icivilir glrec uuwaigo ¢ (lgauiiils gols LUy

3.29

3m E =210 GPa
- 4m2
T m A=40x104m

45°

4
10 kN - 'C E
ll 3m 4
20 kN

AE _ (4x107") (210x10°)

=280 x 10° kN
m

L 3
Element (1)
C=0,S=1
“ @
0 00 O
[KY1=280x10%(0 1 0 -1
0 00 O
0 -10 1
Element (2)
e o
2 2
@ @)
1 1 _1 _1
2) ol 11 1 1
[K?1=280x10?| & 1 -1 -1
-1 _1 1 1
2 2 2 2
1 1 1 1
2 2 2 2
Element (3)
C=1,S=0
10 -10
00 00
[K®] = 280 x 102
10 10
00 01

Boundary conditions

F =—10K 111
i = 280x10°| 2 2|

= u=-0893%x10"m

vi= —4.46%x10"m
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Element stresses

—0.893x107*
0
0
= oY = 31.2 MPa (T)
—0.893%x107*
2 _ 6 NG - 4.46x107
o?=70x10°[-2 -2 2 2] .
0
= 0= 26.5 MPa (T)
—-0.893x10™*
—4
d9=70x10°-1 0 1 0] *46x10
0
0
= o= 6.25 MPa (T)
3.30
E =210 GPa
A=4x104m?2
Element 1-2
C=0,S=1
@ )
0 0 0 O
[kio]= (4x10*)(210x10% |0 £+ 0 -3
0 0 0 O
0 -0 %
Element 1-3
C=-1,S=0
@ @)
1 0-Lo
[kis]=84x10°/ 0 0 0 O
-1o0 L 0
0 0 0O
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Element 1-4

=_05,S=-

N | &

@ 4
005 00866 -0.05 -0.0866
[kis]= 84 x10°| 0.0866 015 —0.0866 —0.15
~0.05 -0.0866 005  0.0866
~0.0866 -0.15 0.0866  0.15

W= Vo=Uz3=\V3= U4=V4=0

F =0 5[0.3883 0.08667 (u;
= 84 x 10
Fy =—40 0.0866 0.65 | |v

= w=171x10"m
vi= —7.55x10™m

Element stresses

1.71x107*
9 -4
S 210x10 [0 1 0 1] )" 76510
0
0
= oY = 79.28 MPa (T)
1.71x107*
9 -4
o2 = 210x10 10 -1 0 7-%5x10
0
0
= o®=11.97 MPa (T)
1.71x107*
SHo 210x10° [1 V3 1 V3] |-755x10
5 2 2 2 2 0
0
= 6% =-2387 MPa(C)
331
E =210 GPa
A=4x10"*m?
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[ki-s] and [ki_4] are the same as in Problem 3.30
Us= V3= Us=V4=0
{le:o }z 8.4 % 10’ [% %] {ul}
Fy=-40 % 69_0 v,
= uy=28248x10"m
vi= —3.651x10°m

Element stresses

8.248x10°*
9 -3
o = 210x10 10 -1 0] —-3.651x10
0
0
= oY = 57.74 MPa (T)
8.248x10™*
Jo2 210x10° [ 1 V3 1 3] |-3657x107
5 2 2 2 2 0
0
= o= ~115.48 MPa (C)
3.32
%kN (By Symmetry)
50 kN @
2 4
4
® E =70 GPa =70 x 106 KN
©) A=30x104m2
3am| (D ® [useAH=%><104m2]
(due to symmetry)
1 @ 3
I 3m .
(0 0 0 O 0 -1 0
0 10 -1 0 0O
k2] = 7000 . [kis] = 7000
[ki-2] 0 0 0 [ki-3] 10 10
0 -1 0 0 00
1 -1 -1 1 10 -10
-1 1 1 -1 00 OO
ko_3] = 2475 ; [ko4] = 7000
[ka-3] 1 1 1 -1 [ko4] 10 10
.11 -1 -1 1 00 OO
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1 1 -1 -1 0 00 O
[kia] = 2475 N [Ks_] = 3500 0 104
=l -1 -1 1 1|’ - 0 00 O
-1 -1 1 1 0 -1 0 1
Uu=vi=u= V4:0
Global equations are
9475 —2475 2475 07 (u, 0
9475 — 2475 0| |v,| _|-50
5975 —3500| |v;{ | ©
5975 (v, -50
Solving simultaneously
us= 0.135 x 102m
Vo= —0.850 x 107%m
V3= —0.137 x 107t m
va= —0.164 x 10 m
0
70 x10°
2= Osg= 0-101
O1-2= G5-6 [ 11 0135 %102
-0.850 1072
= 012-= 0'5_6:—198 MPa (C)
fr,= fr.= 012X A, =—198000 x 3 x 107
= f; = f; =-595kN
0
6 0
01 3= 0O53= 7010 [-1 0 1 0] 0
-0.137x107!
= 013= 053=0
= f = f, =0
Similarly
0.135 x1072
R 70x10° [ V2 V2 V2 V2| |-0.850%107
2-3 6-3 3\/5 > 5 5 2 0
-0.137x107¢

= 0p.3= Og3=44.6 MPa (T)

f7, .= fi =1339kN

Xo-3
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02.4= 0Os4=—31.6 MPa (C)
fy = fr, =—947kN
-4

X2-4
O014= 054=-—191 MPa (C)
fi = f;s =-57.32 kN
4

X4
03.4= - 63.1 MPa (C)
f; = -18.93 kN

X34

Force equilibrium

Node 2
50 kN
2 ® «——— 947kN
‘ 13.39 kN
59. 2 kN
2F,= —50-13.39 sin 45° + 54.5
2F=0
2Fy= —9.47 + 13.39 cos 45° =-0.001 kN
Node 4
100 kN
947 —> © <——— 947
57.3 kN ' 57.3 kN
18.93
>Fy= —100 +57.3 sin 45° x 2 + 18.93
YFy,= -0.003 kN
2F,= 9.47 + 57.3 cos 45° — 9.47 — 57.3 cos 45°
2F=0
333 (a)

E =210 GPa
A=50x104m?2
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Element1-2; 6=135°
C?’=05,CS=-05,5=05
® 2
05 -05 -05 05

9 —4
_ (210x10%) (5.0x107") 05 05 05 -05

[ki-]

5
-05 05 05 -05
05 -05 -05 05
1 -1 -1 1
- 1 1 -1
= [ki_p]= 105 x 10°
[ki—2] 101 1 .1
1 -1 -1 1

Element 1-3; 6=180°
C?’=1.0,CS=0,$=0

» O
20x10% (5x10%) |~ o o
ko= (220X 1)0( X101 90 00
-10 10
00 00
0 -10
0 00
ki3] = 105x 10°
= [kig] X 10 10
00 00
Element 1-4 ; 6= 270°
C’=0,CS=0,$=1.0
o @
0 00 O
[ki4]=20x10°|0 1 0 -1
0 00 O
0 -1 0 1

{F} = [K]{d}
Boundary conditions are
U= Vo= U3=Vg=Us=Vs=0

The final matrix (assembled)

Fi=0 ] _ 5[ 220 -105] [w
Fy=-50] " ~-105 125 | |v
= 0=210u-105vi=>vi=2y,
~ 50000 = 10° [~ 105 uy + 125 (2 uy)]

= u;=-3.448x10°m
= v=-6.896x10°m
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—3.448 %107
9 -3
o= 2210 15707 0707 —0707 0.707] |~ 6:896%10
5m 0
0
= 01,= 102.4 MPa (T)
—3.448x107°
9 -3
oia= 210x10 [10 0 -10 0] —6.896 x10
10 0
0
= 013= — 712.4 MPa (C)
Note: Can show equilibrium at node 1
Fs= (2000 %N) (6.896 x 10 m)
= 13.792 kN
f1_3 = 35.6 kN
fl_z = 51.2 kN
F,= 0
-50+13.79 +36.198 =0
(b)
4 9 N
A=5x10"m% E=210 x 10 —
m
Li=L,=5m
U Vi
1 Y3
4 4
kY= 21x10"|_v3 5 N
A A _ =
| m
|
|
by v
1 Y3
4 E
K= 21x10"|va 31 N
Y S S _ =
| m
|
|
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k¥ =4x10%|0

Boundary conditions
U= Vo=U3=V3=0
U= v=0
{F} = [K]{d}
5.25x10° +5.25x10° 0 u

Fic =0 _ 0 158 107 +1.58 x107 + 4000
F, =-1x10°

Solving
0=1.05x10"uy
u=0
-1x10°=3.15%x10"v;
vi= —-0.00317 m

a“):E[—c -s c gt
L V.

0

1 /3] |-0.00317
2 2 0
0

on 210x10° [1 3
5 2 2

o®=1155x10° ﬁz =115 MPa
m

0

V3] [-0.00317
2 0
0

S0 210x10° {_1

5 2

N | &
N |-

c?= 115 MPa
3.34
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(10 -1 0 0 00 O
AE| 0O 0O 0O AEI0O 1 0 -1
kio] = — © k] = —
fd= =714 0 10" M50 00 o0
100 00 0 -10 1
[ 0.80 -0.40 -0.80 0.40
[kod] = AE |-040 020 0.40 -0.20
““7 894|080 040 0.80 -0.40
| 040 -0.20 —-0.40 0.20
0 00 O 10 -10
AE| O 0 -1 AE| 0 0O 0 O
ko2l = — : 1= 1=
led= "l 00 of M %00 10
0 -1 0 1 00 00O
Boundary conditions
U =Vi=Us=V3=U,=0,v,=-0.05in.
Applying the boundary conditions and superimposing the [k]s
0.522 0.0447 -0.0223](v, =—0.05 01
AE | 0.0447 0214 —0.0447|<u, =40
—0.0223 -0.0447 0.272 |lv, 0[
Solving
U= 9.93x 107 in.
Vs = —2.46 x 107 in.
Element stresses
3 v, =—0.05
011):M[0_101] 2
4x12 U =0
V3=O
= oM = 31.25 ksi (T)
0
3 -0.05
0@ = 30X10° a0 0447 —0.894 0.447] B
8.94 x12 9.93x10
—2.46x107

= 0@ = 3.459 ksi (T)
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0
3 0
013) - 30x10 [O 10 1] R
4x12 9.93x10
-2.46x1072
= ¥ =-1538ksi (C)
9.93x107°
3 -3
o = 30x10 1 0 1 0] - 2.46x10
8x12 0
0

= o= -3.103 ksi (C)
O'(S) = 012 - 0

Note: This solution was also verified by a computer program.
3.35

—1in2
y A=11in
L=10in.

AE ~q1p61b
in.

Using symmetry

Element (5)
6= 30°
@ ®)
5 = AE 0.75 0.433!
[k™1= L |0.4330.25 |
it e —
|
Element (4)
6= 60°
@ ©)
@, _ AE 0.25 0.433 |
(1= == 0.75 |
T Ao _
I
|
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Element (5)
6= 90°

K= (252

|
|
2| = S -
|
|

Applying the boundary conditions and superimposing the K’s

AE[ 1 0.866} w) [ O
L o866 2 |l [-1000

-1000

= = 5 =v;=-05x 1072 in.
2x10
u=0
0
—0.0005
== E [0.866 —05 ...]
L 0
0

= 0% = 250 psi (T)
3.36

(20, 10, 6)

L =4J202 + 102 + 62
L =23.15in.

{d} = [™1{d} and [T]=[Ck Gy CJ

Cy= 20-0 =0.864 u; =0.11n.
23.15
10-0 .
= —— =0432 vi =0.2 in.
©= 315 !
C,= 6-0 =0.259 w; = 0.15 in.
23.15

u, = 0.864 (0.1) +0.432 (0.2) + 0.259 (0.15)

= u; = 0.212in.
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3.37
y
©, 0, 0) Lo x
\\\
N L, ,=37.42in.
N
7\\
/N
/ ~
/
z /
/
/
2 \ (10, 20, 30)
z
= i =0.267
37.42
- =20 - s34
37.42
= i =0.802
37.42
{d} = [1]1{d}
W
{di} = [CxCyC v
W
u; = (0.267) (0.1) - (0.534) (0.2) + (0.802) (0.15)
= u; =0.0397in.
3.38
y
(1,15, 1)
| L ,= VP+152+7
! L, ,=20616m
i
0,0,0) 1 x
Cy= ! =0.485
2.0616
1.5
= =0.728
S 2.0616
C,= L =0.485
2.0616
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5
{d%,} = [0.485 0.728 0.485] {10
15

= U, = 16.98 mm

3.39

L_,= J6-2%+ (4-07+(-1-2)?

L, ,=5831m
z
Cy= 8 . 0.515
5.831
4
= —— =0.686
S 5.831
C,= 3 =-0515
5.831
5
{d%,} = [0.515 0.686 —0.515] <10
15
= U, = 1.71 mm
3.40 From Figure P. 3.40
¥
! 4,4, 3)
®
N\
X
8, —1, 1)
¥ 10 kN

4.0,3)
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Liz= V(-4)?+0+(=3)? =5m

0-4 44 0-3
Cy= —— =-08C=——=0:C=——=-06
5 &= "5
Lis= v/(-4)>+0+(3)% =5m
0-4 44 6-3
Ci= —— =-08:Cy=——~=0:C= —>- =06
5 &= " s
Lig= \{0+(—4)2+0 =4m
C=0;Cy= % =-1;C,=0
Lis= 42+ (=52 +(-2)% =35 m
4 -5
Ci= —— =0.596; Cy= —~ =—_0.745
35 N
2
C,= —= =-0.298
35
Element 1-2
[0.64 0 0.48
[AlI=| 0 0 0 | [K=42000 {W H]}
048 0 0.64 =21 [A]
Element 1-3
r0.64 0 —0.48
[Al=] 0 0 O [K] = 42000 {[/1] [—/1]}
048 0 064 =41 A
Element 1-4
0 0 0
2] [-2
[A1= (0 1 0| [K =52500 [[ 11 ]}
0o o [-2] 1]
Element 1-5
0.356 —0.444 —0.178
[Al= |-0.444 0556 0.222
~0.178 0222 0.0889
[A] [—/1]}
[K] = 31305 {
A1 [4]

Applying the boundary conditions where all deflections at node 2, 3, 4 and 5 are zero.

The global equations are
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0 64905 -13899 -5572 | |y
-10; = | -13899 69906 6950 |<v;
0 -5572 6950 33023 (wy

0 = 64905 u; — 13899 v; — 5572 wy
—10 = - 13899 u; + 69906 v; + 6950 w;
0= -5572 u; + 6950 v; + 33023 wy
From (1) and (3)
0 = 67058 vy + 379094 wy
From (2) and (3)
—10 = 52570 v; — 75424 w;
From (4) and (5), we get
Wy = 2.68374x 10° m
vi=-15171x10"m
Substituting in (1)
u; = -3.0183x10°m

Element stresses

012=42x10°[08 0 —0.6 —0.8 0 0.6]

= 015 = —337.846 k—'\zl ©)
m

Force 1, = M =-0.337 kN (C)
1000

013=42x10°[0.8 0 -06 —0.8 0 0.6]

= 013= — 1690 k—’\zl (C)
m

-1690
Force ;3= ——— =—-1.69kN (C
7 1000 ©

72

-3.0183x10°°
-1.5171x107*
2.6837x107°

0

0

0

-3.0183x10°°
-15171x107
2.6837x107°

0

0

0

M)
@)
@)
(4)

(®)
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-3.0183%x107°
-1.5171x10™

-5
014= 52500x10°[0 1 0 0 -1 0] {2:68374x10
0

0
0

= 014= — 7965 % (C)

7965
Force 4= ——— =-7.695 kN (C
4= 1500 ©)
O15= — 2726 k—’\zl
m

Force 1.5 = —2.726 kN

Force equilibrium at node 1

x direction
0=0.388x0.8+1.69x0.8-2.726 x 0.596
0= -0.00307
y direction
-10=0+0+7.965x%x1+2.726 x 1—f
—10 = 9.9968
z direction

0=0.338x0.6-1.69x0.6+0+2.726x0.298
0= 0.0015

341

(14, 6, 0) E =210 GPa
A=10x104m2

73

© 2012 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



www.icivilir glrec uuwaigo ¢ (lgauiiils gols LUy

Liz= JA2-0)2 +(3-0)2 +(-4-0)2 =L, =13m

Lis= \(12-12)% + (=3+3)? + (-7 +4)? = Li3=3m

Lis= @4-12)% + (643 +(0+4)° = L14=1005m

X: — % = z -z
Element C,=— a Cy:y' ¥ C,=— 4
L Lij Lij
-12 3 4
1-2 EE) 13 1
1-3 0 0 1
2 9 4
1-4 005 005 0.0

Element C? CC, CC, C? CC, Cf
1-2 0852 -0.213 -0.284 0.053 0.071 0.095
1-3 0 0 0 0 0 1
1-4 0040 0178 0.079 0.802 0.356 0.158

c’ CC, CgC,

X
[A1= C; c.C,
C;

[ 0.852 -0.213 -0.284
[A12]= | -0.213 0.053 0.071
|-0.284  0.071  0.095

00 0
[15]=1]0 0 O
001

[0.040 0.178 0.079
[Ai4] = | 0.178 0.802 0.356
10.079 0.356 0.158

b=V,=Ww=U3=V3=W3=0
Uy = V4:W4:0

r I [A]7]
1= AEL A [—ﬂ]}: AE| B OTE
%] L, -4 [2] O

r M A [A17
K@= AE| A [—M}: Al 3 T3
s L s[4 [A] O]

(AT | me s
[k(f) = AE }: AE | 1005 1005
ST LU o w
{F} = [KI{d}

74

© 2012 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



www.icivilir glrec uuwaigo ¢ (lgauiiils gols LUy

F,, = 20kN 69519 1.327 -13.985 | [u
Fiy =0 =210x10° | 1.327 83879 40.885 |{v,
F,=0 ~13.985 40.885 356.363] |w,

= u=1383x10°m
vi= -5119%x10°m
wi = 6.015x107°m

1.383x107
-5.119x10™°
ol = E[E 23 4 123 i} 6.015x10°°
@W[13 13 13 13 13 13 0
0
0
= oW = 20.51 MPa (T)
1.383x10°°
-5.119x107°
5@ = |_<_EZ> 00100 -1 6.015:105
0
0
= 0@ = 4.21 MPa (T)
1.383x10°
-5.119x107°
O = E[—Z 9 42 9 4 } 6.015x10°°
® [10.05 1005 10.05 10.05 10.05 10.05 0
0
0

= o®= -529 MPa (C)
342

(0,0, 72) 1000 Ib

(0,36, 0)

(~72, 36,0)

|
(-72,-36,0) 1

\ \2 \ (0,36, 0)
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Element 1-5
L; 5= 108 in.
c= 5% -0-C12) o _ge67
L. 108
= % - 0-(80) ¢ o333
L. 108

C,= L4 _ H = C,=0.667
L_s 108

[ 0.444 0222 0444 -0.444 -0.222 -0.4447]
0.222 0111 0222 -0.222 -0.111 -0.222
4x30x10° | 0.444 0222 0444 -0.444 -0222 -0.444

[KI= 108 —0.444 —-0.222 -0.444 0.444  0.222 0.444
-0.222 -0.111 -0.222 0.222 0111 0.222
|—0.444 -0.222 -0.444 0.444  0.222 0.444 |
Element 2-5

Las= (0—0)2 +(0—(~36)2) + (72 0)2

= L2_5: 80.5in.
CX: ﬂ :o
80.5
- 0-(=36) = C,=0.447
80.5
C,= 72-0 = C,=0.894
80.5
) 0 00 0 0]
0 02 04 0 -02 -04
[K] = 4x30%x10°/0 04 08 0 -04 -08
805 |0 0 00 0 0
0 -02 -04 0 02 04
|0 -04 —08 0 04 08]

Since the structure is symmetric to the x-z plane then we can assume vs =0 and a load of
500 Ibs.

Disregarding all rows and columns of zero displacement we form the new global
stiffness matrix comprised only of the non-zero displacements.

0.0041 0.0041}

[K] = (4) x 30 x 10°
0.0041 0.014

{F} = [K]{d}
Fsx = 500 = 492000 us + 492000 ws
Fs.= 0 = 492000 us + 1685880 ws

4 - 1685880
*~ 77492000
— 500 = 492000 [— 1685880} Ws + 492000 W
492000

76

© 2012 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



www.icivilir glrec uuwaigo ¢ (lgauiiils gols LUy

= Ws = —0.00042”
= us= 0.0014"
Element stresses

Element 1-5
U
Vi
E
ors= = [-C, -C, -C, G C, CJ it
L s Ug
Vs
Wg
0
0
6 0
015 = 30x10 [-0.667 —0.333 —0.667 0.667 0.333 0.666]
1 0.0014
0
—0.00042
= o015= 180psi (T)
Element 2-5
0
0
6 0
Oy5 = 3010 [0 —0.447 -0.894 0 0.447 0.894]
80.5 0.0014
0
—0.00042

= o0y5= -140psi (C)
From symmetry
o35 = 140 psi (C)
o041 = 180 psi (T)
3.43

(0,0,144) 4

(144, 72,0 &

7
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Element 1-4

Lig=

= Cy=

[ki-a] =

Element 24

Log=

[ko-a] =

Element 34

J(0—(=36)%) +0+ (144 - 02 = Ly, = 1484 in.

%—% _ 36
L4 148.6
0.2426
0
0.9704
AE
4 0.05885 0 0-2354
0 0 0
L 0-2354 0 0-9417 |

J(144)? +(-72)? +1442 =216 in.

Eaa il 0.667,C, = —r2 =-0.3333,C,;= Eaa il 0.6667
216 216 216
AE
L, 0.4425 -0.2222  0.4445
—-0.2222 0.1111 -0.2222
L 0.4444 -0.2222  0.4445 |

L34 = 216 in., C,=0.6667, C, =0.3333, C,= 0.6667

[ks-a] =

[K]=

{F}=

AE
L, , 0.4425 0.2222 0.4425
02222 0.1111 0.2222
0.4445 0.2222 0.4445

[0.05885+1.294 0 0.2354 +1.294

£E 0 0.3234 0
bt | 0.2354+1.294 0  0.9417+1.294
(K] {d}

13529 0 152947 [u,

- _AE 0 0.3234 0 Vy

—4000

148.4
1.5294 0 2.2357] (w,
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AE
= ———[0u+0.3234 v, + 0w,
1484 O 4+ 0w
= V3= 0
AE
0= —— [13529 Ug + 1.5294 W4]
148.4

= uw=-1.1305w,

_a000= 1E [1.529 us + 2.2357 Wi
148.4

= —4000 = % [1.529 (- 1.1305 wy) + 2.2357 wy]

1171501.87
6 x 30 x 10°

=

= w; = —0.00683 in.
= W= 0.00863 in.

Stresses
U
Vi
0'141=i[—cx -C, -C, C C, Cf -
L4 Uy
Vy
Wy
S
0
O14= 30 x10° [-0.2426 0 -0.9704 0.2426 0 0.9704] 0
148.4 0.00863
0
| —0.00683 |

= 014=-916psi (C)
3.44 Derive Equation (3.7.21)

Now in 3-D
{d’} = [T*] {d}
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where by Equation (3.7.7)

c, C, C,0 0 0
[T] =

0 0 0 C C, C

C, C, C, 0 0 0
=Byl v o
L 0 0 0 C C, G

a:%[—CX ~¢, -C, ¢ ¢ cl i

U
v
W,
3.46
3 ]
@ @ @ 6 ft
@ o O N, |
< =
stt 8 ft [
Y
20,000 Ib

E = 30 x 10° psi
AL = A@ = AW = AB =10 in?
AP = 20 in?

Reduce the given figure by symmetry.

(Global) 77%7-/ 2|\

10000 Ibf
AY = AP = A® =10in?
(Reducing given A® by half)
vi=0,ub=u3=0

find ug, v, V3
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Data for reduced truss

‘Element ¢ | c| s | c2] s | cs
\ 1 36.9° | 0.8 06 064 036 048
\ 2 0° |10 0 |10 O 0
\ 3 90° | 0 110 0 | 10 0
c? cs -c? —cs|
K] = {/—\ZEO,I cs & -Cs -&
L, J|-c2 —cs c? cs
-Ccs -8¢ Ccs &
(064 048 -064 —048
K= (10 in.z)(BO-xl_OG |be( 1 J ( e J 048 036 -048 —0.36
in. 10ft ) \12in. )| -0.64 -0.48 064 0.8
|-0.48 -036 048  0.36
W Vi Uz V3
0.64 048 -0.64 -0.487y
So [KY]1=25x10°| 048 036 -0.48 —0.36]v;
—0.64 -0.48 064 0.48 |y
036 —0.36 048 0.36]v,
Finally
Y Vi Uz V3
16 12 -1.6 -127y
KP=10°| 1.2 09 -12 09|y
16 -12 16 12|y
-12 09 12 09]v
10 0 -10 O
[k<z>]:(min_z)(30x106|bfj(i)(£j 0 0 0 0
in.2 8ft J\12in.)|-1.0 0 1.0 ©
0 0 0 O
and
b Vv U, A7
3125 0 -3.125 0|y
KP1=10° 0 0 0 Oy
3125 0 3.125 Olu,
0 0 0 0fv
and
0 0 0 O©
O] = (10n?) (30><106|be( 1 j ( 1t j 0 10 0 -10
in? 6ft /{12in./|0 0 0 0
0 -10 0 1.0
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U, Vo,  Ug V3
0 0 0 0 Tu
K¥1=10°0 4167 0 -4.167|v,
0 0 0 0 |u
0 —4.167 0 4.167 v,
W Vi Uz Vo Us V3
16+3.125 12 -3.125 16 -12 |u
1.2 0.9 12 -09 v
[K]=10°| -3.125 3.125 Uy
4.167 4167 |V,
-16  -12 1.6 12 |y
12 0.9 —4.167 1.2 4.1+4.167 |Vs
[K] {d} = [F] gives
(4725 12 -3125 0 -16 -12 |(u 0
12 09 0 0 -12 -09 ||0 0
~3125 0  3.125 0 0 0 o | o
0 0 0 4167 0 —4167||v, [~ ]-001
16 -12 0 0 16 12 |0 0
| -12 -09 0 -4167 12 5067 ||v 0
and
4725 0 —1.2007(u 0
0 4167 -4.167|Jv,; ={-0.01
~12 -4.167 5.067 1v3 0
0 0 ~1.200
0.1 4167 -4.167
4= | O 4167 5067
4725 0 —1.200
0 4167 -4.167
~12  -4.167 5.067
‘—0.01 4.167‘
~1.2
o= 0  -4.167
4.725‘ 4167 —4.167‘_ .2‘ 0 4.167‘
-4.167 5.067 -1.2 -4.167
U —0.025 =-0.00426 in.

- 17.72017 — 6.00048
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4725 0 -1.2

0 -0.01 -4.167
-1.2 0 5.067
Vo =
11.71969
_ 4.725{—0.02534} - 1.2{—0.006}
11.71969
Vv, = —0.0192 in.
4725 0 0
0 4167 -0.01
-1.2 4,167 O
V3 =
11.71969

_ 4725{~(0.0)(4.167)} _

= - 0. 0168 in.
11.71969

now {o} = [C'] {d} where [C'] = % [FC -S C g

So, for (1)
-0.00426
30 x10° Ibf
Cl= | =—>———|(-0.8-0.6 0.8 0.6
[ ( 120in.2 j( ) 0
-0.0168
5
= (—2'5 x 19 'bfj (-0.0068 in.)
n.
o = — 1668 psi (C)
—0.00426
6
0@ = 30X_12 BTV L )10 o0 10 o
in. 96 in.
—0.0192
5
0@ = (—3'125_’(130 'bf] (0.00426 in.)
n.
o® = 1332 psi (T)
0
g -0.0192
0_(3): 30)(102 Ibf 1 [0 10 0 10]
in. 721in. 0
-0.0168

5
50 = (4.167_><10 Ibf

= J (0.0096 — 0. 0084)

= 1000 psi
o® = 1000 psi (T)
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347

Y o 5 © ’
> 1
@ @ @ @ 15 ft
®
, ® L @ 6 )
Using symmetry
P © g 3
4 _
@ ®
® @ 1s5ft
1 Y

20 ft }

Boundary conditions
Vi=UW=U3= 0

(see solution to Problem 3.24 for individual [K]'s for each element)

Global [K]

(00756 00192 -005 0  —002% —00192 O 0

00192 00811 O 0 -00192 -00144 0 00667

~005 00 0075% -001%2 O 0 —0026 00192

= ag| O 0 —00192 00811 O —00667 00192 -—00144
~0026 -001%2 0 0 007% 00%2 -005 O
~00192 -00144 0  —00667 00192 00811 0 0

0 0 -0025% 00192 -005 0 0075 -00192

0 -00667 00192 -00144 0 0 -0019%2 0081

Applying the boundary conditions, we obtain

0.0756 0 —0.0192 0 0 V] 0
0 0.0811 -0.0667 0.0192 -0.0144||v, 0
AE | -0.0192 -0.0667 0.0811 0 0 V¢ = ’TP
0 0.0192 0 0.0756 —-0.0192 ||u, 0
0 —0.0144 0 —-0.0192  0.0811 J|v, -P
84
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Using the simultaneous equation solver, we obtain

u1:—110i,v2:—4051
AE AE

V3:—433£,U4:5OL
AE AE

vy = —208 P
AE

where all displacements are now in units of inches.
(Computer program TRUSS was also used to verify the above displacements (setting
P=1A=1E=1))

Stresses

V,
o‘z):%[—l 0104"

Us
V3
50
—208
-EL101 0 P
L 0 | AE
— 433
- _E (_501)
240in. AE
o= 0208 ©
A
y =-110
v, =0
013>:E[0—101] ! P
L u, =50 | AE
v, =—208
_ 208 P
15x12 A
- 1156 ©
A
UZZO
v, = —405
o= E 080 —060 -080 060] - "
L AE |u, =50
v, =—208
o (243-40-1248) P
25'x12 A
o= 0261
A
85
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Verify equilibrium at node 4

4 e<~—— 0.208 P

' 0.261 P
1.156 P

SF,=—0.208 P+ 0.261 P (0.8)
= (~0.208 + 0.208)P
=0

3F,=1.156 P— P + (0.261 P) (0.6)
= (1.156 — 1 - 0.156)P

348

Element| L 0 C S c?| | cs
(1) |4.47] 26.565° | 0.89443 |0.44721]08[0.2]| 0.4
) 8 0 1 0 1101 0

(3) | 4.47 |153.435° | —0.89443 [ 0.44721 | 0.8 | 0.2 | 0.4
(4) | 447 | 26565° | 0.89443 |0.44721|0.8|0.2| 0.4
(5) 4 90° 0 1 0ol1] o0

08 04 -08 -047u

K9] = AE 02 -04 -02|vy
4.47 08 04 |u,
Symmetry 0.2 |v,

1 0 -1 0Oy

K] = AE 0 0 O0O|v

8 1 01y,

Symmetry 0]v,
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[08 -04 -08 0.4 u,
[k(3)] _ AE 0.2 04 -02]|v,
4.47 08 —04|u,
Symmetry 0.2 |v,
(08 04 -08 -047u,
[k(4)] _ AE 02 -04 -02]|v,
4.47 08 0.4 |u
000 07y,
1 1
K9] = AE 2 0 —3|va
4 0 0 |y
ymmetry 1|y,
Boundary conditions
Vi=W=U3= 0
U U Vv V3 Vy
B -08 -04 T
w5 a7 a0 0 |y
-08 24 04 04 04y,
_ 6 4.47 4.47 4.47 47 4.47
[K]= 210 x 10 _04 04 06 0.2 -02 |y,
W4T 44T 4T 747 a7 |2
-04 -02 0.5
0 7 & %% =T |
04 02 -05 02 , 05
L 0 3 @ T watal
Foy=-20kN Fsy=—-10 kN
Fix= Fiy=Fax=Fx=Faxx=Fgy =7
2 1) =2 -1 i
F, (5J§ + 8) 5V5 55 0 0 t
g -2 & 1 -1 |y
Fox 55 55 55 5V5 5V5 2
_ 3l-| =L 1 3 =1 =L v 6
2010 5/5 55 10V 1045 1045 2 x210x10
~10x10° -1 -1 (11 -1
E 0 5V5 105 (10J§ + 8) 8 Vs
4y 1 -1 -1 1 1
R~ S v -2a 1 A2
[((2_, 1) =2 I =1 ]
E (5J§ + 8) 5V5 0 | 55 0 th
1 e O T
Fax 55 55 105 |55 5B ||W
_ ! -1 6
Py (=] 0 o (wetd)ins W [upx20xi0
—20%10° e T T O T
, NN ST S TN TN - V2
-10x10 = e e S B
L 0 575 8 | 106 (10J§+ 5) Vs
87
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{?} _ 210 10° | N1t K2 {dl}
P Ko | Kz | [d,
4192 1532 -0.8074

[kil] = [1532 2.602 -1.3716
0.807 -13716 6.6148

0.04759 0.02923
[k = [kea] [kit] [kao] = [ }

0.02923 0.0935

[k = [keo] — [Kea] [K2] [ki] = [ 0.08657 —0.073956}

—0.073956  0.076213

. [67.539 65539
[k]=[NT"= [ }

65.539 76.719
v, _ [67.539 655397 |5 x10°°
vy~ 65539 76.719] | lx10°?

—9.5532489 x107°
-9.8951503 %102

U —0.201853644 —0.03610867 .
i —9.5532489 x10
Uyt = —[ky ][kl {0} =~| 0.157006846  —0.06134 .
vy 0346288346  —0.704175 | (98951503 10
" —2.285658 x107°
Uyr = ¢ 8.93812942 x107*
Vy —1.027609703 x 1072

The stresses in each element

U

\%

o= EpLc_scgl®
L u,

Va

—2.285658 1072
C,m:M[—_Z -1 2 iﬂ 0

2\5 5 5 B 5] |8.93812942 x107

1— 9.5532489 x10°

N

mm?

o®= _67.08044733 x 10° = - 67.08 MPa (C)
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—2.285658 x10°°

° 0
0_(2): 210 x10 [_1010] )

—1.027609703 x 1072

o® = 59.9985525 x 10°—— =60.0 MPa (T)
mm
0
® 210 x10° [ 2 -1 -2 1 } —1.027609703 X107
o' =_= —_— —_— —_— —_— —_— .
2\5 J5 5 5 F 8.93812942 x10~*
—9.5532489 1072
= - 22.36033275 x 10° — =-22.36 MPa (C)
mm
8.93812942 x107*
5@ - 210x10° [—_2 -1 2 1 } 9.5532489 x10°
2\5 NN NN 0
—9.8951503 %107
= - 44.72007296 x 10° — =-44.72 MPa (C)
mm
0
0 ~1.027609703 x 102
0_(5): 210x10 [O 10 1]
0
-9.8951503 x 1072
= 19.99970332 x 10° lz =20.00 MPa (T)
mm
3.49
450 ?i A=2in2
E =30x 106 psi
L=30in.
Element (1)
0= 90°
@ ©)]
2 x 30 x10° 0000
kY] = % 01 0 1
0 0 0O
0 -1 0 1
89
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Element (2)
6= 0°
@ )
2x30x10° | - 0 0
[k%:% 00 0 0
101 0
0 0 0 0
Element (3)
6= 135°
) ©)
730 1 10° 05 -05 —-05 05
K9] = % 05 05 05 -05
30 -05 05 05 —-05
05 -05 -05 05
Assembling the stiffness matrices
1T 0 -1 0 0 0 ]
1 0 0o 0 -1
_ 05 _05 _05 05
N e S S SN
[KI=2x10° | 5 o _o05 05 05 _05
2 2 2 {2
0 0 -85 05 05 _05
2z V2 2 12
0.5 0.5 0.5 0.5
R R
r2 o -2 0 0 0
0 2 0 0 0 -2
s|-2 0 2707 -0707 -0.707 0.707
[K] = 10
0 -0707 0707 0.707 -0.707
0 —0.707 0707 0.707 —-0.707
| 0 —2 0707 -0707 -0.707 2.707 |
[0.707 —-0.707 0 0 0 0]
0.707 0707 0 0 0 0
M= 0 0 1000
1o 0 0100
0 0 0010
|0 0 00 0 1]
[ 0.707 0707 0 0 0 0]
-0.707 0707 0 0 0 0
: 0 0 1000
[T1=
0 0 0100
0 0 0010
. 0 0 00 0 1
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[ 2.0 0 -14 0 0 14
0 20 -14 0 0 -14
-14 -14 2707 -0.707 -0.707 0.707
0 0 -0.707 0.707 0.707 -0.707
0 0 -0.707 0.707 0.707 -0.707
1 14 -14 0.707 -0.707 -0.7 2707 |

[T K] [T"] = 10°

Applying the boundary conditions

ViZ U=U=Vv3=0

F, =0 10° 20 O W
F,y =—2000 0 0.707](v,

= u; =0
V2 = —0.00283 in.
Fix=0 [2 0 -2 0 0 0 0
Fiy=0 0 2 0 0 0 -2 0
F, =0 _yf|72 0 2707 -0707 -0707 0707 | | 0
Fp, =—2000 0 0 -0707 0707 0707 —0.707| |-0.00283
Fs =0 0 0 -0707 0707 0707 —-0.707 0
Fyy =0 | 0 -2 0707 -0707 -0.707  0.707 | 0
= Fix=0
Fy=0
Fac= 2000 Ib
Fay = — 2000 Ib
Fax= — 2000 Ib
Fay = 2000 Ib
2000 Ib
2000 Ib <—T
3
2000 Ib

N
/ 2000 Ib

0lb

Element stresses

{o} = [C]{d}

[C]= % [C-ScCg

U1=
& v, =0

oW= 3020 1o 4 g g ¥
v;=0
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= oc®=0
U =0
6 v, =0
o@= 30X 1y g g g ¥
30 u, =0
v, =—0.00283
= c@=0
0
6 -0.00283
o® = 30x10° [0.707 -0.707 —0.707 0.707]
30V2 0
0
= o¢® = 1414 psi (T)
3.50
[0 0 0 0]
0 10 -1
K] = 2 x 10°
0 00 O
0 -1 0 1
(10 -1 0]
00 00
[K?]= 2 x 10°
-10 10
L0 0 0 0
05 05 -05 -05
05 05 —05 -05
k¥ = 1.414 x 10°
-05 -05 05 05
05 -05 05 05
Assembling the stiffness matrices
[ 0.707 0.707 -0.707 —0.707 0 0]
0.707 2707 -0.707 -0.707 0 -2
6| -0.707 —0.707 2707 0707 -2.0 0
[K]= 10
-0.707 -0.707 0.707  0.707 0 0
0 0 -20 0 -20 0
i 0 20 0 0 0 20]
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0.707 —0.707 0 0 0 O

0707 0707 0 0 0 O

0 01000

(= 0 00100

0 00010

L0 0000 1
10 -10 0 0 0 147

10 24 -10 -10 0 -14
0 -10 2707 0.707
0 -10 0707 0707 0 0
O 0 20 0 20 O

|14 -14 0 0 0 20

{
N
o

[TIK][T] = 10°

Applying the boundary conditions

Vi = U2:U3:V3:0

F,=0 _ [ 1000000 0 up=0
F,y =—2000] ~ 0 707106.75 | | v,

= ui =0 o1, =-1414 p5|
v, = —0.00283 in. 013=0
032=0
351
y
X A=2in2
X L=30in.
2000 Ib E =30 x 106 psi

Element (1)
C=1,8=0,6=0°

@ )
10 -10
KY=2%x10° 0 0 00
-1 0 10
00 00
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Element (2)
c=-Ls=¥ ponppe
2
@ ©)
025 =B 025 &
@n = 6|3 i -3
[T1=2x1001=5% 2 2 7
025 £ o025 =&
B N
4 4 4 4
Element (3)
C= 1 S= ﬁ
2’ 2
@ G
025 ¥ _025 =2
3)7 - 6
[k"]= 2>10 075 =2 _os
025 B
Symmetry 0.75
Global [K]
125 B 1 0
B 075 0 0
-3
K=2xw0°| 0 0 Y
o o = on
—025 =B _o75 B
I S
10 00 0 0]
01 00 00
S
. 00+ L oo
1] = ~1 1
005 oo
00 00 10
00 00 0 1]

[K*] = [T K] [1)"]
with boundary conditions

U, = V1:V2:U3:V3:0
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Fix y =0
Fiy vi=0
Fj, = 2000 u, =0
Foy = [K*] |v, =0
Fax Us =
Fay V3=
[ 25x%10° 8.66x10° —2x10°
8.66x10°  1.5x10° 0
-1.414%x10° 0 1.155 x 10°
[MIKI= | 1.414x10° o0 ~2.38x10°
-5x10° -8.66x10° —1.5x10°
|-8.66x10° -15x10°  8.66x10°
0 5x10°  -8.66x10° |
0 -8.66x10° —-1.5x10°
4.483x10° 2.588x10° —4.483x10°
1.673x10°  9.659x10° —-1.673x10°
8.66x10°  1x10° 0
-1.5%10° 0 3x10°
[ 2.5%10° 8.66 x10° —1.414 x10°
8.66x10°  1.5x10° 0
-1.414x10° 0 1.134 x 10°
1= MK =] 410, 10° 0 —5x10°
5x107° -8.66x10° —4.483x10°
| 8.66x10° —15x10° —4.483x10°
1.414x10° —5x10° —8.66 x10° |
0 -8.66x10° —1.5x10°
-5x10° 2.588x10° —4.483x10°
2.866 x10°  9.659 x10° —1.673x10°
1.673x10°  1x10° 0
-1.673x10° 0 3x10°

Solving the third equation of [K*] {d"}= {F'}yields

2000
U, = 1.134x10° =1.764 x 10 in.
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352 (a)
20,000 Ib
l E = 30 x 106 psi
1 A=2in2
X 30in.
2
A\

Using Equation (3.9.19), we get

7= 25 {7} B0 [B] {}-{a"H 1}

For the bar above, Equation 3.9.26 yields
AL , E
M= —U ——Uf
p 2 U L2 1
AE
M= —U —u f
R TH

Putting in the numerical values

_ (2)(30x10°%)
(2)(30)

m=10° U2 —2x 10" u

A u? — u; (20000)

Uy, in. m 1b-in.

-0.004 96

-0.002 44
0 0
0.002 -36
0.004 -54
0.006 -84
0.008 -96
0.010 -100 «
0.012 96

Tomin = — 100 Ib-in.

Also by calculus

on
—P = 2x10°u,-2x10*=0
oy

= u = 0.01 in. for 7z, minimum

(b)

—x

N\N

}et— 10,000 1b
2 50 in. 1
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m= % uf —uy f (see Problem 3.52 (a))

2(30 ><106) 2
= S22 ) 02y, (10000

7= 6x10°u2 —0.1x10° uy

Uy in. 7 Ib-in.
-0.004 49.6
-0.002 44.0
-0.001 10.6

0 0

0.002 4.0

0.004 -30.4

0.006 -38.4

0.008 —41.6 «

0.010 -40.6

Tomin= — 41.67 lo-in.

By calculus
or
—P = 12%10°u, - 0.1 x 10°
oY

= U = 0.00833 in. yields 7z, min.

3.53

du= ox dey du

0= [ {oese o

dv= AXdx AKX = A (1+fj

1L X
U= EIO Oy ex Ao (14'?) dx

1

= %J‘O'-{a}T {_%T}[E][_% %}{d} Ao (l+%) dx

= 3t o Hre-E o (1)

_1tEA - 2 X
U= EJ.O ?(u1—2u1u2+u2) (1+I)dx
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ou L[ E AU[ }
— = X u-2u) |+ 22| =2y -2u,) |=
= | w2 |+ 2 w2
ou 3AL
E = T|:—2(2U1—2U2):|— f;
Similarly
ou 3AL
T T[ 2(2Uz—2U1)}— fa
2
K = 3AE -1
2L -1 1
354
T() = 10x 2
A=2in?
E =30 x 108psi
60 in.
(@) Two element solution
” T(GO):eo:—g

® @

N --F--===
w

For element (1) force matrix is from Example 3.9

——— F = 1(30) (300) = 4500 Ib

1
=F
3 % F= % (4500) = 3000 Ib

1P
3 F=15001b

i, {1500}
£, ® 3000
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2
f2x( )=

W

(4500) + % (30 x 300)

fo @ = % (4500) + 30 x 300 x %

f® = 6000 Ib f2,@ = 7500 Ib

fo 2] {6000}
£, @ 7500
Fy, +1500

{F} = 13000+ 6000
7500

Stiffness matrices

1 2
K= AE[ 1 -1
30[-1 1
2 3
[k(z)]: AE' 1 -1
301 1
1 -1 0
k=251 2 4
30
L0 -1 1
Global equations
{F} = [K]{d}

Fix +1500 s 1 -1 O0]f(w=0
oo | - QAN |y 5yl
7500 0 -1 1]y,

Solving equations 2 and 3 for u, and us, we obtain

u, = 0.00825 in.
us = 0.012 in.
Element stresses
{ul
V;
M= [C{d= = [c-scg "
L 1u2
\Z]
0
6
_ 30x10 101 0]
30 0.00825
0

o™ = 10° (0.00825) = 8250 psi (T)
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U, =0.00825
6 v, =0

o@= 30100 g g 1Y
30 Uy = 0.012

V3=0

o® = 3750 psi (T)

Four element solution

AANNNNNWN

Basic triangular load

b
1504,

NE— %x150><15”

=11251b
1
3 @
(375 Ib) ” 5
15 5 F(750Ib)
300
{+— F, =11251b
150
—— F, =150 x 15 = 2250 Ib
3751b 7501
1125 15 . 1125
1500 1875
Total global forces at nodes
1 2 3 4 5
—> 41201b
—_ —_ —_ B —
Fiy+ 375 750 1875 3000
+ 1500 + 2625 + 3750
( 2250 ) < 4500 ) ( 6750 >
Global equations
Solve the last four equations for u, through us
AE
2250 = = (2 Uz — ug) (@)
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4500 = AE (~up+2u3—uy) )
15

6750 = E (— us + 2U4 - U5) (3)
15

4120 = ’?__SE (— Ug + U5) (4)

Using Gaussian Elimination, divide (1) by (2)

1 \AE
1125= (U, — = U |— 5
( 279 5) 15 ©)
Add (5) to (2)
5625 = (15 Uy - u) 0 6)
15
6750 = (- Ug + 2Us — Us) AE (7
15
AE
4120 = (- Uy + Us) — 8
(— Ug + Us) I (8)
1 AE
1125 = (U — 5 Ug) — 9
(U2— 5 Ug) I )
Divide (6) by 1.5
1 AE
3750 = [0+Uy——u, |— 10
( Us 1I5u4) 1 (10)
Add (10) to (7)
10500 = [(2 - 0.067) us — Us)] %E (11)
AE
4120 = (— Uz + Us) — 12
(— Ug + Us) I (12)
1 \AE
1125= |u,—=u, |— 13
(2 2 3) 15 13
1 AE
3750= |——u, |— 14
( 15 4) 15 a4
3¢ 1)
3 \AE
=7875= |u, -Zu |— 15
(4 4 5) 15 13
Add (15) to (12)
1 AE
11995= —u. — 16
4° 15 16
101
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Solve (16) for us
_ 11995><4><§5 —0.012in.
2x30x10
By (15)
Uy = 7875 % Ls"'é (0.012 in.)
2x30%x10° 4
= uy,= 0.01097 in.
By (10)
Uz = w+i (0.01097)
2x30x10° 15
= uz= 0.00825 in.
By (9)
b= XD 16 00825)
2x30x10° 2

= U, = 0.00441 in.

6 0
0_(1) - 30x10 [_ 1 1]
15 0.00441

o® = 8812 psi (T)

@ _ 30x10° 0.00441
o@= 222 L11)
15 0.00825

o® = 7688 psi (T)

@ _ 30x10° 0.00825
o®= =" [-11]
15 0.01097

o® = 5440 psi (T)

6 0.01097
0_(4) - 30x10 [_ 1]
15 0.012

o™ = 2060 psi (T)

Exact solution

10 x

Fix~—1 ——P(X)
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Fu= L (607 (600 12
X7 in.
Fi = 18000 Ib

P(x) = 18000 - 3 (10 ) X
P(X) = 18000 — 5 %

x (18000 -5 x?
u = | (18000-5x7)
0 AE
1 5
= —|18000x—=x3 |+ C
AE 3
u@0)=0=C
18000 - £ x*
u= ——=
60 x 10°
Displacement va. Axial Coordinate
0.012
0.0117 Exact solution
0.01
_5 .3 Two
¢ 0.009 luz 18000~ 5« l elements
5 | 6
£ 0008 60x 10 Four elements
£ 0.007
c
g 0.006 -
§ 0.005 — ~“— One element
2 0.004 -
a
0.003
0.002
0.001 —
0 T T T T T
0 20 40 60

Axial coordinate in inches
Analytical comparison with FEM

Element stress
Exact o(x)
o(X) = % =9000-25x

Stress vs. Axial Coordinate

8- I~

77 \ Four elements
Exact

o(x) =9000 - 2.5%2
20 ' 40 60

Axial coodinate in inches

(2]
L

Stress in psi
[Thousands]
w ~ o

= N
L L

o

o

Analytical comparison with FEM
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3.55

Ib
BOOH

—_— > > —> —> —> —> —> —>

Analytical solution

F(x) at wall = — 300 (60) = — 18000 Ib

— — — 30042
- x
f(x) = 18000 — 300 x
ox = displacement
o(x) = f(x) _ 18000 —300 x
A 2
= 0o(X) = 9000 - 150 x Q)
_ *o(¥
o) = jo ?dx
_ 2
= 5= 2|9 L g000x | +C
E 2
Applying the boundary conditions
o(x=0)=0=C
S(X) = -25x10°x +3x10™ x )
Finite element solutions
(i) One element
1 2
fix—> — foy

Replace the distributed force with a concentrated force.
Foo|l _ AE[ 1 -1]{u =0
1 1
Fix= Fox= > F= > % 300 x 60 = 9000 Ib

Solving for dxx

_ F, L _ 9000x60

U, = =
" TAE  2x30x10°
Up = 0.009 in.
= Jox 2 9000 _ 500 i
A2
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(2) Two elements

1 ® 2 @ 3

— — —

¢ = 30030

1x 2

fp= 200x30, 4
2

(. - 300x30

3x 2

fix= 4500 Ib

fox = 9000 Ib

fax = 4500 Ib

Global equation

Solving the two equations
W= 6.75x107n.

uz = 0.009 in.
= E -1 1] {ul}
L u

2

6 0
0_(1) _ 30x10 [_ 1 1] g
30 6.75x10

= o® = 6750 psi (T)
6 —2
0'(2) - 3010 [_ 1 1] 6.75x10
3 0.009
= @ = 2250psi (T)

Computer solutions
One element

NUMBER OF ELEMENTS (NELE) =1
NUMBER OF NODES (KNODE) =2

NODE POINTS

K IFIX XC(K) YC(K) ZC(K)

1 111 0.000000E+00  0.000000E+00  0.000000E+00

2 011 6.000000E+01  0.000000E+00  0.000000E+00
FORCE (1,K) FORCE (2,K)  FORCE (3, K)
0.000000E+00  0.000000E+00  0.000000E+00
9.000000E+03  0.000000E+00  0.000000E+00
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ELEMENTS
K NODE (I, K)
1 1

E(K)

3.0000E+07

A(K)

2.0000E+00

NUMBER OF NONZERO UPPER CO-DIAGONALS (MUD) =5

DISPLACEMENTS
NODE NUMBER 1
NODE NUMBER 2

X
0.0000E+00
0.9000E-02

4

STRESSES IN ELEMENTS (IN CURRENT UNITS)

ELEMENT NUMBER

1=
Two elements

STRESS
0.45000E+04

NUMBER OF ELEMENTS (NELE) =2
NUMBER OF MODES (KNODE) = 3

0.0000E+00 0.0000E+00
0.0000E+00 0.0000E+00

NODE POINTS

K IFIX XC(K) YC(K) ZC(K)

1 111 0.000000E+00  0.000000E+00  0.000000E+00

2 011 3.000000E+01  0.000000E+00  0.000000E+00

3 011 6.000000E+01  0.000000E+00  0.000000E+00
FORCE (1,K)  FORCE (2,K) FORCE (3, K)
0.000000E+00  0.000000E+00  0.000000E+00
9.000000E+03  0.000000E+00  0.000000E+00
4.500000E+03  0.000000E+00  0.000000E+00

ELEMENTS

K MODE (I, K) K(K) A(K)

1 1 3.0000E+07  2.0000E+00

2 2 3.0000E+07 2.0000E+00

NUMBER OF NONZERO UPPER CO-DIAGONALS (MUD) =5

DISPLACEMENTS
NODE NUMBER 1
NODE NUMBER 2
NODE NUMBER 3

X

0.0000E+00
0.6750E-02
0.9000E-02

Y

0.0000E+00
0.0000E+00
0.0000E+00

STRESSES IN ELEMENT (IN CURRENT UNITS)

ELEMENT NUMBER
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Four elements

NUMBER OF ELEMENTS (NELE) =4
NUMBER OF MODES (KNODE) =5

NODE POINTS

K IFIX XC(K) YC(K) ZC(K)

1 111 0.000000E+00  0.000000E+00  0.000000E+00

2 011 1.500000E+01  0.000000E+00  0.000000E+00

3 011 3.000000E+01  0.000000E+00  0.000000E+00

4 011 4.500000E+01  0.000000E+00  0.000000E+00

5 011 6.000000E+01  0.000000E+00  0.000000E+00
FORCE (1,K)  FORCE (2,K) FORCE (3, K)
0.000000E+00  0.000000E+00  0.000000E+00
4.500000E+03  0.000000E+00  0.000000E+00
4.500000E+03  0.000000E+00  0.000000E+00
4.500000E+03  0.000000E+00  0.000000E+00
2.250000E+03  0.000000E+00  0.000000E+00

ELEMENTS

K MODE (I, K) K(K) A(K)

1 1 2 3.0000E+07 2.0000E+00

2 2 3 3.0000E+07 2.0000E+00

3 3 4 3.0000E+07 2.0000E+00

4 4 5 3.0000E+07 2.0000E+00

NUMBER OF NONZERO UPPER CO-DIAGONALS (MUD) =5

DISPLACEMENTS X Y 4

NODE NUMBER 1 0.0000E+00 0.0000E+00 0.0000E+00
NODE NUMBER 2 0.3937E-02 0.0000E+00 0.0000E+00
NODE NUMBER 3 0.6750E-02 0.0000E+00 0.0000E+00
NODE NUMBER 4 0.8437E-02 0.0000E+00 0.0000E+00
NODE NUMBER 5 0.9000E-02 0.0000E+00 0.0000E+00

STRESSES IN ELEMENTS (IN CURRENT UNITS)

ELEMENT NUMBER STRESS
1= 0.78750E+04
2= 0.56250E+04
3= 0.33750E+04

0.11250E+04
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Stress va’axial coordinate

84N - —
a Eight elements
e Four elements
27 61 [N 67/”‘ Two elements
£ % 5 > —One element
g2 4
= SN
3 Analytical N
2<
i [ % ,,,,,,
0 T T T T T
0 20 40 60
Axial coordinate in inches
Analytical comparison with FEM
Displacement va. Axial coordinate
0.009
Analytical
0.008 1 |Dmp-4.5x 10-6 K2 + 3 x 10-4K]
0.007
% 0.006
= One element
= 0005 1 Two element
& 0.004 -
% 0.003 4 Four element
)
0.002
0.001
O T T T T T
0 20 40 60
Axial coordinate in inches
Analytical comparison with FEM
3.56
T,= 10012
—_—— > — — —> —> —> —>
—9in2
@ | [0 | A=2in:
1 37 2 30" 3 E=30x106 psi
F = (1000 %) (301in.) = 3000 Ib
— 3000 Ib
~C o -
£0= 1500 Ib m 1= 1500 Ib
— 3000 Ib
e e
s I L U
Fy, +1500 Ib
{F} = {1500+1500
F3, +1500
30 |1 1
K] = AE[ 1 -1
30 -1 1
108
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Global equations
-1 0]{w=0 Fix +1500
-1 1+1 -1}Ju, = 3000
0 -1 1flu=0 F;, +1500

(2)(30x10°)
30

Solving Equation (2)
2% 10° (2 up) = 3000
U, = 0.75x 103 in.

Element stresses

U
Y
M= [C{d==-C -S C g1
L U,
V2
0
Al 0
_ 30x10 10 1 Q] .
30 0.75x10"
0
= oW = 750 psi (T)
Fix+ 1500 = 2 x 10° (- 1) (0.75 x 107%)
= Fix=-30001b («)
and Fsx=-30001b («)
Total applied force = 60 x 100 = 6000 Ib (—)
—> 3000 Ib
L I
1 30in. 2
o= 0 (at node 2)
o(x=15")= M = 750 psi
3.57 Bar hanging under own weight
Two element solution
R3X
b e -1 P 1AL
b pw _2AL ! Fp = 1AL
2
AL
ae | 1L 0] (u T
— v AL
? -1 2 -1 U, -
_ AL
0 1 1 U3 = 0 - R3X yT
109
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U —Uu =

— U +2Up =

Adding (1) and (2)

U=

U =

Analytical solution

Wx=

o=

e (2]
2AE \4

b 3
2AE \2

5e(3)
2E\4

=3l

8E

7/L2_|_3)/L2_)/L2
8E 8E 2E

)

f@f Ul

yV(X)= yAx=P(x)

[PPY = PLAX g

0 AE 0 AE
r¥ Lo
2E
2 2
0=t ycoc=_rt
2 2E

s

E W=7
f[l 1] 252
L

U, = 87E

110
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L
o= T2 ()
_3yL?
012):%[1 1] {Uz— SE}
oﬂ):—BZ"(T)
CRu- YAL 2AE 3yl®
T a J4 8 F
_ yAL+3
= = yAL
Rax 2 2
Rax= yAL

3.58

T

—— —— — ——

fF—>X 10in.

Total Te= 100 x 10 + % « 5(10)%Ib = 1250 Ib

1250 Ib 4—2— () = 1250 - 100x - 3 »2

flx u + f2XU2 = J;O (100 +5 X) [(%) X+ U1:| dx

f:o [10 (U, — 1) X+100 ul+(uz—;ul)x2 +5ulx} dx

= 500 (uz— uy) + 1000 u, + (

u, — u;) 1000 +250 Uy
6

Letu;= 1; u,=0

1= — 500 + 1000 - % +250 = 583.3

fix= 583.33 Ib
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(b)
T =52 KN
| —x 2
4 u, —
frUy + foUp= Io (5%%) [zTul X + ul}
5 & . 5 (4)°
= = (Up—uy) @ + 2L
6 (uz—uy) ( 3
Letu;=0;u,=1
fox= (16) 5 =80 kN = fx
u=0;up=1
3
foe= — (16) 5+ % + 26,67 kN =
fix+ fox= 106.67 kN (Total force)
Check parabolic yields
A= a—R R
3
_ @ [5#)] a
3
= 106.67 kN total force
3.59
30012 300 12
| R1<—|:'—> P(X) A=2in2 E=30x 10°ps
60 y
R, = 300 x 60 = 18000 Ib ———

Exact solution
P(x) = 18000 — 300 x

u= = [ P dx
AE 0

1 ¢x
= — j (18000 — 300 X) dx
AE Jo
2
u= —= {18000 x— 3002 |+ ¢,
AE 2
u(@©)=0=C,=0
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u= = (18000 x — 150 )
AE

us= ;6 (18000 x — 150 )
2x30x10

Now choose U= Co+ Cix+ Co} @
% = C1+ 2Cxx
dx
. . . du
Differential equation AE o P(x)=0 2
X

u(0)=0=Cy=0
Substituting (1) into (2) to yield R (error function)
AE [C1+2C;x] — (18000 -300x) =R 3)
By collocation:
2 unknowns so evauate R at 2 points

a+x= % andx=L

R (C,x=%=0)=AE[Cl+2C2 ﬂ — 18000 + 300 % =0

R(C,x=L)=0=AE[C;+2C,L]-18000+300L =0 (4)
Simplifying (4)

—AE[C;+C,L] +18000-150L =0 (5.1)

AE[C;+2C,L] —18000+300L =0 (5.2)

Substituting (5.1) from (5.2)
AEC, ¥ +0+150 ¥ =0

—-150
Co= —— 6
2T AE (©)
Substituting (6) into (5.1)

AE [q+% L} —18000+150L =0

AEC,= 18000 150C + 156C =0
18000

Ci= —— 7
1= O

18000 150
X+ == =

AE AE
the exact solution of differential equation.

Subdomain method:

Use 2 subintervalsas2 C's

u=

é (18000 x — 150 x?) This gives the result which is same as

L/2 L/2
jo Rdx= 0= jo { AE [Cy + 2C,X] — 18000 + 300x} dx = 0
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j:z Rdx= 0= j:  {AE [C1+ 2C,¥] ~ 18000 + 300} cx = 0 6)
X2 X2 L/2
AE | Cx+2C, — |—-18000x +300— =0
prelcreacr g [ moonr o Y
L
JAE{CLX+202X2}—18(DOX+15OXZ} =0 )
1 2 L/2

I\J|r_

s[5 o 1) 0 (5] o
et se[a (e ghes (-3 [ (o) e -(3] | o o

Simplifying (10)

—AE {cl% +C, (gﬂ —9000 L + 150 (%)Z =0 (11.1)

2
AE [cl L, } —9000 L + 150 (32 ] 0 (11.2)

Substituting (11.1) from (11.2)

AECZ% +O+150% =0
2 2

—150
Co= —— 12
2 E 12)

Substituting (12) into (11.1)

AE{Q%+ ~1%0 5 }—9000)@150%:0

18000
Ci= —— 13
1 E ()

Same values for C; and C, as previous solution. Same u as exact solution
Least square method:

2 C's need 2integrals

j R — dx— 0 by (3.13.10) (14)
aR g_) AE (1) and R AE2x (15)
aC,

L
jo {AE [C1+ 2C,X] — 18000 + 300 X} AE dx=0
jOL [AE (Cy + 2C,x] — 18000 + 300 X} AE 2x dx =0 (16)
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Integrating and smplifying

300 x?

18000 x + =0

2
X X
~ X AE[Cx+ 2C X -
> [Cix+ 2 22(]
2 3 2 3
AE [, X +2c, X | —18000 X +300 X =0 17)
2 3 2 3

3 3 3
AE |22 X lc0+300 XX =0
37 72 3 4

1 1)
AE )‘zg C,+ 300 x”(ﬁj =0

- 73006 _ 150 a8)
12 AE  AE
Subgtituting (18) into (17)
AE {qm% xz} ~18,000 X +150 ¥ =0
18000
Ci= —— 19
1= —E (19)
Galerkin's method:
j RW dx= 0 by Equation (3.13.13) (20)
Need 2 equations
Let Wy = x and W, = X (21)
jOL {AE [C, + 2C,x] — 18000 + 300 X] x dx =0
jOL {AE [C, + 2CX] — 18000 + 300 X} %2dx = 0 22)
2 3 2 3L
[ e C, 2 +2C,% |-18000 % +3002} =0
1 2 3 2 3/,
4 3 4V |L
[ ae q£+2czx— ~18000%-+3002-1| =0
1 3 4 3 4|,
_ 2
2L A ClL—+EC2L3 —9000L*+100L°=0
3 2 '3
R L4 3 300 4,
AE |G +Cy — | -6000 L%+ == L#=0 (23)

—4 ¥~ 300 2007 4
AE ?czzﬁcz?}m[T__}J!_o

3
AE (—8+9)C2}+900—800:0
[\ 18 12
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[E=Y
(6]

2

—-150
AE

Iha

G

>

E

)

C2 =
(24) into (23)
L2

AE {cl7

2

|

+_

C, = =
Y TAE

3.60

L=20"

-1
AE

AI:Zin?\‘AZ
L

(24)

LSH —9000 L3+ 1

(25)

—_ in2 .
=1in: E=10 %106 psi

I

Exact solution

P —EA(X) % =0
dx

P dx
EA(X)

X

JO du=

x P dx
jO EA (X)

P dx

X, U
’ A, —A
AX) =A1+<%) X

()_J.OEI:

A+(HTA)X]

1= E(AS A) {'”{“(Az Al) } " A‘}
X, in. u(x), in.
0 0
6.66 3.642x 107
1332  8.099x 107
19.98  1.384x10°

Collocation method:
Let u(x) = Cyx + Cpé+ Cax
u(0) = O satisfied

3 C’s. So need error to go to zero at 3 points.
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X= L’&,L
3 3

ANE M _p=g
dx

{/’1 +(A2 E Al)x} E(Cy1+ 2Cx + 3C¢) —P = R (R = the error)

R(C,x)| =0, R(C,X) =0

x=L

(o2t =0, R(C, x)
R

X=

w|r

3 equations follow using Mathcad

Given

(2—%)5{(:#2(:2 (2—;)+303(2—§ﬂ ~1000=0

o )2z (2)oa0( 2 |-

[2— (1)] E(C1+2C, 20+3C320%) —1000=0

11

200000
Find (C]_, Cz, C3) — 0
3
80000000
Cl = 11 : C2 = O, C3 = L
200000 80000000
uc(x) = Cy x+ Co 3¢ + Cg X
Collocation solution Exact solution
X= uc(x) = ux) =
0 0 0
6.66 3774%x 107 3.642x 107
13.32 8.212x 107 8.099 x 107
19.98 1.398 x 107 1.384 x 107

(For use of other methods see P. 3.59 and P. 3.61)
361

e p—

AE =2 x 10* kN

Exact solution

1 X
u= — P(x) dx
AE 70
117
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_OF
<D

_ —> —

-] —P(X)

Ri= % (30 x 3) = 45 kN
P(x):45—10x§ = 45 5%
u= ijx (45 — 5x) dx
AE Yo
3
u= i[;],sx_SLJ +C

AE 3
u0)=0=C=0

3
u= i 45X_SL
AE 3

Collocation method:
Letu= Cix+ C2X2+ C3X3
AE E -P(X)=0
dx

du_ Cy1+ 2Cx + 3Cax°
dx

R= AE [Cy+ 2C;x +3C¢Y] — (45-54) =0
3 C’s, therefore, need 3 equations

R(C,X=£) =0
3

R(C,x:é) =0
3

R(C,x=L)=0

Substituting for R using Equation (3) into (4)
L L)? L)?
AE |C, +2C,—+3C;|=| |-45+5|=| =0
{Cl 23 C3(3” (3)
2L 2L)? 2L
AE |C +2C,| — |+3C,| = | |-45+5|=]| =0
3 3 3
AE[Ci+ 2CL +3C;5L2]—45+51%=0
Solving for C;— Czin Mathcad
Given
3 9

L2 L L2
AE [3c3§+cl+2cz—] =45-5 —
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L2 L L2
AE 3C34E+C1+2022§ :45—5><4><3

AE (C1+2C, L+3C3 L) =45-512

%
Find (C1, C,, C3) — | 0O (6)
-5
3AE
Equation (6) into (B)
_ 3
U= 45x 10+ 5x )
AE 3 AE
Equation (7) isidentical to exact solution given by Equation (A).
Subdomain method:
3C's, 3intervals needed
3
jO” Rdy= 0
3
0= j('j {AE [C1+ 2Cx + 3C9¢] — (45— 59} dx
2 /3
0= jm {AE [C, + 2Cx + 3C3¢] — (45— 5x°)} dx
0= EJ {AE[C1+ 2C,x + 3Cox] - (45 - 5} dx ®)
Integrate and smplify (8)
L L)? (L)S L 5(L)3
AE —+C| = | +C| = | |-45-+-|=| =
_Cls 2(3) *3 3 3\3
AE Cl£+Cz(EL2)+C31L3}—45£+§(1jL3:O
L 3 3 27 3 3\27
L 5, (19‘) 3} L 5(19) 3
AE —+C,=L+ — |L”|-45—+—-| = |L" =0 9
_Cls 25t tGl 7 3 327 ®)
Solve using Mathcad for C;-Cg
Given
L L)? Y LY 5(LY
AE —+C| =] + —| [-45|=|+=|=]| =0
{q(s) 2(3) 03(3” (3) 3(3)
1Ae CiL+ 1 AE C, L%+ e AEC3L3-15L + S
3 3 27 81
1ae C1L+§AE Co L%+ 19 AE C;L3-15L + LR
3 9 27 81
45
AE
Find (C1, C,, C3) > | 0 | Same C'sasin collocation method (10)

=5
3AE
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Least squares method:
3 C'sneed 3 integrals

j R 9R 4x=0 by (313.10) (11)
a_R = AE, a_R = AE2Xx

aC, acC,

IR _

27 = AE3 12
3, X (12)

L
jo {AE [Cy+ 2Cx + 3C3X%] — 45 + 5% AEdx=0
L
jo {AE [C1+ 2Cox + 3Cax] — 45 + 5x°} AE 2xdx =0
joL {AE [Cy+ 2Cx + 3C] — 45 + 5x2 AE 32 dx = 0 (13)

Simplifying (13)

[6)]
w

AE[CiL + ColL?+ Cal®~45L + = L3=0

w

2 3 4 2 4
2C, L1 L
L 2C, +3(:3} L2 5L _

AE{Clz 3 4

3 4
AE {q%+cz"—+ qﬁ} 25 LB+1>=0 (14)

Solving (14) for C;— Czusing Mathcad.
Least squares method:
Given

AE (CiL+C L2+ Gl —45L + (g)ﬁzo
2 3 2 4

e o Jreen (5ol -l ) o5 o
3 *) (3 45 _

AE {q(3]+cz(2j (gjcgﬁ} 3 B+1°=0

45
AE

Find (C1, C2, C3) | O | Same C'sasin other methods
-5
3AE

Galerkin’s method:

jOLvai dx=0 (3.13.13)
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Need 3 equations

Let W= x, Wo= X2, Wa=x°

IOL {AE [Cy+ 2C,x + 3Co¥¢] — 45 + 5x%} x dx =0
jOL {AE [C1+ 2Cx + 3C8] — 45 + 5x3) x2dx = 0

jOL {AE [C1+ 2Cx + 3C8] — 45 + 5x%) x3dx = 0

2 3 47 2 4L
2

pE |0 X 22X X 5 X X g
23 a | 24
3 4 5] 3 5|L

AE C1X_+2C—2X+%3X _45X_+5i =0
34 5 |74 5
4 5 6] 4 6L

AE C1X_+2C—2X+E _45X_+5L =0
a5 6 | a6

Simplifying

B 2 3 4 2
2C,1% 3G,
AE c]L—+C—2+—}—45L— 51420

+
2 3 4 2 4

B 3 4 5
AE |C, L Gl (3| g534 1520
B 2 5

4 2 L5 CL6 6
AE ClL_+C—2+3_ _§L4+£ =0
| 4 5 2 4 6
Solve for C;— Czusing Mathcad
Given
F (e 2 L4 > 5,
AE —|+2C, —+3C,— |[-45—+-L"=0
_Cl[zj 23 3% 4} 2 4
M 3 4 5
AE Q(%]+C2L7+3C3L€}—15L3+L5:O

o4 5 6 4 6
AE QLZ+202L€+CSL?}—45LZ+5% =0

Find (Cl, Cz, C3) —| 0
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3.62

[PET 25

F = 20 kip

Figure P3-62 Derrick truss (FS = 4.0)

PRINT ELEMENT
*x*%% POST 1 ELEMENT
STAT CURRENT

ELEM

o O~ W NP

7

MINIMUM
ELEM
VALUE
MAXIMUM
ELEM
VALUES

TABLE ITEMS PER ELEMENT

TABLE LISTING ***

CURRENT

SAXL
—3.3538E-12
50000
4.74E-12

— 70000

— 70000

86023

—98995

VALUES
7
—98995
VALUES
6
86023

122

MFORX

50000
4.74E-12
— 70000

— 70000
86023

— 98995

—98995

86023
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5
DISPLACEMENT 7
STEP=1 7
SUB=1
TIME=1 s
DMX = 21.407
[ 98,9951b(C)
3 5 4
2 3 5
3 X 1 )

Figure 4 Free and deformed states

Try W21 x 122 A36 steel based on critical buckling member 7. Assumed L = 2.1 L
(conservative).
3.63

40001b 16000 Ib

T}
15”

[}
18” 3’

Figure P3-63 Trussbridge (FS= 3.0)

Axial force 1bf

21627.6
16664.84
11702.08
4000 Ib 6739.32
1776.56
16000 Ib -3186.2
—8148.96
-13111.72
-18074.48
—280001b (C) _23037.04

—28000

10

13
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Load case: 1 of 1

Maximum value: 21627.6 |bf

Minimum value: —28000 |bf elements numbered
Try S8 x 18.4 A36 steel

or45” x4.5” x " square tube

(assume pin-pin ends of members)

3.64
<4 me]
60 kN l l 60 kN
50 kN — q N—p
4m
100 kN > L—
W 4m
100 kN - I
D \ 4m
¥
100 kN = C\F +
| 4m
ALD fct
<4 m>|<4 ms|
Figure P3-64 Tower (FS=2.5)
Axial stress ﬂz
m
2.591653e+007
1.981852e+007
1.372052e+007
7622509
1524502
—4573506
—1.067151e+007
—1676952e+007
—2.286753e+007
—2.896554e+007
_35MPa(C) -3.506354e+007
Y
X
Figure4 Stressanaysis model
Try S460 x 140 (mm X k—ﬁ?) A36 steel
Pmax cOmp = —466.35 kN in member CF
3.65

|<-A3’>!TB3’»|4 3’»!0

RN
Ly IS D

} e

3 40 kip

L%b .

=

Figure P3—65 Boxcar lift (FS=3.0)
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Try one of these cross sections — 1) a square solid bar, 3.25 in. X 3.251in., 2) a6 x 6 x
% in. structural square tube, 3) aW 8 x 35 wide flange section. Any of these made of A

36 steel. The critical force of — 120,000 Ib is in element EG. So Johnson buckling
formuladictates the section selected.

3.66

Figure P3-66 Howe scissors roof truss (FS = 2.0)

Tryan S6x 1250ra3in.x 3in. x % in. structural square tube made of A 36 steel. The

critical elements are AB and JL with force of —21,830 Ib. Buckling dictates the cross
section sizes recommended here.

3.67

1kip

G| H] |
2t | 14t | 14ft |

8ft  8ft
Figure P3—67 Stadium roof truss (FS = 3.0)

Try aW 6 x 25 of A 36 steel dictated by compressive force of —20,500 Ib in elements
AF, FJ, JL.
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Chapter 4

4.1
v
#1, my / * 2 m,, ¢
1 ¢
L
SiyV1 SaysVo
Using Equation (4.1.7) plot Ny, N, , Nz, ANy
dx dx
X Nl sz N3 %
dx dx
0 1 1 0 0
0.2L 0.896 0.32 0.104 -0.28
0.4L 0.648 -0.12 0352 -0.32
0.6L 0.352 -0.32 0648 -0.12
0.8L 0.104 -0.28 0.896 0.32
1.0L 0 0 1.00 1.00
where by Equation (4.1.7)

Ny = %(2x3 —3°L+ L3

N, = %(x"’L —2X%L% + x13) etc.

Plots
1
Ny
1 X - 2
1
dN,
ax L
2
1
N3
1 2
L
1
dN,
X
1 L 2
127

© 2012 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



www.icivilir glrec uuwaigo ¢ (lgauiiils gols LUy

42
my, ¢1 m, ¢,
i, N),
fly, vy v, fzy
Assumed nodal Note: moments opposite
sign conventions those in text.

Cr 0,
T Beam sign convention l
% %

v(0) = v; = a4
av(0)
= —¢, =a
dx o =8
3 2 _¢l _Vl
V(L) = v, maul™+al"+ ¢ ¢
al a,
dv(L)

ol 3yl % + 2a5l + ag

Vot 20p(L) = (=313 +a0) + e - et +a

L 1 -1
V2 +¢L_E(—¢1)L_V1 = (ELg)

2
2( ¢L oL )
a= |-, -2y
TEURT T
2 L L
v, = ?(—vz—%—%+vl)f/ +al’— g l+v,

a2L2 = o+ 2+ L+l -2v; +9L -V,

3 2
Sap= F(vz—v1)+(¢ll_—;r%))[

2 1 -3 1
v= |:F(V1_V2)_F(¢l+¢2)j| X+ [F(V1_V2)+E(2¢1+¢2)}(2

Note: Termswith ¢;s are opposite signs from v in Equation (4.1.4)

El d3«(0) El
fi, = V= = dx(3 ) =F(12v1—12v2—6L¢1—6L¢2)

128

© 2012 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



www.icivilir glrec uuwaigo ¢ (lgauiiils gols LUy

2,
m, = m= El ddv(20) - %(—GLvl +6Lv, +4L%, + 2%9,)
X
f,y =V=-El dZV(SL) = %(—Rvl +12v, + 6¢;L + 6¢,L)
X
2
mp=—m= g1 SV B o1y f1o1y, 46012+

Y]

60,12 + 6LV, — 6Lv, — 4,1 — 29L?)
Mmy= — (=6Lv, +6Lv, + 2L%¢, + 4L%9,)

fiy 12 -6L -12 -6L|(%
m | _ El|-6L 41> 6L 212|/%
2y *l-12 6L 12 6L ||v
m, -6L 212 6L 42114,

Note: All 6L terms have opposite signs from Equation (4.1.13), my and n, are now
negative of previous results.

43
l L Pt
1| 2 2
3
s 0 2 0@ b
Let L =|
2
Element 1-2 Element 2-3
12 6 -12 4 12 6 -12 4
El 2 _ 2 El 2 2
= 5 6 4 ol 27|, ool = 6 4 6 2l
° [-12 -6 12 -8l I° [-12 -6l 12 -8l
6 2% -6 42 6 2% -6 4?2
Fy =7 (12 6 -12 6 o0 0 ](w=0
M;=0 6l 4% -6 2° 0 o0 ||h="
Foy=-P|_El|-12 -6l 24 0 -12 6l ||V%=7
M,=0 *l e 22 0 82 -6 22||6:=?
Fay =7 0 0 -12 -6 12 -6l||Vs=0
My=2? Lo o0 6 2% -6 42](#3=0
0 o a2 —6l 22](¢,
—-P{ = = -6 24 0 |{v,
0 L2120 8%,
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Rearrange
o off
0 4% 2% -6l | (¢
O¢=|2% 8% 010,
—P -6l 0 |24 |lv,
B BB
Apply partition method
N = kﬁﬁ—kﬁa klm_l kaﬁ
2 271
= Bl e o][4| 2 } {‘6' }]:13.7148E—:!
I 212 8 0 I
1 °
dg=N'1F=>w=—-- (-P
’ 2= a7ase P
_ —7P|3:> y _-7PL®
96EI 2™ 768El
{de} = —[Kaa '] [ked { g}
2 92 (—gl||-7PI®
L (dy) = {‘/’1} _ _[4|2 2|2H SI}[ }
02 212 82]l 0 JL 96El
_ 1 { 0.2857 —0.0714} {—GI }[—YPIT
12[-0.0714 0.1429 1 0 JL 96EI
—PpI2 —-PL?
R {fh} _ ||| e
2 2
2 we| | e
Substituting back in the global matrix equation we have
_ [ o
Py 2 6 -12 6 0 0]]_pe
M, 6 4° -6 2° 0 o0 ||
Fayl _El|-12 -8l 24 0 -12 6l ||
Myl 1% 6 22 0o 82 -6 22| m2
Fay 0o o0 -12 -6 12 -4l %"
M, Lo o & 22 -6 42]| O
0
e - BIf-eP® 7P 6PI3}_E10PI3 5P
YTl eE C8sEl  32EI] 13 328 Y 16
Similarly
11P
M]_:O FSyZE
—3PL
we -
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P
Vv
SP
16 +
_ip
5PL 16
2
+
M M
—3pL
16
4.4
P
L
A B
'
L I
1 2
A B
12 6L -12 6L
El 4% 6L 217
Kl= —
L 12 6L
Symmetry 412
Boundary conditions
V2:¢2:0
_p Elf12 6L](V pL2
Lot~ Ble seller=lm
0 L>LleL 4124 2El
P
v, =
3El
Matrix forces
r -pL®
Fix 12 6L -12 6L ||z
Mi| _ E 42 —6L 22| P
Fay L3 12 -6L||
M, | Symmetry 412 0
r _ p3 2
= F1y=5;—12 PL ) peL| =Pt
2| T 3E 2El
= Flyz—P
Similarly M;=0
F2y=P
M, = —PL
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45
1kip
| 2 3U E=30x 109 psi
— a4
01t e 20ft I'=100in
(12 6L -12 6L 0 O |
4% 6L 21> 0 O
El 24 0 -12 6L
Kl= = 5 5
L 8> -6L 2L
12 -6L
| Symmetry 412 |
E=30x10° 1=100in% L =20ft=240in.
Fly=_10 Vl
M1:0 ¢1
Foy =7 \%
{F} = [KI{d} = Y =[K] 1 2
Fay="? Vs
M;="? s
-1000) 0 12 6L 6L (v
= ><2T(3) 6L 42 21° [{g,
0 (2407 gL 212 g2 ¢,

Solving for the displacements we have

¢, = 0.0144 rad, ¢, = 0.0048 rad, v; = — 2.688 in.

Substituting in the equation { F} =[K] {d} we have

M, (240)

Ms

Foy| _ 30x10°(100)

L Symmetry

Fiy = — 1000, M; = 0,

F2y = 2500 Ib, M, = 0, F3, = —1500 Ib, M3 = 10 ft-

Element 1-2
fay 12 6L
mi_E 4
f2y L3
m,

~12 6L
-6L 212
12 -6L

412

132

0

[12 6L -12 6L
4> -eL 212
24

8L2

—2.688
0.0144

0

0.0048

wherev, =v3=¢3=0

0
0
-12

12

0
0
6L
212
—6L
412

ki

p

—2.688in.
0.0144

0.0048

@
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m =0
foy = 1000 1b
m, = —20000 ft-Ib
Element 2-3
fay 12 6L -12 6L][ o f,, =15001b
m | _ El 4> 6L 212 ||0.0048 - m, = 20000ft-1b
fay| 1° 12 -6L|| o fay =—15001b
my 412 0 m, =10000ft-1b
1 20 ft 2 20t 3)
v 2500 Ib 10,0001b
slb
1500 Ib
.
1000
Shear diagram
M, Ib-ft
,+ | 10000

—20000

Moment diagram
46
1kip
Y/,
@ @
1 5 ) 3 E =30 x 10° psi
|: 0.5,, I = 100 m“
SNONE
200 | 200
|
Fay (12 6L -12 6L 0 0] (%
M, 6L 4> -6L 2.2 0 0 | |%

Foy| _El|-12 -6L 24 0 -12 6L | |V

=73 ) ) 5 (1)
M, L°leL 212 0 82 -6L 212 |92
Fay 0 0 -12 -6L 12 -6L| |V3
M, L0 0 6L 212 -6L 4121 (93

Boundary conditionsvi =0, ¢ =0, v,=-0.5in.
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Foy 24 0 -12 6L |[-05in
o |_E|o 8° -6L 21| ¢ @
—1000] LC|-12 6L 12 -6L|| Vs
0 6L 212 -6L 4L? 3
El _ (30x10%psi)(100in.*) _ Ib
— = — =217 —
L (240in.) in.
2 > [=0.5in.
0 0 82 —6L 2L o
-1000¢ = 217 |-12 -6L 12 -6L v2 )
0 6L 21> —6L 412 3
03
Solving (3)
v3=—3.938in.

¢ = —0.007925 rad
¢3= —0.01753 rad
Back substituting into (1)

Fiy= —11741b
M; = — 41,875 Ib-in.
Fay= 21741b
Element 1
fiy 12 6L -12 6L v, =0
m | _ ElleL 42 -6L 212 ¢, =0
fay| ~ ®|-12 6L 12 —6L| | 2=—05in.
m, 6L 212 -6L 42| l9,=-0.00793
~11741b
_ | -418751b-in.
- 11741b
—240,000 |b-in.
Element 2
£02 _
2y 12 6L -12 6L |[ —05in

m?| _ElleL 42 -6L 212|] -0.0079
2| LC|-12 6L 12 -6L||-3938in.
m 6L 21* -6L 4L*10-0.01753

2
f52)

1000 Ib = —f{7
m? = 240,000 Ib-in.

=0
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FBD
11701b 1000 1b
41%75Ib-in. 20 T 20
21701b
v, Ib
20
20 1000 Ib
-1,1701b
42000 Ibin.
N 20 20
240,000 Ibin.
4.7
5kip 5kip
Y,
! 2 E = 30 X 10° psi
7 o 7 A I =200 in*
[ [
7 o1t 5ft
Figure P4-7
1 2 |3
M
k-in. ‘
_300 ..............
-900
Fy [24 120 -24 12 0 o0 [0
M, 2L 82 -12L 42 0 0[]0
-5000| _ El |—24 —12L 36 -6L -12 6L ||V
- _3 2 2 2 (A)
0 L® |12L 4L -6L 1212 —-6L 212 ||%
—-5000 0 0 -12 6L 12 —6L||Vs
0 L O 0 6L 212 -6L 4L2]l9s
Solving the last four equations of (A)
Vo= —0.105in.
¢ = —0.003 rad (B)
va=—0.345in.
#s = —0.0045 rad
(B)in(A)
6
= w [~ 24 (~ 0.105) + 720 (— 0.003)]
60°(1000)
= 10 kip
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6
= w [— 720 (~ 0.105) + 14400 (~ 0.003)]
60°%(1000 x 12)
= 75 kip-ft
438
10 kN
/ il
1 3
« J20kN-m E0Gh,
= m
3m \—[L/ 3m 7
(12 6L -12 6L |
El 42 6L 212
[kio] = —
L 12 -6L
| Symmetry 412 |
(12 6L -12 6L |
El 42 6L 212
[kes] = —
L 12 -6L
| Symmetry 412 |
Boundary conditions
Vi = ¢l =Vv3= @ =0
El[24 0
[K] = —3{ 2}
Lo 8L
F,,=—1000N |  (210x10°%)(4x107%) [24 0 } {vz}
M, = 20000 N-m ©3? 0 8219
—0.0032142= 24V, =V, =— 1.34x 10" m
0.0064285 = 72 ¢, = ¢, =8.93 x 10 rad
Fy [12 6L -12 6L 0 o0 ||O
M, 6L 42 6L 212 0 o0 ||O
Foy| _ (210x10°)(4x10%)|-12 -6L 24 0 -12 6L ||-1.34x10™
M, 3 6L 212 0 82 —-6L 2L%|[893x10°
Fay 0 0 -12 -6L 12 -6L||g
M, Lo 0 6L 212 -6L 4l%]|p

= Fiy= 3.1x10°(—12 (1.34x 107 + 6(3) (8.93 x 10™%)) = F3, = 10000 N
M;= 3.1x10°(—6(3) (1.34x 107 + 2(3)? (8.93 x 10°)) = M; = 12500 N-m

Similarly
F = —10000 N
Mz = 20000 N-m
Fsy= 1.87N
Mz = —2500 N-m
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Element 1-2
fay 12 6L -12 6L 0
m | _ (210x10°)(4x107%)| 6L 412 —6L 212 0
fay 3?® 12 -6L 12 6L ||-1.34x107"
m, 6L 212 -6L 4L?]|893x107°
= f,,= 10000 N
m, = 12500 N-m
fpy = —10000 N
m, = 17500 N-m
Element 2-3
fay 12 6L -12 6L ||-134x107"
m, | _ (210x10°)(4x107)| 6L 412 —6L 217 || 893x10°
fay 3° 12 6L 12 -6L 0
my 6L 212 -6L 4L° 0
= f,, = —187N
m, = 2500N-m
fs, = 187N
m, = —2500 N-m
M; = 125 kN-m M3 =25kN-m
m 10 kN (—\'
1 A N
1 3m  ookNem 3™ F
Fay=0
10000 kN
Vi| 10kN
kN + 0
Shear diagram
175
Ml
kN-m +
Y — 25
~125 25
Moment diagram
49
8 kN
—2 m—!
3
1] . |s E=70GPa
Q 2& &4 I=1x10*m
| 3m L 4 m I im
| i | |
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Using symmetry
4kN
1 2 3
Q
7 ;;;%/
| 3m \ 2m |
f |
[12 6 =12 &
27 9 27 9
4 -6 2
[ki] = ElI 80 3
2 =6
27 9
Symmetry 4
L 3
(12 6 12 &
8 4 8 4
4 -6 3
[ko-3] = EI 2 2
2 -6
8 4
4
2

Applying the boundary _conditi ons
V1= Vo = ¢3 =0 we have

M]_:O
M, =0
Fyy =—4000N

3% ol
_ -3
=El|$ ¥ FT[i¢

-3 V.

07 5]\
4 2 1
S b= =— =
3¢1 3¢2 i} 2¢z
2 (1 10 3 1
Z == + = — Vi3> ==V
Z(-Ze)+ 2 @-2umnstw

— 4000 N = (70x 10°%) (1 x 107 [—

V3= —7.619x10%m

3[1
2.2

—V3J+—V3

3
2

)

= = ‘71 (-7.619 X 10 m= ¢, =—3.809 x 107 rad

-t
= 0= 6

= ¢ =1904%x10"rad

Y1 = (70x 10% (1 x 107

138

|
» wihv ols

wlN nol

o O

|
o @i wiy

win wl

o O

| |
INY ‘°|A

ol B ool

|
w

Nl Nl

wlh ol wih win

I
N
w

=

|
L O o

' e ™l
le Njw I\)wl\)

Nw O O

e

N
L

0

1.904x10™
0

—~3.809%x107*

—~7.619x10™*
0
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Fiy = (7 x 10°% E (1.904 x 107 + %(—3.809x10’4)}

= Fy,= —889N

Similarly
Fa = 4889 N, M3=5333N-m
Element 1-2
[4a 2 -4 27
f1y 9 3 9 3 0
2 4 -2 2 ”
?1 = (70 x 109) (Lx 10—4) _34 _32 j _32 1.904 x 10
> 9 3 9 3 0
i 2 2 -2 g4 |(-3809x107*
L3 3 3 3.
= f,, = —889N
m =0
f2y = 889N
m, = —2667 N-m
Element 2-3
(3 3 -3 3]
f2y 2 2 2 2 0
3 -3 .
Mt = (70 % ]_09) (1 x 10—4) 2 2 72 1(/|-3809x10
f -3 -8 3 -3||_ 4
> 222 2761910
s 3 -3
3 1 7 2] 0

= f,, = 4000N = f;

m, = 2667 N-m, m; =5333N-m
Elements 34 and 4-5 have same forces due to symmetry. Moments though will have

opposite signs.
410
2 kips
i E =29 x 10° psi
5 I = 200 in*
A 20 ft

k = 1000 12

n.
S 3

Vi ¢ Vv 9,

12 6L  -12 6L |y
4% -eL 212 |¢
12+5° gl |v

Symmetry 412 |92

El
[K]:F

Boundary conditions
vi=¢ =0
Applying the boundary conditions on equation { F} = [K] {d}
{Fz - 2000|b} _ (29x10%)(200)[ 12+ K2 —6L {vz}
M,=0 (20x12)3 6L 41219
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0 = — 6(240)v, + 4(240)> ¢
= 0= —6V, + 4(240) ¢ = V> = 160,
—2000 = 419.56 [(12 + (2.38) 160¢, — 6(240) ]
= ¢ =—0.005538 rad
= V= 160(- 0.005538) = v, =—0.886 in.

Beam element
Fiy 12 6L -12 6L 0
M| _ (29x10°)(200)| 6L 4% -6L 212 0
Fay (20x12)° |-12 -6L 12 -6L|| -0.886
M, 6L 212 -6L 4L2]11-0.005538
Fy, = 11151bs T, My =267 kip-in. O

F,, = —1115lbs{, M, =0

The extraforce at node 2 isresisted by the spring.

12 kN
4m 2 4 m

411

43

Applying symmetry

12 6L -12 6L

_El 42 6L 212
[K] = L_ 12+KLE  —6L
3 El

Symmetry 412
Applying the boundary conditionsv; = 0, ¢, = 0 we have

{M1=0 }_ (70x10°)(2x 104 {45 —6L } {qa}

- - 3 12+ KL®
F2y =—6000 N 4 6L = V,

6 6
= 0=4L%%-6Lvu= = — Vo= = — V
M L= ¢ L 2= ¢ 16 2

— 6000 = 218750 |:—24(1—Z)V2 +12.457 Vz}

= \V,=-7.9338x10"m

140

© 2012 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



www.icivilir glrec uuwaigo ¢ (lgauiiils gols LUy

b1 = 1_66 (—7.9338 % 107) = ¢ = —2.9752 x 10°° rad

Fy 12 6L -12 6L 2
M| _ (70x10°)(2x107)| 6L 412 -—6L 212 |]-29752x10°°
Fay 4 ~12 -6L 12457 —6L ||-7.9336x10°°
M, 6L 21> 6L 4l? 0

Fiy= 5208 kN T, M, =20.83 kN-m )
Fay= OkN {

Fepring = (200 %N) (7.9338 x 107° m)

Fepring = 1.587 kN
From symmetry F3, = 5208 kN T

412
w
A I B
a . e,
L L
R MER SE
3
From symmetry
Let_L:|
1 2 3 6
/ @—L=2l
3
_VLZ w2 —wi2 w2
3 3 12 12
N 2
gy e
2 2
1 2 3 Final nodal forces
w2 wi2 wi2 and moments
3 (T 12
¥ 2
—wi 3w Wi
2 2
1 2 3
vi o Vo 9
3 31 =8 3
2 2 2 2" |y
EI 3 -3
[kio] = IS sboo2 =1 2 g
-3 =3 3 =3 |v
> 20 2 F ¢2
3 =3 2
;12 g2
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24 121 4 121y
[koa] = |121 g2 -121 42 |§,
24 121 94 12| |vg
121 g2 121 g2 |¢,

—w
2 [ a4l 4 4 - 4 1 A ] v.—=0
—wi 1.0 1. Pl 1.0 U I
3 1l A2 1.l 12 n =0
L] 1 L0 T U TL
—3wl
2 | _ El|-15 -15 255 108 -24 12 ||V2=7
w2 Plds #1058 102 —121 42 ||9.=?
—wi O Q0 -24 -120 24 ]2 ||%="?
2 a 191 a12 191 | 2 =0
\le L \Y LZ1T = LZT Qi _ T3
17

Adding third row equation to fifth row equation we have

3 —
'_(ﬂ _ ﬂ) = 25.5v, + 10.5] ¢y — 24vs — 24v, — 12| ¢ + 24vs
I\ 2 2
_ 4
2M° 1 Bv,—151g,
_ 4
= V= 4\IIEVII +1¢, *)

Multiplying fourth row equation by —2 and third row equation by | and adding we have

25.51v; + 10.51° g — 24lvs — 211v, — 201° g, + 24lvs

EI\ 2 2
—2W|5 2
= 45lv,—9.51%, (B)
El
Substituting (A) into (B)
—2wl® |:—4W|4 } )
=45 |——+1¢, |- 95
El 3 T2 %
—2wl® _ —18wi°® ) 2
= +4.51°¢, — 9.5
El 3El % %2
awl® » —4wi®
= -5p= =
El %= 10=—og
_—awl? (—4vvl 3) —32m4
Vo = +1 = (V=
3El 5EI 15EI

Substituting in third row equation.

. 4 _ 4 _ 3
W™ _ 55 (2 ﬂj +105] (—4 W'—] — 24vs
2E 15 El 5 El
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3wl 816wl 42wt -1839wi*
+ + = 24z = |Vg=————
2El 15EI 5EI 720El

(Remember that | = &)

Now from symmetry
V4 =Vp| and |¢4 =_¢2|

Fl(e) r - 0
15 158 -15 15 0 0

(e) 0
M1 15 22 -18 17 0 0 || .
Py | _ El |-15 -18 255 108 -24 12 || BF
M| 1* |18 17 108 102 120 42 || <
£ 0 0 24 121 24 12| ||-Lszom’
3y 5 5 720 El

" Lo o 12 a4 -2 82l
M 0

2L
O
|

=2w, M{® =24w? F =-15w

M = 025w2 FO =-05w, MY = 1.85 w2

The equation
{F} = [K] {d} —{Fq} isnow used to find the global nodal concentrated forces.

Fy =3 = 3w(5)

—wl 6
I:ly 2wl —wi? wL
M, 24w | | 2 = Fy=7
F2y _ -1.5wl 2wl L
M| 025w | |u: - M1=2.73w|2=e.>w(€)2
F3y —05W| % WL2

2 -

M, 1.85w w? = Mi=75

12

F2 =0, M2=0, F3y=0

y
_215wl? 215 (L wL?
_ el M3=—

6 24

T 12 T2
In our case M3 isthe maximum at midspan. From symmetry from elements 3—4 and 4-5

ol 2
= M3 = wl
24
So M3:O, F4y:0, M4:0
wL —wl?
F = — M =
Y2 > 12

Going back to the deflections we have

a4
—1839wl* _ -1839 w(%) —wL
V3 = = = |V3=
720El 720 E 507 El
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1
1 H 2 3 4 E 5
DN E—
wh
2 @ v
\%
©_|
wL? _WTL
wL? 2 wL?
M 36 [©) 36 M
S o
wL? wi?
2 i
413
w
oL, 2L _ 3
| 2 | 2
| |
wh wh
2 2
A S U
/ \ / \
/4 Y ¥ Y
wL2 wL2 WL2 WL2
12 12 12 12
Applying the boundary conditions
V1= h=Va= ¢3:O
—wl Ell24 o0 ||V El
b= B2 ) = o= 0= [0
0 Lo 8?0, | =
El —wi*
-W= — (24v,) = |V, =
5 (@) 2 24E|
wi wi?
=5 MY =" ) =, m? =0,
wi 2
(e — _ —wil . . . .
fay —?,m3— ) . These are obtained from the following matrix equation.
£(8
ly r T
2 6 -12 6 0 o0]l0
mfe) 2 2
4% -6 22 o 0| O
4
5 _ 8 24 0 -12 6 ||z
mo | 1° 82 -6 22| o
fs(;) 12 -6|| o
(© - 4*1l o
ms
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{F} = [K] {d} —{Fo}

Fay= —W —(-W)=0,M;=0-0=0

_wl (—WI) wh ., wi?2 —wi?2 wi?
F3y— -\ 1= 3= — — — =
2 2 2 4 12 12
wt wi)? —wi?
24El  24El 384El
wL
2
.
\% \%
_ ‘_lL
2
wl?
24
M + M
o —wL? M
g Ev
4.14
w

i 2 L O
2 2
wi? w2 wi wi?
48 43 48 48
) PATED (1wt
ARG E
1 2 3
48\ 2 f48
L wL
4 l 4
T L 2 L 3
2 2

After applying the boundary conditions
Vi = V3 = ¢ =0 we have
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—w®
¢1=
2 24El
—wL 2 =
28 g 12 -3L 0]fe, e
wol=503 24 3y = =
L 2 384El
-wl? 0 3L Ldlg, e
a8 3
wL
¢3:
24E]
© =
Now {F®}= [K] {d}
© - N
Py 2 3L -12 3L 0 O0 0
() 12 S
M, 3L L2 3L 2z 0 O ||l==
Ryl _ B |12 3L 24 0 12 3L [|oow
@ (L3 Lz ) 2
M2 (E) 3L 2 0 21° 3L =2 0
Fiy 0 0 -12 -3 12 3| o
12 3
IS Lo 0 3L 3 3L 2|y
2
E© = W_L,M(e) —wL !Fz(e) WL,M(e) -0,
y 4 8 y >
F L M W_L2
{F} = {F9}~{Fo}
E wi W
1 4 4 wlL
My w2 E F1y=7'|\/|1=
F1 =t (1w =
3y T T F3y=W_L,M3=0
M3 W | e 2
48 3
w
wl
2
\% \Y
wL
w2 >
8
M M
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4.15

Tota [K] for the whole beam

(120 62 -12L 62 0O 0
6> 43 -62 28 o0 0
(K] = 51 ~12L -6L* 24L 0 -12L 6L

62 218 o0 82 -6l 2
0 0 -12L -6L%> 12L -6L°
L 0 0 62 218 -e62 4%

{F} = [K] {d}
After applying boundary conditions

vi=0,¢=0v,=0

M _-w?

2= o 8L -6 203 |(¢,
Fay="3( = |6 2L -6y
My = 2 28 6% 4% lg,

Solving the 3 equations we get

—wi® —w —7w®
= or = = or
92= g5 PAIRE 4EI L 2481 )

El 3WLPEl —3wL
£ = = (6L%p) = =~ ol
Yo (6L%¢2) 4EIL4 4
El 2w® Bl w2
W= = (2% = — = or 2
m L4 (eLg) 8El L4 4
El 3wl
O — 2.0 _
fay = I (-6L°¢2) = 2
Reactions
—3wL _
)] (o] [B
—wl? w2
M, 4 | S\)n_ - VZL
E2NE S B by
using
{f} = [k {d} —{ O}
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" 0 -
fay 121 62 121 62| .. .
) 2 3 2 3 e
my= | _ Ellel®  4® -eL® 21° |] & 1z
2|~ 74 2 2 || zwt [ -
f3y() L' | —12L -6L° 12L -6L aEl TWL
nb(s) 6.2 218 -6L2 413]|_w® wi?
24E] 12
—wi2
(2 —
N Wt
M2 2
wL
®
v v
©
—3wL
4
w2
4| 4
" M
—wL?
2
4.16
¥
w
B A
A X
1 L 2

L
Wiistributed = jo w(x)v(x)dx and

Waiscrete = My + My, + vy + f5, v,
and  Waisributed = Whiscrete

L
jo W(X) v(x) dx = my, + myp, + fyy vy + f5, v,

Now evaluting the left side of the equation by substituting where w(x) = % (since the

load is linear and increasing to the right), and in V(X) we substitute with a's already
evaluated, we get

IOL w(x)v(x)dx = jOL # [ap + @ + agx + ay

:jL_WX

s [ - o -

3 1
[F (V= Vo) + I(Zd)l + ¢2)} X2+ gpx + vl} dx
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- JOL %V[%(Vl — Vo) + %(Q)l + ¢2)}X4 -

3 1
[F(vl —\,) + E(Zq)l + ¢2)} X3 + dyx? + v, x|dx

-w| 2 1 3 1
2w oo [+ Y S+ 20|

4L 3L oL

x _ﬂ(px_ W, x
41 L 1 3lp L 1 2o
—wLAT 2 1
- 2w 300 |+
wil 3 1 wl?  wi
4 F(Vl_vz)+t(2¢1+¢2) _yh_?\/l
2wl w2 3wL
= (Vl_V2)+?(¢1+¢2)+T(V1_V2)
w2 w2 wL
+T(2¢1+¢2)—T¢1—7V1

myg; + My, + flyv1 + fzyv2
Now if we take the last equation and set ¢, =¢, =v; =0and v; =1, we have

—2wL  3wL wL

s o
5 4 2 Y
—8wL +15wL —10wL —3wL
= fy = |fy=——
20 20
If ¢ = V,=vy=0 and ¢ =1
-wioow® wl _—wl?
5 4 3 ' M=
If $,=¢=v; =0and v, =1
awl 3wk _ . [ 7wl
5 4 2y 2y 20
If ¢y=vi=v, =0and ¢, =1
oWl ow? |
5 4 M M 20
wI? wI?
30 20
3wl 7wl
¢ - 2ol > < lﬁ
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4.17
w
| El const.
[ ' [
3wl 7le 7wl 3wl
20 20 ¥ 20 20
by ody o
7 XA N
wi? wi? wI? W
30 20 20 30
Work equivalent load system
12 6 12 6 0 0][%u=0 Fiy
42 6l 22 0 0 ||¢=0 M,
B 12412 -61+6l 12 6 || v, | _|F=—14| (3
3 A2+4°% _g 2| | ¢ M,=0 | (4
12 -6l | [Va=0 Fay
i 42 ] ($3=0 Mg
Boundary Conditionsv; = ¢y = V3= ¢3=0
Use Equations (3) and (4)
— 14wl
5502 20
0 *Lo 82ll9
— 4 — 4
Vo = i = Lw (L:2|)
240E1  3B840El
$2=0
Reactions
{F} =[K] {d} —{Fo}
-
Py 12 6 -12 66 0 0] O >,
M, 42 6 22 o o0 O 30
4
Fay _E 24 0 -12 6l ||70n B
M, 13 82 -6 2%|| g 0
Fay 12 -6l || ¢ — 3ud
M, _Symmetry 42 | 0 Wi
El (—7w|4) (—3w|)
F,= — (=12 —\—=
v |3( ) Zaomi 20
Fly_ l\[\ﬂ+(ﬂ|):£ :ﬂ:ﬂ (L:I)
20 20 20 2 4 2
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_ 4 _ 2
M, = 8 6l) (ﬂ)_(ij = (lJri) wi2
E 240E| 30 40 30
5 2 W
24 96

o= oo (g - (5o

Mz = IE—3'(0)—0=0

Fy = % C12) (—7WI4)_(ﬂ): %:wL

240E| 20 4
4 2 _ _
e 0 (20 (5) - e 2w
e 240E| 30 24 96

Note: Could use symmetry

3wl Twl
20 20
A ar
AR <o
wi?
30
With Vi= gh=¢=0
Get
1261 _ 7wl
3 %7 20
_ 4
Vo = w as before
240El
4.18
4 8
2 L e
—wI? —3wL wl? | -7wL
30 l 20 20 lTO
Vs
% -2
{Fo} = [K] {d}
F =
oy 2 12 6L -12 6L |[w=0
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wL? El 2 wi®
— = — 4L = =
0 - %2 = 50E
Fo =3
F(e)
1y 12 6L -12 6L || O @ W
M7 _leL a2 L 202|] O | _ "t T a0
FO| |2 6 12 6L © (o3
v©| LeL 22 6L a2l|aer Y
5 2
MO - W
@ =
20
3wk — 3wl
Fyy w0 2 _owL _Twl?
M, % _?‘%Lz Y 40 ~_120
= =
F2y '7?;3& _72\3/L F =_11WL
M, wl? wt’ Y40 M,=0
20 20
4.19
kN
8 m
y E = 70 GPa
2‘ 24 1 [=3x10"m'
4 3
7 &
ll— 4m - L+ 4m
(12 6L -12 6L 0 0 |
6L 4> -6L 212 0 O
(K] Ell-12 6L 24 0 -12 6L
BleL 212 o 82 6L 22
0 0 -12 -6L 12 -6L
Lo 0 6L 212 -6L 412

After imposing the boundary conditions and using work equivalence
vi= ¢ =V =0, wehavein{F} =[K] {d}

—wL? 2 2

ud _ 8> -6L 2U”|(g,] (@

= L= = —-6L 12 6L |{v, (2

w? 212 6L 42 |les) (3
From (1) and (3)

2

% - % [ 8L2¢, + 6Lvs — 2203

WL2

EvI % [2L°g, — 6Lv5 + 4L%¢]

w _ El 2 2

& = el “)
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From (2) and (3)
-w?> _ El ) 5
2 = F [—3L ¢+ 6Lv;—3L ¢3]
wl? _ El ) )
E = F [2L ¢, —6Lvs +4L ¢3]
-wl?> _ El 2 2
5 —F[—L¢Z+L¢3] )

Adding (4) and (5) we have

2
% = % [- 6L2¢, + 2120
2wi? _ El ) )
5 [2L%3, — 2123y
W B 2y o e =T 3 oaex 10 rad
6 13 2" gEl '

a2 a3
Substituting in (5) = —- = & [—LZ(LL) L2¢3}

6 L 8El
_ 3
= gy =2 _ _0.00711rad
24E|
Finally substituting in (1)
_ 4
= |v= 4"; =-0.0244m

Reactions can be found from the global equation

{F} = [K] {d} —{Fo}

J— 3 —
Fiy = %[GL@]—O: %GL( L ] - T3WL =24 kN

= El 2(—WL3) —wL?
Mi= — [2L2¢] —0= —-2L =—32kN-m
1= 5 2 13 8EI 4

El wL 7wL
Foy= — [-12v3+6L¢s] —|—— |=—— =56 kN

andM,=0
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Element 1-2
fiy 12 6L -12 6L ]| O 0
m| _ Elf6L 4® -6L 22| 0| Jo
fay |12 6L 12 -6L|| O 0
3
my 6L 212 —6L 42|55 lo
-3 —wi?
fy = TWL:—24kN,ml: ) =—32kN-m
3
foy = v WL =24 kN, m, =—64kN-m
Element 2-3
0 —wh
fay 12 6L -12 6L||_ . 2
= —wl
m,| _ El|6L 412 —6L 212 || -
- = -
fay|  Ll12 6L 12 -6L||75 | |2
my 6L 212 —6L 4L ]|-7w® w2
24El 12
= fp, = 32kN
m, = 64 kN-m
f3y =mg=0
4.20
10 KN 10 XN
E = 210 GPa
2 [=4x10*m*
1 3
N N
l 6m 6 m l

Global stiffness matrix

[12 6L -12 6L 0 0 |y
42 -6L 21> 0 0 |g
24+ K2
K= o g 0 -12 6L |%
L 8Lz —eL 212 |%
12 -6L|'%
| Symmetry a2 |93
TwL 3wL 3wL TwL
20 20 20 20
DS AN
7 < y <
wi? wi?  wI? wL?
20 30 3 20
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Boundary conditions

vi=v3=¢,=0and ¢ =— ¢

{F} = [K]{d}

—wL? 2 —

k) El " 24+6 IK_L3 ° % 0
% — F -6L —f— 6L v, 2
w? 0 6L 41%]|¢, 3

since ¢, = — ¢ we can ignore Equation (3)

= Multiplying (1) by 3 and (2) by L and adding we have

-3w? _ E 2
= — [12L%¢ —18Lv:
20 E [12L°¢y 2]
—-6wl? _ El ) KL
= — | 121, +| 24+ — |v.
20 E { % [ El )2

2
—o Mt (@+ KL) V2
20 L2

= —162000 = 140,060,000 v, = |v2 =-0.011522m

Substituting in (1) we have

—18000 = 5.6 x 107 ¢, + 16.1309 x 10*

= |¢ =—0.0032019 rad|

since ¢ = — ¢s = |¢; =0.0032019 rad|

The reactions can be found by the global matrix {F} = [K] {d} — {F¢}

- - —TuL
Fiy 2 6L -12 6L 0 O 0 2
M, 6L 4> -6L 2> 0 0 ||-0.0032019 %
Pyl _ Bll_1p g 25° o _12 oL ||-00011522| |
Mol lel 22 0 82 -6l 212 0 0
Fay 0 0 -12 -6L 12 -6L 0 o
Mj Lo o0 6L 2» -6L 412100032019 w

= Fiy= 29.94kN,M; =0
Fay = 0.11522 kN, M, =0

Fay= 29.94 kN, M3 =0
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Element 1-2
—TwL
fiy 12 6L -12 6L 0 ®
m| _ El| a? —6L 21%|]-0.00332019| |70
fay 3 oy 12 6L|| 0011522 =S
m, ymmetry 42 0 wi?
30
= f,,=29.44kN, m =0, f,, =0.058kN, m, =59.65kN-m
Element 2-3
3wl
fay 12 6L -12 6L |[—0.011522 2
_wl 2
m| _EI| a2 -eL 212 o | |
fay 2 12 -6L 0 —aL
m, 412 ||~ 00032019 | 2
20
= fp,=0,my=—59.65kN-m, f5, =29.94kN,m;=0
Force in spring
Fs= 10;“ % (0.011522)m = —0.1152 kN
421
2000%
E =29 x 10° psi
I = 200in*
¥ ¥ ¥
1 3
2
N\
15 ft 15 ft *I

Global stiffness matrix of the beam

2 6L -12 6L 0 O
6L 42 —6L 212 0 O
-12 -6L 24 0 -12 6L
6L 212 0 8% -6L 22
0 0 -12 -6L 12 -6L
LO 0 6L 212 —6L 412

El
[K] = =

After imposing the boundary conditionsvy = ¢4 =v3=0in{F} =[K] {d}

—wiL 24 0 6L (v D

ol=Elo a2 22 (2)

e - L3 ) N ¢2

w? 6L 21> 4l%l|¢, 3
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Multiplying (1) by L and (3) by — 4 and adding them
—wL?= % [24Lv, + O¢, + 6L2¢)]

-wi?> _ El ) )
= — [-24Lv,—8L%p — 16L
3 L3 [ 2 ¢2 ¢3]
—4wl?® _ El ) )
—— = — [-8L%,—10L 4
3 E [-8L¢, ¢l )
Adding (2) and (4) we get
—awl?> _ El » w3
= — [-8L%] = |py=—
3 3 &l = |3 6El
Substituting in (2)
B[, 2L2WL3} —wi®
0= — |8, +—| = =
5 [ g %= g
Substituting in (1)
B 3
—wi= B 24V2+M:| — —wi-wi=24 By,
2L 6EI 13
—w?
= (V=
12EI
2000)(15 % 12)*
= ¢y = % =0.02793 rad )
6(29x10°)200
—(30)(15%12)®
gy= _La2 JISXID . ) = 00069827 rad 2
24(29 x10°)200
—1 (2015 x12)*
V2= —1% =-25138in. |
12 29x10° x 200
Substituting back in the global equation
{F} = [K] {d} —{Fq} we can find the reactions
Fy (12 6L -12 6L 0 0] 0
M, 6L 42 -6L 21> 0 O 0

Foyl _El|-12 —6L 24 0 -12 6L || -25138
M, BleL 212 0 82 -6L 212 ||-0.0069827

Fay 0 0 -12 -6L 12 -6L 0
M, Lo o0 6L 21 -6L 4121l 0.027931
=u — _150001b
=w — _ 4500001b-in.
—wL =—300001b
0
—wL — _150001b
=wZ — 450000 Ib-in.
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Fiy = 37500 Ibs, M1 = 225000 Ib-in.

Fzy: 0, M2:0
Fiy = 22500 b, M3=0
Element 1-2
fiy 12 6L -12 6L 0 _15000) Ty =375001b
m| _E |[6L 4” -6L 27 0 _ /-450000( _, m =2250001b-in.
foy| ® |-12 —6L 12 -6L|| -25138 ~15000 |  fay=—375001b
m, 6L 21> -6L 412]1-00069827) [450000) M, =1125001b-in.
Element 2-3
fay 12 6L -12 6L]( -25138 ~15000]  fay=7500Ib
my| _ El | 6L 41> —6L 2L |]-0.0069827| |-450000| M, =-1125001b-in.
fa| ~ 2 - = t,, = 225001b
3y L |12 6L 12 -6L 0 ~15000 3y =
m, 6L 21> -6L 4121l 0027931 450000) m;=0
4.22
Ib
4000F
E =29 x 10° psi
I = 150in*
1 3
K
10 ft 1 10 ft ——»
(12 6L -12 6L 0 0 |
42 6 21 0 O
El 24 0 -12 6L
K= 73 ) )
L 8L° —6L 2L
12 -6L
| Symmetry 412 |
3000 1Ib 20000 Ib 17000 Ib

& 6666.67 Ibft /k 13333.33 Ibft 26666.7 bt
N

After applying the boundary conditions
Vi= ¢ =V =0in{Fo} = [K] {d}

—13333.33ft-Ib 8l -6L 212 1(%2| @
—170001b = 3020833 |-6L 12 —6L[\Va[ (2
26666.67 ft - Ib 212 —6L 412 193) (3
Rewriting equations (1) (2) and (3) we get
—0.441379 = 8L2¢, — 6Lv5 + 2L2¢; (1)
—0.562759 = — 6L ¢, + 12v3 — 6L ¢33 2
0.882759 = 2L2%¢, — 6Lvs + 4L2¢; (3)

Adding (1) to—4 x (3) we get
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—0.441379 = 8L%¢, — 6Lvs + 2L %5
—3.53103 = —8L2¢, + 24Lvs— 16L%¢;

—3.9724 = 18Lvs — 14L%¢; (4)
Adding L x (2) to 3 x (3) we get (where L = 10 ft)
—5.62759 = —6L%¢, + 12Lvs— 6L %5
2.64827 = 6L%p, —18Lvs + 12L.%¢;

— 297931 = —6Lv; + 6L%¢; (5)
Adding Equation (4) to 3 x (5) we have

—12.91034= 4L%¢; = |¢3=—3.22758x107 rad

Substituting in (4)
= —3.9724 = 180v; — 1400 (- 3.22758 x 1079

= |V3=—2.73103x% 107 ft = —3.27724in.

Substituting in (1)
= —0.441379 = 8L.°¢, — 6L (- 2.73103 x 107") + 2L* (— 3.22758)

=  |¢,=—1.20655% 107 rad|

6 4
R = 6%% - 8(29x10 )_(1520'”' ) (£1.29655 x 10°2) = — 23500 Ib

L (120)in.

6 (4

me = 28 o ABXANAN0INT) _ 1 29655 x 10 = 78333 Ib- ft

L 120x 12"

© _ —12El  6El
Fo =T e
— 6 6
_1229x00°)150) 5 oo 629X109) o
120 x 120 x 120 2

X (= 3.22758 x 10™) = 40500 Ib

2 2

me = L, O 2, - 13333331t1p
E 0 L

“6LEl _12LEl _ 6LEl

o= O, I O, - 170001
E E k
2 2

me = LB, O AR, — 26666671t Ib
L L E

Global forces

F1y = —23500 + 3000 = — 20500 Ib

M, = —78333.33 + 6666.67 = — 71,666.67 ft-1b
F2, = 40,500 + 20,000 = 60500 Ib

M, = —13333.33 + 13333.33=0
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Fay= —17000 + 17000 =0
M3 = 26666.67 — 26666.67 = 0

Element 1-2 Element 2-3
f1y = — 20500 Ib fay =—30,000 Ib
m; =—71666.67 ft-1b m, = 2000 kip-in.
f2y = 30,500 Ib f3y =0
m, = — 2000 kip-in. m;=0
4.23
500 %
’ . E = 1.6 x 10° psi
2 ;1= 100in*
A L Y 1 1 7
1 Z ; 2 3
4 20 ft L

20 fi

s §k=4000%
’ A 4 .
K=5 _

After applying the boundary conditions on { F} = [K] {d} we have

V1:¢1:V3:¢3:¢2:0
So

3
—-wL = E[24+&} v
L3 El

6 3
500 x20= L8X10°X100/ , , 400020 12)
(20x12) 1.6 x10°(100)

= —10000= 277.78 v, = Vv,=-2.338in.

Reactions
Fiy 12 6L -12 6L 0 0] o ~50001b
M, 6L 42 6L 212 0 O 0 —200000in:1b
F 1 ~ B
2yl _ 574 |12 6L 24+K° 0 -12 6L ||-2338(_ 10000
M, 6L 212 0 8% -6L 212 0 0
Fay 0 0 -12 -6L 12 -6L|| O ~50001b
M3 LO O 6L 212 —eL a2l 0 200000in-1b

= Fy=53251b
My = 19,914 Ib-ft
Fa=0lb
M2=0
Fa = 53251b
M3 = —19,914 Ib-ft
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Element 1-2
fiy 12 6L -12 6L 0 ~5000
2 2
M| _ 74| 6L 4% —6L 2L 0 |_J-200000
fay 12 -6L 12 -6L||-2.338 —5000
m, 6L 21> -6L 4L? 0 200000

= fy, = 53251b, m =19914Ib-ft

fy = 46751b, m, =—13419 Ib-ft
Element 2-3

foy = 46751b

m, = 13419 Ib-ft
from symmetry

f3, = 53251b

m; = —19914 Ib-ft
Note: Spring forceis

Fs= (4000 %) (2.3381in.) =9352 Ib
n.

Equilibrium at node 2
1 4675 Ib from element 1 *F,=0
1 4675 Ib from element 2

TFs= 93521b
4.24
5000
AR
7777 2/77}277
| 5m 4m |
[ 1
E =210 GPa
| =210 x 104 m*
12500 N 22500 N 10000 N
7 I \
10416.667 N-m 3750 N-m 6666.67 N-m
vi=0=w=v3
4 o
[Kio] = El 2 i‘bl
£ )%
0, ¢
koo = EI |5 5
2 4
L4 7]
{Fo} = [K] {d}
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-10416.667 08 04 g [ &
3750 = (210x10%) (2x 10 |04 1.8 05|i¢,
6666.67 0 05 1 LPs
—10416.667 = (210 x 10%) (2 x 107" [0.8¢1 + 0.4¢,) (1)
3750 = (210 % 10°) (2 x 107" [0.4¢1 + 1.8¢ + 0.5¢3] )
6666.67 = (210 x 10%) (2 x 107%) [0.5¢; + ¢3] ©)

Multiplying — 2 x (2) and adding it to (1) we have
—10416.667 = 4.2 x 10" [0.8¢y + 0.4¢,]
—7500 = 4.2 x 10" [- 0.8¢ — 3.6¢» — ¢s]

—17916.667 = 4.2 x 10’ [- 3.2¢, — ¢ (4)
Adding (3) to (4) we have
—17916.667 = 4.2 x 10" [- 3.2¢ — ¢
6666.667 = 4.2 x 10 [0.5¢, + ¢]

—11250 = 4.2x 10" (- 2.7¢)

= [¢,=9.92x107 rad

Substituting into (4) we have
—17916.667 = 4.2 x 10" [- 3.2 (9.92 x 10™°) — ¢3]

= |9, =1.091x10°* rad|

Substituting in (1)
= —10416.667 = 4.2 x 10’ [0.8 + (Ug + (- 8)) + 0.4(9.92 x 107)]

= |g, = -3596x10* rad|

Element 1-2
f(e)
by 12 6L -12 6L 0
m® | (210x10°)(2x104)| 6L 412 —6L 2.2 ||-3596x107*
f5e) 5° ~12 6L 12 -6L 0
m? 6L 21> -6L 4L?]| 9.92x10°

= ¥ = —2625N

m® = —10416.67 N-m

fio) = 2625N

m{® = —2708.33N-m

fay ~2625 ~12500
m | _ ]-10416.667| |-10416.667
foy 2625 ~12500
m, —2708.33 | |-10416.667

= fiy= 9875N,m =0
fa= 15125 N, m, =— 13125 N-m
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Element 2-3
f(e)
2y 12 6L -12 6L 0
m? | (210x10°)(2x10%) | 6L 412 —6L 2.2 || 9.92x10°
49 4 -12 6L 12 -6L 0
m® 6L 212 -6L 4121(-1.091x107*

= fyy = 13281.25N

mp= 13125N-m
f3= 67185N
mg=0
Global
Fiy = fiy=9875N
Mi=m=0
Foy = 1525 + 13281.25 = 28406.25 N
M, = —13125+ 13125=0
Fay = fay=6718.75N
M3=mz=0
4.25
w=10-N
BEEEEREERN
AL =B 2 c
o am—efe—am —
¢=0.25m,7=100 x 10 m*
Figure P4-25
%} gﬁ%‘f&&; _mw_.sm? m 180803 Axin
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Ciapinseman
W LtAnpans
m

4.26
T
AL =B = C
| 10m | 20m |

' I ! 2l !
¢=0.25m, I =500(10%) m*

Figure P4-26
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4.27
kip
75 kip ft
£ 8 Z=c ol
|——15 ft—=p—15ft 301t
| 3l I
c=10in., | =500in*
Figure P4-27
A e Eerniing Shess Abog Lol 3 e
;ﬁ%‘&féﬁig e ’
R e
4.28
25 KN
A Bliit1idc
= ’

I 10m I 5m—>|

¢=0.30m, 7=700x 10°m*

Figure P4-28
1**** BEAM ELEMENTS
number of beam elements =2
number of area property sets =1
number of fixed end forcesets =4
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number of materials =1
number of intermediate load sets = 4

1**** BEAM ELEMENT FORCES AND MOMENTS

ELEMENT CASE AXIAL SHEAR SHEAR TORSION BENDING BENDING
NO. (MODE) FORCE FORCE FORCE MOMENT MOMENT MOMENT

R1 R2 R3 M1 M2 M3
1 1 0.000E+00 4.688E+04 0.000E+00  0.000E+00  0.000E+00 1.562E+05
0.000E+00 4.688E+04 0.000E+00  0.000E+00  0.000E+00 —3.125E+05
2 1 0.000E+00 —1.250E+05 0.000E+00  0.000E+00  0.000E+00 -3.125E+05

0.000E+00 0.000E+00 0.000E+00  0.000E+00  0.000E+00  0.000E+00
1**** BEAM ELEMENT STRESSES

ELEMENT CASE P/IA  PIA+M2/S2 P/IA-M2/S2  PIA+M3/S3 P/A-M3/S3 WORST SUM

NO. (MODE)
1 1 0.000E+00 0.000E+00 0.000E+00  6.6973+07 —6.697E+07 6.697E+07
0.000E+00 0.000E+00 0.000E+00 —1.339E+08 1.339E+08 1.339E+08
2 1 0.000E+00 0.000E+00 0.000E+00 —1.339E+08  1.339E+08 1.339E+08
0.000E+00 0.000E+00 0.000E+00 -1.192E-07 1.192E-07 1.192E-07
4.29
kip
15~
N EEREREEREER
=B e
| 10t | 101t |

c=10in. | =400in?

Figure P4-29

Henilitig Sievan Aboit Lodal 3 Azl
B

Chmipearnsan
¥ Lwenpoasnl
i
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4.30
lOk—N 100 kN
EEEERERRRY: lc
O
| 12m | 6 m |
I li I 21 I

¢=0.30m, I =700 x 10°m*

Figure P4-30

Soedinn Slves Myned Lecal 3 Ak,
R

4.31 Design abeam of ASTM A36 steel with allowable bending stress of 160 MPa to support
the load shown in Figure P4-31. Assume a standard wide flange beam from Appendix F
or some other source can be used.

— kN
W—30F

Figure P4-31
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1**** BEAM ELEMENT FORCES AND MOMENTS

ELEMENT CASE AXIAL SHEAR SHEAR  TORSION BENDING BENDING
NO. (MODE) FORCE FORCE FORCE MOMENT MOMENT MOMENT

R1 R2 R3 M1 M2 M3
1 1 0.000E+00 —4.500E+04 0.000E+00  0.000E+00  0.000E+00  0.000E+00
0.000E+00 1.500E+04 0.000E+00  0.000E+00  0.000E+00  3.000E+04
2 1 0.000E+00 1.500E+04 0.000E+00  0.000E+00  0.000E+00  3.000E+04
0.000E+00 7.500E+04 0.000E+00  0.000E+00  0.000E+00 —6.000E+04
3 1 0.000E+00 —7.500E+04 0.000E+00  0.000E+00  0.000E+00 —6.000E+04
0.000E+00 —1.500E+04 0.000E+00  0.000E+00  0.000E+00  3.000E+04
4 1 0.000E+00 —1.500E+04 0.000E+00  0.000E+00  0.000E+00  3.000E+04

0.000E+00 4.500E+04 0.000E+00  0.000E+00  0.000E+00  0.000E+00

1**** BEAM ELEMENT STRESSES

ELEMENT CASE PA  PA+M2/S2 PIA-M2/S2 P/A+M3/S3  P/A-M3/S3 WORST SUM
NO.  (MODE)

1 1 0.000E+00 0.000E+00 0.000E+00  0.000E+00  0.000E+00  0.000E+00
0.000E+00 0.000E+00 0.000E+00  4.658E+06 —4.658E+06 4.658E+06
2 1 0.000E+00 0.000E+00 0.000E+00  4.658E+06 —4.658E+06 4.658E+06
0.000E+00 0.000E+00 0.000E+00 -9.317E+06 9.317E+06 9.317E+06
3 1 0.000E+00 0.000E+00 0.000E+00 —9.317E+06 9.317E+06 9.317E+06
0.000E+00 O0.000E+00 0.000E+00  4.658E+06 —4.658E+06 4.658E+06
4 1 0.000E+00 0.000E+00 0.000E+00  4.658E+06 -4.658E+06 4.658E+06

0.000E+00 0.000E+00 0.000E+00  0.000E+00  0.000E+00  0.000E+00

S75x11.2 1430 76 |64 66| 89 120 316 290 0254 1.72 131

85 1070 76 ‘59 6.6‘ 43 103 271 31.0‘ 0.190 6.44 13.3

T It may be noted that an American Standard Beam is designated by the letter S followed by the
nominal depth in millimeters and the mass in kilograms per meter. S75 x 8.5 acceptable for omax
< 160 MPa. But not for deflection. Try larger section. W 10 x 112 works.

4.32 Select a standard steel pipe from Appendix F to support the load shown. The alowable
bending stress must not exceed 24 ks, and the allowable deflection must note exceed

355 Of any span.

500 1b 500 1b 500 b

} 6t } 6t } 61t }

Figure P4-32
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1**** BEAM ELEMENTS

number of beam elements = 6
number of area property sets = 1
number of fixed end forcesets = 4
number of materials = 1
number of intermediate load sets = 4

1**** BEAM ELEMENT FORCES AND MOMENTS

ELEMENT CASE AXIAL SHEAR SHEAR TORSION  BENDING BENDING
No. (MODE) FORCE FORCE FORCE MOMENT MOMENT  MOMENT

R1 R2 R3 M1 M2 M3
1 1 0.000E+00 —1.751E+02 0.000E+00  0.000E+00  0.000E+00  0.000E+00
0.000E+00 —1.751E+02 0.000E+00  0.000E+00 0.000E+00  6.303E+03
2 1 0.000E+00 3.249E+02 0.000E+00  0.000E+00  0.000E+00  6.303E+03
0.000E+00 3.249E+02 0.000E+00  0.000E+00  0.000E+00 —5.394E+03
3 1 0.000E+00 —2.500E+02 0.000E+00  0.000E+00  0.000E+00 —5.394E+03
0.000E+00 —2.500E+02 0.000E+00  0.000E+00  0.000E+00  3.606E+03
4 1 0.000E+00 2.500E+02 0.000E+00  0.000E+00  0.000E+00  3.606E+03
0.000E+00 2.500E+02 0.000E+00  0.000E+00  0.000E+00 —5.394E+03
5 1 0.000E+00 —3.249E+02 0.000E+00  0.000E+00  0.000E+00 —5.394E+03
0.000E+00 —3.249E+02 0.000E+00  0.000E+00  0.000E+00  6.303E+03
6 1 0.000E+00 1.751E+02 0.000E+00  0.000E+00  0.000E+00 6.303E+03

0.000E+00 1.751E+02 0.000E+00  0.000E+00  0.000E+00  0.000E+00
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1**** BEAM ELEMENT STRESSES

ELEMENT CASE P/A PIA+M2/S2 PIA-M2/S2 PIA+M3/S3 P/A-M3/S3  WORST SUM
No.  (MODE)

1 1 0.000E+00 0.000E+00 0.000E+00  0.000E+00  0.000E+00  0.000E+00
0.000E+00 O0.000E+00 0.000E+00  1.124E+04 -1.124E+04 1.124E+04
2 1 0.000E+00 O0.000E+00 0.000E+00  1.124E+04 -—-1.124E+04 1.124E+04
0.000E+00 0.000E+00 0.000E+00 -9.621E+03 9.621E+03 9.621E+03
3 1 0.000E+00 0.000E+00 0.000E+00 —9.621E+03 9.621E+03 9.621E+03
0.000E+00 O0.000E+00 0.000E+00  6.432E+03 —6.432E+03 6.432E+03
4 1 0.000E+00 0.000E+00 0.000E+00  6.432E+03 —6.432E+03 6.432E+03
0.000E+00 0.000E+00 0.000E+00 —9.621E+03 9.621E+03 9.621E+03
5 1 0.000E+00 0.000E+00 0.000E+00 —9.621E+03 9.621E+03 9.621E+03
0.000E+00 O0.000E+00 0.000E+00  1.124E+04 -1.124E+04 1.124E+04
6 1 0.000E+00 O0.000E+00 0.000E+00  1.124E+04 -1.124E+04 1.124E+04

0.000E+00 0.000E+00 0.000E+00 0.000E+00  0.000E+00 0.000E+00
Omax = 11.24 kS < og10w = 24 ksi (For 2 in. schedule 40 steel pipe, | = 0.666 in.4)

4.33 Select arectangular structural tube from Appendix F to support the loads shown for the
beam in Figure P4-33. The allowable bending stress should not exceed 24 ksi.

Rectangular tube 4” x 23 "x 2"
I,=2.89in*
l3=6.13in*

1kip

B

} 61t } 6t

v

Figure P4-33

1**** BEAM ELEMENT FORCES AND MOMENTS

ELEMENT CASE AXIAL  SHEAR SHEAR  TORSION BENDING BENDING
No. (MODE) FORCE FORCE FORCE MOMENT MOMENT MOMENT

R1 R2 R3 M1 M2 M3
1 1 0.000E+00 1.000E+03 0.000E+00  0.000E+00  0.000E+00  0.000E+00
0.000E+00 1.000E+03 0.000E+00  0.000E+00  0.000E+00 —3.600E+04
2 1 0.000E+00 1.000E+03 0.000E+00  0.000E+00  0.000E+00 —3.600E+04
0.000E+00 1.000E+03 0.000E+00  0.000E+00  0.000E+00 —7.200E+04
3 1 0.000E+00 —1.500E+03 0.000E+00  0.000E+00  0.000E+00 —7.200E+04
0.000E+00 —1.500E+03 0.000E+00  0.000E+00  0.000E+00 —1.800E+04
4 1 0.000E+00 —1.500E+03 0.000E+00  0.000E+00  0.000E+00 —1.800E+04

0.000E+00 —1.500E+03 0.000E+00  0.000E+00  0.000E+00  3.600E+04

1**** BEAM ELEMENT STRESSES
ELEMENT CASE PIA  PIA+M2/S2 PIA-M2/S2 PIA+M3/S3 PIA-M3/S3 WORST SUM
NO.  (MODE)

1 1 0.000E+00 0.000E+00 0.000E+00  0.000E+00  0.000E+00  0.000E+00
0.000E+00 0.000E+00 0.000E+00 -1.176E+04 1.176E+04 1.176E+04
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2 1 0.000E+00 0.000E+00 0.000E+00 -1.176E+04 1.176E+04 1.176E+04
0.000E+00 O0.000E+00 0.000E+00 —2.353E+04  2.353E+04 2.353E+04
3 1 0.000E+00 O0.000E+00 0.000E+00 —2.353E+04 2.353E+04 2.353E+04
0.000E+00 0.000E+00 0.000E+00 -5.882E+03 5.882E+03 5.882E+03
4 1 0.000E+00 0.000E+00 0.000E+00 —5.882E+03 5.882E+03 5.882E+03

0.000E+00 0.000E+00 0.000E+00 1176E+04 —1.176E+04 1.176E+04
Ormax = 23,530 pSi < Gatow = 24,000 psi

4.34 Select a standard W section from Appendix F or some other source to support the loads
shown for the beam in Figure P4-34. The bending stress must not exceed 160 MPa.

20 KN
‘ W310x 39 (mm x~J.)
Ormax = 139 MPa< 160 MPa
Ve
} 60m } 6.0m } 60m }
6 m spans
Figure P4 -34
Displacements/Rotations (degrees) of nodes
NODE X— Y- Z— X— Y- Z—
number translation translation translation rotaion rotation rotation

1 0.0000E+00 0.0000E+00 0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00
0.0000E+00 —4.2861E-03 0.0000E+00  0.0000E+00  0.0000E+00 -5.8470E-03
0.0000E+00 0.0000E+00 0.0000E+00  0.0000E+00  0.0000E+00  2.3388E-02
0.0000E+00 —2.4492E-03 0.0000E+00  0.0000E+00  0.0000E+00  1.7541E-02
0.0000E+00 0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00 —9.3553E-02
0.0000E+00 —9.7968E-03 0.0000E+00  0.0000E+00  0.0000E+00 —6.4317E-02

o OB~ WN

1**** BEAM ELEMENT FORCE AND MOMENTS

ELEMENT CASE AXIAL  SHEAR SHEAR  TORSION BENDING BENDING
NO. (MODE) FORCE FORCE FORCE MOMENT MOMENT MOMENT

R1 R2 R3 M1 M2 M3
1 1 0.000E+00 —6.115E+04 0.000E+00  0.000E+00  0.000E+00 —6.231E+04
0.000E+00 —1.154E+03 0.000E+00  0.000E+00  0.000E+00  3.115E+04
2 1 0.000E+00 —1.154E+03 0.000E+00  0.000E+00  0.000E+00  3.115E+04
0.000E+00 5.885E+04 0.000E+00  0.000E+00  0.000E+00 —5.538E+04
3 1 0.000E+00 —5.654E+04 0.000E+00  0.000E+00  0.000E+00 —5.538E+04
0.000E+00 3.462E+03 0.000E+00  0.000E+00  0.000E+00 2.423E+04
4 1 0.000E+00 3.462E+03 0.000E+00  0.000E+00  0.000E+00 2.423E+04
0.000E+00 6.346E+04 0.000E+00  0.000E+00  0.000E+00 —7.615E+04
5 1 0.000E+00 —7.269E+04 0.000E+00  0.000E+00  0.000E+00 —7.615E+04
0.000E+00 —1.269E+04 0.000E+00  0.000E+00  0.000E+00 5.192E+04
6 1 0.000E+00 —1.269E+04 0.000E+00  0.000E+00  0.000E+00 5.192E+04

0.000E+00 4.731E+04 0.000E+00  0.000E+00  0.000E+00  0.000E+00
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1**** BEAM ELEMENT STRESSES

ELEMENT CASE

NO.  (MODE)
1 1 0.000E+00
0.000E+00
2 1 0.000E+00
0.000E+00
3 1 0.000E+00
0.000E+00
4 1 0.000E+00
0.000E+00
5 1 0.000E+00
0.000E+00
6 1 0.000E+00
0.000E+00

PIA  PIA+M2/S2

0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00

PIA-M2/S2 PIA+M3/S3 P/A-M3/S3  WORST SUM

0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00

—1.139E+08
5.695E+07
5.695E+07

—1.013E+08

—1.013E+08
4.430E+07
4.430E+07

—1.392E+08

—1.392E+08
9.492E+07
9.492E+07
0.000E+00

1.139E+08
—5.695E+07
—5.569E+07
1.013E+08
1.013E+08
—4.430E+07
—4.430E+07
1.392E+08
1.392E+08
—9.492E+07
—9.492E+07
0.000E+00

1.139E+08
5.695E+07
5.695E+07
1.013E+08
1.013E+08
4.430E+07
4.430E+07
1.392E+08
1.392E+08
9.492E+07
9.492E+07
0.000E+00

4.35 For the beam shown in Figure P4-35, determine a suitable sized W section from
Appendix F or from another suitable source such that the bending stress does not exceed

150 MPa and the maximum deflection does not exceed ﬁ of any span.
70kN 70kN
17kN
25m| 25m
‘<—5 m —%
} 10m ‘ 10m }
Figure P4-35
ASTM A36 steel
L _10m_oo7em
360 360
AYmax = 0.0556 m
Bending stress max = 150 MPa = 1.50 x 10° lz
m
Beam I3 (m*) S(md) A(m?) Bending AYpmax (M)
stress ()
W310x 143 0.000348 | 0.002150 | 0.018200 ' 1.010 x 10° —-0.0269
W460x 158  0.000796 | 0.00340 0.0201 6.389 x 10’ -0.0118
W760x 257 0.003420 | 0.008850 | 0.0326 2.455 % 10’ —0.00275
W310x 44,5 0.0000992 | 0.000634 | 0.00569 3.426 x 108 —0.0944
W310 x 74 0.000165 | 0.001060 | 0.009480 | 2.049 x 10° —0.0568
W310 x 107  0.000248 | 0.001590 | 0.013600 | 1.366 x 10° —-0.03776

For the problem given a W310 x 107 beam was chosen made of ASTM A36 stedl. This
made for a maximum deflection of 0.0378 m (see above table) which is less than the
0.0556 m maximum restraint.
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4.36 For the stepped shaft shown in Figure P4-36, determine a solid circular cross section for
each section shown such that the bending stress does not exceed 160 MPa and the

maximum deflection does not exceed ﬁ of the span.
200 kN
B l D
A oY D E
s c =
I« 3m 3m I 3m 3m—
| |
Figure P4-36
Try small radius of 140 mm
Large radius of 166 mm
Yidds omx = 166 MPacloseto
Omax dllow = 160 MPa.
Need to increase smaller diameter
L = 12_m = i =0.0333m
360 360 30
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Other trials shown below
das and dpe dsp, MM O'(M Pa) 5(m)
279.6 3325 166.3 MPa> 160 0.064 > 0.033
290 340 155.5 0.058 0 Too Large
310 360 131 0.046 6Too Large
340 390 103 0.0330 S Finaly at Limit of
L
360

. Final dag = 340 mm = dpe
dBD = 390 mm
4.37

bbby

1

Applying the boundary conditions

2 =

E.l constant

V1= ¢1= ¢ = V3= ¢3=0inthe global equation {F} =[K] {d} we have

—(P+W—L) = % [24v,]
2 3)
_p3 4
A Vi
2 L3 192El 384El
Reactions
. 2 % 12 % 0 0 . o
Yy 2 _6L 2
M, T 4 = F o o 0 L
-6L 4 _
Pyl _8EI|-12 = 24 0 -12 7 ||ma-—mma| |
3 2 2 _6L 2
M Ulee & o & =& & 0 0
E ~ —6L =wL
Msy 0 0 -12 % 12 =% 0 3
L
’ o o % & 4 4] 0 w
P +wL PL  wL?
= Fy= . —+—,F3=0
v 2 Tg T2 ?
P+ wL -PL  wl?
My = 0, Fgy =  Mg= — - ——
2 ¥ 2 T8 12
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4.38
L P L P L
R | =
1 2 3
| N |
I I f N I
2 2
=P —20P —20P =P
210 27 o7 210
1 N N
2Pl e ] 2P
9 9 9 9
After applying the boundary conditions
Vi= ¢ = @:VZZ%:O
We have in the equation { F} = [K] {d} the following
_ _ 3
40P _ El [24v5] = v, = 40PI
27 3?3 24E|
-5pPI1°
= V= sincel = —
3El 6
~5P(g)’ —5PL3
= W= ——— = (L=
3El 648El
4.39
p w
1 B 2
-P 3w —P _7wL
2 l20 i 20
P N
-PL _ wL? PL , wiz
8 30 8 20

Applying the boundary conditionsv, = ¢, =0

P 7wl
Tml A e
PL w’ | Clel a2l
8 20

)
)
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Multiplying (1) by L and (2) by 2 and then adding

-PL 7wl® _ El )
—- = = [12Lv,— 6L
2 o0 T 3 Aol
PL 2wl? EI 5
oy S = = [H12Lw, + 8L
2t T v tal)
—PL_wl> _E . —(PL” + wi®)
T S E o) s (g, =
- P12 _ a3
Substituting in (1) = —- — "W _ E—l[lsz— GL{ PL2 L ﬂ
2 20 L 8EI
5P 22wl  12El —(25P + 22wL) L3
- = 3 V2= =
4 20 L 240E]
_P_ 3w
Fay 12 6L -12 6L 0 3
My| _ El|6L 4> —6L 212 0 ~RL_w
Pyl Oz -6l 12 6L || Zmat| T e
2y -12 - — 2401 -b_ni
M, 6L 212 -6L 4|_21 _PL2—wi® L we
El 8 " 20
R =F’+W—L,|\/|1=&+EWL2
= 2 2 '3
F2y:01M2 :0
4.40
P =5kN
17 ® 12 ® 3
------ @}
2m } 2m

Assume the hinge as a part of the first element. Therefore, stiffness matrix for element 1 is

Vi &V, 6

1 2 -10

3EI
K== 2 4 20
-1 2 1 0
0O 0 0 O

Stiffness matrix of element 2 is

12 12 -12 12 |V
12 16 -12 8 |
-12 -12 12 -12 |V3
12 8 -12 16 193

[K?] =
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Adding the matrices by superposition

Vi ¢ Vo 0, V3 @y
B—6—3 o0 o 9|
5 12 g 0 0 q
KlI= |43 46 15 12 -1 1P
D 0 12 16 -1 4
D 0 12 12 12 1o
bbb 12 g 1b 15 |
Applying the boundary conditions
vi=0,¢=0,v3=0,¢3=0
el et
8 12 16](9, 0
El
:?[15v2+12¢2]:—5ooo (1)
12v, + 16¢, = 0 @)
4
From (2),v2:—§¢2 (3
Substituting (3) in (1)
5
4 -5x10°x8
ﬁX(——)@+12¢z=
3 210x10° x 2x107*
_ -5x10°x8
= —8fp= —
420x10
_ 5000
%= p20x10°
= |9 =1.19%10 rad
4
Vo= — —
2 3¢2
:—fx1.19><10*‘
3
Hence v, =—157x10"%m
441
/ 5kN
. @ > @ 3
]
77;;77.
’ 2m 2m {
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1 2 -10
[k(l)]:ﬁ 2 4 20
8|-1 -2 1 0

0 0 0 O

12 12 -12 12
[K?] = Ell12 16 -12 8
8|12 -12 12 -12
2 8 -12 16
By superposition
Vi & Vv, 9 V3 @
(8—6¢——3 o0 p o
5 1P 6 0 0 0
K] = 3| © 1B 12 2 12
b 12 16 -2 8

D 12 8 -2 16

Boundary conditions
vi= 0, ¢1:0,V3:0

o |15 12 12)[v ~5000
— |12 16 8|{g,; =1 O
12 8 16]|¢; 0

Solving by Gaussian Elimination we have

15 12 12 1-95x10°*

1216 81 0
12 8 161 0
Select a;; = 15 asthe pivot
(@ Add the multiple % = ’1—22 = ;; of the first row to the second row

(b) Add the multiple %

_—54 of thefirst row to the third row.

15 12 12 |-95x107
0 64 -16] 7.6x107
0 -16 64 | 7.6x10*

Select az, = 6.4 asthe pivot
Repeating the same procedure

15 12 12 -95x10™%
0 64 -16 76x10™

0 0 6 95%x10*
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= ¢,=1583x10"rad

¢, =1.583x10™ rad

v, =—3.175x10* m

4.42

e
-
N
Ciq
=
o

Z
i 2 m 1| I m |m+|

Vl ¢1 V2 ¢2 % % _73 %

12 12 -12 12 3 3
ko = B =g|2 2 2 1
=gl 12 18 -12 8 |[=E|5 5 o
12 12 12 -12 222
2 8 -12 16 2 1 2 2

Assume the hinge as a + right end part of element (2)

V, ¢ V3 @3

o 3E] 1 1 -1 0
[K¥] = F 1 1 -10
-1 -1 1 O

0O 0O 0 O

Vs @3 Vg @y
12 6 -12 6
[K®] = (% 6 4 6 2
-12 -6 12 -6
6 2 -6 4

By superposition

Vi O Vo 9, V3 93 Vo 9y
T b 5 0o 0 0

-3
2 00 0
¥+ 3 2 3 0 0 0
KI=13 1 2 5 3 0 ¢ 0
) 13 -3 15 6 -12 6
O 0 0 0 6 4 d6 2
0 -2 5 1
I 06 2 5 .

Applying the boundary conditions
Vi = ¢1:V2:V4:¢4:O
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5 -3 0]|% 0
= El|-3 15 6[1V3({ ={ —10kN
0 6 4]¥ —1.67kN-m
3
= $p= gVa 1
1667
BVs + Ay = —r
V3 + 4gs = El
= ¢3= [_416'75—1.5%} ()
El
El(= 3¢, + 15v3 + 6¢) = — 10000 ©)

Substituting (2) and (1) in (3)

9 gy, B0 g, 10000
5 El El
21 12500
> —w=-—
5 El

Vy=—-4252x10°m

¢, =—2.551x107° rad

¢3=5.386x10"" rad

4.43 From Equation (4.7.15)
j El rareim[B] {d ax— _[w{d}T[N]de {dy" {P}

Vi
{d} = fjl
2
9
El — constant
?
a%zp _ (ZEIJ [B]T[B]dxjdly (] Nawax) - £,,= 0 €
or 2El (L
a_q):: (TJO[B]T[B]dX) ([ Nowe1, - my =0 @
av2 (ZEIJ [B]T[B]dxjdzy ([ Ngwelx) 1, ~ £, =0 ®)
o, 2El
o = (L] 18T B1ax) g, (] Nowax] 1, - m, =0 )

Equations (1) — (4) in matrix form are
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Vi N, fiy
N
El jL[B]T[B]dx % _jL 2lwax— 1ML =g
0 v, 0 | Ng f2y
¢, N, m,

Simplifying

El jL[B]T[B]dx{d}-jL[N]T wdx—{P} =0
0 0

4.44
L L
Yy, 00 Yo, vy
Positive node force Element in equilibrium
sign convention (neglect moments)
Figure P4—44
Y= Awz =AwGy :AWG(VZ—[Vl)
-AyG
Y= -Y= (Vo =)
L
G
Y= Y= AAII_ (Vo —v)
Yol - AWG| 1 -1]jv
Y, L -1 Vv,
G|l 1 -1
K== { J
-1
4.47

SR VR
$$53533 4

~ (152 Lk v? L
Ty = JOEEI (v dx+j0 de—_[o wvax

v=IN{d}) 6= -yog =W’

&= —y[B] {d}
[B] from Equation (4.7.10)

m= J1 ], 3{oT Hedanak- [ bT,vax [ 2k (T NTIINK} dx BT, =w
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- %jOL{dT}BT[B]{d} dx—joL w{dT}[NT ]dx + '[OLI%{dT}[NT][N]{d} dx

or L
a_gp = EI [ [B1[BloX {d}~ ["[N"Iwdx+ [, K, [NT][N]dx{d}
- [K] = EI '[OL[BT][B]dXJr kaOL[NT][N]dx
| 1
Equation.(4.7.19) New part similar
to convection part
of heat transfer

stiffness matrix.

4.77 Find the deflection at the mid-span using four beam elements, making the shear area zero
and then making the shear area equal to % times the cross-sectional area (b times h). Then
make the beam have decreasing spans of 200 mm, 100 mm, and 50 mm with zero shear
area and then g times the cross-sectional area. Compare the answers. Based on your
program answers, can you conclude whether your program includes the effects of
transverse shear deformation?

Beam Span (m) | Shear Area | Displacement at center (m) | % difference
0.400 0 1.28E-03 4.61.E+00
0.400 0.001042 1.34E-03
0.200 0 1.60E-04 16.21
0.200 0.001042 1.91E-04
0.100 0 2.00E-05 43.62
0.100 0.001042 3.55E-05
0.0500 0 2.50E-06 75.58
0.0500 0.001042 1.02E-05

It would appear that the program DOES include the effects of transverse shear area
which can be seen in the increasing per cent differences as the width of the beam
approaches the span of the beam. As these width and span get closer and closer together
the shear area becomes a larger factor, this would be the expected outcome if the
program includes the effect of transverse shear areain the calculations.

Note: For al of the beams the element definitions remained the same except the beam
spans were changed. The figure below shows one example of when the 400mm beam
was run with shear areaincluded.

Displacement
Magnitude
m

0.001341982
-0.001207784
0.001073686
0.0009393675
0.0008051993
0.0008709911
0.0005367929
0.0004025940

- 0.0002083964
0.0001341982
0

——

Figure 1: 400mm beam deflection with shear area included
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Chapter 5

51
, 10,000 Ib
E =30 x 108 psi
40 ft A=10in2
I =500 in4
=
|-—30 ft 30 ft——l
Element (1)
L® = V40% +30% =50 ft = 600 in.
cos 6= 2—X1 = M =06
@ 50
sing= Y2~ % 40-0 =08
L® 50
E = 50000, E =0.0167, ﬂ =50
L L2 L

[ 361 479 -4 -361 —-479 -4
479 641 3 -479 -641 3
-4 3 2000 4 -3 1000
-361 479 4 361 479 4
-479 -641 -3 479 641 -3
-4 3 1000 4 -3 2000

[k™] = 50000

Element (2)

L@ =50 ft = 600 in.

cos 6= —30-0 =—06 sin@= 40-0 =08
50
361 —-479 -4 -361 479 -4
-479 641 3 479 -641 -3
@) -4 -3 2000 4 3 1000
[K*’] = 50000

361 479 4 361 -479 4
479 —641 3  -479 641 3
~4 -3 1000 4 3 2000
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After imposing the boundary conditions on each element stiffness matrix and assembling,

we have
F,, =10000 722 0
Fby =0 =50000| 0 12.82
M, =0 0 0

Solving simultaneously, we obtain

8 1{u
0 |1V,
4000 | ¢,

U, = 0.0278 in., v, = 0, ¢, = — 0.555 x 10~ rad

The element forces are obtained using

{7} = [K][T] {d}

Element (1)
(10 0 0 -10 0 0
0 00167 5 0 -00167 5
67 = (] [T] £} = 50000 0 5 2000 0 -5 1000
-10 0 0 10 0 0
0 -00167 -5 0 00167 -5
|0 5 0 0 -5 2000 |
[ 06 08 0 0 0 0](w=0 1« =-83001Ib
-0.8 06 0 0 0 0||lw=0 f{, =4.61b
0 01 0 0 0||¢,=0 _|my =27751b-in.
% 0 00 06 08 0}/00278 |5, =83001b
0 00 —08 06 0 0 5y =—4.61b
L 0 00 0 0 1J{-0555x10" m, =0
Element (2)
(10 0 0 -10 0 0
0 00167 5 0 -0.0167 5
0 5 2000 0 -5 1000
=110 o 0 0 0 0
0 -0.0167 -5 0 00167 -05
L0 5 1000 0 -05 2000 |
-06 08 0 0 0 0] 0
-0.8 -06 0 0 00 0
0 01 0 00 0
x 0 0 0 -06 080 0.0278
0 0 0 -08 -06 0 0
. O 00 0 0 1](-0.555x107*
4 =83001b
4 =461b
m; =2775Ib-in.
f5, =—83001b
fyy =—461b
m, =0
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Equilibrium check

8300 Ib

8300 Ib
4.6 1b

461b

X’

2775 Ibiin.
2775 Ib-in. 26 1b
8300 Ib
8300 Ib
Node 2
481 3687" L6y
36.87“\/%)0 Ib
53-?‘&33.13’
8300Ib
8300 Ib
XF=0
1000 - 2(8300) cos 53.13° — 2 (4.6) cos 36.87° =32.6Ib=0
XFR=0
8300 (sin 53.13° —sin 53.13°) + 4.6 (sin 36.87° —sin 36.87°) =0
5.2
5000 Ib ©)
2 3
® ©) 20 ft
I 4
ANN\N <
! 20 ft !
% = 0.04167, S 5.0, E. 125,000
L L L
Element (1)

c®=o, s¥=1

[0.04167 0 -5 -0.04167 0 5]
10 0 0 -0 ©
800 5 0 400
k] = 125,000

0.04167 0 5
10 0
| Symmetry 800 |
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Element (2)
c?=1

s?=0

10

0
0.04167

[K?] = 125,000

Symmetry

Element (3)
c®=0, s¥=1

[0.04167 0O
10

[k®] = 125,000

| Symmetry
Boundary conditions are

UW=Vi=¢1=0,Us=Vs=¢y

Global equations {F} = [K] {d} are

[9.958

0

-9.958

125000

-5
5
1200

—-9.958

0
5
800

10
0
800

=0

0

0
10
0

10.0417
-5
0
—9.958

-10
0
0

10

0
0.04167
-5

0

0.04169

—0.04167

0
-10
0.167

0
5
1200
-10
-5

Symmetry

Solving simultaneously

1200

0
-10
0
0
10

0
5
400
0
-5
800

10 ]
0
400
~10
0
800 |

5000

o O O o

u = 0.688 in., v, = 0.00171 in., ¢, = - 0.00173 rad
uz = 0.686 in., v3 =—0.00171 in., ¢3 =—0.00172 rad

Local element forces

{f} = [K']1{d} = [K] [T] {d} for each element

Element (1)

M {a® =

o O O o
O O O O O
O O O = O O
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0

0
0.688

0.171x1072

-0.173x107?

0

0

0
0.171x1072
-0.688
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f1,®=-21401b
f1,® =25031b

m, @ =343,600 Ib-in.
£, =21401b
£, =-25031b
m,® = 257,000 Ib-in.

{f:}(l) — [k'](l) [T](l) {d}(l) =

Similarly
f, =2497 b
f,y=—21401b

m, =-257,000 Ib-in.
fa, =—24971b

f3, =21401b

m,; =—256,600 Ib-in.

[k/](Z) [T](Z) {d}(Z)

{f /}(2)

fa, = 2140 Ib
f5, =2497Ib

= 256,600 Ib-in.
K1 T1® n® = 1™ ’
(T T4y fay =—21401b

fyy=—24971b
m, =342.7001Ib-in.

{®

Free body diagram of frame
(using local force results)

5000 Ib

( 2503 Ib 2497 Ib
2503
| A

343,600 Ib-in. 342,700 Ib-in.

21401b 2140 1b

Check equation
YFy= 0:5000-2503-2497=0
YF,= 0:-2140+2140=0

$M; = 343,600 + 342,700 + 2140 (20') (12 % ) - 5000 (20") (12 %) =0
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5.3
2000 Ib
f—6ft —
1
I o 2
8 ft @ 2000 Ib
45° 6t _"
v
3 ©) %
2 )
Obend < § oy < 24000 psi
Mc
Gb: —_—
I
Assume channel section, C6 x 8.2
ly=13.1in.*, A=2.40in.2
Element (1)
C=1 S=0
15—2' = 2.3148 x 101 = 0.03032
61 i
T 8.33 x 10721 =1.092
6
E_ 29X10° _ 508w 10°
L (12)(6)
u v 0} Uy \/] ®,
(24 0 0 -24 0 0 T
0.0303 1.0917 0 0.303  1.0917
k®1= 4.028x10% | 0  1.0917 524 0 -1.0917 26.2
-24 0 0 24 0 0
0 -0.0303 -1.0917 0 0.0303 -1.0917
| 0 1.0917 26.2 0 -1.0917 524
Element (2)

C = cos 45° = 0.707, S=sin 45° = 0.707
121 _ 12

- = — =8528x107°
L (8% +82)212

0.5789, % =2.136 x 10°
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] @ ) ]
1.204 1196 -0.409 -1.204 -1.196 —0.4094
1.196 1.204 0.409 -1.196 -1.204 0.4094
@ _ 5 524 0.4094 -0.4094 26.2
[K“]= 2.136 x 10
1.204 1.196 0.4094
1.204  —0.4094
Symmetry 52.4
Element (3)
C=cos0°=1, S=sin0°=0
C @) ]
24 0 0 -24 0 0
0.0303 1.092 0 -0.0303 1.092
069] = 4.028 x 10° 524 0 -1092 262
24 0 0
0.0303 -1.092
| Symmetry 524 |
Boundary conditions
UW=v=¢0=0 UW=w=¢=0
Applying boundary conditions the reduced global equations become
[12.24 2554 -0.8745 -2573 -2554 —-0.8745](y
2695 —-3523 -2554 -2573 0.8745 | |V,
10° 323 0.8745 —-0.8745 55.97 ||¢,
12.24 2.55 0.8745 | |u,
2.69 3523 ||vg
|Symmetry 323 |los
F,, =0
F,, =—2000
_[M,; =0
R =0
F;y =-2000
M; =0

Solving simultaneously, we obtain
U, = -3.008 x 107 in.
Vv, = —0.402 in.
¢, = —6.663 x 107 rad
Uz = 3.30 x 107 i,
v = —0.402 in.
¢3= 6.663 x 10 rad

Element forces
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Element (1)
fl(l) ~ _
1X(1) 24 0 0 -24 0 0 0
fly 0.0303 1.092 0 -0.0303 1.092|| 0
m® 5 524 0 1092 262 || 0
= 4,028 x 10 9
£, 24 0 0 —3.008x10
£, 0.0303 0.1092 | |-0.402
y
o | Symmetry 52.4 | |-6.663x107°
m,
fix(l) =0
f1,% =2000Ib
_|m® =106,900 Ib-in.
féx(l) =0
f5," =-20001b
m,®  =37060 Ib-in.
106§Ollb-in. @ 37020 Ib-in.
2000 Ib 2000 Ib
\Y%
2000
Shear Diagram
0
M 37,060 Ib-in.
0
Moment
Diagram
106,900
Element (2)
T 1204 1196 —0409 —1.204 —1.196 —0.4097 | 3.008x107°
1.204 0409 -1.196 -1.204 0.409 | |—0.402
5 524 0409 -0.409 262 | |-6.66x1073
2.316 x 10
1204 1196 0409 3.3)(1079
1.204 -0.409| |—0.402
S t
| Symmetry 524 | 6.66 X103
o
f/2y 0
_[m® | |-37060Ib-in,
) f 5 o
£, ) 0
(yz) 37060 Ib-in.
mg
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37060 Ib-in. 37060 Ib-in.
2 3
(i )
\Y%
0
M 37060 Ib-in.
0
Element (3)
(24 0 0 -24 0 0 1 (33x107°
0.0303 1092 0 -0.0303 1.092 —0.402
524 0 -1.092 262 -3
4.028 x 10° 6.66x10
24 0 0 0
0.0303 -1.092 0
| Symmetry 524 | 0
féX(3) O
£’ 3)
3y —2000 b
_|m® | |-370601b-in.
£, 0
fr @ 2000 Ib
ay )
. —106900 Ib-in.
m,
37060 Ib-in. 106900 Ib-in.
(i 1C
2000 Ib 2000 Ib
\Y
0
—2000
M
37060 Ib-in.
0
—106900 Ib-in.
Reactions

Fp= 1,9 =0
Fy= £, =2000Ib

M; = m® =106900 Ib-in.
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3) =0

Fax= fix

Fay= 4,9 =20001b

Ms= m,® =—-106900 Ib-in.

_ Mc _ 106900 (3in.)

= = 24,480 psi
I 13.1in.* P
Close to Gaiiow = 24,000 psi
54
25 fi
3 ’
E =30 x 103 ksi
A=8in2
I =800 in4
40 ft
|-—20 ft —=t=—120 f1 —IL 30 ft
Element (1)
C= X=X _ ﬂ =0.447, S= ﬂ =0.895
L~ 447 7
121 6l E

—— = 0.0334, — =8.949, — =55.93
L2 L L

Imposing boundary conditions u; =vi=¢; =0, L, =V, = =0, U3 =Vz=¢3=0

Uy Vy O
90.87 178.2 4479
KE 358.8 —223.7
Symmetry 179000

Element (2)

[90.87 —178.2 4479
k@] = 358.8 223.7
| Symmetry 179000

(400 0 0
[k®] = 1.334 400
| Symmetry 160000
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Equivalent forces (element 3)

pL _ ~(20kip) (501) (12%)

= —-—— = =— 1500 kip-in.
Mos 3 3 p
f04y =-10 klp
Global equations
0 582 0 896 U,
—10kip = 719 400 vy
—1500 kip-in. Symmetry 517900 | |¢,

Solving
Us = 0.445 x 1072 in., v4 =—0.123 x 107 in.
¢s= —0.290 x 107 rad

Element forces

{3 = [KT[TH{d}-{fo}

Element (1) [T1{d}
447 0 0 —477 0 o 1[0 0
0 1.868 5005 0  -1.868 500.5 0 0
0 500.5 179000 0 5005 89490 || O 0
—447 0 0 447 0 0 -0.90193x10( o
0 -1.868 -5005 0 1.868 -5005 | [-0.94808x1072| |0
| 0 500.5 89490 0  -500.5 179000] |_( 2895 x10-2 0
fix 4.04 kip
fiy —1.43kip
m _|—254kip-in.
“w | |-4.04kip
iy 1.43kip
m, —513Kip-in.
Element (2)
Similarly
fox 5.82 kip
fo ~1.45kip
m, | _ |-260Kip-in.
| 1-5.82kip
iy 1.45kip
m, -519 kip-in.
Element (3)
{f}
fax ~1.78 kip 0 ~1.78 kip
fhy 1.17 kip 10 —8.83kip
m, | _ |-468Kip-in. -1500| | 1032Kip-in.
o Tl 1skip [ ] o0 ~ ] 1.78kip
f4y ~1.17 kip 10 —11.17 kip
m, — 236 kip-in. 1500 —1736 kip-in.
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© 2012 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



www.icivilir glrec uuwaigo ¢ (lgauiiils gols LUy

Free-body diagrams at each element

8.83 kip 20 kip 11.17 kip
4 1 3
1.78 kip 46 «} 1.78 kip
10.32 Kkip-in. @ 17.36 Kip-in.
4.04 kip 5.82 kip
1.43 kip KE\* 519 kip-in.

513 Kip-in.
1.45 kip

254 kip-in. 2 1.45 kip

260 kip-in.
1.43 kip

5.82 kip

4.04 kip

Equilibrium at node 4
My = —513 kip-in. =519 kip-in. + 1032 kip-in. =0

YF, = 1.43 cos 26.57° + 1.45 cos 26.57° — 1.78 + 4.03 cos 63.43°
—5.82 c0563.43° =0

SF, = sin 26.57° (1.45 — 1.43) — 8.83 + sin 63.43° (4.03 +5.82) =~ 0

8.83 kip

1.43 kip

26.@\
1.78 kip

26.51°
. >
145kip &>

4.03 kip 5.82 kip

Reactions
Support node 1
1.43 kip -
54 Kip-in.
205t T\
63.43°
4.03 kip

2Fy = 4.03 sin 63.43° — 1.43 sin 26.57° = 2.96 kip T
2Fy = 4.03 cos 63.43° + 1.43 cos 26.57° = 31 kip —
M = 254 kip-in. 2
Reactions support node 2

194

© 2012 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



www.icivilir glrec uuwaigo ¢ (lgauiiils gols LUy

260 kip-in.
s

2W \<3.43°

14.5 kip

5.82 kip

ZF, = 1.45 c0s 26.57° — 5.82 c0s 63.43° = - 1.31 kip or «
TF, = 5.82 sin 63.43° + 1.45 sin 26.57° = 58.86 kip T
M, = 260 kip-in. 2
Reactions support node 3
Already in global x-y directions
>F, = 11.17 kip, ZF« = 1.78 kip «<—, M = 1736 kip-in. D,

8.83 kip

®

4

©

-11.17 kip

Shear Diagram

1 2_1.45kip
-1.43 kip

1617 kip-in.

519 Kip-in. +
4 7\ 3

513 kip-in.

1736 kip-in.

f 2 Moment Diagram

254 Kip-in. 260 Kip-in.

55

N E =30 x 104 psi
<—15ft*—l-——15ft——-' A=10in2

| =200 in.4

- 10 ft —»

20 kip
1

) e 10f—]
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Element 1-2 (1)

li—zl =0.0178, % =69.338, GTI =2.7735,C=0.555, S=0.832

After imposing the boundary conditions u; = vy = ¢; and uz = v3 = ¢ = we have

2142 3198 160
[kio] = |319.8 4802 -106.7
160 —106.7 55470

Element 2-3 (2)

I E
12—; = 0.0185, ot =333, — =8553,C=1;S=0
L L L

-8533 O 0
[ko-s] = |0 154  277.49
0 277.49 66664
Equivalent forces
10 kip ) . .
5.5 kip l 832 kip 20 kip 20 kip
1 a
/ \
600 Kip-in. 1800 kip-in. 1800 kip-in.
70 kip 20 kip
10 Ki
5.55kip | l A 4 l
Vo 7 S
600 Kip-in. 1200 kip-in. 1800 Kip-in.
832 kip
10 kip

600 kip-in.

Assembled global equations.

0 1 1047.5 319.8 160 U,
-70 = 481.74 170.8 v,
—1200J 122134.4 | | o,
Solving
u; = 0.0562 in.
Vo = —0.1792 in.

¢, = —0.00965 rad
Element forces
{f} = [kT{d"} - {fo} = [k'] [T] {d} —{f "o}
Element (1)
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0
0
0
(M= 1 6 1179in.
—0.1462 in.
—0.00965 rad
(k7] [T]{d} —{f "0} =
[ 693.38 0 0 ~-693.38 0 0 ]
0.8875 192 0 -0.8875 192
55380 0 ~192 27690
69333 0 0
0.8875 —192
| Symmetry 55380 |
0 -8.32 ix 1x =90.07 kip
0 —5.55 y 1y =3.83Kip
0 —600| |m | _ m =360.86kip-in.
“1-0.1179 [7)-832(7 |t [ %, =-73.43kip
-0.1462 —5.55 Ly Yy =127
—0.00965 600 m, m, =-110.635Kkip-in.
Reactions

From the free body diagram of equivalent forces gives
Fic= fi, (0.555)- fi, (0.832) = Fix=46.8 kip

Fy= f1, (0.832)- fiy (0.555) = F1y = 77.06 kip
M; = 360.86 kip-in.

Element (2)
[ 8333 0 0 -8333 0 0 1 ( 0.05618
15416 277486 O —1.5416 277.488 | |-0.1792
66591 0 —277.488 33299 —0.00965
8333 0 0 0
1.5416 —277.488 0
| Symmetry 66597 | [ O
0 fox 46.8 kip
~160 %y 17.1kip
—-1800| |m, | _ | 1108Kip-in.
1o [T |-46.8kip
-20 4, 22.95kip
1800 my —2171kip-in.
Reactions

Fax= f5 =—46.8Kip <
Foy= f4, =2295kip T

M3 = m= - 2171 kip-in. 2
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5.6
40 kip
12 ft —wte—12 ft
5 w
36 E =30 x 104 psi
A=10in?
I =200 in#
20 ft
20 kip ' 4
|« 10 ft ! 10 ft —» 15 ft !
Replacement (Equivalent) force system
10 kip 60 kip 60 kip
N l
J \
600 Kip-in. 1440 kip-in. 1440 Kip-in.
10 kip
l 600 kip-in.
Element 1-2 (1)
ip 6l
C=5=0.707, 12—2| = 0.0208,E = 88.3881 @,6— =3.536
L L ' L
Since w=vi=¢:1=0
) v 0,
442,82 44106 22097
[kio] =

44106 44282 —-220.97
22097 —-220.97 70710

Element 2-3 (2)
C=1,S=0, 21 _ 0.0289, sl 4.1686, E. 104.167
L L L

Uz = V3:¢3:0

Us V3 03
1041.67 0 0

ko_a] =

kesl= 1 301  434.03
0 434,03 83333.28

Element 4-2 (3)
C=-060 5=080, 22 =0.0267.%" =4 E =100
L2 L L
361.71 —478.72 320

[kio] = | -478.72 641 240
320 240 80000
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By direct stiffness method

0 1846.2 —-37.66  540.97 u,
—-70 { = |-37.66  1086.83 453.06 v,
-840 540.97 453.06 234043.28] |9,
Solving
u, [ —0.000269 in.
v, » = 9—0.0363in.
[ 1—0.00347 rad
Element 1-2 (1)
0
0
_]o
(TG = 16 0447 in.
—0.0426 in.
—0.00347 rad
{t?% (K] [T1{d}
7, [ 88388 O 0 -88388 0 0 T1(0
fhy 1838 31192 0 -1.838 31192 0
m | =(10°% 705792 0 -311.92  352.90 0
£ 88388 0 0 —0.0447
£, 1838 —311.92 | |-0.0426
m, | Symmetry 70579.2| (-0.00347
—{f%}

~7.07 f1,=46.6Kkip
—7.07 f’ly =6.07 kip
—-600 | = m =491.3kKip-in.
-7.07 5y =—32.4Kip
-7.07 f%,=8.07kip

600 ] m, =-831.3kip-in.
From FBD of element (1)

Fix= %\/E (46.6 — 6.07) = 28.65 Kip

Fiy = %\/E (46.6 +6.07) = 37.24 kip
M; = my=491.3 kip-in.

Similarly
Element 2-3 (2) Element 4-2 (3)
f5, = —0.28 kip fax = 50.2 kip
f5y = 58.31 kip fay = -1.49 kip
m, = 1123.9 kip-in. m, = —154.2 kip-in.
f4, = 0.28 kip f/« = —50.2 kip
f4, = 21.69 kip-in. f, = 1.49
= — 1611 kN-in. = —293.2 kip-in.
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F,, =0.28 kip F,, =—28.93kip
Fsy =21.69kip < Reaction — < F,, =41.05kip
M3z =m; =-1611.8 kip-in. M, =-154.2 kip-in.
5.7
80 kN
4m—efe——r =4 m——l
2l‘7 v E=210GP
= a
r © 3? A=10x102m?
4m | | =1.0x 10 m*
|
©) |
40 kN ® |
4m =
Ao |
ANNUC S 4
40 kN - 40 kN
PLoosoknm |\ 8m l
20kN |,/
NEL L 200) - ok
8
8m
Equivalent force system
Boundary conditions u=wv=¢;=0
U3 = V3 = ¢3 =0
Ug = Vg = ¢4 =0
Element (1)
C=0, S=1
12—3' - 2344 x10° 4L - 510°
L L
6—2' = 9.375x10°, 2 =125 x 107
L L
; |1875x% 10°° 0 9.375x10°°
K9] = % 1.0x10°2 0
Symmetry 4.0x10™
Element (2)
C=1, S=0
200
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o[ 10 %102 0 0
[K2] = % 1875x10° 9.375x10°°
Symmetry 4.0x10™*
Element (3)
C=0.707, S=-0.707
12—3' = 8.286 x 107, 353610
6—2' - 46875%10°, 2 =8839 x 10"
. [5.005x107° -4.995x10° 3.75x107*
K9 = 210x10° 5.005x10° 3.75x10°°
8v2 A
| Symmetry 4.0x10”
Global equations
1.917x107° -4.995x10° 1.436%x10*](y,
210 X106 2 _4
40} = =7 1.917x1072  1.436x107 [{v,
—40 Symmetry 1.531x107 | (4,

Solving simultaneously
U, = 0.4308 x 107 m, v, =— 0.9067 x 10™* m
¢, = —0.1403 x 1072 rad

Local element forces
Element (1)
Effective forces = [k’] {d"}

f{® = 23.8kN, £ =-274kN, m{® =-7.28kN-m

fi = -23.8kN, f{) =274 kN, m® =-14.65kN-m
Actual forces

{f}= [KT{d}-{fo}

f1,=238-0=23.8kN T

fi, =—274+20.0=17.26 kN «

m =-728+40=3277kN-m ~
f,, = -238kN |
fo, = 2.74+20=22.74 kN «

m, = -1465-40=-5464kN-m D
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23.8 kN

2 J~——2274KkN
~_|_ 54.64 kKN-m

@)
2
A

y
32.77 kN-m <1 17.26 kN

23.8kN
FBD element (1)

Element (2)
Effective forces
19 = 1131 kN, 9 =-281kN, m® =— 14.9KkN-m
19 = ~1131 kN, £{9 =281kN, m{? =—7.54 kN-m
Actual forces
{f} = [KT{d}-{fo}

%, = 11.31-0=11.31 kN —

by =—281-(-40)=37.19kN T

m, = —14.91 - (-80) =65.09 kN-m >
% = —11.31-0=-11.31 kN «

4y = 2.81—(-40)=42.81kN T

m, = -754-80=—-87.54kN-m O

9
37.19 kN 80 kN 42.81 kN
11.31 kN 2 l 34\ 11.31 kN
65.09 kN-m 87.54 kN-m
FBD of element@
Element (3)
{fo}=0 17.55 kN 9
f’,, = 17.55 kN
2x 5 N P 10.51 kN-m
o= = r/
f2y 1.40 kN L40 kN
m, = -1051 N-m )

Pl = —1755kN

1.40 kN /

—h
P
1

1.40 kN 17.55 kN

m, = —-5.30KkN-m )
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80 kN
87.54 kN-m
2 3
k] 11.31 kN
42.81 kN
40 kN —
5.30 kKN-m
32.77 kN-m( a( e 1142kN
1l 1726 kN T
17.55 kN
13.40 kN
23.80 kN
FBD of frame
5.8
Ib
250 ® ,
E =30 x 10° psi
A=15in?
| =250 in*
@ ® 20 ft
! 4
N\
! 20 ft _!
8333 Ibft
1500 1 — (>
|2 3
F=gb= 20220 - 25001
2 2
M= ‘{V—ZL = —25102(20) = 8333 Ibft
8333 Ib-ft =100,000 Ib-in.
N
2500 Ib 1 .

Equivalent force system

Calculate [K]’sbased on node 2 and 3 contributions as

U=Vvi=¢1=0,us=Vv4=¢4=0

Element (1)
C=0, S=1
®)

121 61

ek 0 2

K91= g| v 5

L % A0
Symmetry 41
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Element (2)
C=1, S=0
2 ©)
(A0 0 -A © 0]
121 161 -121 161
= ©*T O &= T
E
(27 = -6l
A 0 0
121 -6l
=z L
_Symmetry 4
Element (3)
C=0, S=-1
©)
121 61
= 0 2
K= g| "~ 5
KI=EC 4 g
L
Symmetry 4!

Assemble global [K] and Equations {F} = [K] {d} use numerical values for E, I, A, L

2500 1505 0 625 -15 0 0 7 (u
0 1505 625 0 00521 625 | |v,
100,000,  E 2000 0 -625 500 | (¢,
0 L 1505 0 625 | |u
0 1505 —6.25| |v
0 | Symmetry 2000 | (o5

Solve simultaneously using an equation solver
5.9

/\ @ .
27 3 E = 210 GPa
5m : A=2x 107 m
[=2x10"%m!
@ 4m
1
Element [K]’s
Element (1)
C=0, S=1
—4
15—2' - 12(2x107) :210 ) —15%10%m?
204
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—4
61 _ 6(2x107) =30x10%m?
L 4
B 20x10° _go0,qq7 KN
L 4 ' m
U, \7 0,
. ,|15x107 0 3x107
[KY] = 5.25 x 10 >,
2x10 0
8x10™
Element (2)
C=1, S=0
4
121 _ 12@x107) _ 955010 m2
L? 52
—4
61 _ 8@x107) _)4s10%m?
L 5
E_ 210x10° _,, o7 kN
L 5 ' m
2
2x1072 0 0
K] = 4.2 x 10 9.6x10° 2.4x10™
Symmetry 8x10™
Assemble global equations for node 2
0 8.48x1072 0 1.58x107° |y,
0 =10 1.05x1071 1.01x10°2 [dv,
200 Symmetry 756107 |4,

Solving simultaneously
U=-495%x10"m,v,=-256x10°m
¢, = 2.66 x 107 rad

Element forces {f"} = [k’] [T] {d}

rTo10 oo 0]f0
100 00 0}l°0
001 0wo0o0/|0
[T {d}= 000 0 1 0[|-495x107°
0 00 -1 0 0[[-256%10"°
L0 00 00 1| 266x10°
205
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0
0
— ® 0
{73 = K171 5 56010
4.95x10°°
2.66 1072
1 —2x107 0 o Tro
0 -15x10*  3x10™ || 0
{f}=525%x10" | " 0 ~3xa0% 410 |] O 5
2x107 0 0 —2.56x10
0 15x10% —3x107 || 495%10°
: 0 _3x10%  8x10* |l 266x10°°

Multiplying matrices yields
f, 0 =269kN= -5 §;® =42kN=-f5 O
m® = 559 kN-m, m{ =111.7 kN-m
Similarly for element (2)
{11? = [KTD TP {d}? yields
f4,2 = 420kN = — 5,
f5,0 = -269kN=—f4 @

m{ = 89.2 kN-m, m{? =447 kN-m

26.9 kN
89.2 kN-m 44.7 KN-m
2k i ) N 2k
| 4 a2t/ 5m
111.7 kN-m
26.9 kN 26.9 kN

4m

42 kN /> 56.9 KN-m

26.9 kN Free-body diagrams

206

© 2012 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



www.icivilir glrec uuwaigo ¢ (lgauiiils gols LUy

5.10
10 kN E = 210 GPa
A=1x10?*m?
’]1 I=2x10"*m*
'4—3 m—
5 kKN-m
ap
] Z
MRS
Element (1)
9
E 2200 755400, 2L Z 267510
L 3m L2
61 ”
- 4%x10% C=1,S=0
w=vi=¢gs=0andus=v4=¢,=0
U, \7] 0,
1x1072 0 0
[KY] = 70 x 10° A .
267x107 —-4x10
Symmetry 8x10™
Element (2)
9 —4
E_210x307 _ j954 10°, % 2 12@x107) _y 535 90
L kNP 18
% =283x10* C=0707=-S 4l =8x 10"
(358 —3.48 0.1415 358 3.48 0.1415 T
358 0.1415 -3.48  —-3.58 0.1415
0@ = 0566 —0.1415 —0.1415 0.2828 70 10°
- 358  -348  —0.1415
3.58 -0.1415
| Symmetry 0.566 |
Element (3)
E_ 70 x 10°, 21 =267 %107, 61 =4x10™"
L L2 L
C=1,S=0
Us V3 03
1x1072 0 0
K¥1=70x10°| 0  267x10™% 4x107*
Symmetry 8x107*
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Global equations

[0.0135 —0.0035 0.00014 0.0036  0.0035  0.00014 |
0.0038 -0.0003 -0.0035 —0.0036  0.00014
0 0.0014 —0.00014 —0.00014 0.00028
10 x 10
0.0135 —0.0035 —0.00014
0.0038  0.0003
Symmetry 0.0014 |
Using an equation solver
U= 0.16 x10™m us = 0.85 x 107!
Vo= —-0.1423x10%m vy =-0.1423x107%m
¢o= —0.5917 x10 rad  ¢3=0.5917 x 10~ rad
Element forces
Element (1)
7000 0 0] 0
010000 0
m{d}_001ooo ~0
1000100 0
00001 0]l 01423x1072
00000 1]} 55917x10°
{f '}(1) - [k'](l) [T](l) {d}(l)
[c 0 0 -G O 0
12C, 6CL 0 -12C, 6CL
4CL2 0 -6CL 2GL
=70x10° < < <
o} 0 0
12C, -6C.L
| Symmetry 4G, |
f =0
f1,% = 10028 N
m = 23276 N-m
f5,85 =0

f4, = 10028 N

mY = 6709 N-m

208

0
—10000

| -5000

“lo
—10000
5000

0

0

0

0. 10D

—-0.1923x10°2

—-05917x107
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Element (2)
(0707 —0707 010 0 0]
0.707 0707 010 0 0
0 0 11000
[T]: S _
|
I
_ | _
0
-0.387x10* =0
(199 = WP MR @@ = |
0
0.387 x107* =0
11,720

where [k’]® from Equation (6.1.8) text

0.16 x10™° =0
-0.1423x107?
—~0.5917 x107°

0.85x10t =0
—-0.1423x1072

0.5917 x 1072

{d}® =

Similarly for element (3)
50 =0

f4,9 = -10,028 N

m{) = —6709 N-m
i =0
f;,¥ = 10,028 N

m® = - 23276 N-m
511

Figure P5-11
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This problem is done using symmetry and Mathcad

E=70x10°
A=3x107
I=3x10"
Element 1
X1 = Xo =
yi=0 y.=
2 2
Li= 06 %)+ (v - v0)
C: XZ_Xl S: yZ_yl
L L
C=06 S=0.8
= % M:ﬂ

[ AC? +NS? (A-N)CS -MS
(A-N)CS AS?+NC?  MC
E -MS MC 41
ki= | —
' ( j ~(AC?+NS?) —(A-N)CS ™S
~(A-N)CS —(AS*+NC?) -MC
. -MS MC 21

~(AC? +NS®)  —(A-N)CS -MS]

~(A-N)CS  —(AS’+NC?) MC
MS -MC 21

AC? + NS (A-N)CS  MS

(A-N)CS AS* +NC?> -MC
MS —-MC 41

Boundary conditions with symmetry
u =20 M,=0 u,=0

Vi = 0 ¢2 =0
¢1=0
Reduced set of equations
Guess
Vo = 1
Given
Fay= —10x10°

(F2y) = E (AS? + ch)} (V2)
v, = find (v2)

Vv, = —3.7102 x 107 Displacement of node 2

210
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Fix W W 0

Fy Vi Vi 0

:\:/li =k zi :i = 8 Displacements and rotations
Foy v, Vv, -3.71x107°

M, ¢, 9, 0

Fiy 7443.901
F, | = | 10000 | Reaction forces
M, 112.197

Fi= (Rl +F,°

F1 = 12466.422 Reaction magnitude at node 1 same as node 3 by symmetry.

Forces in elements

C S00 00 U
-SC 00 00 v
0 010 00
T= d= |
0 00C SO U,
0 00 -SC O v,
0 000 01 é,
c,= 2B - B
Ly L
c 0 0o -¢ 0 0
0 12C, 6C,L, 0 —12C, 6GCL
K] = 0 6C,L, 4G L2 0 -6C L 2C L2
|l-¢ o 0 o 0 0
0 -12C, -6C,L, 0 12C, -6C,L,
0 6CL 2CL 0 -6CL 4GL
fix fix 12466.341
fiy fiy 44,879
m m 112197
= k’ =
fo ('] [T} fo | | —12466.341
fay fay —44.879
m, m, 112.197

Forces in element 1 and 2 by symmetry.
5.12 Determine displacements and rotations of the nodes, element forces, and reactions.
Material properties & geometry

EE = 210x10°Pa  Modulus of elasticity
AA=80x10"m?  Area of cross section of all elements

1=12x10*m*  Area moment of inertia of all elements
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LLy;=3m Length of element 1
LL,=6m Length of element 2
6, = 0deg Angle between local x and global x for element 1.
6, = — 90 deg Angle between local x and global x for element 2.
1 @ 2
-
100 kN
y @|,
|— X
3
77T
Figure P5.12
Applied loads

Fiy= — 100000 N Applied load (down at node 1)

Boundary conditions

dx=0 x-displacement 3 is zero.
day=0 y-displacement at node 3 is zero.
¢3=0 Angular displacement. at node 3 is zero.

Defining element properties in unitless format. (Mathcad does not allow elements with
dissimilar units within the same matrix.)

EE

E= — Modulus of elasticity (Pa).
Pa
AA .
A= — Cross sectional area of element 1 (m”2)
m
AA .
A= — Cross sectional area of element 2 (m”2)
m
1= |—|4 Area moment of element 1 (m"4)
m
I
o= — Area moment of element 2 (m"4)
m
LL,
Li= — Length of element 1(m)
m
LL
L= —2 Length of element 2 (m)
m
Cy = cos (61) Cosine of angle between local x and global x for
element 1.
S = sin (6y) Sine of angle between local x and global x for
element 1.
212
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C, = cos (62) Cosine of angle between local x and global x for
element 2.

S = sin (62) Sine of angle between local x and global x for
element 2.

Functional equations for the global stiffness matrix for a 2D beam/frame element with
axial effects.

Refer to text Equation (5.1.11)
Functional expressions for large repeated terms in global stiffness matrix.

Mi(A, C, S 1, L) = AC* + 1%2' g

M (A C S| L)= (A—ll_izl) CS

121

Ms(A C S 1, L)= AS + na c?

Functional equation for global stiffness matrix of beam/frame element.
[MJACSIL) MyACSIL) ()
M,(AC,S1,L) M3(AC,SI,L) %C
-6l 61
KA CSEIL= £ < S +cC 41
L1 -M(AC,SI,L) -M,(AC,SI,L) &s
~M,(AC,S1,L) —Ms(AC,SI,L) —2C
=S slc 21

~My(AC,SI,L) -M,(AC,SIL) s

~M,(AC,SI,L) -M3(AC,SI,L) —C

s 2c 2l
M;(AC,SI,L) My(ACSI,L) 2s
M,(AC,S1,L) Mz(ACSI, L) —(8cC)

TS -(tc) 4l

Calculate global stiffness matrix for 1st element.

i=1 Set i = 1 so that the properties of element 1 are used in the functional
expression.

ki= k(A, G, S, E I;, L)

5.6x10° 0 0 -5.6x10°
0 1.12x10"  1.68x10’ 0
= 0 1.68x10"  3.36x10’ 0
~5.6x10° 0 0 5.6x10°
0 -1.12x10" -1.68x10’ 0
0 1.68x107  1.68x10’ 0
213
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0
-1.12%10°

-1.68x10’
0

1.12x10"
-1.68x10’

0
1.68x10°

1.68x10’
0

~1.68x10’
3.36x10’

Augment element global k matrix with rows and columns of zeros to facilitate the
assembly of the total global stiffness matrix. The global k matrix for each element needs
to have the same number of rows and columns as there is degrees of freedom in the

model. In this case, it is 9 (3 nodes, 3DOF),
node

ZeroCol = ZeroRow=(000000000)

o O O o o

0

kl, = augment (ki, ZeroCol, ZeroCol, ZeroCol)
kl, = stack(kia, ZeroRow, ZeroRow, ZeroRow)

kip=

0 1 2 3 4 5 6 7.8 9
1|56 x10° 0 0| -56x10° 0 ololo]o
2 0| 112x10 1.68 x 107 0| -1.12x10" | 1.68x10" | 0| 0|0
3 0| 1.68x10’ 3.36 x 107 0| -1.68x10" | 168x10" |0 |00
4 56x10° 0 0| 56x10° 0 ojojo]oO
5 0| -112x10" | -1.68x10’ 0| 112x10" | -1.68x10° [0 |0 | O
6 0| 1.68x10 1.68 x 107 0| -1.68x10" | 336x10"| 0| 0|0
7 0 0 0 0 0 olof|o]o
8 0 0 0 0 0 ofof|o]o
9 0 0 0 0 0 olof|o]o

Calculate global stiffness matrix for 2nd element.

K2:

i=2 Set i= 2 so that the properties of element 2 are used in the functional
expression.
k:=k(A, G, S, E I, L)
0 0
14x10° 1 o’ 4.2x10° —1.4x10° 17 3 4.2x10°
. /MOQK 8 , /u»q? 0
-1 0 2.8x1 2, B 1.714<10° —2.8x1 2, B
O 2572100 L7110
42x100 2, ‘g 1.68x10’ —4.2x10° —2.572><10‘1g 8.4x10°
—1.4><106O 1 0 —4.2x10° . 1.4x10° , =L 0’  —42x10° .
- 10 - =10
L0 2840 25707 74D 28af | 252x10 "
42x10° 2, 10 8.4x10° —42x10° =2 0 168x10°
214
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Augment element global k matrix with rows and columns of zeros to facilitate the
assembly of the total global stiffness matrix. As before, we need 9 rows and columns.

koa = augment (ZeroCol,ZeroCol, ZeroCol, k)

kop = stack(ZeroRow, ZeroRow, ZeroRow, kpa)

kap =

012 3 4 5 6 7 8 9

1(0|/0f 0 0 0 0 0 0 0

2(0|0] 0 0 0 0 0 0 0

3/0/0] 0 0 0 0 0 0 0

410/0| 0 1.4x10°|-1.714 x 1077 42x10°| -14x10° 1.714x107 4.2 x10°

5|0/0| 0[-1.714x 10" 2.8x10°| 2572x10™"°| 1.714x107| -2.8x10°| 2.572x107™"°

6|0|0| 0 4.2 x10°| 2.572 x 10 1.68x10"| -4.2x10°-2572x10™"° 8.4 x 10°

710{0| 0| -14x10°| 1.714x107| -4.2x10° 1.4x10°| -1.714x107| -4.2x10°

8 (0|/0| 0| 1.714x107| -2.8x10°|-2572x107""|-1.714 x 107 2.8x10”|-2.572x 107"

9|0/0] 0f 42x10°| 2572x10™° 8.4x10°| -42x10°-2572x107""|  1.68x10’

Calculate total global stiffness matrix by adding augmented matrices for each element.
K= ki + kap

K =
0 1 2 3 4 5 6 7 g 9
1| 5.6x10° 0 0 -5.6x107 0 0 0 0 0
2 0 | 1.12x107 | 1.68x10’ 0| -1.12x10" | 1.68x10 0 0 0
3 0 1.68x107 3.36x10] 0 -1.68x10] 1.68x10] 0 0 0
4 | -5.6x10] 0 0| 5601x107 -1.714x107]  4.2x109 -1.4x10% 1714x107|  4.2x10°
5 0 -1.12x107 -1.68x10" -1.714x107 2.811x10} -1.68x 107 1.714x107] -2.8x1072572x10™
6 0 1.68x107 1.68x10] 4.2x10% -1.68x107  5.04x10] -4.2x1092572x107"  8.4x10°
7 0 0 0 -14x106 1714x107] —4.2x109 14x109-1714x107| -4.2x10°
8 0 0 0| 1714x107] -2.8x1092572x1079-1.714x 107  2.8x10] 2.572x10™
9 0 0 0 42x10%2572x10™"9  84x10% -4.2x109 2572x1079  1.68x10’

Solve for displacements and rotations at node 1 and 2.

First partition out rows and columns associated with homogenous boundary conditions
(rows/columns 7, 8 and 9)

Kpart = submatrix (K, 1, 6, 1, 6)

Kpan =

5.6 x10°
0
0
-5.6x10°
0
0

0
1.12x10’
1.68x10’

0

0

1.68x10’

3.36 %10’
0

-5.6x10°
0
0

5.601x10°

~112x10" -1.68x10" -1.714x107’

1.68 %10’
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0 0
-1.12x10"  1.68x10’
-1.68x10"  1.68x10’

-1.714%x107"  4.2x10°
2.811x10° —-1.68x10"
-1.68x10"  5.04x10’

Define partitioned vector of applied loads.
= T
Foart = (o % 000 o)

Solve for displacements and rotations at node 1 and 2.

el

v

z)i = Kpart_1 Fpart

Va

9,

U —-0.214 (m)

vy -0.25 (m)

) 0.089 (rad) ) L
= [Displacements are in meters, rotations in radians.]

u2 — 0.214 (m)

v, —3.571x107° | (m)

¢, 0.071 (rad)

0.089 rad = 5.099°
0.071 rad = 4.068°

Solving for reactions.

le Ul
I:ly \]
M, 0
Fox u,
Foy | = K | v, | Multiplying global stiffness matrix by displacement vector.
M, 9,
Fax Us
F3y A
M, P
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le 0

Fy ~10x10°
M, 2.328x 1670
Fox 0

Fay | = 0

M, 0

Fax 0

Fay 1x10°

Ms -3x10°

Forces are in newtons, moment in N-m.

Values agree with what one would expect given the simple nature of the problem.
Vertical reaction at node 3 should be equal and opposite the applied load Fiy and it is.
Moment reaction at 3 (Ms) should equal the applied load (Fyy) times it’s moment arm
(Ly) and it does.

Solve for element forces.
Functional equations for local beam elements

Functional equation for local stiffness matrix for a 2D beam/frame element with axial
affects. Refer to text Equation (5.1.8).

£ 0 0 £ 0 o0

12El 6El 12EI 6El

0 = = 0 55 7

0 6El 4Bl o GEL 2Bl

_ 12 L 12 L

KIocal (A. C, S. E, |, L) - AE 0 0 AE 0 0
-T T

12El 6El 12El 6El

0 = = 0 %

6El  2EI 6EL  4EL

0 12 L 0 12 L

cC S0 0 00O
-SCO0 0 0O
0 01 0 00O

T(C, 9=
€9 0 00 C SO
0 00 -SCUO
0 00 0 01

Solving for element forces in element 1
i=1
Kiocail = kiocat(Ai, Ci, S, E, i, Lj)  Local k matrix for element 1

5.6 x10° 0 0 -5.6x10°
0 1.12x10"  1.68x10’ 0
0 1.68x10°  3.36x10’ 0
Kiocall = 9 9
~5.6x%10 0 0 5.6 x10
0 ~1.12x10" -1.68x10’ 0
0 1.68x10°  1.68x10’ 0
217
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0 0
-1.12x10" 1.68x10’

-1.68x10" 1.68x10’
0 0

1.12x10" -1.68x10"
-1.68x10" 3.36x10’

T, = T(C;, S) Transformation matrix for element 1.

1 00000
010000
001000
T1:
000100
000010
0 00O0O01
U
Vi
f1 = kigcar T2 31 Calculate local forces/moments in element 1.
2
\/)
0,
1 ® 2
@ @
1—1.105N /A 1.105N
3% 105N-m
0 f1x
~100000 | | fy
0
f1: nl
0 fox
100000 fay
—300,000) { m,

Forces are in Newtons, moments in N-m.
f1y comes back out of the equations as expected.

fy must be equal and opposite—and it is.

m, also checks (resists in CW direction the applied load of 1*1075N over 3m moment
arm)

Solving for element forces in element 2
i=2

Kiocar2 = kiocat(Ai, Ciy S, E, Ii, Lj)  Local k matrix for a element 2
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2.8x10° 0 0 -2.8x10°
0 1.4x10°  4.2x10° 0
0 42x10° 1.68x10’ 0
Kiocal2 = 9 9
-2.8x10 0 0 2.8x10
0 ~1.4x10° -4.2x10° 0
0 42x10°  8.4x10° 0
0 0

-1.4x10° 4.2x10°

—42x10° 8.4x10°
0 0

1.4%x10° —4.2x10°
-42x10° 1.68x10’

T, = T(Ci, S) Transformation matrix for element 2.

0 -1 00 0 O

1 0 00 0 O

0 010 0 O
Tz =

0O 0 00 -10

0 0 01 0 O

0 0 00 01

Calculate local forces/moments in element 1.

f2= Kiocar 2 T2

Forces are in Newtons, moments in N-m.
foy and f3, again are of same magnitude as applied load at node 1 as expected.

m, and mg also have correct magnitude. my must be equal and opposite of applied
moment. m, must be opposite of ms for equilibrium.

100,000 o
0 fay
(, | 300000 m,
~100000 | | fs,
0 fay
~300000) | m,
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)
300 kN-m
)2
| y
100 kN
*)
X
N
~ 300 kN-m (-)
A
T 3
100 kN (-)
5.13
| 20 ft f
500010 | i
2 3 E = 30 x 10*psi
@ A=10in?

I = 200in%
(for elements 1,

0 @ ®| 20ft 2ad3)

E = 30 x 10° psi /

I = 1lin? —

A = 2in? | 4
N\ NN\

Boundary conditions  u;=vi=¢; =0, u=vy=¢,=0

Element (1) by Equation (6.1.11)

C=0; S=1
U Vo ¢,
121 18
ko= E| v 0 T
L{I0O A O
80 41
Element (2)
C=1, S=0
U Vo ¢ U V3 93
[A 0 0 -A 0 0]
-121
N
1= = -6l
[¥1= = a0 =2 2
0 0
121 -6l
L L
| Symmetry 41 |
220

© 2012 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



www.icivilir glrec uuwaigo ¢ (lgauiiils gols LUy

Element (3)
C=0, S=-1
U3 V3 @3
121 6l
K= E |V O X
L A 0
41
Element (4)
C= ﬁ, s=202 =20, LY=42L
2 2
- A
[ e
RE ol S48 23
Symmetry 41
Assembling
5000 [10.75 -0.707 50 -10 0 07 (u
0 10.75 5.0 0 -0.0417 5 A
0| _ E 1603 0 -5 400 | |9y,
0o L 1004 0 5 | |u
0 10.04 -5 A
0 L 1600 | | ¢
6
E_ 300" _g1p5x100 12
L 20/ (12 ﬂ) in.
ft
Solving simultaneously
U, = 0.055916 in. u; = 0.05576 in.
Vv, = 0.003817 in.  v3=-0.000133 in.
¢,=-0.00015rad ¢3=-0.000149 rad
PLANE FRAME PROBLEM 6.13
NUMBER OF ELEMENTS =4
NUMBER OF NODES =4
NODE POINTS
K IFIX XC(K) YC(K) ZC(K) FORCE(L,K)
1 111 0.000000 0.000000 0.000000 0.000000
2 000 0.000000 240.000000 0.000000 5000.000000
3 000 240.000000 240.000000 0.000000 0.000000
4 111 240.000000 0.000000 0.000000 0.000000
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514

ELEMENTS

K NODE(l, K) E(K) G(K) AK) XI(K)

1 1 2 3.0000000E+07  0.0000000E+00 1.0000000E+01 2.0000000E+02

2 2 3 3.0000000E+07  0.0000000E+00 1.0000000E+01 2.0000000E+02

3 3 4  3.0000000E+07  0.0000000E+00 1.0000000E+01 2.0000000E+02

4 2 4 3.0000000E+07  0.0000000E+00 2.0000000E+00 1.0000000E+00

NODE DISPLACEMENTS Z-ROTATION

X Y THETA

1 0.00000E+00 0.00000E+00 0.00000E+00

2 0.55918E-01 0.38170E-02 —0.14987E-03

3 0.55760E-01 —0.13304E-03 —0.14913E-03

4 0.00000E+00 0.00000E+00 0.00000E+00

ELEMENTS

K NODE(I, K) X-FORCE Y-FORCE Z-MOMENT X-FORCE Y-FORCE

1 1 2 —-04771E+04  0.1976E+03  0.2746E+05 -0.4771E+04 -0.1976E+03

2 2 3 0.1972E+03 -0.1663E+03 —0.1997E+05 -0.1972E+03 0.1663E+03

3 3 4 0.1663E+03  0.1972E+03 0.1994E+05 -0.1663E+03 —0.1972E+03

4 2 4 0.6513E+04  0.1547E+00 0.1301E+02 -0.6513E+04 —0.1547E+00

Z-MOMENT
0.1996E+05
—0.1994E+05
0.2739E+05
0.3950E+02
20004
SN
| XY
| 15 ft
O]
E = 30 x 10* psi
45° A =5in2
y | 1 = 200 in?
N
Element (1)
NI
2 2
Use only node 2 part of [K]
AC? 412 g2 (A—&)cs 6l g
4 g L
IRE E AS? +120c2 Ol
L 4 b
4]

Symmetry
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U, Vv 9,
= 8 _5/2|x125v2 x10°
Symmetry 800
Element (2)
C=1, S=0
A+ s (A-B)cs s
K] = LEz ASZ+% c? fgc
Symmetry 4l
5 0 O
=l0 2 2 ><g><105
800
[K] = [K¥]+ K9]
Then
{F} = [K] {d}
Equivalent nodal forces
fo= 0 fpy= _V\;LZ = 15000 Ib
—wi3 .
my = 2 =_45,0001b-in.
0 1282600 434580 125000 | (u,
-15000} = 461650 —138900 |4V,
—45000 27,475,000] |9,
Solving
u,= 0.0174in.
V.= —0.0481 in.
¢,= —0.00165 rad
Element forces
{119 = KO MO {a®
223
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Element one (1)

[T1{d}
@ 5 0 0 =5 0 0
£ O 42 42 0
o _1_ 5 o =L 5
f’ly(l) 482 4 482 4 0
| = 10° 100V2 0 $  50v2 0
5.0 o |[|-0.02167
’ (1) \/_
f2x(1) Y2 || oo4e3
fy a2 4 000165
el Symmetry 1002

f1, = 19160 Ib= — 5,
f5, =-13851b=—f5 O
m® = —59050 Ib-in.

msY = — 176000 Ib-in.
Element two (2)

{119 = (K2 M2 ® {15}

[ 0.0174
-0.0481
—0.00165
T1I@rap® =
(T]17{d} 0
0
)
£, 9
2xe rs 5 -
50 0 20 O 0.0174
f5 @ 6 1 10 o 1 10
2 —
y(; 2 % o0 F Y||-o004
Me | _ 108 40 0 =0 2| |-000165
’ 5
52 20 of] o
1 =10 0
féyg) 8l 9
A0 0
rrgg) L i
14530
— 2432
— 273,980
£7.12 = J
el —14530
2432
— 163,700
Finally { £} = {f} —{fo}
224
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7 (2
2X(2) 14530 0 145301b
2 —2432 —15000 12568 Ib
m?| |-273980 | |-450,000| | 176020lb-in.
f,@[ ~ | ~14530 0 | -145301b
11, 2432 — 15000 174321b
2 —163,700 450,000 —6137001b-in.
19.16 kip
176 kip-in. /
NG 176 kipin. 200012 613.7 kipin.
1.385 kip “ P
o ;/\ l @ l 180inl l <\ 14_14.53 kip
7 50.05 kip-in. 1257kip 17.43kip
19.16 kip 1.385kip Free-body diagrams
5.15
30 kN-m
20 kN 2\ @ 3
J 4m &&Q
E = 70 GPa -
4m A=4X10"m
O] I=2x10"*m
1
o
Element (1)
c=0, S=1
_4
% = —12(2%0 ) —15%10*m’
L 4
8l _ 30x10*m?
L
6
E_70x10° _ e, g7 KN
L m
) \Z o,
1.5x10™* 0 3.0x10™*
KM= 1.75x 10 4x1072 0
Symmetry 8x107*
Element (2)
S=0, C=1
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) Vo 92 Us 3
[4x1072 0 0 —-4x10%2 0
1.5x10* 3x10™* 0 3x10™
k¥ = 1.75x 10 8x107* 0 4x107*
4x107? 0
| Symmetry 8x10°* |

where boundary conditions
u=vi=¢;=0andv;=0

have been used in [kK%] and [k®]

The global equations are

[4.015x10°2 0 3x10% -4x107 0 |py,
4015x10° 3x10* 0 3x107* | |v,
1.75x 10’ 16x10°° 0 4x10°7 165
4x10°2 0 |[|%
| symmetry 8x10™ |93
Fo=—20
Foy=0
= 1M, =30
Fa=0
My=0

Solving simultaneously
U= —1.76 x 1072m, v,= —1.87x 10°m
¢,= 5x 10 rad
Us= —1.76 x 1072m, ¢3=—2.49 x 10 rad
Element forces

Element (1)
{f'}(l) - [k'](l) [T](l){d}(l)
T0 10 00 0] [w=0
-1 00 0 0 of |W=0
me@e=| 001 000 A P
000 0 10| ]|u=-176x10
000 -10 0f |v,=-187x10"
000 00 1 |4 -50x107
0
0
[T19{d}® = ’ 5
~1.87x10
1.76 X102
5.00x107
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{(130= KO MO @) =

[ 7x10°° 0 0 —7x107° 0 0
2625x10° 525x10° 0 -2625%x10° 525x10°
14x10* 0 525x10°  7x10°
7x10° 0 0
2625x10° -525%x10°
| Symmetry 14x10* |
0
0
0
~-1.87x10°°
1.76x1072
5.0x107
f7, = 13.1kN
f1, = —20.0kN

m; = —574kN-m
f5 = —13.1kN
2y = 20.0kN
m, = —22.4KkN-m
Similarly for element (2)
{f'}(Z) = [k'](Z) [T](Z){d}(Z)

b= T4, =0
,2y = 13.1 kN, f§y=—13.1 kN
m, = 5247kN-m, m; =0
5.16
1 3 5 | 20kN
>
E =200 GPa
A=1x102m?
L=1m
3:/2 L 4 L 6
3:\1 ® 3 ® 5
17
o © ® ®
i/ @) @
2 4 4 6
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Element (1)
C=0, S=1
ﬁ ﬁ @ 0
200x10° (1x20%) |o o o °
| 0 00 O
0-10 1
Element (3)
C=0, S=1
4 ()
EA 0 00 O
[k(?’)]:T 0 10 -1
0 00 O
0 -10 1
Element (2)
C=1, S=0
2 ©)
A -1 0
[K?] = — |00 00
-10 10
00 00O
Element (4)
C=1, S=0
@ ()
A 10 -10
NE - 00 00O
-10 10
00 00O
Element (5)
C: Q, S: Q
2 2
(2 ©)
A 05 05 -05 -05
K= =] 05 05 -05 -05
= 7

-05 -05 05 05
-05 -05 05 05
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Boundary conditions
U1=Vi=W=Wwn= 0

Assemble appropriate parts of [K]'s

0 13535 0.3535 0 0](us
0 13535 0 —1||v
=2x10° 3 €)
0 1 Uy
0 Symmetry 1 lv,
3 @ 5
®
@
4 6
Similarly assembling [K®] through [k®?] we obtain
10 0 o | -1 0 0 0]
[Kel=| 0 1 0 -1 10 o o o] =[Kdl
0 0 13535 03535 |-0.3535 03535 -1 O
0 -1 03535 13535 |-03535 -03535 0 O 0
[K] =|-g-mommmmmmooo oo Oyt S, —| x2x10
-1 0 -03535 —-03535! 13535 03535 0 O
[Kel=| 0 0 -03535 -03535 03535 13535 0 -1| =[K;]
o 0o -1 0o I 0 o 1 0
L0 O 0 o | o0 -1 0 1]
Now [Ki]—[Kid [K&'] [Ke] {u} ={f} - [Kig] [K&'] {fe
1.3535 0.3535 0 -1 0 -03535 -0.3535
03535 13535 0 -1| |0 0 —-0.3535 —0.3535
0 0 1 00 -1 0
0 -1 0 1] |0 o 0 0
10 0 o 7Tt -1 0 0 0] (us
01 o0 -1 0 0 0 0ff |vs
0 0 13535 0.3535 -03535 -03535 -1 0|f|u,
0 -1 03535 1.3535 -0.3535 -03535 0 O] |v,
0 -1 0 -03535 —-03535][1 0 O o T o
o 0 0 -0353 -03535|(0 1 0 -1 — 20000
“lo 00 -1 0 0 0 13535 0353 0
0 00 0 0 0 -1 03535 13535 0
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0 0 0 O0][u) (-20000

1|0 10 ~1f]vs| _ |-20000 .
0 00 Oly 20000
0 -10 1|y, 0

Adding two sections (a) and (b)

1.3535 03535 0 0] (us — 20000
03535 23535 0 -2 {v3 — 20000
0 1 0 1u4 ~ ] 20000

0 —2 0 2

2x10°
A 0
Solving
Us= 2.832x 10 m, v3=—2.828x 10°m
Us= 1.0x10°m, v;=—2.828 x 10°m
5.17

10kip 10kip 10kip

20 o] el e
1 2 3 4 5
10 100 10 10

AN

Substructure @ Substructure @

Substructure@ Substructure @

10 kip 10 kip 10 kip

40 | @ ®

[K]’ s for each element are
@ (2
12 720 -12 720
29x10° x10° | 720 57600 —720 - 28800
120)* 12 -720
Symmetry 57600

(K] = K] = [K7] = (K =

Adding [K]'s of elements (1) and (2) for substructure (1) and apply boundary conditions

V1= ¢1 =0
24 0 -12 720 | (v, -10
115200 —720 28800 (¢, 0
16.78 =
12 720 |vs -10
Symmetry 57600 | | ¢4 0
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Now rearrange the equations with interface displacement first

12 -720 -12 -720 | (% -10
—720 57600 720 28800 | |¢s 0
16.78 =
-12 720 24 0 v, -10
—720 28800 0 115200] |¢, 0

Using Equation (6.6.6) [Ki] —[Kie [Kg&'l [Ka] {u} = {f} —[Kid [KZ {fs
1678 12 -7201 [-12 -7200[24 O T'[-12 720
' L 720 57600} [720 28800}[ 0 115200} {—720 28800}

Je =175} [ ol o wn] o)

[ 2517 —-3020|(v3] _(-15 1
| —3020 483260] ¢  |300
Considering substructure (2) with boundary conditions vs= ¢s=0

(12 720 -12 720 U; 0

57600 —720 28800 | |¢, 0

16.78 =
24 0 A -10

| Symmetry 115200 | | ¢, 0

Simplifying as per substructure (1)

(2517 3020 |(v5) _ (-5 @
| 3020 483264 | ¢5) | —300

Adding (1) and (2)
(50.34 0 7] (vs] _[-20
| 0 966528 | ¢ | O
Solving
v3=—-0.3973in. ¢3=0
5.18
40 kN-m
2‘\ 1 m €§3
@ E = 200 GPa
1m@ I =2x10-4m
A=1x10-2m2

—4

12_2I: 12x2x10 — 2 4% 107
K 12
61 _ 6x2x10™"
L

=1.2x10°
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3

E_ 200><109ﬁ
L m

Considering substructure (1) and applying boundary conditions

U= vi= 0
C=0,S=1
[k {d}
0.0008 0.0012 0 0.00047 (¢, 0
o 0.0024 0 0.0012| |u, 0
= 200 x 10 -
001 O v, 0
Symmetry 0.0008] (d, 40x10°

Rearranging equations (rows and columns) we place interface displacements first

0.0024 0 0.0012 ; 0.0012 U, 0
I
0 16° 001 0 | 0 ||ju|_| O
0.0008 | 0.0004 | |, ~ ]40x10°
Symmetry 1 0.0008 | | ¢, 0

Using Equation (6.6.6)

00024 0 0.0012] (0.0012 U,
200 x 10° 001 0 |-{ O [[1250][0.0012 O 0.0004];1V,
Symmetry  0.0008| [0.0004 ¢,
0 0.0012
= 0 -4 0 |[1250][0]
20x10° 0.0004
Simplifying
012 0 012] (u, 0
1x10° 20 0 |dvyp= 0 (1)

012] (¢, 40%10°

Considering substructure (2) and applying boundary conditions

C=1,S=0

0.01 0 0 |-001] (u, 0

200 x 10° 0 00024 00012 O V| |0

8 0 00012 00008 O |lg,f o

T T ____
-001 O 0 1001 [¢ 0
Simplifying by applying Equation (6.6.6)

0.01 0 0 -0.01 U,
200 x 10° 0 0.0024 0.0012|-¢ O [OLOJ [-0.0100];1V,
0.0008 0 ' o,

= {0} -{0}
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20 0 0 7(u 0
1x10° 012 0.12|{v,} =30 2
Symmetry 0.12 | ¢, 0
Adding (1) and (2)
212 0 0.12](u, 0
1x10° 212 012[{v,} = 0
Symmetry  0.24] ¢, 40 x 10°
Solving
U= V,=—0.010 x 10°m
¢,= 17.67 x 10 rad
5.19
,\15 kip-ft
15ki
i @ 1/ P
oft 7 2 E=30 x 108 psi
10 kip 1 v 1 =200in4
A=10in2
3 16 ft
10 ft 1
p
3 4
—3 A\
,——-8 ft —
NUMBER OF ELEMENTS =3
NUMBER OF NODES = 4
NODE POINTS
K IFIX XC(K) YC(K) ZC(K) FORCE(1, K)
1 000 0.000000  120.000000 0.000000 10000.000000
2 000 96.000000  192.000000 0.000000 15000.000000
3 111 0.000000 0.000000 0.000000 0.000000
4 111 96.000000 0.000000 0.000000 0.000000
FORCE(2, K) FORCE (3, K)
0.000000 0.000000
0.000000 180000.000000
0.000000 0.000000
0.000000 0.000000
ELEMENTS
K NODE(l, K) E(K) G(K) A(K) XI(K)
1 3 1 3.0000000E+07 1.0000000E+00 1.0000000E+01 2.0000000E+02
2 1 2 3.0000000E+07 1.0000000E+00 1.0000000E+01 2.0000000E+02
3 2 4 3.0000000E+07 1.0000000E+00 1.0000000E+01 2.0000000E+02
DISPLACEMENT Z-ROTATION
X Y THETA
0.70180E+00 0.79708E-02 — 0.44578E-02
0.72656E+00 —0.12753E-01 — 0.49949E-03
0.00000E-+00 0.00000E+00 0.00000E+00
0.00000E+00 0.00000E+00 0.00000E+00
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ELEMENTS
K NODE(l,K) X-FORCE  Y-FORCE Z-MOMENT X-FORCE Y-FORCE  Z-MOMENT
1 3 1 —0.1993E+05 0.1810E+05 0.1309E+07  0.1993E+05 —0.1810E+05 0.8629E+06
2 1 2 —0.1843E+05 -0.1108E+05 —0.8629E+06  0.1843E+05 0.1108E+05 —0.4671E+06
3 2 4 0.1993E+05 0.6903E+04  0.6471E+06 —0.1993E+05 —0.6903E+04 0.6783E+06
5.20
3000 Ibft
12001b
Po T
® @| 151t
- ind l E =30 x 106 psi
24001b : 3&%'“' 5 I, &= 200in4
1 A=10in?
©) ®| ft I = 300in4
S 6
\ 4N
fe——— 25t ——]
PLANE FRAME PROBLEM 5.20
NUMBER OF ELEMENTS =6
NUMBER OF NODES =6
NODE POINTS
K IFIX XC(K) YC(K) ZC(K) FORCE(L, K)
1 1 1 O 0.000000 0.000000 0.000000 0.000000
2 0 0 O 0.000000 180.000000 0.000000 2400.000000
3 0 0 O 0.000000 360.000000 0.000000 1200.000000
4 0 0 O 300.000000 360.000000 0.000000 0.000000
5 0 0 O 300.000000 180.000000 0.000000 0.000000
6 1 1 O 300.000000 0.000000 0.000000 0.000000
FORCE(2, K) FORCE(3, K)
0.000000 0.000000
0.000000 0.000000
0.000000 36000.000000
0.000000 0.000000
0.000000 0.000000
0.000000 0.000000
ELEMENTS
K NODE(, K) E(K) G(K) A(K) XI(K)
1 1 2 2.9000000E+07  0.0000000E+00  1.0000000E+01  2.0000000E+02
2 2 3 2.9000000E+07  0.0000000E+00  1.0000000E+01  2.0000000E+02
3 3 4 2.9000000E+07  0.0000000E+00  1.0000000E+01  2.0000000E+02
4 4 5 2.9000000E+07  0.0000000E+00  1.0000000E+01  2.0000000E+02
5 5 6 2.9000000E+07  0.0000000E+00  1.0000000E+01  2.0000000E+02
6 2 5 2.9000000E+07  0.0000000E+00  1.0000000E+01  3.0000000E+02
DISPLACEMENTS Z-ROTATION
X Y THETA
0.00000E+00 0.00000E+00 — 0.69680E-02
0.95468E+00 0.17130E-02 —0.19754E-02
0.12408E+01 0.20315E-02 — 0.55648E-03
0.12403E+01 0.20315E-02 —0.79750E-03
0.95333E+00 —0.17130E-02 —0.19213E-02
0.00000E+00 0.00000E+00 —0.69838E-02
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ELEMENTS
K NODE(l, K) X-FORCE Y-FORCE Z-MOMENT X-FORCE Y-FORCE
1 1 2 —0.2760E+04  0.1787E+04 0.7438E-01 0.2760E+04 —0.1787E+04
2 2 3 —0.5131E+03 0.6953E+03  0.1686E+05 0.5131E+03 - 0.6953E+03
3 3 4 0.5045E+03 —0.5131E+03 —-0.7230E+05 —0.5045E+03  0.5131E+03
4 4 5 0.5131E+03  0.5046E+03  0.8162E+05 —0.5131E+03 —0.5046E+03
5 5 6 0.2760E+04  0.1813E+04  0.3263E+06 —0.2760E+04 —0.1813E+04
6 2 5 0.1308E+04 —0.2247E+04 —0.3386E+06 —0.1308E+04  0.2247E+04
Z-MOMENT

1 2 0.3217E+06

2 3 0.1083E+06

3 4 — 0.8162E+05

4 5 0.9200E+04

5 6 0.3091E-01

2 5 — 0.3355E+06

5.21 For the dant-legged rigid frame shown in Figure P5-21, size the structure for minimum
weight based on a maximum bending stress of 20 ks in the horizontal beam elements
and a maximum compressive stress (due to bending and direct axia load) of 15 ksi in
the dant-legged elements. Use the same element size for the two dant-legged elements
and the same element size for the two 10-foot sections of the horizontal element.
Assume A36 steel is used.

4000 1b 16,000 Ib 16,000 Ib
tg 101t 141t 111t — ol 10ft—~'
| ® 3 O « @ s ® g
NP N &
1 |
|
[
|
- 7

l@x
i/@ ®

/)

|
2
Figure P5-21

| choseto usean ‘I’ beam for my cross sectional area because it is commonly used inbridges.
My final design was chosen because the design meets the constraints of the problem while not
being overly large.

The center part of the cross member (25 foot section) was taken to be W14 x 26. Thishasa
thickness of 0.420 inches, adepth of 13.91 inches and a width of 5.025 inches.

The two angle members and the outside 10 foot members are also designed as ‘I’ beams.
These members were taken to be W14 x 22. This size has a thickness of 0.335 inches, a depth
of 13.74 inches and a width of 5.00 inches.

The maximum bending stress (about the local axis 3) in thismember is19.51891 ksi. Thisis
under to 20 ks congtraint put on the design in the problem. It is near the center of the cross
member.

The maximum stress in the angle member is— 11.51989 ksi and is well below the 15 ksi
alowed in the problem.

The sizeswere determined by taking some commonly used sizes from my Mechanics of Materias
book and using trial and error. When | got the lower memberstoo small the bending stress went
too high in the cross member. The final design was chosen because it minimized the size of the
cross section while aso minimizing the size of the angle members.
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5.22 For the rigid building frame shown in Figure P5-22, determine the forces in each
element and calculate the bending stresses. Assume all the vertical elements have A = 10
in2and | = 100in*and all horizontal elements have A= 15in.and | = 150 in.*. Let E =
29 x 10° psi for all elements. Let ¢ = 5 in. for the vertical elements and ¢ = 6 in. for the
horizontal elements, where ¢ denotes the distance from the neutral axis to the top or

bottom of the beam cross section, as used in the bending stress formula o = (MI—) .

4 8 12
1000 Ib
10 ft
2000 Ib 3 ! 1l
10 ft
2000 Ib 2 6 10
\11920 psi 10 ft
& 5 Vi
!— 30 ft } 301t !
Figure P5-22
1**** BEAM ELEMENT STRESSES
ELEMENT CASE P/A PIA+M2/S2  PIA-M2/S2 PIA+M3/S3 PIA-M3/S3 WORST SUM
NO. (MODE)
1 1 1.500E+02 1.500E+02 1.500E+02 1.500E+02 1.500E+02  1.500E+02
1.500E+02 1.500E+02 1.500E+02 4.676E+03 —4.376E+03  4.676E+03
2 1 1.500E+02 1.500E+02 1.500E+02 4.676E+03 —4.376E+03  4.676E+03
1.500E+02 1.500E+02 1.500E+02 9.203E+03 —-8.903E+03  9.203E+03
3 1 5.591E+01 5591E+01 5.591E+01 1.605E+02 —4.866E+01 1.605E+02
5.591E+01 5591E+01 5.591E+01 2.054E+03 -1.942E+03 2.0543+03
4 1 5.591E+01 5591E+01 5.591E+01 2.054E+03 —1.942E+03 2.054E+03
5.591E+01 5591E+01 5.591E+01 3.947E+03 —-3.835E+03 3.947E+03
5 1 1.480E+01 1.480E+01 1.480E+01 1.329E+02 -1.033E+02 1.329E+02
1.480E+01 1.480E+01 1480E+01 7.855E+02 —7.559E+02 7.855E+02
6 1 1.480E+01 1.480E+01 1.480E+01  7.855E+02 —7.559E+02  7.855E+02
1.480E+01 1.480E+01 1.480E+01 1.438E+03 —-1.409E+03 1.438E+03
7 1 8.096E-02 8.096E-02 8.096E-02 8.096E-02 8.096E-02 8.096E-02
8.096E-02 8.096E-02 8.096E-02 5.962E+03 -5962E+03 5.962E+03
8 1 8.096E-02 8.096E-02 8.096E-02 5.962E+03 -5962E+03 5.962E+03
8.096E-02 8.096E-02 8.096E-02 1.192E+04 -1.192E+04 1.192E+04
9 1 1.920E-01 1.920E-01 1.920E-01 -4.031E+03 4,032E+03 4.032E+03
1.920E-01 1.920E-01 1.920E-01 1.177E+03 -1.177E+03 1.177E+03
10 1 1.920E-01 1.920E-01 192001 1.177E+03 -1.177E+03 1.177E+03
1.920E-01 1.920E-01 1.920E-01 6.386E+03 —6.386E+03 6.386E+03
11 1 1.098E-01 1.098E-01 1.098E-01 -8.724E+02 8.726E+02 8.726E+02
1.098E-01 1.098E-01 1.098E-01 8.076E+02 -8.074E+02 8.076E+02
12 1 1.098E-01 1.098E-01 1.098E-01 8.076E+02 -8.074E+02 8.076E+02
1.098E-01 1.098E-01 1.098E-01 2.488E+03 —-2.487E+03 2.488E+03
13 1 —-1.500E+02 —-1.500E+02 -1.500E+02 -1.500E+02 -1.500E+02 -1.500E+02
-1.500E+02 -1.500E+02 -1.500E+02 4.361E+03 —4.661E+03 —4.661E+03
14 1 —-1.500E+02 -1.500E+02 -1.500E+02 4.361E+03 —4.661E+03 —4.661E+03
—-1.500E+02 -1.500E+02 -1.500E+02 8.873E+03 —-9.173E+03 —9.173E+03
15 1 -5.610E+01 -5.610E+01 -5.610E+01 3.192E+01 -1.441E+02 -1.441E+02
-5.610E+01 -5.610E+01 -5.610E+01 1.930E+03 —2.042E+03 —-2.042E+03
16 1 -5.610E+01 -5.610E+01 -5.610E+01 1.930E+03 —2.042E+03 —-2.042E+03
-5.610E+01 -5.610E+01 -5.610E+01 3.828E+03 —3.940E+03 —3.940E+03
17 1 -1.491E+01 -1.491E+01 -1491E+01 8.670E+01 -1.165E+02 -1.165E+02
-1.491E+01 -1.491E+01 -1491E+01 7.542E+02 —7.840E+02 -—7.840E+02
18 1 -1.491E+01 -1.491E+01 -1.491E+01 7.542E+02 —7.840E+02 -—7.840E+02

-1491E+01 -1491E+01 -1491E+01 1.422E+03 -1.451E+03 -1.451E+03
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5.23
3000 Ib-ft
1200 Ib [ = 200in* @
5 A = 12in? 6 For cross'members
L, o
(for élem:rf?s 1;Land 4) @ @ B . 30 % 10° osi
— ind =
2400 1b —— /: = 31(;01;2 Lo o (for al members)
= in?
e @ @O e
(for elements 1
and 2) l 2 —1
! 25 ft —!
Problem 5-23
NUMBER OF ELEMENTS =10
NUMBER OF NODES =6
NODE POINTS
K IFI XC(K) Y C(K) ZC(K) FORCE(1, K)
1 110 0.000000 0.000000 0.000000 0.000000
2 110 300.000000 0.000000 0.000000 0.000000
3 000 0.000000 180.000000 0.000000  2400.000000
4 000 300.000000 180.000000 0.000000 0.000000
5 000 0.000000 360.000000 0.000000  1200.000000
6 000 300.000000 360.000000 0.000000 0.000000
ELEMENTS
K NODE (I, K) E(K) G(K) A(K) XI(K)
1 1 3 3.0000000E+07 0.0000000E+00  1.0000000E+01  1.5000000E+02
2 2 4 3.0000000E+07 0.0000000E+00  1.0000000E+01  1.5000000E+02
3 3 5 3.0000000E+07 0.0000000E+00  1.0000000E+01  1.5000000E+02
4 4 6 3.0000000E+07 0.0000000E+00  1.0000000E+01  1.5000000E+02
5 5 6 3.0000000E+07 0.0000000E+00  1.2000000E+01  2.0000000E+02
6 3 4 3.0000000E+07 0.0000000E+00  1.2000000E+01  3.0000000E+02
7 3 2 3.0000000E+07 0.0000000E+00  2.0000000E+00  1.0000000E+00
8 1 4 3.0000000E+07 0.0000000E+00  2.0000000E+00  1.0000000E+00
9 5 4 3.0000000E+07 0.0000000E+00  2.0000000E+00  1.0000000E+00
10 3 6 3.0000000E+07 0.0000000E+00  2.0000000E+00  1.0000000E+00
FORCE(2, K) FORCE(3, K)
0.000000 0.000000
0.000000 0.000000
0.000000 0.000000
0.000000 0.000000
0.000000 36000.000000
0.000000 0.000000
NODE DISPLACEMENTS Z-ROTATION
X Y THETA
1 0.00000E+00 0.00000E+00 —0.90513E-04
2 0.00000E+00 0.00000E+00 —0.11175E-03
3 0.15236E-01 0.10352E-02 —0.72478E-04
4 0.14269E-01 —0.99244E-03 —0.13558E-04
5 0.20440E-01 0.12193E-02 0.20690E-03
6 0.20082E-01 —0.11183E-02 —0.74145E-04
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ELEMENTS

K NODE(l, K) X-FORCE Y-FORCE Z-MOMENT

X-FORCE
0.1725E+04 —0.5246E+01  0.9230E+03
0.1654E+04 —0.2770E+02  0.4948E+04
0.3069E+03 —0.1602E+03  0.2140E+05
—0.2097E+03 0.1926E+02 —0.3248E+04
—0.4288E+03 —0.5934E+02 0.3279E+04
—0.1160E+04  0.4351E+02 — 0.4759E+04
—0.2149E+04  0.1976E+00 —0.3793E+02
0.2011E+04  0.8417E-01 —0.8126E+01

1 1 3 -—0.1725E+04  05246E+01  0.2132E+02
2 2 4 01654E+04  0.2770E+02  0.3793E+02
3 3 5 —03069E+03  0.1602E+03  0.7434E+04
4 4 6 0.2097E+03 —0.1926E+02 —0.2187E+03
5 5 6 0.4288E+03  0.5934E+02  0.1452E+05
6 3 4  01160E+04 —0.4351E+02 —0.8294E+04
7 3 2 0.2149E+04 —0.1976E+00 —0.3119E+02
8 1 4 —02011E+04 —0.8417E-01 —0.2132E+02
10 3 6 —05227E+03  0.1791E+00 —0.3119E+02
Reactions
Node 2
From x" and y’forcesin elements (2) and (7)
1654 Ib
21491b
0.19761b=0
27.71b
2
Fox= —27.7-1843 =1871 b «
Fay= 1654 + 1106 = 2760 Ib T
Similarly
Fix= 17301b «
Fiy= 27601b
5.24
300 |« 25 fi |
fr | !
5 @ 6 E
1
©) @ 15 A
3 @ 4
©) @ 5t

Problem 5.24
NUMBER OF ELEMENTS =6
NUMBER OF NODES =6

Y-FORCE Z-MOMENT

0.5227+03 0.1791E+00 —0.3148E+02

30 x 10° psi
200 in?
15 in?

[ |

FORCE(L, K) FORCE(2, K) FORCE(3, K)

NODE POINTS

K IFIX XC(K) YC(K)  ZC(K)

1 110  0.000000 0.00000 0.000000  0.000000
2 110 300000000 0.000000 0.000000  0.000000
3 000 0000000 180.000000 0.000000 4500.000000
4 000 300.000000 180.000000 0.000000 0.000000
5 000  0.000000 360.000000 0.000000 2250.000000
6 000 300.000000 360.000000 0.000000 0.000000
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0.000000 —67500.000000

0.000000 0.000000
0.000000 0.000000
0.000000 0.000000
0.000000 67500.000000
0.000000 0.000000
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ELEMENTS
K NODE(l, K) E(K) G(K) A(K) XI(K)
1 1 3 3.0000000E+07  0.0000000E+00  1.5000000E+01 2.0000000E+02
2 3 5 3.0000000E+07 0.0000000E+00  1.5000000E+01 2.0000000E+02
3 2 4 3.0000000E+07  0.0000000E+00  1.5000000E+01 2.0000000E+02
4 4 6 3.0000000E+07  0.0000000E+00  1.5000000E+01 2.0000000E+02
5 3 4 3.0000000E+07  0.0000000E+00  1.5000000E+01 2.0000000E+02
6 5 6 3.0000000E+07 0.0000000E+00  1.5000000E+01 2.0000000E+02
NODE DISPLACEMENTS Z-ROTATION
X(in.) Y(in.) THETA
1 0.00000E+00 0.00000E+00 —0.15591E-01
2 0.00000E+00 0.00000E+00 —0.15054E-01
3 0.21212E+01 0.21601E-02 —0.51828E-02
4 0.21193E+01 —0.21601E-02 —0.52135E-02
5 0.28221E+01 0.26614E-02 —0.13916E-02
6 0.28215E+01 —0.26614E-02 —0.17770E-02
ELEMENTS
K NODE X-FORCE Y-FORCE Z-MOMENT X-FORCE Y-FORCE Z-MOMENT
(,K) (Ib) (Ib) (Ib-in.) (Ib) (Ib) (Ib-in.)
1 1 3 —0.5400E+04 0.3105E+04 —0.6750E+05  0.5400E+04 —0.3105E+04  0.6264E+06
2 3 5 —01253E+04 0.1349E+04 —0.4968E+04  0.1253E+04 —0.1349E+04  0.2478E+06
3 2 4 0.5400E+04 0.3645E+04  0.8592E-01 —0.5400E+04 —0.3645E+04  0.6561E+06
4 4 6 0.1253E+04 0.9017E+03 —0.3340E+05 -—0.1253E+04 —0.9017E+03  0.1957E+06
5 3 4 0.2744E+04 —0.4147E+04 —0.6214E+06 —0.2744E+04 0.4147E+04 —0.6227E+06
6 5 6 0.9014E+03 —0.1253E+04 —0.1803E+06 —0.9014E+03 0.1253E+04 —0.1957E+06
525 (a)
1251b 251b
Ty (30, 15)
4
(wJﬂg C> (3
RS (32, 11.25)
®
1 (38, 0)
o, 0) @ (20, 0) 6—;
(a) Design 1
Case 1 A; =0.1in?
E = 30 X 10° psi Ay=Ay=A, = A5 =0.15in?
Case 2 Ag= A, = Ag = 0.3 in?

E = 10 X 10 psi

1, = 001 in*
L=I,=1I,=I =002 in*
Ig=I,=1I, = 0.1 in*
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ieing B w0 026000 Bo G050 In 8, S0 v 016 N3 aniding Stress Aoyt Locs] 3 Axia
@ﬁmﬁ,ﬁﬁﬁ%ws )

TR
Lk

5.26

2 L, A, sl>%

G—Sftt— Fe——38 ft —

w
O
—
—
-
| ——|
——]
t——
ANNNNNNN
=N

@ |- A 12t Y E =30 x 10° psi
I, = 300 in*
@ I, = 600 in*
2 ¥ A, =15in?
T A, =30in?

A

e 2 —

Solution: From appendix D for distributed load
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4000 | 60001b 6000 , 4000Ib
R L O N Y L |
PFRAME  ~_( J / J / J /
64000 Ibin 144000 Ibin 64000 Ibin

EAEN

NUMBER OF ELEMENTS =5
NUMBER OF NODES =6

NODE POINTS
K IFIX XC(K) YC(K) ZC(K) FORCE(1, K)
1 110 —72.000000 0.000000  0.000000 0.000000
2 000 —72.000000 144.000000  0.000000 0.000000
3 111 —168.00000 144.000000  0.000000 0.000000
4 110 72.000000 0.000000  0.000000 0.000000
5 000 72.000000 144.000000  0.000000 0.000000
6 111 168.00000 144.000000  0.000000 0.000000
FORCE(2, K) FORCE(3, K)
0.000000 0.000000
~10000.000000 —80000.000000
0.000000 0.000000
0.000000 0.000000
—10000.000000 80000.000000
0.0000000 0.000000
ELEMENTS
K NODE(l, K) E(K) G(K) A(K) XI(K)
1 1 2 3.0000000E+07  0.0000000E+00  1.50000000E+01  3.0000000E+02
2 2 3 3.0000000E+07  0.0000000E+00  3.00000000E+01  6.0000000E+02
3 2 5 3.0000000E+07  0.0000000E+00  3.00000000E+01  6.0000000E+02
4 5 4 3.0000000E+07  0.0000000E+00  1.50000000E+01  3.0000000E+02
5 5 6 3.0000000E+07  0.0000000E+00  3.00000000E+01  6.0000000E+02
NODE DISPLACEMENTS Z-ROTATION
X Y THETA
1 0.00000E+00 0.00000E+00  0.49989E-04
2 0.59560E—05 —0.33163E-02 - 0.10010E-03
3 0.00000E+00 0.00000E+00  0.00000E+00
4 0.00000E+00 0.00000E+00  — 0.49989E-04
5 — 0.59560E-05 —0.33163E-02  0.10010E-03
6 0.00000E+00 0.00000E+00  0.00000E-+00
ELEMENTS
K NODE(I,K) X-FORCE Y-FORCE  Z-MOMENT X-FORCE  Y-FORCE
1 1 2 0.1036E+05 —0.1303E+03 —0.7533E-04 —0.1036E+05  0.1303E+03
2 2 3 —0.5584E+02 —0.3634E+03 —0.3621E+05  0.5584E+02  0.3634E+03
3 2 5 0.7445E+02  0.1703E-04 —0.2503E+05 —0.7445E+02 —0.1703E-04
4 5 4 0.1036E+05 0.1303E+03  0.1876E+05 —0.1036E+05 —0.1303E+03
5 5 6 —05584E+02 0.3634E+03  0.3621E+05  0.5584E+02 —0.3634E+03
K Z-MOMENT
1 1 2 — 1876E+05
2 2 3 1325E+04
3 2 5 2503E+05
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4 5 4
5 5 6
Refer to computer print out for displacement and rotations
Corrected elemental forces
Element (1)
@
Ix 103601b
£
1y -130.31b
m®P| | 0lbin.
£ ~ |-103601b
£ 130.31b
2
o|  |-187601b-in.
m;
10360 Ib
130.3 b /l o
18760 Ib-in.N—
x
7— 12 ft
130.3 Ib
10360 Ib
Element (2)
2% -55.81b 0 -55.81b
2y -36341b + 4000 —4363.41b
m, _ |=362101b-in. +64,000f  [-100,2101b-in.
fo | | 558lb 0 [ | 558lb
f ’3y 363.41b + 4000 -3636.61b
m, 13251b-in. —64,000 653251b-in.
65325 Ib-in. 8000 Ib 100210 Ib-in.
, 3 l 2
. 55.8 b ~—) [ | }—»55.8 Ib
b s e |
3V I I 1
3636.6 Ib 4663.4 Ib
Element (3)
£/ 3
2X(3) 7441b 0 74.41b
fay 0 _6000 60001b
m® | | -250301b ~144,000| _ |-1188701b-in.
fL,@[ | -7441b 0 | -744lb
£ ) 0 —6000 6000 1b
(yz) 250301b-in. 144,000 -1188701b-in.
my
242
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’

12000 Ib

Y 118970 Ib-in. 118970 Ib-in.
N4 l /5
. T441b —[] ] <~— 74410
x / \
6000 Ib 6000 Ib

Element (4) No correction refer to computer print out

Element (4)
10360 Ib
18760 Ib-in. 1303 1b
5
,—ﬁ
3
4
130.31b
10360 Ib
Element (5)
S
5*(5) -55.81lb 0 -55.811b
f5y ~363.41b — 4000 4363.41b
m® |  |36210lb-in.| |-64,000] |100,2101b-in.
f.O [ | 558lb o [ 55.81b
fr O —363.41b —4000 3636.61b
© ~1325Ib-in. | 64,000 ] |-65325Ib-in.
M
8000 Ib

100210 Ib-in. 65325 Ib-in.

55.8 Ib <—> I3 l 2I >—>55.8 Ib
t i

4663.4 1b 3636.6 Ib

Reactions
NODE 1

Fiu= 3, =+13031b

Fy = f7,® =+103601b

M; =—m{® =0lb-in,
NODE 3

Fa = £4,® =5581b

Fay = 14,9 =—3636.61b

Mz =-m§? =-65235Ib-in.
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NODE 4
Fax =— £, =130.31b
Fay= 5% =-103601b
My =—m{) =0lb-in.
NODE 6
Fex =—f%,® = —5581b

Foy =— T4, = —3636.61b

Ms =—m& = 653251b-in.

5.28
| |
I 10m I
4 T 50 E =210 GPa
4 ’ I=05x10"4m*
lm A=05x10"2m?
2 T k)7
4m
)
300 KN/m SN
Figure P5-28

Nodal Displacement
X Component
m
0.005696952
- 0005127256
0.004557561
0.003987866
0.003418171
0.002848476
0.002278781
0.001709085
0.00113939
0.0005696952
0
Max.
displacement
Load Case: 1 of 1
Maximum Value: 0.00569695 m
Minimum Value: 0 m
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5.29
E =30 x 10° psi
I =150in% 16 kip 16 kip
A =10in? 4 kip
| ® 1 RO F1O) l 1 @s ®
| 30 i =|,— 14 ft —sfe 7 w7 ftofe 30 ft |
Figure P5-29
DisplacementsRotations (degrees) of nodes
Node X— Y- Z— X— Y- Z—
number  translation trandation translation rotation rotation rotation
1 0.0000E+00  0.0000E+00 0.0000E+00  0.0000E+00 0.0000E+00 3.4030E-01
0.0000E+00  0.0000E+00 0.0000E+00  0.0000E+00 0.0000E+00 —6.8060E-01
3 0.0000E+00 —1.8330E+00 0.0000E+00  0.0000E+00 0.0000E+00 —3.7774E-02
4 0.0000E+00 -1.2242E+00 0.0000E+00  0.0000E+00 0.0000E+00 7.6168E-01
5 0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00 0.0000E+00 7.4186E-01
6 0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00 0.0000E+00 —3.7093E-01
7 0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00 0.0000E+00 0.0000E+00
8 0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00 0.0000E+00 0.0000E+00
5.30
E =30 x 108 psi 30kip 30kip
I =200 in*
A=12in? 15 fi 20 ft 15 ft—»‘
3 4
10 ft
2 51 7
30 ft
1 6
A\N\N N T
| o N

Plane Frame-Problem 5.30

NUMBER OF ELEMENTS =5
NUMBER OF NODES = 6

NODE POINTS

K IFIX  XC(K) YC(K) ZC(K) FORCE(L, K) FORCE(2,K) FORCE(3, K)
1 111 0000000  0.000000 0.000000  0.000000 0.000000  0.000000

2 000  0.00000 360.000000 0.000000  0.000000 0.000000  0.000000

3 000 180.000000 480.000000 0.000000  0.000000 —30000.000000  0.000000

4 000 420000000 480.000000 0.000000 0.000000 -—30000.000000  0.000000

5 000 600.000000 360.000000 0.000000 0.000000 0.000000  0.000000

6 111 600000000  0.000000 0.000000  0.000000 0.000000  0.000000
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Elements
K NODE
(1, K)

abhwNPF
abwnN -

O wWN

E(K)

3.0000000E+07
3.0000000E+07
3.0000000E+07
3.0000000E+07
3.0000000E+07

G(K)

0.0000000E+00
0.0000000E+00
0.0000000E+00
0.0000000E+00
0.0000000E+00

A(K)

1.2000000E+01
1.2000000E+01
1.2000000E+01
1.2000000E+01
1.2000000E+01

XI(K)

2.0000000E+02
2.0000000E+02
2.0000000E+02
2.0000000E+02
2.0000000E+02

XIK)

0.0000000E+00
0.0000000E+00
0.0000000E+00
0.0000000E+00
0.0000000E+00

NODE DISPLACEMENTS
X Y
0.00000E+00 0.00000E+00
—0.44021E+01 — 0.30000E-01
0.33879E-02 —0.66668E+01
—0.44038E-02 —0.66669E+01
0.44011E+01 — 0.30000E-01

0.00000E+00 0.00000E+00

Z-ROTATION
THETA

0.00000E+0
—0.17622E-0
— 0.32000E-0
0.32000E-0
0.17624E-0
0.00000E+0

O Uk WN P

ELEMENTS
K NODE X-+FORCE

(1K)
1

Y-FORCE Z-MOMENT X-FORCE Y-+FORCE Z-MOMENT
0.3000E+05 — 0.1169E+05
0.2637E+05  0.1848E+05
0.1169E+05 0.1738E+00
0.2637E+05 —0.1848E+05

0.3000E+05  0.1169E+05

—0.1810E+07
0.2398E+07
—0.1600E+07
— 0.1600E+07
0.2397E+07

—0.3000E+05
—0.2637E+05
—0.1169E+05
—0.2637E+05
—0.3000E+05

0.1169E+05 — 0.2398E+07
—0.1848E+05 0.1600E+07
—0.1738E+00  0.1600E+07
0.1848E+05 —0.2397E+07
—0.1169E+05 0.1810E+07

abshwN P

ab~wnN
oOUhhWN

5.32

. /\IOkN-m @ 3
2|/

6m
210 GPa

2 x 1074 m
2 x 1072 m?

~
ot

ZES

1
SRR

Problem 5.32
NUMBER OF ELEMENTS =3

NUMBER OF NODES =4

NODE POINTS

IFIX  XC(K) YC(K)
111 0.000000 0.000000
000 0.000000 6.000000
000 6.000000 6.000000
111 6.000000 0.000000

ZC(K)
0.000000
0.000000
0.000000
0.000000

FORCE(1,K)
0.000000
15000.000000
0.000000
0.000000

FORCE(2,K)
0.000000
0.000000
0.000000
0.000000

FORCE(3,K)
0.000000
10000.000000
0.000000
0.000000

A WN PP X

ELEMENTS

K NODE(I,K)
1 1 2

2 2 3

3 3 4

E(K)
2.1000000E+11
2.1000000E+11
2.1000000E+11

G(K) A(K) X1(K)
1.0000000E+00  2.0000000E-02 2.0000000E-04
1.0000000E+00  2.0000000E-02 2.0000000E-04
1.0000000E+00  2.0000000E-02 2.0000000E-04
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NODE DISPLACEMENTS Z-ROTATION
X Y THETA
1 0.00000E+00 0.00000E+00 0.00000E+00
2 0.42966E-02 0.71361E-05 —0.24093E-03
3 0.42871E-02 —0.71361E-05 -0.47744E-03
4 0.00000E+00 0.00000E+00 0.00000E+00
ELEMENTS
K NODE X-FORCE Y-FORCE Z- MOMENT X-FORCE Y-FORCE Z-MOMENT
(I,K)
1 1 2 -0.4995E+04 0.8339E+04 0.2620E+05 0.4995E+04 —0.8339E+04 0.2333E+05
2 2 3 0.6661E+04 —0.4995E+04 —0.1333E+05 —0.6661E+04  0.4995E+04 —0.1664E+05
3 3 4 0.4995E+04 0.6661E+04 0.1664E+05 —0.4999E+04 —0.6661E+04 0.2333E+05
Reactions
Fix= —8339 N, F1y=—4995 N, M;=26,700N-m
Fax= —6661 N, Fay=4995 N, M;=23,330N-m
5.33
60 kKN-m
'/7\ 1, A 8
20 kN
] T E = 210 GPa
— -4 _ 4
hoal dmo T e
5 1, A, 6 L=1X10"%m'
20kN A, =1x 10" m?
oA L =05x 107*m
2, Az I, A, 3m Ay =05 x 1072 m?
20 kKN ——> I A 4
5, A, 1, Ay 4m
| 2
NNV AN\ i
! 10 m I
**%x% Frame Problem 5.33 *****
NUMBER OF ELEMENTS =9
NUMBER OF NODES =8
NODE POINTS
K IFX XC(K)  YC(K)  ZC(K) FORCE(1,K) FORCE(2K) FORCE(3K)
1 111 -5.000000 0.000000  0.000000 0.000000 0.000000 0.000000
2 111 5.000000 0.000000 0.000000 0.000000 0.000000 0.000000
3 000 -5.000000 4.000000  0.000000 20.000000 0.000000 0.000000
4 000 5.000000 4.000000  0.000000 0.000000 0.000000 0.000000
5 000 -5.000000 7.000000  0.000000 20.000000 0.000000 0.000000
6 000 5.000000 7.000000  0.000000 0.000000 0.000000 0.000000
7 000 —5.000000 10.000000 0.000000 20.000000 0.000000 60.000000
8 000 5.000000 10.000000  0.000000 0.0000000 0.000000 0.000000
ELEMENTS
K NODE E(K) G(K) A(K) X1(K) XJK)
(1,K)
1 1 3 21000000E+06 0.0000000E+00 9.9999998E-03 9.9999997E-03 0.0000000E+00
2 2 4 2.1000000E+06 0.0000000E+00 9.9999998E-03 9.9999997E-03 0.0000000E+00
3 3 4 2.1000000E+06 0.0000000E+00 2.0000000E-02 1.9999999E-04 0.0000000E+00
4 3 5 2.1000000E+06 0.0000000E+00 9.9999998E-03 9. 9999997E-03 0.0000000E+00
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5 4 4 21000000E+06 0.0000000E+00 9.9999998E-03 9.9999997E-03 0.0000000E+00
6 5 6 2.1000000E+06 0.0000000E+00 2.0000000E-02 1.9999999E-04 0.0000000E+00
7 5 7 2.1000000E+06 0.0000000E+00 4.9999999E-03 4. 9999999E-03 0.0000000E+00
8 6 8 2.1000000E+06 0.0000000E+00 4.9999999E-03 4. 9999999E-03 0.0000000E+00
9 7 8 2.1000000E+06 0.0000000E+00 2.0000000E-02 1.9999999E-04 0.0000000E+00
NODE DISPLACEMENTS Z-ROTATION
X Y THETA
1 0.00000E+00 0.00000E+00 0.00000E+00
2 0.00000E+00 0.00000E+00 0.00000E+00
3 0.13109E-01 0.40236E-04 —0.26944E-02
4 0.13092E-01 —0.40236E-04 —0.27869E-02
5 0.22043E-01 0.50737E-04 —0.19861E-02
6 0.21994E-01 —0.50737E-04 —0.15658E-02
7 0.26380E-01 0.46314E-04 0.17098E-02
8 0.26376E-01 —0.46314E-04 —0.11140E-02
ELEMENTS
K NODE(l,K) X-FORCE Y-FORCE Z-MOMENT
1 1 3 —0.2112E+02 0.3040E+02 0.7493E+02
2 2 4 0.2112E+02 0.2960E+02 0.7383E+02
3 3 4 0.7451E+01 —0.1377E+02 —0.4847E+02
4 3 5 —0.7351E+01 0.1785E+02 0.2182E+02
5 4 6 0.7351E+01 0.2215E+02 0.2468E+02
6 5 6 0.2046E+02 —0.8899E+01 —0.4626E+02
7 5 7 0.1548E+01 0.1831E+02 0.1453E+02
8 6 8 —0.1548E+01 0.1693E+01 0.9578E+00
9 7 8 0.1691E+01 0.1548E+01 0.1960E+02
X-FORCE Y-FORCE Z-MOMENT
0.2112E+02 0.3040E+02 0.4665E+02
—0.2112E+02 —0.2960E+02 0.4457E+02
—0.7451E+01 0.1377E+02 —0.6925E+02
0.7351E+01 —0.1785E+02 0.3173E+02
—0.7351E+01 —0.2215E+02 0.4177E+02
—0.2046E+02 0.8899E+01 —0.4273E+02
—0.1548E+01 —0.1831E+02 0.4040E+02
0.1548E+01 —0.1693E+01 0.4120E+01
—0.1691E+01 —0.1548E+01 —-0.4120E+01
534
7000%
\ l ) l l E = 210 GPa
! 3 3 7 I=1x10"4m
AAN\\V N N N A=1x10"?m?
! 7m ! Tm ,! 7m—s
Solution: From appendix D for distributed load
24,500 40,000 40,000 24,500
Doy b Y
d YN 77, .
28,583 N-m 28,583 N-m

NUMBER OF ELEMENTS =3
NUMBER OF NODES =4

NODE POINTS

K IFIX  XC(K) YC(K)  ZC(K) FORCE(1,K) FORCE(2K)  FORCE(3K)
1 110 0000000 0.000000 0.000000 0.000000  0.000000 28583.000000
2 110  7.000000 0.000000 0.000000 0.000000  0.000000 0.000000
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3 010 14000000 0.000000 0.000000 0.000000  0.000000 0.000000
4 010 21000000 0.00000 0.000000 0.000000  0.000000  —28583.000000
ELEMENTS
K NODE(I,K) E(K) G(K) A(K) XI(K)
1 1 2 2.1000000E+11 1.0000000E+00 1.0000000E-02  1.0000000E—04
2 2 3 2.1000000E+11 1.0000000E+00 1.0000000E-02  1.0000000E—04
3 3 4 2.1000000E+11 1.0000000E+00 1.0000000E-02  1.0000000E—04
NODE DISPLACEMENTS Z-ROTATION
X Y THETA
1 0.00000E~+00 0.00000E+00  0.28583E-02
2 0.00000E+00 0.00000E+00  —0.95277E-03
3 0.00000E~+00 0.00000E+00  0.95277E-03
4 0.00000E~+00 0.00000E+00  — 0.28583E-02
ELEMENTS

K NODE(I,K) X-FORCE Y-FORCE Z-MOMENT X-FORCE Y-FORCE Z-MOMENT

1 1 2 0.0000E+00 0.4900E+04 0.2858E+05 0.0000E+00 —0.4900E+04 0.5717E+04
2 2 3 0.0000E+00 0.1201E-03 -0.5717E+04 0.0000E+00 —0.1201E-03 0.5717E+04
3 3 4 0.0000E+00 —0.4900E+04 -0.5717E+04 0.0000E+00 0.4900E+04 0.2858E+05
Element (1)
7. 0 0 ON
£, 4900 — 24500 29400 N
m | _ | 28580 —28580| | 57160N-m
fo. | | O o | ON
5, — 4900 — 24500 19600 N
m, 5717 28580 —22860N-m
49,000 N
57,160 N-m 35m 22,800 N-m
[ I)
T /1 ZT
29,400 N 19,600 N
Element (2)
£/ 2)
2x 0 0 ON
£, 0 — 24500 24500 N
m? | |-5717| |-28580| | 22,860N-m
fL@f ] o o [~ 0
£, (2) 0 — 24500 24500 N
A 5717 28580 |  |-22860N-m
s
49000 N
22,860 N-m 35 22,860 N-m
7
[ [}
T /2 \3T
24,500 N 24,500 N
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Element (3)
2.0
3x 0 0 ON
f5, ~4900 | |- 24500 19600 N
m® | | -5717| |-28580| _ | 22860N-m
f,@f ] o o |~ ON
£, 4900 — 24500 29400 N
s — 28580 28580 —57160N-m
m®
49,000 N
22,860 N-m l
[} ] .
Y/3 4T )57160Nm
19,600 N 29,400 N
Reactions
Node 1
Fu= -5, =0N
Fiy=—f7,® =—29400N
Mi= —m® =0N-m
Node 3
Fa= — 5, =0N
Fay= —(14,2 + £4,) =—44100N
M3z=0ON-m
Node 2
Fo= — 15,2 =0N
Foy= —(f5,® + 3,19) =—44100N
M= ON-m
Node 4

Fa= — 5,3 =0ON
Fay= — 14,0 =—29400N

My= -m,® =ON-m
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5.35
2800N-m
24,. 31,
4000 N
9/ T 10
Az, Iy 4m A5, I
8000 N 23 E =210GPa
7 8 A, =20 x 107 m?
Al I, =20 % 107*m
vhpo 4m 3 A dy A, = 1.5 x 1072 m?
1> 3y L, =15x 107*m
8000 N 5 6 Ay = 1.0 x 1072 m?
— -4 4
anh|  4m A 1, I=10 X 107*m
24,, 31,
12,000 N
3 4
ALl 6m Ayl
1 2
ANN\ U AN\
{ 10 m |
NUMBER OF ELEMENTS = 12
NUMBER OF NODES = 10
NODE POINTS
K IFIX XC(K) Y C(K) ZC(K)
1 111 0.000000 0.000000 0.000000
2 111 10.000000 0.000000 0.000000
3 000 0.000000 6.000000 0.000000
4 000 10.000000 6.000000 0.000000
5 000 0.000000 10.000000 0.000000
6 000 10.000000 10.000000 0.000000
7 000 0.000000 14.000000 0.000000
8 000 10.000000 14.000000 0.000000
9 000 0.000000 18.000000 0.000000
10 000 10.000000 18.000000 0.000000
FORCE(1,K) FORCE(2,K) FORCE(3,K)
0.000000 0.000000 0.000000
0.000000 0.000000 0.000000
12000.000000 0.000000 0.000000
0.000000 0.000000 0.000000
8000.000000 0.000000 0.000000
0.000000 0.000000 0.000000
8000.000000 0.000000 0.000000
0.000000 0.000000 0.000000
4000.000000 0.000000 2800.000000
0.000000 0.000000 0.000000
ELEMENTS
K NODE(L,K) E(K) G(K) A(K) XI(K)
1 1 3 2.1000000E+11 0.00000000E+00 2.0000000E-02 2.0000000E-04
2 3 5 2.1000000E+11 0.00000000E+00 1.5000000E-02 1.5000000E-04
3 5 7 2.1000000E+11 0.00000000E+00 1.0000000E-02 1.0000000E-04
4 7 9 2.1000000E+11 0.00000000E+00 1.0000000E-02 1.0000000E-04
5 2 4 2.1000000E+11 0.00000000E+00 2.0000000E-02 2.0000000E-04
6 4 6 2.1000000E+11 0.00000000E+00 1.5000000E-02 1.5000000E-04
7 6 8 2.1000000E+11 0.00000000E+00 1.0000000E-02 1.0000000E-04
8 8 10 2.1000000E+11 0.00000000E+00 1.0000000E-02 1.0000000E-04
9 3 4 2.1000000E+11 0.00000000E+00 4.0000000E-02 6.0000000E-04
10 5 6 2.1000000E+11 0.00000000E+00 4.0000000E-02 6.0000000E-04
1 7 8 2.1000000E+11 0.00000000E+00 4.0000000E-02 6.0000000E-04
2 9 10 2.1000000E+11 0.00000000E+00 4.0000000E-02 6.0000000E-04
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NODE DISPLACEMENTS Z-ROTATION
X Y THETA
1 0.00000E+00 0.00000E+00 0.00000E+00
2 0.00000E+00 0.00000E+00 0.00000E+00
3 0.92499E-02 0.32295E-04 —0.79668E-03
4 0.92428E-02 —0.32295E-04 —0.79610E-03
5 0.13440E-01 0.45836E—04 —0.45169E-03
6 0.13435E-01 —0.45836E-04 —0.45347E-03
7 0.16322E-01 0.53376E-04 —0.23126E-03
8 0.16317E-01 —0.53376E-04 —0.22138E-03
9 0.17395E-01 0.54706E-04 —0.25437E-04
10 0.17393E-01 —0.54706E-04 —0.88782E-04
ELEMENTS
K NODE X-FORCE Y-FORCE Z-MOMENT X-FORCE Y-FORCE Z-MOMENT
(1,K)
1 1 3 —0.2261E+05 0.1601E+05 0.5360E+05 0.2261E+05 —0.1601E+05 0.4244E+05
2 3 5 —0.1066E+05  0.1000E+05 0.1728E+05 0.1066E+05 —0.1000E+05 0.2272E+05
3 5 7 —0.3959E+04  0.5969E+04 0.1078E+05 0.3959E+04 —0.5969E+04  0.1310E+05
4 7 9 —0.6981E+03  0.2206E+04  0.3331E+04 0.6981E+03 —0.2206E+04  0.5492E+04
5 2 4 0.2261E+05  0.1599E+05 0.5355E+05 —0.2261E+05 —0.1599E+05 0.4241E+05
6 4 6 0.1066E+05 0.1000E+05 0.1730E+05 -0.1066E+05 —0.1000E+05 0.2270E+05
7 6 8 0.3959E+04 0.6032E+04 0.1085E+05 —0.3959E+04 —0.6032E+04  0.1328E+05
8 8 10 0.6981E+03 0.1796E+04 0.2896E+04 —0.6981E+03 —0.1796E+04  0.4288E+04
9 3 4 0.5993E+04 —0.1194E+05 —0.5973E+05 —0.5993E+04 0.1194E+05 —0.5971E+05
10 5 6 0.3968E+04 —0.6704E+04 —0.3350E+05 —0.3968E+04 0.6704E+04 —0.3354E+05
11 7 8 0.4237E+04 -0.3261E+04 —0.1643E+05 -—0.4237E+04 0.3261E+04 —0.1618E+05
12 910 0.1799E+04 —0.6981E+03 —0.2692E+04 —0.1795E+04 0.6981E+03 —0.4288E+04
5.36
10 kN 10 kN E = 210 GPa
I=1x10%m?
A=1x10"2m?
7
6 © ) 20 kN —_—
@ @ @ |0.8m
5 ® ® @) 8 2.5m
Im I'm
P @ ® ;
ORNACEEES N AN O
2m %— 3m 2m
Figure P5-36
Displacements/Rotations (degrees) of nodes
NODE X- Y- Z- X- Y- Z-
number  trandation translation  trandation rotation rotation rotation
1 -1.5416E-07 9.7204E-06 0.0000E+00 0.0000E+00 0.0000E+00 -3.2761E-04
2 0.0000E+00 0.0000E+00 0.0000E+00 0.0000E+00  0.0000E+00  0.0000E+00
3 —2.9451E-06 0.0000E+00 0.0000E+00 0.0000E+00  0.0000E+00 -—1.2720E-03
4 —3.0149E-06 —6.6462E-05 0.0000E+00 0.0000E+00 0.0000E+00 -—1.7954E-03
5 1.6304E-05 —4.5862E-06 0.0000E+00 0.0000E+00 0.0000E+00 —3.1306E-04
6 5.2760E-06 9.7805E-06 0.0000E+00 0.0000E+00 0.0000E+00 -3.6825E-04
7 2.7047E-05 —2.6136E-05 0.0000E+00 0.0000E+00 0.0000E+00 -3.4281E-04
8 2.2989E-05 —4.5872E-05 0.0000E+00 0.0000E+00 0.0000E+00 -1.4049E-03
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6
7
5
8
1 9 3
Displacement magnitude m 4
6.653052¢-005
5.987747e-005
5.322442¢-005
4,657136e-005
3.991831e-005
3.326526e-005
2.661221e-005
1.995916e-005
1.33061e-005
6.653052e-006
0
5.37
18 kN 72 kN 72 kN
I——6m—>‘~4m.l-3m-1'5m——-—6m‘-‘ E=210GP§ 4
1 1= 4x10"m
N A=4x102m?

77 R

°
2
8
Figure P5-37

Displacements/Rotations (degrees) of nodes
NODE X- Y- Z- X- Y- Z-
number  translation translation translation rotation rotation  rotation (deg)
1 1.1203E-05 0.0000E+00 0.0000E+00 0.0000E+00 0.0000E+00 4.0957E-02
2 1.1203E-05 -1.1000E-04 0.0000E+00 0.0000E+00 0.0000E+00 -8.5066E-02
3 —3.5606E-06 —1.0371E-02 0.0000E+00 0.0000E+00 0.0000E+00 -1.3515E-01
4 -1.4633E-05 -1.2879E-02 0.0000E+00 0.0000E+00 0.0000E+00 6.2412E-02
5 -3.3087E-05 —2.9915E-04 0.0000E+00 0.0000E+00 0.0000E+00 8.5353E-02
6 0.0000E+00  0.0000E+00  0.0000E+00 0.0000E+00 0.0000E+00 0.0000E+00
7 0.0000E+00  0.0000E+00  0.0000E+00 0.0000E+00 0.0000E+00 0.0000E+00
8 0.0000E+00 0.0000E+00 0.0000E+00 0.0000E+00 0.0000E+00 0.0000E+00
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5.38
15 kTN 80 kN
E= 210GPa
l l l 1.3.5 m*l |:2.o><10";m‘21
A=10x10 °m
@ 3 @405
8m
® ® ®
kN 1 7 6
3007 N\ AN\ %
!— 7m % 7m l
Figure P5-38
NODE X- Y- Z- X- Y- Z-
number translation translation translation rotation rotation rotation (deg)
1 0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00 0.0000E+00  0.0000E+00
2 1.4372E-01 -1.1344E-04  0.0000E+00 0.0000E+00 0.0000E+00 1.4397E-01
3 1.4300E-01 -1.3696E-04  0.0000E+00 0.0000E+00 0.0000E+00 —4.1178E-01
4 14282E-01 -2.1948E-03  0.0000E+00 0.0000E+00 0.0000E+00 2.2790E-01
5 1.4265E-01 —4.7155E-04  0.0000E+00 0.0000E+00 0.0000E+00 -5.1623E-01
6 0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00 0.0000E+00  0.0000E+00
7 0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00 0.0000E+00  0.0000E+00
BEAM ELEMENT FORCES AND MOMENTS
ELEMENT CASE AXIAL SHEAR SHEAR TORSION BENDING BENDING
NO. (MODE) FORCE FORCE FORCE MOMENT MOMENT MOMENT
Rl RZ R3 M1 MZ M3
1 1 —2907E+04 —-9.878E+05 0.000E+00 0.000E+00 0.000E+00 -1.538E+06
—2.907E+04 2.122E+05 0.000E+00 0.000E+00 0.000E+00 —3.605E+04
2 1 -2122E+05 —-2907E+04 0.000E+00 0.000E+00 0.000E+00 -3.605E+04
—2122E+05 7.593E+04 0.000E+00 0.000E+00 0.000E+00 —2.001E+05
3 1 —1024E+05 4.084E+04 0.000E+00 0.000E+00 0.000E+00 2.022E+05
—1.024E+05 4.084E+04 0.000E+00 0.000E+00 0.000E+00 5.932E+04
4 1 -1024E+05 1.208E+05 0.000E+00 0.000E+00 0.000E+00 5.932E+04
—1.024E+05 1.208E+05 0.000E+00 0.000E+00 0.000E+00 -3.636E+05
5 1 —-1208E+05 -1.024E+05 0.000E+00 0.000E+00 0.000E+00 —4.560E+05
—1.208E+05 -1.024E+05 0.000E+00 0.000E+00 0.000E+00 3.636E+05
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6 1 -3510E+04 —-1.098E+05 0.000E+00 0.000E+00 0.000E+00 —4.760E+05

—3.510E+04 -1.098E+05 0.000E+00 0.000E+00 0.000E+00

5.39
10,000 N e ®
@ ® @| 3m
6
20,000 N > E= 200GPa
I= 20x10-4m2
@ @ @ 3m A=40x10-4m4
20,000 N 3 ® >4
D © © OKL:
1/(3 2

(a) Truss model
NUMBER OF ELEMENTS (NELE) =15
NUMBER OF NODES (KNODE) =8

NODE POINTS
K IFIX XC(K) YC(K) ZC(K)  FORCE (LK) FORCE (2K)
1 111 0.000000E+00 0.000000E+00 0.000000E+00 0.000000E+00 0.000000E+00
2 111 4.000000E+00 0.000000E+00 0.000000E+00 0.000000E+00 0.000000E+00
3 001 0000000E+00 3.000000E+00 0.000000E+00 2.000000E+04 0.000000E+00
4 001 4000000E+00 3.000000E+00 0.000000E+00 0.000000E+00 0.000000E+00
5 001 0.000000E+00 6.000000E+00 0.000000E+00 2.000000E+04 0.000000E+00
6 001 4.000000E+00 6.000000E+00 0.000000E+00 0.000000E+00 0.000000E+00
7 001 0.000000E+00 9.000000E+00 0.000000E+00 1.000000E+04 0.000000E+00
8 001 4.000000E+00 9.000000E+00 0.000000E+00 0.000000E+00 0.000000E+00
ELEMENTS

K NODE(I,K) E(K) A(K)

1 1 3 2.0000E+11 2.0000E-04

2 1 4 2.0000E+11 2.0000E-04

3 2 3 2.0000E+11 2.0000E-04

4 2 4 2.0000E+11 2.0000E-04

5 3 4 2.0000E+11 2.0000E-04

6 3 5 2.0000E+11 2.0000E-04

7 3 6 2.0000E+11 2.0000E-04

8 4 5 2.0000E+11 2.0000E-04

9 4 6 2.0000E+11 2.0000E-04

10 5 6 2.0000E+11 2.0000E-04

255

4.023E+05

FORCE (3K)
0.000000E+00
0.000000E+00
0.000000E+00
0.000000E+00
0.000000E+00
0.000000E+00

0.000000E+00
0.000000E+00
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11 5 7 2.0000E+11 2.0000E-04
12 5 8 2.0000E+11 2.0000E-04
13 6 7 2.0000E+11 2.0000E-04
14 6 8 2.0000E+11 2.0000E-04
15 7 8 2.0000E+11 2.0000E-04

NUMBER OF NONZERO UPPER CO-DIAGONALS (MUD)-11

DISPLACEMENTS X Y 4
MODE NUMBER 1 0.0000E+00 0.0000E+00 0.0000E+00
MODE NUMBER 2 0.0000E+00 0.0000E+00 0.0000E+00
MODE NUMBER 3 0.7935E-02 0.3730E-02 0.0000E+00
MODE NUMBER 4 0.7315E-02 —0.3583E-02 0.0000E+00
MODE NUMBER5 0.1738E-01 0.5276E-01 0.0000E+00
MODE NUMBER 6 0.1681E-01 —0.4849E-02 0.0000E+00
MODE NUMBER 7 0.2603E-01 0.5662E-02 0.0000E+00
MODE NUMBER 8 0.2572E-01 —0.5026E-02 0.0000E+00

STRESSES IN ELEMENTS (IN CURRENT UNITS)

ELEMENT NUMBER STRESS

0.24864E+09

= 0.14809E+09
= —0.16441E+09
= —0.23886E+09
—0.30998E+08

= 0.10311E+09
= 0.78155E+08
= —0.10934E+09
= —0.84393E+08
= —0.28261E+08
= 0.25697E+08
= 0.19671E+08
= —0.42828E+08
= —0.11803E+08
= —0.15737E+08

(b) Rigid frame model
NUMBER OF ELEMENTS =15
NUMBER OF NODES =8

NODE POINTS
K IFIK XC(K) YC(K)  ZC(K) FORCE(LK) FORCE(2K) FORCE (3,K)
1 110 0000000 0.000000 0.000000 0.000000 0.000000 0.000000
2 110 4000000 0.000000 0.000000 0.000000 0.000000 0.000000
3 000 0.000000 3.000000 0.000000 20000.000000 0.000000 0.000000
4 000 4.000000 3.000000 0.000000 0.000000 0.000000 0.000000
5 000 0.000000 6.000000 0.000000 20000.000000 0.000000 0.000000
6 000 4000000 6.000000 0.000000 0.000000 0.000000 0.000000
7 000 0.000000 9.000000 0.000000 10000.000000 0.000000 0.000000
8 000 4000000 9.000000 0.000000 0.000000 0.000000 0.000000
ELEMENTS
K NODE(, K) E(K) C(K) A(K) XI(K)
1 1 3  20000000E+11  0.0000000E+00  2.0000000E-04  4.0000000E-04
2 1 4  20000000E+11  0.0000000E+00  2.0000000E-04  4.0000000E-04
3 2 3 20000000E+11  0.0000000E+00  2.0000000E-04  4.0000000E-04
4 2 4  20000000E+11  0.0000000E+00  2.0000000E-04  4.0000000E-04
5 3 4  20000000E+11  0.0000000E+00  2.0000000E-04  4.0000000E-04
6 3 5  20000000E+11  0.0000000E+00  2.0000000E-04  4.0000000E-04
7 3 6  20000000E+11  0.0000000E+00  2.0000000E-04  4.0000000E-04
8 4 5  20000000E+11  0.0000000E+00  2.0000000E-04  4.0000000E-04
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9 4 6 2.0000000E+11 0.0000000E+00 2.0000000E-04 4.0000000E-04
10 5 6 2.0000000E+11 0.0000000E+00 2.0000000E-04 4.0000000E-04
11 5 7 2.0000000E+11 0.0000000E+00 2.0000000E-04 4.0000000E-04
12 5 8 2.0000000E+11 0.0000000E+00 2.0000000E-04 4.0000000E-04
13 6 7 2.0000000E+11 0.0000000E+00 2.0000000E-04 4.0000000E-04
14 6 8 2.0000000E+11 0.0000000E+00 2.0000000E-04 4.0000000E-04
15 7 8 2.0000000E+11 0.0000000E+00 2.0000000E-04 4.0000000E-04
NODE DISPLACEMENTS K-ROTATION
X Y THETA
1 0.00000E+00 0.00000E+00 —0.14936E-02
2 0.00000E+00 0.00000E+00 —0.14200E-02
3 0.54772E-02 0.32294E-02 —0.17329e-02
4 0.51685E-02 —0.32554E-02 —0.16980E-02
5 0.11556E-01 0.40230E-02 —0.20908E-02
6 0.11199E-01 —0.40706E-02 —0.20924E-02
7 0.18021E-01 0.42395E-02 —0.21639E-02
8 0.17667E-01 — 0.42509E-02 —0.21228E-02
ELEMENTS
K NODE X-FORCE Y-FORCE Z-MOMENT X-FORCE Y-FORCE Z-MOMENT
(1,K)
1 1 3 —04306E+05 0.2267E+05 0.4038E+05 0.4306E+05 —0.2267E+05  0.2762E+05
2 1 4 —01745E+05 —0.1746E+05 —0.4038E+05 0.1745E+05  0.1746E+05 —0.4692E+05
3 2 3  01955E+05 —0.1545E+05 —0.3363E+05 —0.1955E+05  0.1545E+05 —0.4364E+05
4 2 4  04340E+05  0.1748E+05 0.3363E+05 —0.4340E+05 —0.1748E+05  0.1860E+05
5 3 4  03087E+04 —05654E+04 —0.1201E+05 —0.3087E+04  0.5654E+04 —0.1061E+05
6 3 5 —01058E+05 0.1220E+05 0.2784E+05 0.1058E+05 —0.1220E+05  0.8749E+04
7 3 6 —01582E+04 —02226E+04 0.1879E+03 0.1582E+04  0.2226E+04 —0.1132E+05
8 4 5  05942E+04  01406E+04 0.9799E+04 —0.5942E+04 —0.1406E+04 —0.2770E+04
9 4 6 01087E+05  01228E+05 0.2893E+05 —0.1087E+05 —0.1228E+05  0.7899E+04
10 5 6  03563E+04 —0.4091E+04 —0.8150E+04 —0.3563E+04  0.4091E+04 —0.8214E+04
11 5 7 —02887E+04  02978E+04 0.6416E+04 0.2887E+04 —0.2978E+04  0.2517E+04
12 5 8  06004E+03 —0.1903E+04 —0.4245E+04 —0.6004E+03  0.1903E+04 —0.5270E+04
13 6 7  03772E+04 0.7733E+03 0.3077E+04 —0.3772E+04 —0.7733E+03  0.7894E+03
14 6 8  02405E+04  05163E+04  0.8555E+04 —0.2405E+04 —0.5163E+04  0.6933E+04
15 7 8  03541E+04 —0.1243E+04 —0.3307E+04 —0.3541E+04 0.1243E+04 —0.1664E+04
(¢) Use program PFRAME to model atruss
(Use PFRAME to model aTruss, i.e, MAKE | = 0).
NUMBER OF ELEMENTS = 15
NUMBER OF NODES =8
NODE POINTS
K IFIX XC(K) Y C(K) ZC(K) FORCE(1,K)
1 110 0.000000 0.000000 0.000000 0.000000
2 110 4.000000 0.000000 0.000000 0.000000
3 000 0.000000 3.000000 0.000000 20000.000000
4 000 4.000000 3.000000 0.000000 0.000000
5 000 0.000000 6.000000 0.000000 20000.000000
6 000 4.000000 6.000000 0.000000 0.000000
7 000 0.000000 9.000000 0.000000 10000.000000
8 000 4.000000 9.000000 0.000000 0.000000
ELEMENTS
K NODE(l,K) E(K) C(K) A(K) XI(K)
11 3 2.0000000E+11  0.0000000E+00 2.0000000E-04 1.0000000E-06
2 1 4 2.0000000E+11  0.0000000E+00 2.0000000E-04 1.0000000E-06
3 2 3 2.0000000E+11  0.0000000E+00 2.0000000E-04 1.0000000E-06
4 2 4 2.0000000E+11  0.0000000E+00 2.0000000E-04 1.0000000E-06
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5 3 4 2.0000000E+11 0.0000000E+00 2.0000000E-04 1.0000000E-06
6 3 5 2.0000000E+11 0.0000000E+00 2.0000000E-04 1.0000000E-06
7 3 6 2.0000000E+11 0.0000000E+00 2.0000000E-04 1.0000000E-06
8 4 5 2.0000000E+11 0.0000000E+00 2.0000000E-04 1.0000000E-06
9 4 6 2.0000000E+11 0.0000000E+00 2.0000000E-04 1.0000000E-06
10 5 6 2.0000000E+11 0.0000000E+00 2.0000000E-04 1.0000000E-06
11 5 7 2.0000000E+11 0.0000000E+00 2.0000000E-04 1.0000000E-06
12 5 8 2.0000000E+11 0.0000000E+00 2.0000000E-04 1.0000000E-06
13 6 7 2.0000000E+11 0.0000000E+00 2.0000000E-04 1.0000000E-06
4 6 8 20000000E+11  0.0000000E+00  2.0000000E-04  1.0000000E—06
15 7 8 2.0000000E+11 0.0000000E+00 2.0000000E-04 1.0000000E-06
NODE DISPLACEMENTS Z-ROTATION
X Y THETA

1 0.00000E+00 0.00000E+00 —0.21033E-02

2 0.00000E+00 0.00000E+00 —0.19714E-02

3 0.79234E-02 0.37278E-02 —0.23957E-02

4 0.73056E-02 —0.35821E-02 —0.23447E-02

5 0.17337E-01 0.52713E-02 —0.28898E-02

6 0.16772E-01 —0.48468E-02 —0.29231E-02

7 0.25985E-01 0.56570E-02 —0.27580E-02

8 0.25670E-01 —0.50248E-02 —0.27544E-02
ELEMENTS
K NODE X-FORCE Y-FORCE Z-MOMENT X-FORCE Y-FORCE Z-MOMENT

(1,K) at 1% node at 2™ node

1 1 3 —-04970E+05 0.1044E+03 0.1762E+03 0.4970E+05 —0.1044X+03 0.1372E+03
2 1 4 -0.2956E+05 —0.7432E+02 —0.1762E+03 0.2956E+05 —0.7432E+02 —0.1955E+03
3 2 3 03282E+05 —0.6108E+02 —0.1357E+03 —0.3282E+05 0.6108E+02 — 0.1697E+03
4 2 4 04776E+05 0.7391E+02  0.1357E+03 —0.4776E+05 —0.7391E+02 0.8597E+02
5 34 0.6178E+04 —0.8141E+02 —0.1654E+03 —0.6178E+04 0.8141E+02 —0.1603E+03
6 3 5 —-0.2058E+05 0.1320E+03  0.2309E+03 0.2058E+05 —0.1320E+03 0.1650E+03
7 3 6 —0.1548E+05 —0.2166E+02 —0.3305E+02 0.1548E+05 0.2166E+02 —0.7524E+02
8 45 02170E+05 0.2894E+00 0.2253E+02 —0.2170E+05 —0.2894E+00 —0.2108E+02
9 4 6 01686E+05 0.1391E+03  0.2472E+03 —0.1686E+05 —0.1391E+03 0.1701E+03
10 5 6 0.5641E+04 —0.5654E+02 —0.1114E+03 —0.5641E+04 0.5654E+02 —0.1148E+03
11 5 7 —-0.5143E+04 0.1572E+02 0.1480E+02 0.5143E+04 —0.1572E+02 0.3237E+02
12 5 8 —-0.3912E+04 —-0.1677E+02 —0.4735E+02 0.3912E+04 0.1677E+02 —0.3652E+02
13 6 7 0.8543E+04 —0.5227E+01 —0.1967E+02 —0.8543E+04 0.5227E+01 —0.6461E+01
14 6 8 0.2373E+04 0.3387E+02  0.3956E+02 —0.2373E+04 —0.3387E+02 0.6206E+02
15 7 8 0.3153E+04 —0.1286E+02 —0.2591E+02 —0.3153E+04 0.1286E+02 — 0.2554E+02

Comparison of TRUSS, PFRAME and modeling a truss using PFRAME

DISPLACEMENTS

Us Vg Uz V7
TRUSS 0.01738 0.005276 0.02603 0.005662
PFRAME 0.011556 0.004023 0.018021 0.0042395
Trussusing
PFRAME 0.017337 0.0052713 0.025985 0.005657
Note: Global displacementsin meters
FORCES
ELEMENT 1 ELEMENT 2 ELEMENT 3

fix fiy fix fiy fox foy
Truss —49728 0 —29618 0 32882 0
PFRAME 43060 22670 -17450  -17460 19550 —15450
Trussusing
PFRAME 49700 104.4 —29560 —74.32 32820 —61.00
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Note 1: From equilibrium, only forces for one node of an element are shown
Note 2: All forces arein local element coordinates and in Newtons.

5.40
For the two-story, two-bay rigid frame shown, determine (1) the nodal displacement
components and (2) the shear force and bending moments in each member. Let E =200 GPa,
| = 2 x 10 m* for each horizontal member and | = 1.5 x 10 m* for each vertical
member.

2

I R I T T I
G |

H T
12KN 5m
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E
5m
A B C i
Ve 727 77
} 10m | 10m |
Figure P5—40
Displacements/Rotations (degrees) of nodes
NODE X— Y- Z— X— Y- Z—
number  trandation  translation trandation rotation rotation rotation
1 0.0000E+00 0.0000E+00 0.0000E+00 0.0000E+00 0.0000E+00 0.0000E+00
2 0.0000E+00  0.0000E+00 0.0000E+00 0.0000E+00 0.0000E+00 0.0000E+00
3 0.0000E+00  0.0000E+00 0.0000E+00 0.0000E+00 0.0000E+00 0.0000E+00
4  —7.2482E-04 -1.4007E-06 0.0000E+00 0.0000E+00 0.0000E+00 1.6616E-02
5 0.0000E+00 -3.1986E-06 0.0000E+00 0.0000E+00 0.0000E+00 0.0000E+00
6 7.2482E-04 -1.4007E-06 0.0000E+00 0.0000E+00 0.0000E+00 —1.6616E-02
7 —7.7467E-07 -2.8014E-06 0.0000E+00 0.0000E+00 0.0000E+00 —6.6411E-02
8 —-38733E-07 -9.2660E-03 0.0000E+00 0.0000E+00 0.0000E+00 1.6572E-02
9 0.0000E+00 —6.3972E-06 0.0000E+00 0.0000E+00 0.0000E+00 0.0000E+00
10 3.8733E-07 —9.2660E-03 0.0000E+00 0.0000E+00 0.0000E+00 —1.6572E-02
11  7.7467E-07 —-2.8014E-06 0.0000E+00 0.0000E+00 0.0000E+00 6.6411E-02
12 —6.2096E-04 -3.4868E-06 0.0000E+00 0.0000E+00 0.0000E+00 4.7408E-02
13 0.0000E+00 —8.0263E-06 0.0000E+00 0.0000E+00 0.0000E+00 0.0000E+00
14  6.2096E-04 -3.4868E-06 0.0000E+00 0.0000E+00 0.0000E+00 —4.7408E-02
15 1.1921E-06 —4.1723E-06 0.0000E+00 0.0000E+00 0.0000E+00 —1.2336E-01
16 59603E-07 -1.0511E-02 0.0000E+00 0.0000E+00 0.0000E+00 3.0792E-02
17 0.0000E+00 —9.6555E-06 0.0000E+00 0.0000E+00 0.0000E+00 0.0000E+00
18 -59603E-07 -1.0511E-02 0.0000E+00 0.0000E+00 0.0000E+00 —3.0792E-02
19 -11921E-06 —4.1723E-06 0.0000E+00 0.0000E+00 0.0000E+00 1.2336E-01
1**** BEAM ELEMENT FORCES AND MOMENTS
ELEMENT CASE AXIAL SHEAR SHEAR TORSION BENDING BENDING
NO. (MODE) FORCE FORCE FORCE MOMENT MOMENT MOMENT
R, R> Rs M, M, M,
1 1 -1121E+05 8.348E+03 0.000E+00 0.000E+00  0.000E+00 1.391E+04
—1.121E+05 8.348E+03 0.000E+00  0.000E+00  0.000E+00 —6.955E+03
2 1 —-2559E+05 0.000E+00 0.000E+00  0.000E+00  0.000E+00  0.000E+00
—2.559E+05 0.000E+00 0.000E+00  0.000E+00  0.000E+00  0.000E+00
3 1 -1121E+05 -8.348E+03 0.000E+00 0.000E+00  0.000E+00 -1.391E+04
—1.121E+05 -8.348E+03 0.000E+00  0.000E+00  0.000E+00  6.955E+03
4 1 -1121E+05 8.348E+03 0.000E+00  0.000E+00  0.000E+00 —6.955E+03
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-1.121E+05 8.348E+03 0.000E+00 0.000E+00  0.000E+00 —2.782E+04

5 1 -2559E+05 0.000E+00 0.000E+00 0.000E+00  0.000E+00 0.000E+00
—2.559E+05 0.000E+00 0.000E+00  0.000E+00  0.000E+00  0.000E+00
6 1 -1.121E+05 -8.348E+03 0.000E+00 0.000E+00  0.000E+00 6.955E+03
—1.121E+05 -8.348E+03 0.000E+00 0.000E+00  0.000E+00 2.782E+04
7. 1 -5484E+04 2.384E+04 0.000E+00  0.000E+00 0.000E+00 5.364E+04
—5.484E+04 2.384E+04 0.000E+00 0.000E+00  0.000E+00 -5.963E+03
8 1 -1.303E+05 0.000E+00 0.000E+00 0.000E+00  0.000E+00 0.000E+00
—1.303E+05 0.000E+00 0.000E+00  0.000E+00  0.000E+00  0.000E+00
9 1 -5484E+04 -2.384E+04 0.000E+00 0.000E+00  0.000E+00 -5.364E+04
—5.484E+04 -2.384E+04 0.000E+00  0.000E+00  0.000E+00 5.963E+04
10 1 -5484E+04 2.384E+04 0.000E+00 0.000E+00  0.000E+00 -5.963E+03
—5.484E+04 2.384E+04 0.000E+00 0.000E+00  0.000E+00 —6.557E+04
11 1 -1.303E+05 0.000E+00 0.000E+00 0.000E+00  0.000E+00 0.000E+00
—1.303E+05 0.000E+00 0.000E+00  0.000E+00  0.000E+00  0.000E+00
12 1 -5484E+04 -2.384E+04 0.000E+00 0.000E+00  0.000E+00 5.963E+03

—5.484E+04 -2.384E+04 0.000E+00 0.000E+00  0.000E+00  6.557E+04

5.41 For the two-story, three-bay rigid frame shown, determine (1) the nodal displacements and
(2) the member end shear forces and bending moments. (3) Draw the shear force and
bending moment diagrams for each member. Let E = 200 GPa, | = 1.29 x 10~ m*for the
beams and | = 0.462 x 10~ m* for the columns. The properties for | correspond to a W
610 x 155 and aW 410 x 114 wide-flange section, respectively, in metric units.
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Figure P5-41

1*¥*** BEAM ELEMENT FORCES AND MOMENTS

ELEMENT CASE  AXIAL SHEAR SHEAR TORSION BENDING BENDING
NO. (MODE) FORCE FORCE FORCE MOMENT MOMENT MOMENT

R, R, Rs M, M, M3

1 1 1347E+04 —1.750E+04 0.000E+00 0.000E+00 0.000E+00 —5.719E+04
1.347E+04 -1.750E+04 0.000E+00 0.000E+00 0.000E+00 —4.685E+03

2 1 2471E+03 —2.000E+04 0.000E+00 0.000E+00 0.000E+00 —6.219E+04
2471E+03 —2.000E+04 0.000E+00 0.000E+00 0.000E+00 —2.184E+03

3 1 —2470E+03 —2.000E+04 0.000E+00 0.000E+00 0.000E+00 —6.218E+04
—2.470E+03 —2.000E+04 0.000E+00 0.000E+00 0.000E+00 —2.184E+03

4 1 -1347E+04 —1.750E+04 0.000E+00 0.000E+00 0.000E+00 —5.718E+04
—1.347E+04 -1750E+04 0.000E+00 0.000E+00 0.000E+00 —4.685E+03

5 1 1347E+04 —1.750E+04 0.000E+00 0.000E+00 0.000E+00 —4.685E+03
1.347E+04 —1.750E+04 0.000E+00 0.000E+00 0.000E+00 4.782E+04

6 1 2471E+03 —2.000E+04 0.000E+00 0.000E+00 0.000E+00 —2.184E+03
2471E+03 —2.000E+04 0.000E+00 0.000E+00 0.000E+00 5.782E+04

7 1 -2470E+03 —2.000E+04 O0.000E+00 0.000E+00 0.000E+00 —2.184E+03
—2470E+03 —-2.000E+04 0.000E+00 0.000E+00 0.000E+00 5.782E+04

8 1 -1347E+04 —1.750E+04 0.000E+00 0.000E+00 0.000E+00 —4.685E+03
-1.347E+04 —1.750E+04 0.000E+00 0.000E+00 0.000E+00 4.781E+04

9 1 2686E+03 —3.022E+03 O0.000E+00 0.000E+00 0.000E+00 —5.747E+02
2.686E+03 —3.022E+03 0.000E+00 0.000E+00 0.000E+00 5.469E+03

10 1 1063E+03 —9.477E+03 0.000E+00 0.000E+00 0.000E+00 —1.668E+04

1.063E+03 —9.477E+03 0.000E+00 0.000E+00 0.000E+00 2.269E+03
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11

12

13

14

15

16

1 -1.063E+03
—1.063E+03
1 -2.686E+03
—2.686E+03
1 2686E+03
2.686E+03
1 1.063E+03
1.063E+03
1 -1.063E+03
—1.063E+03
1 -2.686E+03
—2.686E+03

—9.478E+03
—9.478E+03
—3.024E+03
—3.024E+03
—-3.022E+03
—3.022E+03
—9.477E+03
—-9.477E+03
—9.478E+03
—9.478E+03
—3.024E+03
—3.024E+03

0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00

0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00

0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+Q00
0.000E+00
0.000E+Q00
0.000E+00
0.000E+00
0.000E+00
0.000E+Q00

—1.669E+04
2.269E+03
—5.786E+02
5.469E+03
5.469E+03
1.151E+04
2.269E+03
2.122E+04
2.269E+03
2.122E+04
5.469E+03
1.152E+04

5.42 For the rigid frame shown, determine (1) the nodal displacements and rotations and (2)
the member shear forces and bending moments. Let E = 200 GPa, | = 0.795 x 10~ m*for
the horizontal members and | = 0.316 x 10* m* for the vertical members. These | values
correspond to aW 460 x 158 and a W 410 x 85 wide-flange section, respectively.
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Figure P5—42
Displacements/Rotations (degrees) of nodes
NODE X— Y- Z— X—
number translation translation  translation rotation
1  0.0000E+00  0.0000E+00 0.0000E+00 0.0000E+00
2 7.8454E-04  8.2939E-06 0.0000E+00 0.0000E+00
3 1.5075E-03  1.1468E-05 0.0000E+00 0.0000E+00
4 0.0000E+00  0.0000E+00 0.0000E+00 0.0000E+00
5 7.3108E-04  2.5665E-08 0.0000E+00 0.0000E+00
6 1.4698E-03  1.8869E-07 0.0000E+00 0.0000E+00
7 0.0000E+00  0.0000E+00 0.0000E+00 0.0000E+00
8 7.0278E-04 —8.3195E-06 0.0000E+00 0.0000E+00
9 1.4574E-03 -1.1657E-05 0.0000E+00 0.0000E+00
10 0.0000E+00  0.0000E+00 0.0000E+00 0.0000E+00
11  0.0000E+00 0.0000E+00 0.0000E+00 0.0000E+00
12 0.0000E+00  0.0000E+00 0.0000E+00 0.0000E+00
13 0.0000E+00  0.0000E+00 0.0000E+00 0.0000E+00
14 0.0000E+00  0.0000E+00 0.0000E+00 0.0000E+00
15  0.0000E+00 0.0000E+00 0.0000E+00 0.0000E+00
ELEMENT CASE AXIAL SHEAR SHEAR TORSION
NO. (MODE) FORCE FORCE FORCE MOMENT
Rl R2 R3 Ml
Columns
1 1 1.106E+04 —2.085E+04 0.000E+00 0.000E+00
1.106E+04 —2.085E+04 0.000E+00 0.000E+00
2 1 4.232E+03 —-3.811E+03 0.000E+00 0.000E+00
4.232E+03 —-3.811E+03 0.000E+00 0.000E+00
3 1 3.422E+01 —2.168E+04 0.000E+00 0.000E+00
3.422E+01 -2.168E+04 0.000E+00 0.000E+00
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rotation
0.0000E+00
0.0000E+00
0.0000E+00
0.0000E+00
0.0000E+00
0.0000E+00
0.0000E+00
0.0000E+00
0.0000E+00
0.0000E+00
0.0000E+00
0.0000E+00
0.0000E+00
0.0000E+00
0.0000E+00

BENDING
MOMENT
M.

0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00

7—

rotaion
0.0000E+00
-1.5312E-02
—9.6245E-03
0.0000E+00
—1.2692E-02
—7.8815E-03
0.0000E+00
—1.4567E-02
—1.0523E-02
0.0000E+00
0.0000E+00
0.0000E+00
0.0000E+00
0.0000E+00
0.0000E+00

BENDING
MOMENT
M3

—4.540E+04
1.716E+04
—4.719E+02
1.096E+04
—4.422E+04
2.081E+04
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4 1 2.174E+02 -1.088E+04 0.000E+00 0.000E+00 0.000E+00 -—1.188E+04
2.174E+02 -1.088E+04 0.000E+00 0.000E+00 0.000E+00 2.075E+04

5 1 -1109E+04 -1.747E+04 0.000E+00 0.000E+00 0.000E+00 —3.964E+04
—-1109E+04 -1.747E+04 0.000E+00 0.000E+00 0.000E+00 1.277E+04

6 1 —-4450E+03 -5.314E+03 0.000E+00 0.000E+00 0.000E+00 —4.242E+03
—4.450E+03 -5.314E+03 0.000E+00 0.000E+00 0.000E+00 1.170E+04

ELEMENT CASE AXIAL SHEAR SHEAR TORSION BENDING BENDING
NO. (MODE) FORCE FORCE FORCE MOMENT MOMENT MOMENT
Rl R2 R3 M 1 M 2 M 3
Beams

1 1 -1619E+04 4.232E+03 0.000E+00 0.000E+00 0.000E+00 1.096E+04
-1619E+04 4.232E+03 0.000E+00 0.000E+00 0.000E+00 -1.020E+04

2 1 -5314E+03 4.450E+03 0.000E+00 0.000E+00 0.000E+00 1.055E+04
-5.314E+03 4.450E+03 0.000E+00 0.000E+00 0.000E+00 -1.170E+04

3 1 -2296E+04 6.825E+03 0.000E+00 0.000E+00 0.000E+00 1.763E+04
—2.296E+04 6.825E+03 0.000E+00 0.000E+00 0.000E+00 —1.649E+04

4 1 -1216E+04 6.642E+03 0.000E+00 0.000E+00 0.000E+00 1.620E+04
—-1.216E+04 6.642E+03 0.000E+00 0.000E+00 0.000E+00 -1.701E+04

5.43 For the rigid frame shown, determine (1) the nodal displacements and rotations and (2)
the shear force and bending moments in each member. Let E = 29 x 106 ps, | = 3100
in.* for the horizontal members and | = 1110in.* for the vertical members. The | values
correspond to aW 24 x 104 and aW 16 x 77.

) M N
75kip—» T
15 ft
15kip J K L
151t
15kip «*7
E F G H
77 oz Yo V.
A B C )
|~—30ft <20 ft 30t |
Figure P543
Displacements/Rotations (degrees) of nodes
NODE X— Y— Z— X— Y- Z—
number translation translation  translation rotation rotation rotation

1 0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00 0.0000E+00  0.0000E+00
2 1.8762E-03  1.4645E-04 0.0000E+00 0.0000E+00 0.0000E+00 —1.5869E-03
3 3.0993E-03 21717E-04 0.0000E+00 0.0000E+00 0.0000E+00 —1.4409E-03
4 0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00 0.0000E+00  0.0000E+00
5 15614E-03  3.5423E-05 0.0000E+00 0.0000E+00 0.0000E+00 —1.3154E-03
6 2.7811E-03  7.7093E-05 0.0000E+00 0.0000E+00 0.0000E+00 —1.4087E-03
7 3.6829E-03  1.2865E-04 0.0000E+00 0.0000E+00 0.0000E+00 —1.5467E-03
8 0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00 0.0000E+00  0.0000E+00
9 1.4331E-03 -4.4935E-05 0.0000E+00 0.0000E+00 0.0000E+00 —1.2573E-03
10 2.6228E-03 —-8.8701E-05 0.0000E+00 0.0000E+00 0.0000E+00 —1.3909E-03
11 35926E-03 -1.4025E-04 0.0000E+00 0.0000E+00 0.0000E+00 —1.5614E-03
12 0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00 0.0000E+00  0.0000E+00
13 1.3394E-03 -1.3694E-04 0.0000E+00 0.0000E+00 0.0000E+00 —1.3297E-03
14 2.4458E-03 —2.0556E-04 0.0000E+00 0.0000E+00 0.0000E+00 —1.3014E-03
15 0.0000E+00  0.0000E+00  0.0000E+00 0.0000E+00 0.0000E+00  0.0000E+00
16 0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00 0.0000E+00  0.0000E+00
17 0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00 0.0000E+00  0.0000E+00
18 0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00 0.0000E+00  0.0000E+00
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19
20

0.0000E+00
0.0000E+00

0.0000E+00 0.0000E+00  0.0000E+00
0.0000E+00  0.0000E+00  0.0000E+00

1**** BEAM ELEMENT FORCES AND MOMENTS
ELEMENT CASE AXIAL

NO.

10

(MODE) FORCE

Ry

6.363E+03
6.363E+03
3.073E+03
3.073E+03
1.539E+03
1.539E+03
1.810E+03
1.810E+03
2.240E+03
2.240E+03
—1.952E+03
—1.952E+03
—1.902E+03
—1.902E+03
—2.240E+03
—2.240E+03
—5.950E+03
—5.950E+03
—2.982E+03
—2.982E+03

SHEAR SHEAR
FORCE FORCE
R, Rs
Columns

—1.139E+04 0.000E+00
—1.139E+04 0.000E+00
-5.646E+03  0.000E+00
—5.646E+03  0.000E+00
—9.487E+03  0.000E+00
—9.487E+03  0.000E+00
-5.894E+03  0.000E+00
—5.894E+03  0.000E+00
-3.517E+03  0.000E+00
—3.517E+03  0.000E+00
—8.662E+03  0.000E+00
—8.662E+03  0.000E+00
-5.757E+03  0.000E+00
—5.757E+03  0.000E+00
—3.983E+03  0.000E+00
—3.983E+03 0.000E+00
—7.958E+03 0.000E+00
—7.958E+03 0.000E+00
—5.203E+03  0.000E+00
—5.203E+03  0.000E+00

TORSION
MOMENT
My

0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00

0.0000E+00
0.0000E+00

BENDING
MOMENT
M2

0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00

0.0000E+00
0.0000E+00

BENDING
MOMENT
Ms

—1.444E+05
2.653E+04
—3.692E+04
4.777E+04
—1.200E+05
2.231E+04
—4.766E+04
4.074E+04
—3.150E+04
2.125E+04
-1.117E+05
1.828E+04
—4.814E+04
3.822E+04
—3.620E+04
2.355E+04
—1.091E+05
1.031E+04
—3.797E+04
4.008E+04

544 A dtructure is fabricated by welding together three lengths of I-shaped members as
shown in Figure P5-44. The yield strength of the membersis 36 ks, E = 29¢e6 psi, and
Poisson’sratio is 0.3. The members all have cross-section properties corresponding to a
W 18 x 76. That is, A = 22.3in2, depth of sectionisd = 18.21 in., I, = 1330 in% S =
146 in2 1, = 152 in., and S, = 27.6 in.%. Determine whether a load of Q = 10,000 Ib
downward is safe againgt general yielding of the material. The factor of safety against
generd yielding is to be 2.0. Also, determine the maximum vertical and horizontal
deflections of the structure.

90" |

90’

Figure P5-44
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Sancor g

A R S s e P e R S

Omax= 12,329 psi < @ = 18,000 psi

Safe against yielding

5.45
Tapered beam using 1 element

5000 Ib
@ N E = 30 x 10%psi
§ « lo=100int
L=100in.
1 - 2
ly n=1 A=0.1in2

1 (X) = o (1+n5) =100 (1+i) =100 + x
L 100

| (Ej = 150in.*
2
Tapered beam using 2 elements

5000

N

il

L .4 3L) .4
lio|—=|=125in"; 3= | — | =175in.
o5 o= (3

Tapered beam using 4 elements

500 1b

[N
| e
w|e
o
a1

7077

264

© 2012 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



www.icivilir glrec uuwaigo ¢ (lgauiiils gols LUy

l1o (%) = 1125 in*; |2_3(%) =1375in*; |M(%): 162.5in.*

l45= (7—8") =187.5in*

Tapered beam using 8 elements

500 1Ib
.
1 2 4 5 6 7 8 9§
L 3L
l1o | — | = 106.25 loa| — | =118.75
1-2 (16) 2-3 (16)
5L 7L
| — | = 131.25 | — | =143.75
= (16) - (16)
oL 11L
| — | = 156.25 | — | =168.75
>0 (16) ”( 16 )
13L 15L
| —— | =181.25 | —— | =193.75
H( 2 ) oo ( = j

Analytical solution

5 ‘
v= 2P—| [(ﬂxz+2x+|—)—1(1+ﬂx)ln(1+ﬂxﬂ + Ax +B
n“El, L\2 n/ n I |

_ PI?
A= — [In(@+n)—(1+n)]
n“ Ely
3
B= 2P| Fln(1+n)+ﬂ—1—1}
n“El, Ln 2 n

x=0,n=1, P=500, L =100, E = 30 x 10°, Io= 100

_ (500) (100in.)?
(1)? (30x10°) (100in.%)

[In@)-2]

= _-21781x10°

_ 500 (100in.)®
(1)? (30x10°) (100in.%)

[In(2)+%—1—1}

= _-1.3448x 10"

500 (100in.)? [ (100 in.

V= . ”—1.3448><1o—l
(1)? (30 x 10°%) (100in.) D

= 0.032187in.

PROBLEM 2 USING 1 ELEMENT--
NUMBER OF ELEMENTS=1
NUMBER OF NODES = 2

265

© 2012 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



www.icivilir glrec uuwaigo ¢ (lgauiiils gols LUy

NODE POINTS
K IFIX XC(K) YC(K)  ZC(K) FORCE(1,K) FORCE(2K) FORCE(3K)
1 000  0.00000 0.000000 0.00000  0.000000  500.000000 0.000000
2 111 100.000000 0.000000 0.000000  0.000000 0.000000 0.000000
ELEMENTS
K NODE(I,K) E(K) G(K) A(K) XI(K)
1 1 2 3,0000000E+07 1.0000000E+00 1.0000000E-01  1.5000000E+02

NODE DISPLACEMENTS Z-ROTATION

X Y THETA

1 0.00000E+00 0.37037E-01 —0.55556E-03

2 0.00000E+00 0.00000E+00  0.00000E+00
ELEMENTS
K NODE(IK) X-FORCE Y-FORCE Z-MOMENT X-FORCE  Y-FORCE Z-MOMENT
1 1 2 00000E+00 0.5000E+03 0.2434E-03 0.0000E+00 —0.5000E+03 0.5000E+05

PROBLEM 2 USING 2 ELEMENTS--
NUMBER OF ELEMENTS =2
NUMBER OF NODES =3

NODE POINTS
K IFIX XC(K)  YC(K) ZC(K) FORCE(1L,K) FORCE(2,K) FORCE(3K)
1 000 0.000000 0.000000 0.000000 0.000000 500.000000 0.000000
2 000 50.000000 0.000000 0.000000  0.000000 0.000000 0.000000
3 111 100.000000 0.000000 0.000000 0.000000 0.000000 0.000000
ELEMENTS
K  NODE(L,K) E(K) G(K) A(K) XI(K)
1 1 2 3.0000000E+07 1.0000000E+00 1.0000000E-01 1.2500000E+02
2 2 3 3.0000000E+07 1.0000000E+00 1.0000000E-01  1.7500000E+02
NODE DISPLACEMENTS Z-ROTATION
X Y THETA
1 0.00000E+00 0.33333E-01 —0.52381E-03
2 0.00000E+00 0.99206E-02 —-0.35714E-03
3 0.00000E+00 0.00000E+00 0.000000E+00
ELEMENTS
K NODE X-FORCE Y-FORCE Z-MOMENT X-FORCE Y-FORCE Z-MOMENT
(1,K)
1 1 2 O0.0000E+00 0.5000E+03 0.6515E—02 0.0000E+00 — 0.5000E+03 0.2500E+05
2 2 3 0.0000E+00 0.5000E+03 —0.2500E+05 0.0000E+00 —0.5000E+03 0.5000E+05
P=5001b
i |(X):100(1+7—E‘)
7 L=100in.
| : |
n=7
by
For 1 element

I, = 100 (1+9 =450in.*

For 2 elements

|1: 100 (11
4

j =275in*
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I,= 100 (?) =625in*

For 4 elements

l,= 100 (%) =187.5in.*

I,= 100 (%j =3625in.*

l3= 100 (4—3j =5375in*
8

l,= 100 (5—87) =7125in*

For 8 elements

I;= 100 (§) =143.75in*
16

I,= 100 (ﬂ) =231.25in*
16

l3= 100 (5—1) =318.75in"
16

I,= 100 (§) =406.25in.*
16

ls= 100 (Ej =493.75in.
16

ls= 100 (ﬁ) =581.25in.*
16

I,= 100 (10—7] =668.75in.*
16

lg= 100 (glj =756.25in.*
16

The analytical solutionis

1 (500) (100)°

Vinax = = =0.0095in.
max = Ymax = 17 55 (30 % 10°) (100)
Ymax
Analytical 0.0095 in.
1 dlement 0.0123in.

FEM 2 elements 0.0103 in.

4 elements 0.0097 in.
8 elements 0.0096 in.

NUMBER OF ELEMENTS =1
NUMBER OF NODES = 2
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NODE POINTS
K IFIK XC(K) YC(K) ZC(K) FORCE(1K) FORCE(2K) FORCE(3K)
1 000  0.000000 0.000000 0.000000 0.000000 500.000000  0.000000
2 111 100.000000 0.000000 0.000000 0.000000  0.000000  0.000000
ELEMENTS
K  NODE(,K) E(K) G(K) A(K) X1(K)
1 1 2 3.0000000E+07  0.0000000E+00  1.0000000E-01  4.5000000E+02
NODE DISPLACEMENTS Z-ROTATION
X Y THETA

1 0.00000E+00  0.12346E-01  —0.18519E-03

2 0.00000E+00  0.00000E+00  0.00000E+00
ELEMENTS

K NODE(l,K) X-FORCE Y-FORCE Z-MOMENT X-FORCE Y-FORCE Z-MOMENT
1 1 2 0.0000E+00 0.5000E+03 -0.7706E-02 0.0000E+00 —0.5000E+03 0.5000E+05

NUMBER OF ELEMENTS =4
NUMBER OF NODES =5

NODE POINTS
K IFIX XC(K)  YC(K) ZC(K) FORCE(LK) FORCE(2K) FORCE(3K)
1 000 0000000 0.000000 0.000000 0.000000  500.000000 0.000000
2 000 25000000 0.000000 0.000000 0.000000 0.000000 0.000000
3 000 50.000000 0.000000 0.000000 0.000000 0.000000 0.000000
4 000 75000000 0.000000 0.000000 0.000000 0.000000 0.000000
5 111 100.000000 0.000000 0.000000 0.000000 0.000000 0.000000
ELEMENTS
K  NODE(,K) E(K) G(K) A(K) XI(K)
1 1 2  3.0000000E+07  0.0000000E+00  1.0000000E-01  1.8750000E+02
2 2 3  30000000E+07  0.0000000E+00  1.0000000E-01  3.6250000E+02
3 3 4  30000000E+07  0.0000000E+00  1.0000000E-01  5.3750000E+02
4 4 5  30000000E+07  0.0000000E+00  1.0000000E-01  7.1250000E+02
NODE DISPLACEMENTS Z-ROTATION
X Y THETA
1 0.00000E+00 0.97156E-02  —0.17050E-03
2 0.00000E+00 0.56845E-02  —0.14272E-03
3 0.00000E+00 0.25053E-02  —0.99620E-04
4 0.00000E+00 0.67008E-03  —0.51170E-04
5 0.00000E+00 0.00000E+00 0.00000E+00
ELEMENTS
K NODE X-FORCE Y-FORCE Z-MOMENT X-FORCE Y-FORCE Z-MOMENT
(1.K)
1 1 2 0.0000E+00 0.5000E+03 0.3812E-01 0.0000E+00 — 0.5000E+03 0.1250E+05
2 2 3 0.0000E+00 0.5000E+03 — 0.1250E+05 0.0000E+00 — 0.5000E+03 0.2500E+05
3 3 4 0.0000E+00 0.5000E+03 — 0.2500E+05 0.0000E+00 — 0.5000E+03 0.3750E+05
4 4 5 00000E+00 0.5000E+03 — 0.3750E+05 0.0000E+00 — 0.5000E+03 0.5000E+05
5.46
g e— 0
I
L |
1 Tr
U= =| 7 ydVv 7=— =G
2Jv 7 s
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_1 T?r? _Y
U= E.[VGJZ Y= L ¢
-1 2dA) d
= 3l an) o
T2
- jzea(x)
Now
Y= % (¢2x_¢1x)
|:_1 lj|{¢lx}
s L L ¢’2x
I I
[B] {0}
Tmax = G¥max = G [B] {4}
1
U= [, [110} BT{GH[Bl{g} 7 x aa
= 217" 2rardo [ {6T}BTIG[BI{¢} dx (I Jconstant)
~2Jd0 Jo 0 4 ¢
or
1 ¢2n
U= 2" J, v drde [ {6T}[BT]G[BI{4} ox
r= ro(1+%) dr =r—L° dx
oU _ (2rcL X\ T GL
90, - Io Jo (rO—HOE) _de7(2¢1x_2¢2x)
U =2ﬂ£J‘L[1+5)3dx&(—2¢ +205y)
9Py, Lool" L) 22 bt T
Let u=1+%,du=d_LX
4 |2
jzu3L du= L
1 4 |,
U _ 2z L 4P G B
T 4 4 oL (20 = 202)
= 3(16-1) 7 (6.~ )
U S (4. -
a¢2x = Jo(16-1) L(¢2x ‘Z’lx)
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K = 286 % [ 1 —1}
L |[-1 1

5.47

1, T?
U= Ejzer(IerA) dx

1, T2
=5

2)2a)

T=tx t(—'b,"'n')
n.

GEEEEE

}—»X T=tx

2
U= EJ'L—(_tX) dx
270 GJ

L
= L cm0? ox
2GJ ‘o

L
t2 X3

2GJ 3

0

213
U= Tota strain energy
6GJ

5.48

/

SO(TIb/
(&\
2 S —mx

AN

il
%

‘N\m\{h
iy

10 ft |
z
NUMBER OF ELEMENTS = 2
NUMBER OF NODES = 3
NODE POINTS
K IFIX XC(K)  YC(K) ZC(K) FORCE(1,K) FORCE(2K) FORCE(3K)

1 111 0.0000000 0.000000 0.000000 0.000000 0.000000 0.000000
2 000 120.000000 0.000000 0.000000  —5.000000 0.000000  120.000000
3 111 120.000000 0.000000 —120.000000 0.000000 0.000000  120.000000
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ELEMENTS

K NODE(I,K) E(K) XI(K) XJK) G(K)
11 2 3.0000000E+04  2.0000000E+02 1.0000000E+02  1.0000000E+04
2 2 3 3.0000000E+04  2.0000000E+02 1.0000000E+02  1.0000000E+04

NODE DISPLACEMENT THETA-X THETA-Z
1 0.00000E+00 0.00000E+00 0.00000E+00
2 —0.21429E+00 0.25714E-02 —0.25714E-02
3 0.00000E+00 0.00000E+00 0.00000E+00
ELEMENTS

K NODE Y-FORCE X-MOMENT Z-MOMENT Z-MOMENT  Y-FORCE X-MOMENT
(1,K)

1 1 2 0.2500E+01 —0.2143E+02 0.2786E+03 0.2143E+02 —0.2500E+01 0.2143E+02

2 2 3 -0.2500E+01 0.2143E+02 -0.2143E+02 —0.2786E+03 0.2500E+01 —0.2143E+02

551
y
Lo /
[ / 4m 7/
NN\
&

7 25 kN-m y‘.

z

15 kN
NUMBER OF ELEMENTS = 2
NUMBER OF NODES = 3
NODE POINTS
K IFIX XC(K)  YC(K) ZC(K) FORCE(LK) FORCE(2K) FORCE(3K)
1 000 4000000 0000000 4.000000 -15000000  25.000000  —20.000000
2 111 4000000 0.00000 0.000000 0.000000 0.000000 0.000000
3 111 0000000 0.00000 4.000000 0.000000 0.000000 0.000000
ELEMENTS
K NODE(I,K) E(K) G(K) A(K) XI(K) XJK)

1 1 2 21000000E+08 8.4000000E+07 9.9999998E-03 1.9999999E-04 9.9999997E-05
2 1 3 2.1000000E+08 8.4000000E+07 9.9999998E-03 1.9999999E-04 9.9999997E-05

NODE DISPLACEMENT THETA-X THETA-Z

1 —0.69048E-02 0.30329E-02 —0.29195E-02

2 0.000000E+00 0.00000E+00 0.00000E+00

3 0.000000E+00 0.00000E+00 0.00000E+00

ELEMENTS

K NODE Y-FORCE X-MOMENT Y-MOMENT Y-FORCE X-MOMENT Z-MOMENT
(1K)

1 1 2 -06607E+01 0.6131E+01 0.1863E+02 0.6607E+01 -0.6131E+01 —0.4506E+02
2 1 3 -0.8393E+01 —0.6369E+01 0.1387E+02 0.8393E+01 0.6369E+01 —0.4744E+02
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5.52

4 3

x
20001b /

g

R
$
Zz
, 5 7L
/ &
$

/
1 2 /
“l 10 ft—7
Figure P5-52

Shagnaniment
¥ Contpanant

5.58-5.59 Determine the displacements and reactions for the space frames shown in Figures
P5-58 and P5-59. Let I, = 100 in., 1, = 200 in.%, I, = 1000 in.*, E = 30,000 ks,
G = 10,000 ksi, and A = 100 in.*for both frames.

F. = 40kip
F, =-5kip T
2 3
4 ] , =
m, =-100 kip-ft
20 ft
¥
X
Z 4 r
b
\,0“/‘4
fo— 10t —op
Figure P5-58
Displacements/Rotations (degrees) of nodes
NODE X— Y- Z— X— Y- Z—
number  translation trandation translation rotation rotation rotation
1 0.0000E+00 0.0000E+00  0.0000E+00 0.0000E+00  0.0000E+00  0.0000E+00

2 6.8927E-01 -2.6320E-03 4.4137E-01 3.1601E-01 —7.5875E-01 —4.8913E-01
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3 8.3682E-01
4 0.0000E+00

5.59

1.0091E+00 —5.8406E-02
0.0000E+00  0.0000E+00

-3.6119E-01
0.0000E+00

11418E-01 —4.8006E-01
0.0000E+00  0.0000E+00

10t
5
oLt

S AW

b = i
0 \A,&#\ (®) M.=-50kipt

H@

30kip

©

z

mlmi

101t

Figure P5-59
Displacements/Rotations (degrees) of nodes

NODE X—
number  translation

Y-
trandation

7—
translation

X—
rotation

Y-
rotation

7—
rotation

1 0.0000E+00
2 3.1055E-04
3 0.0000E+00
4 0.0000E+00
5 —3.1055E-04
6 0.0000E+00
7 0.0000E+00
8 0.0000E+00

0.0000E+00
2.5111E-01
0.0000E+00
0.0000E+00

0.0000E+00
1.0906E-05
0.0000E+00
0.0000E+00

2.4992E-01 —2.5905E-05

0.0000E+00
0.0000E+00
0.0000E+00

0.0000E+00
0.0000E+00
0.0000E+00

0.0000E+00
-1.1112E-01
0.0000E+00
0.0000E+00
1.1109E-02
0.0000E+00
0.0000E+00
0.0000E+00

0.0000E+00
2.1045E-08
0.0000E+00
0.0000E+00
6.8756E-02
0.0000E+00
0.0000E+00
0.0000E+00

0.0000E+00
3.6115E-02
0.0000E+00
0.0000E+00
3.5829E-02
0.0000E+00
0.0000E+00
0.0000E+00

5.60 Design ajib crane as shown in Figure P5—60 that will support a downward load of 6000 Ib.
Choose acommon structural stedl shape for al members. Use alowable stresses of 0.66 S,
(S istheyield strength of the material) in bending, and 0.60 S; in. tension

c=29in.

b=58in.

a=100in.

6000 Ib

FigureP5-60
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Horizontal load beam  S12 x 50
Vertical support beam  S12 x 50
Cross brace S6x 12.5

All members A36 structural steel

e Therequired maximum deflection governed the selection of the material section
size, assmaller sizing would be lighter and more than adequate to support the load of
6000 Ib, but provide too much deflection than the required 0.400 in.

e Theforcein the cross brace (21066 |bf) does not yield to buckling as shown in
the first set of calculations and with a 6 x 12.5 section the cross brace is designed
above the imposed load of 6500 Ib

e The horizontal load beam is designed to withstand above the imposed bending
moment of 516000 |bf-in. The minimum required section of S10 x 25.4 was
exceeded, as shown in the second set of calculations, to accommodate the required
deflection condraint. Also, the excessive section will allow additional safety
againgt failure from overloading.

5.61 Desgn the support members, AB and CD, for the platform lift shown in Figure P5-61.
Select amild steel and choose suitable cross-sectional shapes with no morethana4: 1
ratio of moments of inertia between the two principal directions of the cross section.
Y ou may choose two different cross sections to make up each arm to reduce weight. The
actual structure has four support arms, but the loads shown are for one side of the
platform with the two arms shown. The loads shown are under operating conditions. Use
afactor of safety of 2 for human safety. In developing the finite element model, remove
the platform and replace it with statically equivalent loads at the joints at B and D. Use
truss elements or beam elements with low bending stiffness to model the arms from B to
D, the intermediate connection, E to F, and the hydraulic actuator. The allowable
stresses are 0.66S; in bending and 0.60S; in tension. Check buckling using either Euler’s
method or Johnson’s method as appropriate. Also check maximum deflections. Any

deflection greater than 3%0 of the length of member AB is considered too large.
‘ 72 30 T\%oﬂ
Z ¥
ot A &

F e | + Dimensions are in inches
ool

30
6001b 8001b 600 Ib ¢

f

30

n

Figure P5-61

e Many viable solutions are possible.
e Thisdesign recommends 1020 steel with cross sectionsof 5in. x 3 in. x g in.
rectangular tubing.

e  The maximum deflection is then 0.244 in. which is less than the maximum
dlowable of 0.25in.

e Thebending stressis 11,418 ps which is less than the allowable of 31,600 psi.
e Theaxid stressis 2520 ps which isless than the allowable of 28,700 psi.

5.62 A two-gtory building frame is to be designed as shown in Figure P5-62. The members
are all to be I-beams with rigid connections. We would like the floor joists beams to
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have a 15-in. depth and the columns to have a 10 in. width. The material is to be A36
gructural steel. Two horizontal loads and vertical loads are shown. Select members such
that the alowable bending in the beams is 24,000 psi. Check buckling in the columns
using Euler’s or Johnson’ s method as appropriate. The allowable deflection in the beams

should not exceed ﬁ of each beam span. The overall sway of the frame should not

exceed 0.51in.

5
5000 Ib

— o Ib ,

w= 150 w =300 8
| o R N A

10’ 10’

LWW 777777 777777

| 10—} 15’ |

Figure P5-62

e Many viable solutions are possible.
e Thisdesign recommends A36 structural steel |-beams.

e W 16 x 26 beams are recommended for the horizontal and diagonal members with
largest bending stress of 7000 psi which isless than the allowable of 24,000 psi.

e W 10 x 49 sections are recommended for the vertical members. Column buckling
was verified to be satisfied.

e Maximum sway in the horizontal direction is0.246 in. which islessthan the
allowable of 0.50in.

e Another satisfactory solution is W 10 x 26 beams for horizontal and diagonal
members and W 10 x 33 sections for the vertical members. The sway then becomes
0.417 in.

5.63 A pulpwood loader as shown in Figure P5-63 is to be designed to lift 2.5 kip. Select a
steel and determine a suitable tubular cross section for the main upright member BF that
has attachments for the hydraulic cylinder actuators AE and DG. Select a steel and
determine a suitable box section for the horizontal load arm AC. The horizontal load arm
may have two different cross sections AB and BC to reduce weight. The finite element
model should use beam elements for all members except the hydraulic cylinders, which
should be truss elements. The pinned joint at B between the upright and horizontal beam
is best modeled with end release of the end node of the top element on the upright
member. The allowable bending stress is 0.66 S; in members AB and BC. Member BF

should be checked for buckling. The alowable deflection at C should be less than 3—éo of

the length of BC. As a bonus, the client would like you to select the size of the hydraulic
cylinders AE and DG.
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Figure P5-63

e Many viable solutions are possible.
e Thedesign recommends AlSI 1020 rolled steel.

e Thehorizontal beam, AC, isrecommended to be a rectangular tube 4 in. by 16 in.
with 0.25 in. thickness. The maximum bending stress in member AC is 7736 ps
less than the allowable of 3100 psi. The maximum deflection is 0.299 in. less than
the allowable of 0.300 in.

e The vertical member, BF, isrecommended to be a square tube 10 in. by 10 in. with
0.5in. thickness.

5.65 A small hydraulic floor crane as shown in Figure P5-65 carries a 5000 |b load.
Determine the size of the beam and column needed. Select either a standard box section
or awide-flange section. Assume a rigid connection between the beam and column. The
column is rigidly connected to the floor. The alowable bending stress in the beam is

0.60S,. The alowable deflection is 3&5 of the beam length. Check the column for
buckling.

[ 72in. |

5000 Ib

Figure P5-65
e Many viable solutions are possible.
e The design recommends A36 structural steel.
e Thehorizontal and vertical members are recommended to be W 10 x 68.

e Thelargest bending stress in the horizontal beam is 4756 ps less than the allowable
of 21,600 psi. The maximum deflection is 0.215 in. lessthan the alowable of 0.222 in.

e The column, ACD, has abending stress of 5284 psi.
e The column should be checked for buckling.
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5.68 Design the gabled frame subjected to the external wind load shown (comparable to an
80 mph wind speed) for an industrial building. Assume this is one of a typical frame
spaced every 20 feet. Select a wide flange section based on alowable bending stress of
20 ks and an allowable compressive stress of 10 ksi in any member. Neglect the
possibility of buckling in any members. Use ASTM A36 steel.

(@) (b)

Figure P5-68

Many viable solutions are possible.

The design recommends A36 structural steel.

The frame members are recommended to be W 10 x 12 wide flange shapes.

The maximum worst stress (combined bending and compression) in any member is

19.5 ksi.
e The maximum displacement is0.719 in.

5.69 Design the gabled frame shown for a balanced snow load shown (typica of the Mid-
west) for an apartment building. Select a wide flange section for the frame. Assume the
allowable bending stress not to exceed 140 MPa. Use ASTM A36 steel.

1500 Pa
P
3m
T (4 m spacing of frames)
4m
I 6m ]
Figure P5-69

e Many viable solutions are possible.

e Thetablebelow lists some W sections that were considered.

e Therecommended W 6 x 12 with bending stress of 120.4 MPais less than the
allowable value of 140 MPa.

e  The maximum displacement is0.0147 m.

Table1: Beam Tria Runs
Beam Section | Bending Stress (Local 3) Displacement

W30 x 173 1.6 MPa 6.26*10"-5
W12 x 45 15.2 MPa 0.0010 m
W8 x 13 88.7 MPa 0.0082 m

W6 x 12 120.4 MPa 0.0147 m
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5.70 Design a gantry crane that must be able to lift 10 tons as it must lift compressors, motors,
heat exchangers, and controls. This load should be placed at the center of one of the
main 12-foot-long beams as shown in Figure P5-70 by the hoisting device location. Note
that this beam is on one side of the crane. Assume you are using ASTM A36 structural
steel.

e Many viable solutions are possible.

e Thedesignisbased on the load being applied to the center span of a 12 ft long
beam.

e The design recommends W 10 x 100 for the horizontal beams.

e The bracing members are recommended to be W 4 x 13.

e Thevertical columns are recommended to be4 in. x 4 in. x %in. thick hollow

sguare tubes.
e Thetable below isasummary of the final member sizes and deflection, stress, and
buckling calculated and allowable results.

Table 1: Thistable shows all the members with corresponding material and size.

Member Quantity | Material Size (in. X %)

loaded 12 ft beam 1 ASTM A36 St. Steel W10 x 100

unloaded 12 ft beam 1 ASTM A36 St. Steel W10 x 100

8 ft Beams 2 ASTM A36 St. Steel W10 x 100

Corner Braces 8 ASTM A36 St. Steel W4 x 13

Columns 4 ASTM A36 St. Steel | 4x 4 hollow x 4 thick (in.)

Table2: This table shows that the maximum deflections are less than the allowable deflection,
and that the calculated bending stresses are less than the allowabl e stresses in the beams.

Calculations

Maximum Deflection (in.) Allowable Bending Stress (psi)
Member By Hand | Using Algor Deflection (in.) Cdculated | Allowable
Loaded 12 ft Beam 0.0722 0.0847 0.2667 6405 7200
Unloaded 12 ft Beam - 0.0141 0.2667 23.145 7200
8 ft Beams - 0.01977 0.2667 1.286 7200
Corner Braces - 0.02921 0.1333 256.654 7200
Columns - 0.2863 0.4000 - -

Table 3: This table shows that the corner braces and the columns have loads smaller than the load
that would cause buckling.

Buckling Strength (1b)
Member Calculated load Allowable load
Loaded 12 ft Beam - -
Unloaded 12 ft Beam - -
8 ft Beams — -
Corner Braces 24000 330000
Columns 24572 60000

5.71 Design the rigid highway bridge frame structure shown in Figure P5-71 for a moving
truck load (shown below) smulating a truck moving across the bridge. Use the load
shown and place it along the top girder at various locations. Use the alowable stresses in
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bending and compression and allowable deflection given in the Standard Specification
for Highway Bridges, American Association of State Highway and Transportation
Officials (AASHTO), Washington, D.C. or use some other reasonable values.

4| 25 ft | 50 ft | 25 ft | D
gz :B C T
) } 15ft
—  —10ft l
E F
02W 0.8W

i

FM ft
W = total weight of truck and load

H20 - 44 8 kip 32 kip
H truck loading

Figure P5-71

e Many viable solutions are possible.
e A36 structural steel is chosen in the design.
e After someiteration, W 24 x 94 wide flange sections were selected for all members.

e Thelargest bending stress of 12960 ps with the truck in the center span location is
less than the allowable of 20,000 psi.

e Thelargest deflection of 0.731 in. is less than the allowable of 0.75 in. (ﬁ of the
span length).

5.73 The curved semi-circular frame shown in Figure P 5-73 is supported by a pin on the left
end and aroller on the right end and is subjected to aload P = 1000 Ib at its apex. The
frame has aradius to centerline of cross section of R = 120 in. Select a structural steel W
shape from Appendix F such that the maximum stress does not exceed 20 ksi. Perform a
finite element analysis using 4, 8, and then 16 elements in your finite element model.
Also determine the maximum deflection for each model. It is suggested that the finite
element answers for deflection be compared to the solution obtained by classical
methods, such as using Castigliano’s theorem. The expression for deflection under the
load isgiven by using Castigliano’s theorem as

0.178PR® 0.393PR 0.393PR
&= + +
El AE AG

where A is the cross sectiona area of the W shape, A, is the shear area of the W shape
(use depth of web times thickness of web for the shear area), E = 30 x 10° psi, and
G =115x 10° psi.

Now change the radius of the frame to 20 in. and repeat the problem. Run the finite
element model with the shear area included in your computer program input and then
without. Comment on the difference in results and compare to the predicted analytical
deflection by using the equation above for 6.

For R=20in. A=879in. twe =0.260in. depth=12.34in.
SA2 =ty depth  SA2 = 3.2084 x 10°in.
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Ik =238in* E=29x10°ps G=11.6x10°ps P=10001Ib

3
G = LABPRT s = 206317 107N,
El,
5, = 23BPR 5 308344 x 10%in.
AE
0.393PR .
- = =211191x 10 " in.
& SA2G &
Omax = Om+ 6n + 6y
Smax = 4.48343 x 107 in.
Smaxnoshear = Om + 6n

Smaxnoshesr = 2.37151 x 107*in.

|

Figure P5-73

e The table below shows the results for the 2 — 16 element models without shear area
and with shear area included in some cases for both radii.

Radius=120in.
No. of Elements Max Def. (in.) | Max. Stress (psi)

2 5.92E-02 1595

4 4.69E-02 1576

8 4.52E-02 1566

16 4.48E-02 1560

8 (SA2incl.) 4.65E-02 1566

16 (SA2incl.) 4.62E-02 1560
Longhand 4.48E-02
Longhand (SA2incl.) 4.60E-02

Radius=20in.
No. of Elements Max Def. (in.) | Max. Stress (psi)

2 3.01E-04 299

4 2A47E-04 281

8 2.39E-04 270

16 2.39E-04 265

8 (SA2incl.) 4.55E-04 270

16 (SA2incl.) 4.55E-04 265
Longhand 2.37E-04
Longhand (SA2incl.) 4.48E-04
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Chapter 6

6.1 For sketch of N; see Figure 6.8. Others follow similarly
By Equation (6.2.18)

1
Ni+NJ+Nm=ﬁ[(04+04+am)+(ﬁ+/i+ﬂﬂ)><+[%+%+ym)y] @)
By Equation (6.2.10)
G+ 0+ Om= XYm=YjXm* ¥iXm=Xi¥m+ X ¥j— ¥i X

= 2A (by Equation (6.2.9)) 2)
B+ B+ fn=Yi—Ym+tYm=Yi+Yi-y=0 €))
KB+ = X=X+ %=X+ %=X =0 )

By using (2)-(4) in (1), we obtain
N + Nj + N, = 1 identically
6.2 By Equation (6.2.47)

m= 5 4 [ ] [B1" IO (8] Vi~ {a {1}

1l3i0ﬁj 0 By O
[B]:ﬁo i 0 7y 0 7q

v B 7j /3] Ym Bm

Ui
Vi
1 v 0
D] = E =1
[]_ 5 v 1 0 1{d}_
1-v 1-v Vi
0 0 = Un,
Vm
_ﬁl 0 7’._
0 Yi ﬂl
) 1 ﬁj 0 Yi
= = UiVviyVviunV 2A
T 2[| ,,]mm]_”v.[zA 0 7 ﬂj
ﬂm 0 Ym
_O Ym ,Bm_
Ui
Vi
_ 1 v 0 ﬁi 0 ,Bi 0 ﬁm 0 U
Lo lkle 4~ o 0 dVv x
1-V2 1-v 2A . . o )
00 5| [n A v B Ym Pn
um
Vm

— Ui Vi Uy Vi U vid { T}
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d 11 E 1 LV Olh
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[ 0 0 ]
C
3 1 v 0[{|0
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aTZZCJV[OVi Bllv 1 0 |y dVvi-ty
| 00 YA
3 1 v 0 | ﬁi
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ﬁoyoOTYiAYjﬁmYmﬁm
m m
LO Ym Bl
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From Equation (3.10.27) or Equation (6.2.48)

T
ofd} ~
on _ T _

37a7 - LBT PI (Bl av{d}- {7} =0
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6.3
@

[K1= tA[B]" [D][B]
X=0,¥%i=-1,%=2,¥=0,Xn=0,ym=1

1 1 .2
A= Zbh==(2)(2)=2in.
L bh=1@)@)=2in

Bi=Y-ym=0-1=-1
B=Ym-Yyi=1-(-1)=2
= yi-y=-1-0=-1
%= Xn—%=0-2=-2
%=%—-Xn=0-0=0
Ym=X%-%=2-0=2
. B 0 B 0 By O
[B]:ﬁo i 0 vy 0 ¥y
vi B Vi ﬁj Ym Bm

1 v O
Since it is plane stress [D] = N 0
- ) 1-v
2
-1 0 -2
0 -2 -1
30x10° | 2 0 O L 0s 0
so[B]'[D]= X 025 1 0
4(09375)| 0 0 2
0 0 0375
-1 0 2
L0 2 -1

(-1 -025 -0.75]
~05 -2 -0.375
2 0.5 0 30 x 10°
0 0 0.75 |4(0.9375)
-1 -025 0.75
|05 2 —0.375

[kl = tA[B]" [D][B]
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[ -1 —-0.25 -0.75]
-05 -2 -0.375
b 2 0.5 0
- [K= (1in_)(2)&
4(0.9375)| 0 0 0.75
-1 -025 0.75
|05 2 -0.375]
-1 02 0 -1 O
-0 -2 00 0 2
-2 -1 0 2 2 -1
[ 25 125 -2 -15 -05 0.25
125 4375 -1 -0.75 -0.25 -3.625
[K]=40x10°| =2 -1 4 0 -2 1
-15 -075 O 15 15 -0.75
-05 -025 -2 15 2.5 -1.25
1025 -3.625 1 -075 -125 4.375 |
b) xx=12,yi=0,%=24,¥=0,xn=1.2,yn=1

(b)

B=Y-Yym=0-1=-1
B=Yn-y=1-0=1
Pn=Yi-y=0-0=0
%= Xm—%=12-24

=-12

%= X%—-%n=12-12=0
Tn= X—-%=24-12=12

A= % (12) (1) =0.6in>2

30 x10°

T —
S0 [BIIPT= (%) 0.0375)

o O O — O
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(-1 —025 —-045]
-03 -12 -0.375
_25%x10° | 1 025 0
© 09375 | O 0 0375
0 0 0.45
103 12 0 |
[K] = tA[B]" [D] [B]
(-1 -025 -0.45]
-03 -12 -0.375
4= (1in.)(6in?)25x10° | 1 0.25 0
2(0.6) (0.9375) 0 0 0375
0 0 0.45
103 12 0 |
-1 0 10 0 O
x| 0 -12 0 0 0 1.2
-12 -1 0112 0
i=1 j=2 m=3
154 075 -1 -045 —054 —0.3]
s | 075 1815 -03 -0.375 -0.45 -1.44
[k]:w -1 -03 1 0 0 0.3
1875 | 045 _0375 0 0375 045 0
-054 -045 0 045 054 0
| -03 -144 03 0 0 144 |
(€) E=30x10° v=025 t=1

Triangle coordinate definition

. 0 x=0 This defines an array variable
I'= x coordinate is the top
0 y=1 y coordinate is the bottom
. (2 . 1 .
j= 0 Area of triangle = 5 base x height
0 1. .
m= A=— (jx—ix =1
[1) 5 (=) (1)
A=1
Develop stiffness matrix
B=jy-m p=-1 7= me—jx (=-2
B=my-iy  [=1 p=ix-nk §=0
Bn=iy=ly Bn=0 Y = jx—ix Yn =2
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! B 0 L B 0
[Bl= —|0 [Bl=—0 7
2A 2A
voB Yi ,Bj
[Bul= — oﬂm (;
2A m
Ym Bm

Gradient matrix
[B] = augment (B;, Bj, By)
-05 0 05 0 0O
[B] = 0 -1 0 0 01
-1 05 0 05 10

Plane stress
Constitutive matrix

E 1 v O
[D] = >|v 1 0
1-Vv 1y
00 =
3.2x10" 8x10° 0
[D] = | 8x10° 3.2x10’ 0
0 0 1.2 x10’

[k] = t A[B]" [D] [B] Constant-strain triangular element stiffness matrix

2x10’ 1x10°  —8x10° —6x10° -1.2x10" —4x10°
1x10°  35x10" —4x10° —3x10° —6x10° —3.2x10’
] = -8x10°  -4x10° 8x10° 0 0 4x10°
—-6x10°  —3x10° 0 3x10°  6x10° 0
-12x10" -6x10° 0 6x10°  1.2x10’ 0
-4x10° -3.2x10" 4x10° 0 0 3.2x10’

6.4 In general we know that

U

v

c [tV 1l3i013,-013m0u1
{a}:(l_vz)vl 0 xﬁo i 0 vy 0 7, VZ
00 L CB v B e Bul |,

5 Yi i Y i Ym Pm] |y

3

V3
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(@) For the first element we have

oy 3010610.250 1—1020—10
0'y=1x70.251 0 | X5 0 200 0 2
T =025 4 o oars 2 -102 2 4
xy
o _
0.0025 .
19200 psi
0.0012 .
0 =4 4800 psi
—15000 psi
0.0
10.0025 |
The principal stresses are given by the equations
1
, 1
Ox+0y (GX—O'y) » P
O, = s +7T
L2 2 { 2 b
and the plane that are acting upon is
_ 1 1 Ty
Op= —tan~ ——-
2 (757)
_ ) L
192 4 192004
o1 = 9200 + 8OO+ ( 9200 800) +(_15000)2
2 i 2 ]
= 28639 psi
_ ) A
0, = 19200 +4800 (19200—4800) +(_15000)2
2 | 2 |
= — 4639 psi
_ 1. -15000 _ o
2
(b) For the second element we have
oy s | 1 025 0 -1 0 10 0 O
_ 30x10
yi = —1_025)2 025 1 0 X 72(06) 0 -12 00 0 12
Ty ( ' 0 0 0375 12 -1 0112 0
o _
0.0025
0.0012
X
0
0.0
10.0025 |
o, = 32000 psi
= <0, = 8000 psi
T,y =—25000 psi
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1
_ ~ ) -
o1 = 32000+8000+ (32000 8000) N (_25000)2
2 | 2 |
o1= 47731 psi
~ ) i
— 2
o, = 32000 +8000 (32000 8000) +(_25000)2
2 | 2 ]
o0, = — 7731 psi
1, 4 =25000
b= 2 tan (32000—8000)
2
6= -32.2°
(c) For third element we have
-05 0 05 0 00O
[Bl=| 0 -1 0 0 01 =
in.
-1 -05 0 05 10
32x10" 8x10° 0
[D]= | 8x10° 3.2x10’ 0 '—bz
0 0 12x10")
u; = 0.0in. v, =0.0025 in.
uz = 0.0012 in. v, =0.0in.
uz = 0.0in. v3 =0.0025 in.
W
Vi
U2 . .
{d} = v Displacement matrix
2
Us
V3
Stress evaluation
O-X
oy | = [D][B] {d}
Txy
o, 1.92 x10* N
o, |=| 48x10° | =
in.
Ty -15x10*
Principal stresses
\2
oy +0y oy -0, )
= + +7
e
o,+0 o, -0,
- IxTY x Yy 2
= - +7T
e e
288

© 2012 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



www.icivilir glrec uuwaigo ¢ (lgauiiils gols LUy

Omax = 2.864 x 10* -:]—bz =g
In.

Onmin = — 4.639 x 10° "']—bz =

Principal angle

0y—0y
2
6= —32.179 deg.

6.5 Von Mises stress for biaxial stress state

atan (ZT—W)
Op= ———=

@ o1 = 28639 0 = — 4639
0.= \o? +0,° - 0,0, 0 = 3.122 x 10* psi
(b) oy = 47731 0 = 7731

Oe= \O? +0,° — 0,0, 0. = 5.203 x 10* psi
(c) Oe= \O* +0,° - 0,0,

0. = 3.122 x 10* '_bz
in.
6.6
y
m
(50, 120)
E=210x109 Pa, v=0.25t=0.010m
‘ i
(20, 30) (80, 30)
X
(a)
ﬁ:yi_ym:30—120:—90 ¥% = Xm—X =50 - 80 =-30
A= Ym—yi=120-30 =90 %= Xi = Xm =20~ 50 = -30
fn=Y¥i-¥;=30-30=0 Ym=%—X%=80-20=60

2A = Xi(Yj = Ym) + X (Ym = Y1) + XnlYi = V1)
= 20(~ 90) + 80(90) + 50(0) = 5400 mm?

-%0 0 9 0 0 O

[B]:L 0 -30 0 -30 0 60

5400

—30 -90 -30 90 60 O

710 % 10° 025 O 1 025 0
[D]:lo%o.zs 1 0 |=224x10"|025 1 0

—(0.25) 0 0 0375 0 0 0375
[kl = tA[B]" [D] [B]
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—90 0 —30]
0 —30 =0 1 025 0
-3 90 0 -30 '
[K] = (0.01) (5'4210 j(54 110_3] o s oo |@2x0Hj025 1 0 |[E]
ax 0 0 0375
0 0 60
|0 60 O |
[—90 —225 -11.25]
-75 -30 -33.75
90 0 9 0 0 O
o| 90 225 -11.25 1
[K] = 1.12 x 10 75 30 3375 | 525107 0 -30 0 -30 0 60
' O SAXI0T a5 90 —30 90 60 0
0 0 225
| 15 60 0 |
(84375 16875 -77625 -3375 —675 —1350]
1687.5 39375 3375 -2137.5 -2025 -1800
s | 77625 3375 84375 -16875 675 1350
[K] = 2.074 x 10
—3375 -21375 -1687.5 39375 2025 -1800
—675 2025 675 2025 1350 O
| -1350 1800 1350 -1800 O 3600 |
(b) Similarly
B=-5 x=0
B=25 x=-5
bn=25 =5
[ 250 0 -125 625 -125 625
9375 9.375 —4.6875 —9.375 —4.6875
. 15625 -7.8125 -3.125 —-1.5625
[K] = 4.48 x 10
27.343 15625 -3.125
15.625 7.8125
| Symmetry 27.343 |
Now solve P6-6¢ for stiffness matrix
t =0.01
A= % A=5x10"

[Kl =tA[B]" [D][B]
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1.225x10°  35x10®° —1.015x10° —7x10" —2.1x10®° -2.8x10®
3.5x10® 7x10° 7x10"  -14x10° -4.2x10® -56x10°
-1.015x10°  7x10"  1.225x10° -35x10® —2.1x10® 2.8x10°
—7x10"  —1.4x10° -35x10®  7x10®  42x10® —5.6x10°
—21x10%  —42x10®°  -21x10°  42x10°  4.2x10° 0

—28x10°  56x10° 2.8x10°  -56x10° 0 1.12x10°

[k =

6.7 (a) By Equation (6.2.36)
{o} = [D] [B] {d}
Using results of Problem 6.5 (a)

025 0 -0 0 9% 0 o0 O
025 1 0 0 30 0 -30 0 60

Oy

_ 2.24x10%
Y1 5400x107

Ty 0 0 0375/|-30 -90 -30 90 60 O

0.002

0.001

m |0.0005

x107° —
mm 0

0.003

0.001
-5.29 GPa
= /-0.766 GPa
0.233 GPa

2
5= ~529+(-0156) , \/( 5.29+ 0.156] + 0237
2 2
=-272+ 258
01=-014GPa ,=-5.30GPa
X

6,

tan26, = —20233)  _ 509 I"
P _5.29+0.156

Gp= —2.59°

(b) From Problem 6.5 (b) £’s and y’s given

O] agge[ L 025 0 ][5 0 25 0 25 0
o b= =% g5 1 0 [lo 0 0 -5 0 5
y 25%107°
Ty 0O 0 0375/|0 -5 -5 25 5 25
0.002
0.001 .
0.0005
%102 ~142.0GPa
mm 0
33.6GPa
0.003
0.001
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o,z 0420, ( :2) +33.62

2
=21 %+ 39.6
o1 = 60.6 GPa o0, =—18.6 GPa
2(33.6) X
tan26,= ——= 6
%= 0 120 i”
6= —29°
(©)
y
N (5, 10)
i=1 j=2
X
(0,0) (10, 0)
Plane stress also find von Mises stress
G =-10mm % =-5mm
£=10mm %=-5mm
bn=10 ¥m =10 mm
A=25x%x10"m?
{c} = [D] [B] {d}
E 1 v O
[D]= =Y v 1 0
- 1-v
00 =
_ (10 | 0.25 8
1- (0. 25)2 0_25
0.25
[D] = 224 x 109 0.25
0.375 |
U
Vi
u;
d =
=,
Us
V3
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Determine the stresses in the element with nodal displacements listed

u; =0.002 vy =0.001 u=0.0006 v,=0 u3=0.003 w3 =0.001
Here are the coordinates for the element
X =0 y1=0 x; =0.01 y,=0 x3 = 0.005 y; =0.01
E =210x10° v=0.25
el
v,
2 0
u, E
{d} = v [D]=|v 1 0 [D]=[D]l_v2
: 0 o L=V
V3
2.24x10"  5.6x10% 0
Equation (6.1.8) [D]= | 56x10° 2.24x10" 0
0 0 8.4 x10%
Equation (6.2.10)
B =Y2-Ys p/=-001 N=X3—X n=-5x107
B =Ys-W1 £ =0.01 B=X1—X p=-5x10"
B =yi—-Y =0 B=X— X 75 =0.01
TA = (Y2-Y3) + X (Y3 — Y1) + Xa (V1= ¥2)
TA =1x10™ twice the area, Equation (6.2.9)
Equation (6.2.32) combined
. Bp 0 B 0 B3 O
Bl =—|0 7. 0 v, 0 73
TA
B v B ova Bs
-100 0 100 O 0 0
[B] =| 0 -50 0 -50 0 100
-50 -100 -50 100 100 O
In-plane stresses
{o} =[D] [B] {d}
-3.08x10°) o,=0, o0,=-308x10"
{o} =| 2.8x10° o,=0, 0,=28x10°
6.3x10° Ty=0, Ty =63x10°

Note: use the left bracket after the sigma then the 0, or 1 or 2 for the values in the sigma

matrix
Principal stresses

1

AT ]
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) 1
o,—-0 2
o =3.942x10° ﬁz sqrt = H{%} + rxyzﬂ
m
o,+0
Oave — - 5 Y
T
0-2 = O-ave—sqrt Hp = 1 a.ta.n 2 Xy
2 Ox—0y
0, =-3.194x10"° ﬂz 6,=-0.179
m

6, =-10.278° Principal angle
6.8 Von Mises stress

(@ o=-014 0, =-5.30
Oc= «/612 + 0'22 — 0,0, 0.=5.231 GPa
(b) 01=60.6 o, =-186

Oc= \/612 + 0'22 - 0,0, Oe=71.732 GPa
() 01=3.94GPa 0y =—31.9 GPa
P6.8c von Mises stress, Equation (6.5.37a)
1

1
Oym = 72 [[(01 - 0'2)2]+ 0'22 + 61215

Gim = 3.409 x 10%° ﬂz
m
6.9
@)

(2,5)
m

A= 1@ @=4in

2,1) @1

Plane strain
B=Yi-Ym=1-5=-4 p=Xp-%=2-4=-2
B=Yn=¥i=5-1=4 }=X-Xn=2-2=0
Pn=Yi-¥j=1-1=0  j=%-X=4-2=2

o, ot 0.75 025 0
ot = (1+025)E; 2025 2 075 O
. ' ' 0 0 025
Xy
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0.001
0.005
-4 04000
1 0.001
X (—) 02000 2
8 0.0025
2 -4 0420
0
0
—15000
= {—45000 psi
-18000
2
5y, = —15000+(-45000) \/( 15000 — ( 45000)) (18000)?
2 2
= 30000 * 23430
01 = — 6570 psi o, =-53,430 psi
tan 26, = 2(~18000)
—15000 — (—45000) 5 x
P
6= —25.1° :
(b)
m4, 4)
2A=4in2
j
2,2 4.2
B=2-4=-2 y=4-4=0
B=4-2=2 y=2-4=-2
fn=2-2=0 jm=4-2=2
o, 0.750.2501—202000
o, =48x10°10.25 0.75 0 7)o 0 0202
T 0 0 025 0 2 2 220
xy
0.001
0.005
~15,000
0.001 .
X = ¢—45,000 ¢ psi
0.0025
—21,000
0
0
2
o= —15000 - 45000 , \/[ —15000—(—45000)} + (£21000)?
2 2
o1 = —4193 psi o0, =-55,800 psi
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tan 26, = 2(=21000) 6 X
—15000 — (—45000) P
Gy= -27.2°
(c) Given displacements (in.)

u; = 0.001 vi = 0.005

u, = 0.001 v, = 0.0025

uz=0 v3 =0
U
A 0,2
u

{dy=|°

)
U
V3

(2,0
Material definition

E = 30 x 10° psi v=25
Geometry description

B=0-2 (Y- Ym)

B=2-0 (Ym-¥)

Bn=0-0 (vi-y)
=0-2  (Xm—X)
$=0-0 (X—Xmn)
m=2-0 (X—x)
A= 1><2><2 A=2

) B 0 B 0 By O
[B] = A 0O v 0 vy 0 vn
vi B Vi ﬂj Ym Bm

Plane strain constitutive matrix

E 1-v v 0
Dl=——| v 1-v 0
L+v)1-2v) s
2
Stress matrix
{0} = [D] [B] {d}
—3x10*
—9x10*
—2.1x10*
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o, =-3x10" (psi)

o, =-9x10* (psi)
p— 4 i
Ty = 2.1 xX10" (psi)

30 ksi

90 ksi

_ 0,+0, o,—0, Y 5
o1 = > + > +Txy

01 = —2.338 x 10* psi

_ O'X+Gy O'X—Gy 2 2
oy = - +Txy
2 2

0> = —9.662 x 10* psi

27
Hp = latan N
2 Oy —Oy

6, = —0.305 (rad)

0'3=0
_ 1 2 2 2
= E (01-0,) +(0,—03)" +(03-0y)
Gum = 8.731 x 10* (psi)
(d)
(4,9)
3
2,3 A=%(2)(4):4in.2
2
4,1
pr=-4 71=0
2= 2 Yp=-2
3= 2 y3=2
Oy 075 025 O 1 -4 0 2 0 20
oy = 48x10°(025 075 O (5) O 0 0 -2 0 2
Ty 0 0 025 0 -4 2 2 2 2
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0.001
0.005 165
0.001 ' .
= {-25.5¢ ksi
0.0025 .
0 .
0

2
0, T165-255, \/(—16.5+ 25.5) 1 (2557

2 2
o1 = 4.89 ksi o» =—46.9 ksi
tan 29p = ﬂ
-16.5+25.5
6,= -40.0°
(e)
=3
1 111 " (2.25,3.25)
A= E 2 3 225 3
3 1 325 (2,3)<1
= 0.375in?
2
Pi=1-325=-2.25 y;=225-3=-0.75 =2\ @ 1)

Bi=325-3=0.25 y,=2-225=-025

Pm=3-1=2 Ym=3-2=1

{0} = [D] [B] {d}

oy 075 025 0

o, =48x10"|025 075 0

Ty 0 0 025
0.001
0.005

225 0 025 0 20

0.001

X 1 0 -0.75 0 -025 0 1
0.75 0.0025
-0.75 -225 -025 025 1 2

0
0
oy -166
Oy = —242 ¢ ksi
Ty -186

2
o1, = —166+2(—242) N \/(—1662-1- 242) (1867

oy = —14.2ksi 0y =— 394 ksi
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