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TABLE 11.3-1, DATA FOR SELECTED MINDLIN PLATE ELEMENTS.

........

Integration Rule

Shear Number of
Element Type Type k,) k,] Constraints Meachanisms
Therv
Bilinear: Reduced 1x1 1x1 2 4
4 nodes, Selective 2x2 1 x1 2 2
,! 12 d.o.L. Full 2x2 2x2 4 0
’ Quadraticc  Reduced 2x2 2x2 8- 4
’ D) ¢ 9 podes, Selective 3 x3 2x2 g 1
27d.of. Full Ix3 3Ix3 18 0
-[ Serendipity: Reduced 2 x2 2 %x:2 8 1
» ¢ 8 nodes, Selective 3 x 3 2 x°2 8 4]
. 24 d.o.f. Full Ix3 3Ixis 18 0
A Heterosis: ) v
o 4 9modes, Selective 3 %73 2x2 8. 0 N @ 50 (,V“/\sl
! 26 d.o.f. (Ref. 11.8. D.o.f. at the center node are 8, and 4, only.) ¢
e e
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‘. Figure 11.3-2, Center deflection of 2 uniformly loaded clamped square plate of side
length Ly and thickness r. An 8 by 8 mesh is used in all cases, Thin plaies correspond
to large Ly/t. Transverse shear deformation becomes significant for small Ly/r. Inte-
gration rules, {rom Table 11.3-1, ate reduced (R), selective (S), and fuli (F} [11.9}.

Fl .
- == = Inplane twist mcde whourglass made ~ * 7 @ hourglessmnde T T 8 hourglass mode 5
we=0, B,=—y.9y=-r =5y B‘=9,’=o If-'=0.a,=.1"_q. ".\'-_“0 w=0, B,=O.ﬂ'=.ry
(a} ®) () {d)

Figure 11,31, Mechanisms of the four-aede bilincar Mindlin 2lement with reduced inte-
gration (one poiat for all terms) [11.4}.
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Figure 11.1-4. (a) Bending to a cylindrical surface by moments M.on lh:: edges
¥ = constant. (b)Cross section cut by the xz plane. {c) The w = Xy siate of
puTe twist: w,,, = w,,, = 0, iv,,, > 0.
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' lacement v is zero, material points have only (radial) and w

CHAPTER

SOLIDS OF REVOLUTION

Analysis methods for axially symmetric bodies are described. Loads may be with

or without axial symmetry. Loads without axial symmetry are treated by super-
position, using Fourier series.

_10.1 INTRODUCTION

A solid of revolution is generated by revolving a plane figure about an axis, and

. is mast easily described in cylindrical coordinates r, 0, and z (Fig. 10.1-1). The -

geomelry is axially symmetric, and if material properties and loads are also axially
symmetric, the problem is mathematically iwo-dimensional, That is, if geometry,
support conditions, loads {R}, and material property matrix {E] are all independent
of 8, and if the material either is isotropic or has @#as a principal material direction,
then static displacements and stresses are independent of §: circumferential dis-
(axial) displacement
components, and the nonzero stresses are those shown in Fig. 10.1-1a. The anal-
. ysis procedure for stalic problems having axial symmetry is very similar to the
procedure used [or static problems of plane stress or plane strain. (In a vibration
or buckling problern, symmetric and unsymmetric modes should be expected,
even if geomelry, support conditions, and elastic properties are all axially sym-
metric. A vibration or buckling analysis that assumes ¢ independence would miss
all modes that are not axially symmetric.)

If the solid is axially symmetric but the lozding is not, displacements and stresses
-are three-dimensioral rather than axially symmetric. A Fourier series method can
then be used. The given loading is expressed as the sum of several component
loadings, and an analysis is donec for each load component. According to the
principle of superposition, the original problem is solved by adding the solutions
of the component problems. Each component analysis remains mathematically
two-dimensional. Thus the original three-dimensiona) rroblem is exchanged for
a series of two-dimensional problems. The exchange is usually worthwhile because
three-dimensional problems are expensive (o sel up and run.

A finite clement model of 2 solid of revolution has nodal circles rather than
nodal points (Fig. 10.1-1). Sc does & shell of revolution, which is an eflective
model if the bady is thin-walled (Section 12.4). I a body of revolution (having
nodal circles) must be attached 1o a solid body (having nodal peints), there is
some difficulty in making the coancciios.

Finile element anaiysis for axially symmetric solids was first published in 1965
(10.1]. Computer programs are readily available [10.2]). Indeed, minor additions

293
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Figure 10.1-1. An axiaily symmetric finite element of rectangular cross section. (a) Isometric
view, showing stresses produced by axially symmetric loading. (&) Cross section containing
the z axis. Hatching suggests an orthotropic material whose principal directions are ', y',
and 4. ‘

to a program for plane problems makes the program capable of analyzing solids
of revolution as well.

10.2 ELASTICITY RELATIONS FOR
AXIAL SYMMETRY

If the analysis problem is axially symmetric, then (see Fig. 10.1-1)
v=0and 1= 7 = Ve = Yo = 0 . (10.2-1)

Equations 10.2-1 prevail if geomelry, suppori conditions, and loading are all axialty
symmetric, 8 is a principal materizl direction, and 8 in Fig. 10.1-1b is independent

of 8. Thus the material may be isotropic. Or, if orthotropic, principal malterial g
axes x’ and ¥ must not change direction with @, and the third principal material
axis must not form & helix. Accordingly, the most general stress—strain relation e
allowes has the form ) ki
Url Ey Ep En En €, -
- ol _ Esy Epn Eyn € { _ 5 T
- A Ey Es . {ea} (10.2-2) 3
-r;,J symm. Esq Yer 5
in which {e} represents initial strains. and the trivial relations 7, = 0 and 7, = 0
are simply not wiitten. If, in addition to @, r and z are also principal material 5
directions (8 = 0 in Fig. 10.1-1), then Eyy = Ez = Ej¢ = 0. For the special case Bt
of isotropy and thermal loading, Eq. 10.2-2 becomes &
o, 1 £ £ 0 & | al \ TJ
ool _ (1~ ME 1 f ot el _ joTi (10030 g
o, {1+ (1 - 2v) 10 €. af T e
Tzr symm. g \ Yer 0 P, ?'4
g
| AQ o

=,
(P
i

L7 L L e ]
R,
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in which
v 1 - 2p
= = —— 2-
f=y05 ad ¢ = (10.2-3b)

and @ = coefficient of thermal expansion and T = temperature relative to a ref-
erence temperature at which the body is free of stress. Thus E;; = G, the shear
modulus,

The strain—displacement relations are

e = u __27T(J”+H)-271’I'_E
T ¢ 27r T (10.2-4)
€ = W, Yor = Uy + Wy,
In matrix format, Eqs. 10.2-4 are
€ . .. dfor 0
€\ _ u R Y/
e (= [8] {w}, where [d] = 0 ez (10.2-5)
Yir al’aé &!ar
Or, in alternative format, the same relations are
e o 10600 o0
€ | _ ' S_]10 0 0 0 1/
2 S (H] :,, . where [H] = 06071 0 (10.2-6)
v s [0 1 10 0]

10.3 FINITE ELLEMENTS FOR AXIAL
SYMMETRY

One may follow the standard formulation procedure, which is contained in Eqs.
4.1-5 and 4.1-6. Consider, for example, an cight-d.o.f. element of rectangular
cross sectior, shown in Fig. 10.3-1. Its displacement field {u} = [N}i{d} is

uy
W

ul [Ny 00N, 0N, 0N, 0] .
W 0 N 0 N 0 N 0 NjI®
Llfr’4
where shape functions N, through N, are stated in Eq. 3.12-10, except that z

replaces y and r — r,, replaces x, where Im 1S the meanradius (r; + ry + ry + r)/4.
Thus

(10.3-1)

[a &g (I" - rm)](b 5 Z)
4ab

N‘. = (1 0.3-2)
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in which z = 0 at the element center. The element stiflness matrix is
k] = f f " BY(E)[B] r d6 dA (10.3-3)
Axs A -7

where A = cross-sectional area of the element and dA = drdz. From Egs.
10.2-5 and 10.3-1, [B] = [d])[N]. However, since dfor = gfoxand r = r,, + x, we
can also write

a/ax 0 o
w_ | Uem+x) 0 (a = x)b + 2)
[B] = 0 2o [N), where N, = —— (10.3-9)
dlaz  alax

and where x = 0 at r = r,,, the element cenler.

Equation 10.3-4 yields the same [B] as does [B] = [8)[N] with the A, given by
Eq. 10.3-2. Equation 10.3-4 shows that, as compared with a plane protlem, the
only change in [B] is the added row that comptles ¢ = u/r (compare Egs.
10.3-4 and 4.2-14). Morzover, [k] is the same size; for example; it is § by § for
the foregoing four-node bilinear element, whether the problem is plane or axially
symmetric,

If the elemeni is isoparametric, shape functions N; are functions of £ and 7,
and we must use the usual coordinate transformation to relate derivatives,

i, g
u,, oy J7'o 0
w, b= [T <w ), where [[] =0 JU o (10.3-3)
W, %3 1w, 0 D 1

b

Jacobian matrix {J] is unchanged: it is stilt 2 by 2 and is as described in Section
6.3. The £and n derivativesin Eq. 10.3-5 are related to nodal d.o.f. by Lhe equation

betse 0, g woo )T = [Qlly wy s -w )T (10.3-6)
3%8

A\

- v N
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B The first four rows of [Q] appear in Eq. 6.3-19. The ffth row is |N, 0
D N; 0 N, 0 N, 0]. Shape functions N; of a four-node isoparametric element
: P arc given by Egs. 6.3-2. From Eqgs. 10.2-6, 10.3-5, and 10.3-6, [B] = [H]['][Q].

The element stiffness matrix of an isoparametric element is

I w
(K] = f_.f_l. f_r[B]TIE][B]r d8 J d¢ dn (10.3-7)

where

r=Nr of r=r,+ > Nx (10.3-8)

e ime e wemn = ey g m—
e ———_ i

In numenrcal integration, either of Eqs. 10.3-8 may be used to determine r at
quadrature poinis.

Element nodal loads {r.}—for example, from heating or from,centrifugal force—
are calculated in straightforward fashion from Eq. 4.1-6. Here dV = r d8 dA or
dV = r d8 J d¢ dn, and dS = r d0 d€, where d€ is an increment of meridional

lengih. > ¥ &
A uniform line load ¢ (units N/m).on a _E_o_gg_[__mmle_o_{_radmb 7 produces the -\
nodal load 2mr;g. The net static force is also 2r,q if g acts ax;"lly, hut is zero if SR
1- ‘?\
ially. Neveriheless, radial load ¢ produces deformations and stresses. - -
Reinarks. The preceding formulation produces 2 as a multiplier of every Kj; and =
every R;in the struciural equations [K}D} = {R}. This superfluous multiplier can z”:t
be avoided by letting integrals for {k] and {r.} have theta limits of. from zero to *
one radian. With this approach, externally applied loads must also pertain to a ¢

one-radian segment. @M"-‘ 4 s

Some coefficients in the intcgrands of Egs. 10.3-3 and 10.3-7 have 1/r as a OTP_)\ 4‘2 . r';f_ﬁ
multiplier. With Gauss quadrature these lerms remain finile because there are no .
Gauss points at r = 0. If[k] is formed explicitly, we can produce ** core”’ elements
by using a displacement field for which ¥ = 0 for r = 0 and evaluating indeter-
minate forms 0/0 that appear in the formulation by the L’Hopital rule. If numerical
integration is used instead, for acceptable accuracy core elements may require
more integration points in the radial direction than are used for elements disiant
from the axis of revolution.

During stress computation, the indeterminate form €, = u/r = 0/0 arises for
points on the z axis. We can avoid this trouble by calculating e, slightly alway
from the axis or by extrapolating strains at Gauss points to the axis. Another
option is to exploil the theoretical requirement that & = €aat r = 0. Thus, for
stress computation at r = 0, we merely replace the & row cf [B] by the €. row.

Because of axial symmetry, z-direction translation is the only possible rigid-
body motion. It caa be restrained by prescribing w on a single nodai circle. The
radial displacement 1 = 0 should be prescribed at ali nodes that lie'on the z axis.

Valid elements for solids of revolution must pass a weak patch test {see Section
4.6). Consider, for example, elemenis Q6 and QMG (Section 8.3). These elements
develop a spurious radial bulge because internal d.o.f. are activated. The bulge
creates spurious shear strain y,, except al £ = 1 = (. Nevertheless, the element
is valid because the bulge tends to vanish as element cross-sectional dimensions
become small in comparison with the mean radius of the ¢lement. In general use.
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stresses predicted by the QM6 element may be more reliable if ., is evaluated
onlyat £ = 7 = 0.

10.4 FOURIER SERIES

The response of an axially symmetric body to asymmetric loads can be analyzed
by superposing component analyses, each of which represents the response at-
tributable to one componrent of the total load. The method relies on Fourier series,
which is summarized as follows without reference to bodies of revolution.

Fourier series represent functions that are periodic. A Fourier series for a
dependent variable ¢ = ¢{6) can be written

¢ = p,cosnf + 2 q.sinnd (10.4-1)
na(}

n=1

where nis an integer. The period of ¢ is 2, for example, from @ = —wlo 8 = 7.
)p Sine terms are called odd or ansisymmetric, as (@) = —¢{—48). Cozine terms
Zo  are called even or symmetric, as rb.(él) = ¢ — 0). Coefficients p, and q, are func-
” lions of # but not of 8. The following integrals, where /m and # are integers, are
useful:

TR . ar for m=n#0
= iyt
f_" sin mo sin nf 0 {0 for m s nand form = n = 0 (10.4-2a)

[

o« 27 for m=n=10 t
f cosmbcosnbdd =<7 “for m=n#0 (19.4-2b) ;

o n for m#n ;‘;

] E:'
f sin mo cos nd dd = 0 for all mand n (10.4-2¢) tﬁ

- o
Imagine that a certain periodic function ¢ = &(@) is known, but not expressed 1
as a Fourier series. An eyuivaleni Fourier series representation of ¢ reguires that f:
p. and g, in Eq. 10.4-1 be determined. To do so, we integrate the function, then X
multiply it by the single term co¢ #8 and integrate, then mulliply it by the single 4
term sin 28 and integrate. Equatien 10.4-1 is similarly integrated, making use of ¥
Egs. 10.4-2. Thus equations that delermine py. pn, and g, are f';:
k] ™ o i’j

j & d = 2mp, ‘( ¢ cos nd dd = w=p, & sin n8 df = g, o

=T

(10.4-3) ¥

Integrals in Eq. 10.4-3 may be evaluated analytically, numerically, or even graph- ;
icallv. :
N3

4

- i
Example. The square wave in Fig. 10.4-1 is to be represented by a Fourier series. Here ?
8 = mxfL, and & = ¢, can be regarded as a uniformly disiributed toad of intensity ¢, ¥
on a span of length L. In Eqs. 104-Iweuse d = -gpfor —L <x<0cznd f = +¢o "

ki
3
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¢ ¢ ¢

{b) {e} {d)

-¢°
{a)

Fipure 10.4-1. (a) Square wave and its representation by truncaled Fourier series,
using terms () a = 1,(c)n = land 3, and {d) n = 1, 3, and 5.

for 0 < x < L. Results of the respective integrations in Eq. 10.4-3 are 0, 0, and O (n
even) or 4¢¢/n (n odd). Hence, pp = 0, p, = 0, and g, = 0 (n even). For n odd,

T oy LT AL ST

= 3

nw

and  p= 5 og,rm (10.4-4)

K a=i3.... nw L

2 TR

As suggested by Fig. 10.4-1, Lhe square wave can be modeled arbitrarily closely by uéinﬁ .

enough series terms.

b = - /Lfi . 4
/_'N

Example. Concenlrated loads P.produce an interesting result. I the coordinates of Fig.
10.4-1a, consider a load P downward al x = =L/2 and a load P upward at x = +L/2,
Here # = wx/L, and P can be reparded as a concentrated center load on a beam that
extends from x = 0 to x = L. Equations 10.4-3 yield py = U, p, = 0, and

. IP . nir\ . amx :
9u = 7 sin ¢ = ...Eg:_a.... (L sin 2) sin — (10.4-5)

This serics [or ¢ does not converge. However, when used to load the alorementioned
beam, convergent results are obtained for displacement and stress.

y L

A Simple Application in Stress Analysis. The beam problem depicied in Fig. 10.4-
. 2 illustrates features of series analysis that also appear in serics analysis of solids

(and shells) of revolution. For a beam, the equilibrium and moment—curvature
relations are i : .

Ve=¢ M,=V Elv,=M (10.4-6)
2, 3
, N /\\/ﬂ\ '?Tw//\ .
) %‘, o qn
. i

{a} (&)

Figure 10.4-2, (a) Simply- supported beam. (b) The sine wave loading ¢ =
. sin(nmx/L), where g, is the amplitude of ¢. The casc # = 5 is depicied.
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wnere ¥ s transverse shear force, M is bending moment, and ¢ is distributed
load. When cembined, Eqs. 10.4-6 yield, for constant bending stiffness EJ,

ElW, o = ¢ (10.4-7)

Consider the loading of Fig. 10.4-2b, which corresponds to one term of the second
summatior in the Fourier series of Eq. 10.4-1:

¢ = g, sin "Tm : (10.4-8)

Here g, does not depend on x. Assume that the displacement is the admissible
function

HTX

W = W, §in T (10.4-9)

where w, does not depend on x. We substitute w and ¢ into Eq. 10.4-7 and obtain

F
[E.’ (’%) W, — q,,].sin %‘ =0 (10.4-10)
This can be true for all x only if the bracketed expression vanishes. Hence
qn L.\\‘ o
=dnf= 10.4-11
Ve = Er (mr/ ( )

Substitution of Eq. 10.4-11 inte Eq. 10.4-9 defincs the cerrect and unique sclution
forw, since it satisfies cll requirements of equilibrium, comgatibility. and boundary
conditions (Section 1.6). Note that a sine wave of loading produces corresponding
sine waves of deflection and bending moment, regardless of 2. That is, the various
harmionics are uncoupled—thz nth wave does not interact with the mth wave.
Now that w, is known, Eq. 10.4-9 defines w {or any x and for any . If two or
more sine wavé loadings act simultaneously, cach associated wilh a different #,

the net defiection and the net bending moment are determined by superposition;
that is,

L' . nmx i - L . nmx R
W = % G Grpmd S0 and M = -—%, Gu 33 Sin — (10.4-12)

where M = Elw,.. A partizular loading requires a particular g,. For example,

to analyze the effect of a uniformly distributed loading of intensity éy, we substitute

Gn = 4do/nw from Eq. 10.4-4 into Eqs. 10.4-12. For a cencentrated foad at mid-
span, we substitote g, from Eq. 10.4-5.

What we have done is iind the response of the beam to a single load component
from a single equation {(Eq. 10.4-11) that says nothing about haw w varies with
x. We pay for this simplicity by having to solve the equation several times, once
for eachi Fourier compancat of loading.

In dealing with bodies of revolution, we replace Eq. 10.4-11 by a set of simul-
laneous algebraic equations, which must be solved for each Fourier component

of loading. a(é

e,

T
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Loads without Axial Symmetry: Introduction 30

10.5 LOADS WITHOUT AXIAL
SYMMETRY: INTRODUCTION

In solids (and shells) of revolution under loads without axial symmetry, we can
arrange 10 compute structural response to each Fourier harmonic of loading from
a set of comparatively simple equations that makes no reference to how defor-
mations vary with circumferential coordinate 8. This set of equations must be
solved several times, once for each harmonic of loading. Response attributable
to the given loading is found by superposing the separate analyses and, in general,
displays deformations that vary with ¢ as well 2s with r and z. The superposition
method is much less expensive than a single three-dimensional analysis if only a
few Fourier harmonics are needed to represent the load. As examples, wind
loading requires few harmonics but a concentrated force requires many.

With ¢ a principal material direction, the most general stress—sirain relation
{o} = [E){e€} has the form

o, Ey Ep En En 0 0 €

Ty Ey Epy Ey 0 0 €p

[ — E]J E34 0 ] €,

. = Ey O 0 o (10.5-1)
T,9 symmeiric Ess Esgl | v

To: |_ Eﬁﬁ_ Yaz

If r and z are also principal material directions, or if the material is isotropic, then
Ews = Ey = Eyy, = Eys = 0. If the material is isotropic, cne uses Eq. 10.2-3
and Lhe values E4 = Ess = Eg = G, where G is the shear modulus, G =
0.5 E£f(1 + v).

Lel loading of the body be cmrPsqed as Fourier series: for example the radially
directed body force is F, = = ¥ F,, cos nb, where F.. is an amplitude, like p, in
Eq. 10.4-1. Thus

\F, F. @, &, T]= E[I-,,. F, ®,, @, T, cosng (10.5-2a)

|Fo ®o} = 3 |Fan ©onl sin nd (10.5-2b)

swhere T is temperature, and the F's and &s are, respectively, body forces per
unil volume and surface tractions in the r, 8, and z direclions. Equations 10.5-2
represent a state of symmetry with respect to the plane § = 0 (antisymmetric
Fourier terms are considered subsequently).
We will show that when loads are described by Egs. 10.5-2, displacements are
described by

Radial displacement = u = > &, cos nf (10.5-3a)
Circumferential displacement = v = 2 T, sin né (10.5-3b)
Axial displacement = w = 3 W. cos n8 (10.5-3e)

AT
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All three displacements are needed because the physical problem is three-dimen-

sional. In Eqs. 10.5-2 and 10.5-3, » is an integer, and all barred quantities are

functions of r, z, and n but not of 8. Thus the barred terms are amplitudes.
The strain—displacement relations in cylindrical coordinates are {e} = [a){u);

that is,
€, [ alar 0 0 ]
€ 1/r a/(r a0) 0 Cu
€- 0 0 alaz
Yo 8laz 0 alar i . (10.54)
Yoo alrag) @lar — U 0 "
Yoz J 0 alaz al(r 50) ||

These relations are independent of material propertics and of whether or not «,
v, and w are described by series.

Consider now a typiczl single harmonic of displacement, say the nth. If we
substitute Eqs. 10.5-3 into Eq. 10.5-4 and the resulting strains into Eq. 10.5-1, we
find that stresses of the s#th harmonic have the form

(10.5-5a)
(10.5-5b)

larrr Ton Ozn szJ = l.Ern Eﬂn E.m ?.'.ﬂtJ cos "8

76n  Tewn] = |Toon  Tosu) sin né

where the barred quantities are functions of r, z, and » but not of . If Egs.
10.5-2 and 10.5-5 are substituted into the three differential equations of equilib-
rivm, Egs. 1.6-4, we find that these three equations assume the forms

Qycosnf =10 O.cosnt =0 Qs sinnf =0 (10.5-6)
where the Q;are functions of r. z, and n but not of 8. Equations 10.5-6 are analogous
to Eq. 10.4-10. Equations 10.5-6 must prevail for all 8. s0 Q) = 0. = @y = 0.
As will be seen in Section 10.6, in a finite element context the equations
Q1 = (2 = Oy = 0 produce the equilibrium equations of the nth harmonic

[K).{D}, - {R}. = {0} (10.5-7)
Equations 1(.5-7 are analopous to Eq. 10.4-11. Their solution yields the noda!
d.of. P}, = i, Bj» Wy, Ui, ... J". which are displacement amplitudes of
the nodal circles in the nth harmonic. Matrix [K], depends on n. The load coef-
ficients in {R}, correspond to the ¢, of Eq. 10.4-1.

We see that n circumferential waves of loading are associated with n circum-
ferential- waves of stress and of displacement. The Fourier harmonics are not
coupled. Diflerent numerical values of n present different problems that do not
interact. Thus the need for a division into finite elements in the circumferential
direction is replaced by the need to superpose separate sojutions for a structure
divided into finite elements in only its cross section. A single mesh is used for all
the separate solulions. [n most practical problems only a few load harmonics need
be analyzed. A compuier program can automatically cyele through a user-specified
number of harmonics and superpose the separate solutions.
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Remarks. The preceding discussion invokes only loads and displacements that
have 8§ = 0 as a plane of symmetry. In general, antisymnetric terms are also
present. Thus Egs. 10.5-2 are augmented to read

|F, F. &, @. T] = X |L.lcosnd + 3 |L..lsinné (10.5-8a)

[Fe Do) = 3 |L,,]sinng + 3 [T..) cos n8  (10.5-8b)

where [L..] and |L,,] represent the symmetric load amplitudes, already present
in Egs. 10.5-2, and |[I.,,] and |L.,] represent additional antisymmetric load
ampliludes, Similarly, the symmeiric displacement field, Eqs. 10.5-3, is aupmented
by antisymmetric lerms and becomes

u = H,cos nd + > U, sin nf (10.5-9a)
v=110,snns - E D, cos nf (10.5-9b)
w = > W,cos nf + 2, W, sin nd (10.5-9%¢)

The motivation for Lhe arbitrarily chosen negative sign in the v series is explained
in the subsection that follows Eq. 10.6-9. ‘

Axially symmeltric problems are represented by the n = 0 terms of the single-
barred series. Forn = 1,2, 3, .. ., loads and displacements of the single-barred
series represent symmctry about the plane 8 = 0. Forn = 0,2, 4,6, . . ., loads
and deformations have both ¢ = O and 8 = #/2 as planes of symmelry. Example
symmetric loads appear in Fig. 10.5-1c. '

Antisymmetric problems (e.g., Fig. 10.5-1f) are represented by the double-
barred series. Pure torque is represented by the # = 0 terms of the double-barred
series. Thus, for example, we can study the twist of shafts of variable diameter.
In the torsion problem « and w are everywhere zero, so a finite element solution
based on a stress function is also possible [10.3].

- When n = 0, for any node i, nodal d.o.f. B, Tai, and W, have no stiffness
associaled with them, so these d.o.f. must be suppressed to avoid a singular
stiffness matrix. .

The simplest displacement boundary condition is zero displacement on a nodal
citcle. This requires that displacement amplitudes on the circle be zero in every
harmonic. If loads are symmetric about both the 8 = 0 and § = /2 planes, then
1 and p are zero al r = 0 in all harmonics. Nonzero and asymmetric displacement
conditions can be represented as Fourier series and the separate amplitude coef-
ficients used as prescribed displacements in the separate analyses.

Additional constraints on the Fourier displacement amplitudes can be deduced
from the condition that strains remain finite'at r = 0 [10.4]. If these constraints
are not imposed, numerical integration makes some sliffness coefficients signifi-
cantly larger than others. This circumstance is not likely to be troublesome in
static analysis, but it may require a very small time step il explicit integration is
applied 10 transient problems. ' .
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Figure 10.5-1. (a.b) Example cosine terms. (¢) Possible symmetric loads in an rf plane.
{d,e) Example sine terms. (/) Possible antisymmetric loads in an r@ plane.

10.6 LOADS WITHOUT AXIAL
SYMMETRY: ELEMENT MATRICES

Within an element, one can interpolate amplitudes #,, T,, and W, of Eqgs. 10.5-3
from nodal amplitudes %, T, and ;. Consider, for example, the four-node
element in Fig. 10.1-15. Displacement amplitudes {u}, in harmonic n are
@), = [M)}{dj,, in which noda! displacement amplitudes {d}, pertain to the nth
barrnosmic and zre independant of 8. Written out, this relation is

—

7, NoO 0 IN O 0 L. ~
B, b=10 N, 010 N, O t...1...[{d (i0.6-1a)
W, 0 0 N IO 0 Mi...|.

I ) 3 4

in which element nodal displacement amplitudes are
{E}n = lﬁln .Eln WI|'1 E.’.n —Zn WZm o Do JT (]0-6'”3)

For a rectangular four-node clement, shape functions N; are as stated in Eq.
10.3-2 (or in Eq. 10.3-4). For an isoparametric four-node element, shape [unctions
N; are as stated in Egs. 6.3-2. An element with more nodes will display more
partiticns in Eq. 10.6-12 and more nodal amplitudes in Eq. 10.6-1b. The same
shape functions N; can be used for all harmonics.

The same interpolation is used for the double-barred series in Eqs. 10.5-9: thus,
in Egs. 10.6-1, single-barred quantitics bececme double-barred quantities. In what
follows we discuss the single-barred series. The double-barred series is treated

similarly.
aq_
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Sumumation of the various Fourier harmonics yields displacements in an element
is stated by Eqs. 10.5-3. This same displacement field can be written in matrix
format by attaching cos n8 to rows | and 3 in Eq. 10.6-1a and sin nf to row 2,
then summing the various harmonics. Thus

]

U, cos nf N, cos né 0 0 -
= > 4D, sinnd } =3 0 N, sin né 0 ... | {d}a
4 |'w, cos nf n 0 0 N, cos né

|

T o

v

NI (10.6-2)
or, with the summation written out,

u

v = [Nn-o Nn-l Nn-z 0 a -]{H}

w ~ —~ = (10.6-3a)
[N

in which {d} lists amplitudes from afl harmonics, that is,

{@ = l{@aeo (@t ez .7 (10.6-3b)

Note that [N], depends on n only because of the cos 70 and sin n8.terms. By

A applying the operator matrix [3] in Eq. 10.5-4, one obtains the strain-displacement

relation:

u
{f} = [a] ID = [a]an—O Nu—l Nn-: .. -J{a}
v — — = (10.6-4)
[B] = [B,-p By ...]

For example, one determines that the contribution of the #nth harmonic to strains,

kL (g = DBl,{d),, is

(% (Nt, cos nf 0 0 E N R
& N N 1
€in — cos né =il cos nf 0 t. Pin
r r :
€2 0 0 Ny cosng |. Win
A P
1 Yow N, : cos nf 0 Ny, cos nd : . Haq
' N; . N ' _
Yrte 2% in no (N._, = —') sin nd 0 I Da,
r r :
- : 1 g UL I o
& 8 Yocm | i 0 N, sin no sin né (- J -y
~ -~ s
1 LYY ] e

\o®
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306 SoLiDS OF REVOLUTION

where the partitioning corresponds to that used in Eq. [0.6-1a. If the element is
isoparametric, the usual transformation of derivatives must be included (sce e.g.

Eq.'6.3-7):

N, = TuNig + MaNig and Ni:=TyNig + F2aNiq (10.6-6)

Shape functions N; depend on r and z. Therefore, we sce from Eq. 10.6-5 that
[B] is a function of r, 2, 1, and 8. The element stiffness matrix is given by Eq.
10.3-3 or Eqg. 10.3-7. Let there be J nodes per element and M harmonics included
in the summation. Then the integrand matrix (B)TIE][B] is a full matrix of size
3JM by 3JM. It is composed of an M by M array of 3J by 3J submatrices. The
off-diagonal submatrices contain sin m@ sin n8 or cos mo cos n6 in every term,
where m and n are different integers. According to Egs. 10.4-2, these terms
integrate to zero. We are left with only M on-diagonal submatrices, each 3J by
37 and containing sin? 76 or cos® n8 in every ferm. After integration according t0
Eqs. 10.4-2, the common facior o (or 2 for n = () appears in every term.
Integration with respect to r and z (or £ and n) is done as though the problem
were axially symmetric. Alter integration is complete, terms in each 3J by 3J
submatrix kave the form A + Bn® or the form Cn, where A, B, and C depend on
malterial properties and element geomeltry but are independent of n and 8. Ac-
cordingly, the various expressions here svmbolized by ‘A, B, and C need be
generated only once, regardless of the number of harmonics used. Elemeat equa-
tions, and structural equations after assembly of elements, have the respective

forms
[ko §n Fo} Mz, 1 r—I_S_c fE,
k, d; T K, Dy R,
- . = . and . o = .
(10.6-7)

where each [k, is of size 3J by 3J, and subscripts 0, 1, and so on indicate the

number of the Fourier harmonic. The M scparale harmonics are not coupled. In

praclice, matrices are not buill for all harmonics at once (as Eqs. 10.6-7 seem to

imply). Instead, as suggested oy Ea. 10.5-7, scparate harmonics of loading are

analyzed seriaily, with resuits stored for subsequent superposition. '
Element loads (Eq. 4.1-6) include contributions such as

= [ N7 E v+ f (B]” [E] {es} 4V (10.68)
V, AMx3 3R] Ve /M %6 6%6 6%1 1

. ;e

where {N] and {B] are given by Eqs. 10.6-32 2nd 10.6-4. Body forces {F} are, frou‘a :
Eq. 10.5-5, E
1

Fro 4+ Fcosd + Facos20 + - - s

{F) =40 + Fysing + Fpsin20 + - (10.69) -

Fo + Fucos 0 + Facos 204+ - N

\el

M i

v L
;

%

K

ey

Y

id A
T Y|

..-
. T

oA L Th S
¥ P Y

T e o LGRS
— e -

U Bt ke sy 3 i ity v Sk L A i 1. s ey s & b B WPt i WDt Gard et - Mt
AP —— =5 [ e,

LT T

: P
e R ol RN

.=
»
oy

a2

L S

£ ? Ve "
e it s - FE R e

e Y

MY AT s Ll

i

i

o

iyl
." .
"n ‘

A3
=, if,
br

menw
R
i
P

s

¥
.

Yol

x

B
b
Y

I

L iy oy

AR
ot :
e

&
i




P AT LA L

Related Problems # 307

Initial strains {€,} are written similarly. Integration of Eq. 10.6-8 according to Eqgs.
10.4-2 shows that {r}, in Eq. 10.6-7 contains only the' zero-harmonic (axially
symmetric) load terms, {r}, contains only the first-harmonic load terms, and so
on. Thus again we see the uncoupling of harmonics.

In the pure torsion harmonic n = 0, nodal d.o.f. &,; and W,; have no stiffuess
associated with them. In the axially symmetric harmonic n = 0, nodal d.o.f. [
have no stiffness associated with them. These d.o.f. must be suppressed in Eqs.
10.6-7. )

Stresses in an element are computed in the usual way, that is, by the equation
{0} = [EI({(B}{d} ~ {eo}), in which [B] is as stated in Eq. 10.6-4. Thus stresses
from the various harmonics are superposed. .

Antisymmetric: Harmonics. When the double-barred terms in Egs. 10,5-8 and
10.5-9 are used, the preceding arguments are almost unchanged. One finds that
sin n8 and cos n0 are interchanged in Egs. 10.6-2, 10.6-5, and 10.6-9. In addition,
algebraic signs change in the last two rows of [B], in Eq. 10.6-5. However, one
finds that stiffness matrices [kl,, [k],, and so on, in Eq. 10.6-7 are identical to
_those obtained in the symmetric case, This convenience is the motivation for the
arbitrarily chosen negative sign in Egs. 10.5-9: if the sign were positive instead,
the [k]; for a given / would differ between symmetric and antisyrnmetric cases.

More General Elastic Propertics. If @ is not a principal material direction, (E] in
Eq: 10.5-1 becomes a full matrix, and each stress in Eq. 10.3-5 depends on both
sin 78 and cos n8. Symmetric and antisymmetric terms are now coupled in, each
harmonic, but different harmonics are uncoupled. Thus Egs. 10.6-7 are still valid,
but each [k], is now 6/ by 6/ in size. Details of these arguments appear in [10.5].

The problem is more difficult if elastic properties depend on 8. One physical
cause of this circumstance is the combination of temperature-dependent moduli
and a -dependent temperature field. A Fourier series attack can again be used,
but all harmonics are coupled {10.6,10.7].

b

10.7 RELATED PROBLEMS

The Fourer series treatment described in Sections 10.5 and 10.6 is also known
as the semianalytical method and the separation of variables method. When used
for plates, it is called the finite strip method.

"Besides its application to plates and to solids and shells of revolution, the Fourier
series method can be applied to prismatic solids [10.8,10.9]. Then Lhe name finite
prism method may be used. The solid, and its clements, are prismatic (Fig.
10.7-1). The displacement field is again Eq. 10.5-9, except that wyl/L replaces 6.
If only the single-barred series are used, deformation and loading are symmetric
about the xz plane, witho = Oaty = Qandaty = +L1. As usual, arbitrary loads
and displatements are treated by determining their Fourier coefficients and making
a separate analysis for each, then superposing results. Problems such as that of
Fig. 10.7-1 may require 9 10 19 Fourier coefficients.

In a physical sense, what has been done in Fig. 10.7-1 is to take a toroidal solid
that extends from —+r to 7-and straighten it out to form a prismatic solid that
extends from —L to L. The straightening can be ‘‘faked" by moving the z axis

\oY
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Figure 10.7-1. A point load P over a long tunnel. A suitably large porticn of the

surrounding earth or rock is modeled by finite elements. one of which is shown
and shaded. (a) Front view. {(b) Right-side vicw.

-
P e
e ]

in Fig. 10.7-1a far to the left and making it an axis of revolution. Then the zlmost-
prismatic solid can be analyzed by a computer program far solids of revolution.

b En
(354
The problem of a curved beam bent by & moment My is axially symmetric in - 75
gecometry and material properties. But it is not obvious that an axisymmelric f,,
analysis can deal with a niomeat loading. Reference 10.10 describes how. The -;.,;1
trick is to use a thermal load to simulate the strains produced by A,: Note that 5
if the curved beam is a thin-wailed pipe elbow, ils cross section becomes oval in

iy 3
)

response to M, and therefore js more flexible than a pipe whose cross section

remains circular. Pipe elbow elements that incluge this effect have been developed m:
[10.11]. £
Some geometries are “‘almost’ axially symmetric. for example, the geometry 77

or material properties have modest departures from 8 independence, or an axially

symmetric body is attached to a body thai has no symmetry. Aspects of such
problems are discussed in [10.7,10.12,10.13].

L oEa e Aaptay X

R

¥,

PROBLEMS .l
Section 10.2

10.1 I a problem is to be malhematic:f[ly two-dimensional, 8 independence is
required of all dependent vauriables. Explain by example why this requires

that 8 be a principal direction of an orthotropic material. Suggestion: Con-
sider axial load on a cylinder. ’

e L . -
ifia o% Bualiits
=

%

-

Section 10.3 "*’

10.2  Imagine that Fig. 6.12-1 depicts displocements and deformations of the :?5
square cross seclior of an axially symmelric four-node clement. The axis 1

of revolution is to the left of each cross section. For parts £2) and {b}, :

identify each of the eight modes: that is, is it a rigid-body mode. a zero- -

energy deformation mode, or a straining mede? 3’

(a) Let [k] be generated by one-point Gauss quadralure., L

(b) Let [k] be generated by four-point Gauss quadrature. ;‘;

10.3  Arguments are presented in Secticn 6.11 regarding the number of Gauss e

points needed for correct volume calculation and correct convergence of "

computed results. Reference there is ic plane elements. How should these b

adn
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