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—|Z, (mx)|= 3
iy P (1253)
X
d [ ] —mZH,(mx)+(§)Z\..(mx) Z=1Y.K
—|Z,(mx)|= 3 2
dx |nZ‘.+1(mx)+(1)Z‘. (mx) Z=1 (126 3)
X
cv=0ln o
d 9 [-mZmx) Z=1.Y.K 127-3
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adilee ol g (lsdedn 5o JSS 4 (55 glalenia oLy o
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A(x)=uy x)=x O(x)==-y(x) n=1 L..QIJ'-' °

YL sl Sole Dl ely a0 8 slada o (gl Ol il e
1l Clalad ) 8o sala Janw JS& 4 () 55

P(x):(—l}'_‘: 1.35.n o x (n—D@+2) E +(”_l)(”_3)(”+2)(”+4)x5 .
3 24.6..n-1) 3 5!

05 246.m=D [ n(n+D) , a(n=2)n+D(n+3) ,
Lol =10 1.3.5..n x[] n 7 41 ! +}

e =pngln e

5 135.(n=1) (160-3)
Bl )=V paam M

g DA ‘ )
Ou(3)=(-1 35 oy %) (161-3)
Rix)=w(x)=1 , Qfx)=wx) n=0 g"‘_)-.‘

alos 2ia S0 P(x) Slls g0 ya 0 aS0ph e adaadla e
Jaatve @Lu.abgg_}m&_ieQ(x)}@blné'l

VL s Jlcha )z b ngln e
a1 Gllad y g eadisala dawn JSE 40 )

P (x) = (-1) ]-32-54-1--(5”;1) x{l - H(-‘:— 1) N n(n—Z)(.r;T D(n+3) o +}

_ s 246.n _(m=D@+2) 5 m-DE-3)n+2)@+4) ;
=l |.3.5...(n—|)x[”‘C y 7 5| ! +}




22

¢ P (x) 4S 258 e adand daddayl ) 0 Ba Ly e
Aant )l adly z 55 Ly ayd dae 5 45 LS
L 28 g aSa&in ¢« (x) Lol il alaa (53 535
ol (ALl (5 el all 7 5 )
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24.6..n

135.(n-1)"2%

) [ xI>1
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(n)t_ﬂlﬁa..ojt;_}dmf;%g'l‘); °
Qi(x)=0yx)P(x)—1
3
Qz(x)=Q0(X)P2(x)—Ex
5 2
Q3(I)=Q0(I)P3(x)—5x2+§
x=gh 0 32 Q (x) s Sl cle 4 Y sana e
¢ 285kl 8 0 g ldyw dlw v aasih g
Q,(x) B m 1) e (il 3 alhse a5 (350 ALt
AL J 58 QW8 ol g 23 g3




25

Jsl g 55 pul 3 glalaaia al &
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J Pr(x)dx=——
3 2n+1




Juy saddalea 3 S

L

4adla

AA.:JLI? el adaa {a_)l.e Jad k“;.mu‘ﬁj {_"SJLNJ-M .
Gl hadh Caaa S 50l aladl L dad pd )2 (g1 5e 8
¢Sl g ji CaaS 350 G e 50350 1S ) (gam &
é])\&&ﬂ\uﬁmu%.}ﬁ)}aw&j—im]
AL rie Gl s by Sl cul s
R ibedray Ay asdi e Gl cul pa b Jladdalea
Slhaiua )3 g ¢ e alalle s b 488l (5 LS - glau
4 (EL’_S':&L_PJJ) @j‘)i'i_\“ggh_ﬁbﬁ_u] Gl 934
Jom 4o B2 LB L Jow gladlilaa g 6 ) claadalas ol

330




(oo s el clao ) asily (f U » slas

ahie o L (S5 e (5 il QB (Bg ) 5040 o) gd oy el
e adale e g San 5l

cﬁgim%guaﬁﬁ_maujad_’éb»@)ﬁ CJ‘L"“’ R gama @
5 e (Sl s 5 (G0

8ga i) iy 5 & = shans )l oa JEE ) ae Ol gl o
s (e skl s g se B ) ealdinl L cled a5

da Ly 48y 5 5 - Cals adaie L4l & 5 Lo sl
oM S i

(straight fin)asiica 5 5 - i)

(annular fin) 32 8 5 = @

(pin fin) s~ b5 -




=0 Flra - i shu ) (s wdaa gl o
13 i g 4 R i )

Ol bl 5l O Db L dalia )30 i -

Gk gled s L awlie 2 oo e gled a5 )

Pyl sa Hlaid ya

sl Sl (SOl Culaa y pa

Sl Gl Jasae Gl e JUEE Gy i -

Sl 8 L Jagl 55

() gy iy i {T) mpy plamidlns sl
dx ﬂ%}SJ.u%g]de_ﬂU:.n JJJ‘“?A~A°)+ 563 g
g oAl ga

220 St o g la (6) o )y JUEE (s s 8 e
'3 o (_L.ala
i(I{Ad—T —hP(T — T )=0 I
dx. dx) L 0(‘)_ (1—5)
w]d;giﬁu_gaw&uiaﬁkgmpjthnachu,q .
da 50 Salu 5 a8 haa () O=T 5k s
A R e dials )y Aalas g 2 g a0 plad) Alalaa
4B Py =
de*det K
S84 4n 55 L il cdly yaiie oy i hau 4xilis o
Ass gadle Px) 5 Afx) Se=S o




Lol ahaiie o Uy s s (glo ys (3-5) JS3 = -5Alica o
5T oo ddh gled e gl 1) b owlaia g dgaaa Jsh
Bpas Blos 5 )y JUE) Cyy yaa Criload (Bile s 5 (glgl
JUEE o)) jae go oy o Led an g8 Aalae il 3 o
Ayg s by Wb dad Jd &l s

Cull gt b U aulliena 5 3 €l s JUEI(3-5) JS4

).}:u).ﬁa‘)_‘iuil}_i)Jﬂbﬂ“i“ﬂu‘)ﬂ@‘hb#&@d&_}l L
”jﬂ}%‘m@‘g)‘ﬂjﬂﬁ)ﬁdm!ﬁ@ J.J]ﬁjm)ﬁﬂﬁéjg
(Ol a0 o) A Yiealus ¢ jaiie adale mhas b e 30 ) 5e 2

dero) -0 ( 3_5)
dx
O(L)=Tp— T =8

Giso b 530,85 e diad ) @y pea dn alis (ol 2 (2) Adlas o
Nadigaits YUkl b el 5 et Hle

d® hP 4-5
o (4-5)
M _ cosh(mx) ( 5_5)

6 cosh(ml)

’ hP
= e '45 L]




\J@m@oﬁj‘ﬁjlﬁdmit_)_'!cl_“ll;w.]m_"l_)_&_).l .
a_)__::a_.:“lzl)'li."_!)'!);dl_i'.‘l.l'l JLSM&ASMUIJJ@A

d0 i 63 ) 5) g
=+K4 —|,=
9 rotal % x=1L (6'5)

‘\'}‘:(__«.-“"43:‘:‘-‘45 G

9 total = NhPKA Oy tanh( mL ) (7-5)

slad 5 Cilia ahaia haus U aiiisn § ) fly 25 Aliwa
sled o )gh  Caaledd oala (LA (4-5) JS& 0 4l
) Gt Lo daal 58 3 1) &l e Jl

_ﬁn&hﬁa&h«klaﬁﬁuui#)d&jﬁdﬁﬂ‘(4-5)d&&




Tl Y s b sansly Las A4S gl o
JLJJJ&LJU!)(P)Q)_JJ:;\AAL)I}EL;ACJ:L\J Z((])SIC)‘.}:I%AA
MJJ(}?)%LA‘_-\_..Q:&.LJ_)J:\L\ GB‘HL'H]JJSMQ“A"B:\I_J .
! HJ&{‘J@L&J.@!JL&QI‘%_%]@M%&J:\JJ_L

P 3

V . n TR
:3 1D g ga
(8-3)
A= yf"b( )f.it-t)_’.m‘ho_p.hm_,thazhm_)auﬂm .
.J.ﬂu..a
P=2y+2 (9 5)
p=2 iy e
ZhL ve<lUp 35

(dx Tp 07 0has 55 Aldlas 44 (2) Aldlas i i 40 o

L agdioe da oo glaadalas IS (S5 5) ealainl L aS
G ) g Ay ‘rlS 4olaa L;;Lamlj (3—3) Jsaa 3l ealdiul
2nL At )

a=1,B3=0y==%im m= b

v
v=0 u=2,—=0
H

duag s laddsay s st anaash e
(il e ASne A ) ASEH A da 5 Ly g AL s
tyjl)&Ju‘Pj]dhu&yJiu\PgLua\fu

1 1 _).al.u JJJM'IP K d.uu
0(x )= Cyly(2mx2 ) + CoKo(2mx?2 ) ) ko e




palat ) ‘55‘)‘).0 .Ln.\_.'lJ...’G ) ¢ddolea (50 945 (é‘.a&._‘h" Cyams gglﬁ .

]

R
%:0 0(0) = :‘LE.M Lﬁ)_}“-h-’..‘_}& .
B(L):}b_i'"wzeu SERES
“ Ry 48 Lasl )
3 gaaald
G _QP e Ol il G J 98 B o 5 &l sl (35 353l
1 K aags
oo O e ety R g dad 0 deel b o
1= 1
Iy(2mI2 ) (12-5)
i 133 S0 deala o sles 58 il s o
Ox) _ Gfoms®) (13-5)
80 |
Io(2mL? )

%i@@ﬁ(S)&JiJJ]a#ﬂ)‘PM!C} .
. de
Drotual :'i"r\A({a)x:L
i Led Bihe O jlae Cuil oy 4y adalle prdans A4S (5 sl ay e
) B O (51 25 ol () Ja A5 (Bl (3 e )
e (13) Aalee (3ildae (g 0 50 o oaliin) Jilie Aalas 31 (4
a s Bl cpl (Sl
5 oo (il 2 ) &) e




i _ J=mZ;(mx) Z=J].Y.K
dx [ZO(mX)] - {mzl (mx) Vi |

d d du
j‘ix[ﬁf )| —3;1[1({ “)]_d}

P ~1 1 o)l e
E[[U(“)]: mx 2 Iy(2mx?) (14_5)
oy ) G guaty 0 Sl pa JUEH 55 Guled 0 o

) t) o
2
Qiotal = V2hKb BDLmLI)
Iy(2mL? ) (1 5'5)

sl gl Dlaida a (s dh Jae

Al i) JS& Ay b 3 ) 3y 3e e Sl e
L Jae Joia paaie dailia g 3g8 gai]gw
A Gysaa gl ) dbaldulpla
4S Cuul it ) yua L ODE «Jae (s 5o
Ja U8 Jusy gladtoles o sae JS5 40 Y sana

jraatvey




wajﬁimu(6—5) ﬁ@%J‘jJB_}:;ﬂﬁA-S&Hm L]
s Bt o a Ryl 8 O s e m 4S sldie o la )8
gl Cuddy lyom bl gled m) s ol Gl glad

=
Ll d

A
£z

Aliia Ja

sl Gl glad (gl 1o (538 e Adie 4SSl 4 da il o
dasd &)l o (g budae el ga gy 3 dadh Lad ) g
gk e alail o (59 )

i a8 o

S PRTISA

o) ) il plad i a5y 50 Led )65

Al T, slan 4n Japsa Ly < )y JUESH 60y (slgiil 50 =
DA nesugsigismbd » rER G 25k
7 r=R, Ca

)l ke Nepdly gl a




10

Grudsesd s daiilo o ndrdaSanly aancia o
135 e aladl () 0 &) s

(qA), ~(qA)yar ~2(T =T, )S =0

(27-5)
A=2nrd,8 =2nrdr
S (5 ) gy e
0=T-T, ; g e
R 13 gud g0 At jaie juaily e
8
r or rar) ('SKB g (28'5)

o co 2.5
E(r;;)—m 0 =0

) (29-5)
m* =§;T; A4S (59_))5“—.‘ .

r=RyT=T=080)=T~T,. =6

HEBBO TIPS
- 30-5)
o ar . ®R)_ h (
r—R.,—kE—h(T—r’};)_v 5 ——?B(Rl)
padie (29) Addae () 2y 5 f o sl el )L (3-3) srn avangdly o
Jazl,ﬂzl_*f:iim :-33}-:“{_5-‘

v
g =0 = ] —=10
I\ LM 3

O(r )= Cilo(mr )+ CoKof mr )= (29) Wslas (pasee Qs () 5l o
(31-5)
[90: led'”?Ro)+ CoKo(mRy) | el

: ; —h ; -
1C|mf|(mR] )= ComK (mR, ) = ?[Cﬂol’m& )+ CzKU(mRIJ](Sz %




11

C, s C, glacls (32) laadalas sl Ja dagii jo o
L2l o Caay
(33-5)
EVKi(mR)~KefmR)

G=t
K mB)omR)+ K m o)+ " mBJK (mR )~ mR)K )

(34-5)
S mB) -k mR)

Q=% Km Km
=K Rl (mR )+ Ko mR )l mB )+ " mB)K (mR) Lo mR JKefmR)

S S Glaida y gl Ja

o S JS5 4 e 3 iy 0 2y 5a Jaa S0 e
bﬁ&@ﬂﬁ@m)@}ﬂﬁdmdy}
L ODE Jeals 4dalae &y g ) 2 230
b\'ﬂﬁ‘;n}m: JS.&MYW‘\SQLM‘)&I:LA(—E‘)&G
Sl da Q8




12

S daliie )yl ely ) ((7-5)0S5 Bildas -5-54lius o
i e Ly 4 Bl 3 gl e ol Y B S R plads
t.HihCJ‘L"“‘JJJ”JS'JJL"‘—-‘!‘“;’U&JA‘”*—-’DQI}'JSH;“J‘t’
O gty 1S5 G AOYe 358 e 12 B A )5 S
A g 3l aas aal g ) Jln ey BBk aS(g ) pladn Cul
JUEE Cw paia goagy C, i calale (gl jla adia il yhal 318 Glaja
Py 4kl oy ke 4l Gl phl RN 5 4 kasa

- .;J_)ji G TOTR R JJ_};\)L}S

s
k‘ CAS

$38 s alkls Adla o(7-5)Jss

ASod A da gL Griaas Gl e (S0 g Lol yan D alii ) 2 e
Gl 8 S g aala ) A5 ke gl a5l Gl k) LS

Sl )8 b daal -

ol iy plad i dadd sy j3 Led )68 -

Dgd e aladl Cul glan Hy iSHg -

S8 dadh ol IS S ja a8la 4ila g5 50 K-
AR 2

) ol ise 3585 Gy pa -

k, 4312 sl skl ald ) 4 3ale oy JWED) oy jaia -
pom & 53 (5 ) e Al mhaw 3 () iy e
ol 1A




13

Adbiax Ja

G0 Cla gt se B 5 DAT 0,8 Gy drdla S am bl eaa e in o

i 38 00 alail
i‘
,!._if__..y
%
(N 4S) o
Tdr +(rq JV =0 (60-5)
S=4rtr2.V=4r:r2dr.NA:J,; TPV T
12 e Juala dag (5 sla e el ) Jaud) i alalas Gl iy @
8,200, kR® o= (61-5)
4 ‘4\ R
(el h e
Ca(0) = (62-5)
. (63-5)
dC 4(1) e

4S5 sk el o it (3-3) s S L (B1) Adlas il gn o

2
a=2p=2,y=2ip,p= R¥
Doy
NN S
B TR
e daala ) had S 5O ) gy Cilale 5 Gl e

_ -t -k (64-5)
"2 2




14

Lo I(x) &5 ok (141-3)5( 140-3) gaallas v aa iy o
O sin Ol il 2 pla 0 ga g adal ) il guyum il 55 9 p=1/2 43
23S daasi el e JSS4 G0 1 (64) Uolas

(65-5)

1 1 1 1
C(7)=CF 2(7{%”7 )2 cosh( @7 )+ Cor 2(——= )2 sinh(¢F )

Ter

W Aol jala Gl L jusdie 93 SIaa 5 03 )8 e Sl sy o

o,  m ) 12 5l o At
C ()= ?cosh( or)+ I,TS"”M Gy (66-5)
Comaddy (55 0 i) 13 o pba ) s lacli Gy pam Gl 0 o

Al e
Dy =0 (B2)gorbdaransily o
. B ) ol Rl e
Cy(7) = sinh( oF ) (67-5)
Gty l3 (B3) ek 3 (B7) Adlae s 3SLa Ly

ek e

: . __RK¢ - ) "

Dogcosh( ¢ ) - Dysinh( ¢ ) Dr.f}j" (Dysinh( @ )-1) (68-5)
RK C/ 69-5
/ Defr : )

Dy =
peosh(9)+("KC,  Vysinn( o)
¢f




6 Jood

JJMJ@M&L@.&JJ

4adda

‘.M‘Usg’_mj.\é.a 8 ‘g}'k; ‘élﬁ ‘\:L:IJ )Juadl_l»_) LﬁL&JM &_\191 L]
A o) i Yl
QYJMM;M@@)&@UD&@M;;QW
Mﬁwﬂdiﬂgif’)‘ﬁd&m‘ﬁl

Y alaa _j‘l éh‘ 2 2nt )‘.’uj‘;l}nu d:’uuj'lﬁﬁ Y alaa )'i L‘_-,’A)J °
)E'PLA! _.‘_‘\Mg_‘;\.‘;:\gudaat)%g‘l_)b s(é‘la_)\;id;\.mﬂ_)ﬁﬂ_‘.
a&w)ﬁjwi&;ﬁ&ywﬁaﬂsd}uu!ﬁdﬁ‘QJm
SisS Gl g2l las s el el jas Jul jaa SYalas
S saliial Ll a5l g2 sla




Ol ) 5e aalaa

psgde s 3 saxe da gledis ) el
OV A (finite differences) 253> sla Jaalss
Ak

e

il ﬁ_}&@é’iﬁm“&ﬁ&&]ﬁj&@hﬂ).}

fi i - fix) - fix)
L) L= flx) = lim——L
dx " vy XX

5&@4&}&@:}&)]&6{3“%@&}))&45
s L3S L)y ek gl BRI Gl (S oS (5 e

Bz xi =%

e i ol 53 e

Flxg + k) = %)

fix,) -
= h




e qu‘ saly SKS 4y ¢ gdna Jaalas U:JJ BE Oludsae o
@ LRS! LJL:L\ _‘..u'r_gﬁ == L oala L.J;ﬂ FLS J_}j: == '?IA"! (djscre[e)
rudly ABEL ] 5 e sl sala g

Y3 %) Yl b Vi Yin Vs

ﬁmﬁ@ﬁdﬂ_}i Q‘Mﬁ_\&a&_&@ﬁ!ﬁg‘ ‘».‘
L5l

wWe-3h) o w2k Maeh) nx) vieth)y o pxt2h) 3R

J]‘)‘éﬁ__lL.II)J#JS@JJJMJ@&UZJ_JJJAS#@L&&D
o

D = differential operator

I = integral operator

E = shift operator

A = forward difference operator
V = backward difference operator

U = averager operator

S anlsd o3b ) sl saliind el (g yu ) Anlal 2 a8 sl )
. 2 ! [ PO | TS a
&

g 7 : 3oy,
(x -xFf (x) ) (x - x5/ (x;)

Jix) = flxy) + (x - 20 (xg) + = v

(x = x,)"M(x,)
RSN e L, T R,,{-\']'
1
n!




la_Slee iy o

J Sl Slae o
Pl anal s cl il
Jan Slee o
sl Jlie JSi 4y Rlae ol pSe
pl A (S 3l VL Ol 4y JEE Slee 4S (S jpa 0

E"p(x) = p(x+nh)

Eylx) = vix+h)

E ' p(x) = yix-h)

sadla

- ; s
 Slae Cay j2s
L:gl:u_)gd.«nleJ@1ﬂaﬁdlﬁdLJ}hgﬂthbJ@n|b

h h? A
yix+hy = pix) v —=pltx) =3 4 —yMx)
1 1 It

_ : \LIALA..:J:}J)A

(il aa) pd (Bide Slee ) saliial b ol 5l

. h h? [/
vix+h) = yix) + l—'lra'_J_\'r.\'! + %!J'_ri x) + %I!_ri.\'] b i

o212 a5 S e Gal ) il o y(x) ) 4SS sea 2

vix + A = [ 1+ _‘r*,j_) + .’ii;)e 4 ﬁi,{)‘ = I].l_'_“

1! 2t 31
» = e L Sud e 58 JAly & jle
e = I-TD_T” ‘?D ey

vix +h) = :'“'_r(_rr ‘_J.ﬂ_).:Lu




yix+h) = e*p(x) Ey(x) = v(x+h) L,U.i.a tLUL‘\c. 5 du.n.}tﬁ.a L

E = e*® a2y ) g

g Ol g8 e peSe JI Jee (gl Al (3 yha 4

[ he n A
vix-h) = plx) - =yix) + =—plx) - =p"ix) ¢ ...
H 2t 3!

2 3
Hx-h) = [1 S ) I L, Ty, L ] y(x)
= 5

|

=
sy My A e B
T 21 31

yix-h) = e *Py(x) E-l = g hD i

e ol ), ) plie

Yia Yz Y il e Va3

¥ v

b e iy ) ST 0y Al p 5 O s il

V(x) = wlx) - plx-h) L "..‘} = Y= W

- i <1
Sl ) SE A 4 pe ) L Jealis

Ty =V(Ty) =Ty, = 5y) = ¥, = Oy,

VA(x) = wx) -2p(x-h) + v(x-2h) 2 RS

-

s WA ) IS Ay 5 e s A pe 5 o JuBlS

B e Tl
Vi = VOV = Wy = 200+ Mis)
w3, y, - 3y . 311 5= ¥ 4 =Ny, -2y + Yy
(= Py ¥ = 20 - Fagd + (s = 2)




}ijjm&h&

sl sA ) JSE Ay VL AS je 5 o gla Juslds

Ty =y - dy 6y, = dy.+y

i AL S Yt T il A |

Vo= p -8y ¢ Wy = 0y + Sy, - s

dgina Jaalas 48w =
Calss ) S a A Ol s e | 50 o 293 Juald Cpl i

- - P n! ‘
Ty, = 2 (-1) _{n-m}'m"}" i

Gida 5 5 o Jualds

Gy ) Gile Sl 5 55 om 3same Jualii op alad) O)8 e
yix-h) = e "y(x) Tp(x) = p(x) = p(x-h)s Sjle avan gl oyl

Vy(x) = plx) - plx-h) = plx) - e ”’.1'{.\'} ‘L‘-S’j-‘ L‘J"}S T

= (1 - e™)p(x)

Y=} - g (Ji _).JJ\S
. B0 RD? I i i i
Y -I:D-——;-——-—b—--... _‘-_D.ub{a:ﬁ‘);g'hﬂtfy_)! salaial U

4 ye Jualis O jle ¢ VL A e b gla Jualas ()50 Caany (gl

WVl =P (=2 W TR

Jee L olgal, d

V=il =i (1= s 3 g pritic il




Bide 5 5 U Janalds

Jaaldi (gl cduala EBlaa (0 S G ja 5 (55 sla a5 28 L L
:mueﬂ&‘ji?)u }ﬁj-“d"ﬁ)‘éh

V- 7 k 3 S s
V= RPD? - BPDP o+ —ptDh - ... V= Dt - LpApt s Lptps-
12 2 4

21 Gihe Slae 4S8 5,50 Gy 1 A s )5 e Orines
e®ay-y S Gl 5 O desld e

e ™ = -hD = In(l - V)

(] =¥y = 9 -2
hD =V =

Wi sl A IS jglady

o= |v e X

Backward difference operators Differential operators
in? in3 2 A 4
V-h[)-&«u h[}-\)‘r‘_+\_'l-__
2 6 2 3 4
gy aany T e PO N S | FEVUS. [
Vv =h°Df - h°D° +—h"D" - ... D=V + ¥+ =V + 2V s .,
12 12 6
] g 3 T
Vo= D3 - Spip4 « ZRDY - BD =P 2P+ P
2 4 2 4

V= (] - ey _ o IR R i
T




j)u:ﬁ'.]..:\.lj.la.adfau:\

ra S B a1y ) oelie (J8 Clla ailes

Yis Yo Yu Y Yt Ve Yas

Pgh oa iy et ) JSGA g G Jualis

Ap(x) = p(x + k) - y(x) 1—', Ay, = ¥ — ¥
Wl ) JSB e s ad e 5 iy Jusles
A:_rj =A(Ay) = Ay, - %) = Ay, - Ay,
.'i:_“ X)= .“” 4 2}!} _E_],-‘{I].' 4 IFI} + _1'1,'(} U = Upa = Hia) = Wi - W)

-

2 A o
A Ye = Y

P s 5 ) JSS A4y 6 e g A e ) (i Juald
Ay, = (D) = A, - 2y

+ )

A
Ay,; - Thy, + Ay,

> 5 Yiv ) } o+ ) -
Wieg = ¥ogd = &g~ Fih *+ U

sl ) JSS 4 YL A e g (Gl gla Jualas
M= 3 - A + 6 - A3, 4,

i B ] <ird < Jrd <ir]

8y = pig - 39,0+ Wy - 10y, 4+ 3, - )

LI ) #L i
dgane Jualdi 48 o = p

g 3 S 4 O 1 5 i e (s

citrR-R
(n-mytm!"™"

Wye T (r— sy,




W B )jjui'aﬂﬁ ].lﬁ

Gy |y @ihe Slae 5 gy i dgina Jualds o adadly )55 e
yeh) = eyx)  Ap(r) = p(x + ) - plx) B Sbe an L oyl

i P 1 . . -
Avlx) = p(x + b) - vlx) = ePy(x) - p(x) Cadigh ) g8 (L
= (' - 1)p(x)

A=et -] o) el
KD WD
e = (1B ) g oD (g ) o3l b

AR = (e - 1 - (o - 2R

A= hD +

Y el (oo L Ol A ) J

A = (&M 2 [P 2 (D _ 3D | qahp gy

b 3 . * o
(SAaS 8 8 ) Jualas
[l o] gA o g 5 050 A e (sla
A= BDE + DY+ LD e ., =17+ Jupt s Shps s
12 2 4
21 Bihe Slae 48 0,50 G 1) (s Jse B Qs (e Osines
M=+ A 1S Gl 5 Chy Jeald s

e = hD = In(1 + A)

A2 3 4 5
lntl+3}—-.".—i*"'\—-i*"\—-...
2 i 4 ]
A2 3 4 H
hD = A A A 4 A
2 3 4 5

D" - A_..;‘;,fé:] il algd NS kb4
2 5




10

JJQ:Q:,\‘.:\J}JMJIAGS

Forward difference operators Differential operators
in? rind 3 i 4
A-pp. D2 WD ap - AL A A
2 6 2 3 4
% _ ARt s o Ll a2 s ke M Sys
A = h*D*+ W°D° + —h°D" + ... hD= =A% - A"+ —A" - A7 +
12 12 6
i ind 3 4nd 5 ins ind 3 3 4 T 5
A = PD° + <hD* + <hPD v L hD? = A - <A + =N
2 4 2 4
A = il 1) 2 31 4 #
(¢ ’ L L T
2 3 4

éﬁfajmdgui

o 3 4y (gamy 5 A (gl a3y cau 8y plas jay ) Lie saly K
) dSE 4 8 e alals ol g2

.1 i -.l {1221 -1\.'“ .Fﬂ 1% -]"H 2

L) Jalaa 4S

Yia Yran Vit Yisi

Wedh) ovel¥h) weh) welh) Wx) paHah) xth) eHYh) Wx2h)
RV | )ﬂ)d&;ﬁ‘\.ﬁd)!ﬁf@ﬁf&d@
By(x) = p(x + %h) - p(x - %2h) [ By.= Vin = Yo
15 ) sA 5) NS 4 a5 4 e (5 S ye Juali
8y, = 8idy) = By, - ¥ P A )
Bp(x) = p(x + B) - 2p(x) + plx - b) = Oy =) = 0= )

)
b y7 = Yl = 20 Vi




11

Lﬁ)SJAJ}JMd;A\SS

(10 g A8 ya (5 S e Jakaldl (6] (pinas

By, = BBy = By, - 2y, 4 )

b,y - 283, + by,

(Fig = Pasd — 20, Yia) + 1 T,
B, = Ve~ Iow * Wi~ Vi

B = i~ A 69yt YL G A e gl e s
8% = Vi = S¥ips + 10y } 5%, 0~ Yo

Cudla sl A S a4y
Z( L |1mm

{ n-mjlm!

Lﬁ_)S_)A APREPH d..a\s:v
O bl el 28 45 50 L (535 je gl Jumlifi a8 il an 5 0,
‘;L.a‘l Llay Lald cc_;_} 4.1.;_)‘\_1(:5_)5_).0 Jealss Ll el Hflaa:l} Llas
8L (e

I e JSie dlloe opl

S [EL_AE.“ i Slee (JSia da (510

J‘!j JS\':’ ‘L.' 'J_)é 4‘.‘3, pdy, = —:!E”ﬁ_vi + E ".36_1'5! 85) R _);_145 LJ:“ J:l:‘:l
Wl
= %lﬁvﬂ,ﬂ + 6!-'; w!

1
= 7[1."}--1 ) I R R |

I » ’
- 7'-%1 = Yiy)




12

%3
no"y; =

@JSJAJ}JAAJ@\&S

()3 e A e (5 S ye Juaaldli (51

Lipnay, « ey
2

-0

=(07),,y i Vig)

I S oy
?{:11., Fit ¥ = W) F Wy ¥ By ]
=3 Iy B = M)

50 0% s 90 Ul s S e gl Jualds s s LS

Bila 5 5 S pe Jualds

DAy Bie Blee 5 K0 Jalis o gl adal) Ol (o

1
ndylxy = =[r(x ¢
ub, 2[.

1 &
= —[e"yx) - e
)

1. an
e

] S

vix)]

= sinh D

= Lo _ e
LJ'sirlth hD +
3 }.‘
b= nps B2

(hDY .
El

B e 4
. (hDY - cd'i}: .E.uu _}i salatl L!

Wl Ol 5 e Sl s

6

W'D

5040 :mu (’ﬂAIP u.u.ae




13

Fida 55 Sy Jualds

8(x) = plx + h) = 2p(x) + ylx - h) ﬁ.)b a9 ERVEVY L_5‘_)‘ N (el Ay
= e"m_r[x'p - M(x) +e "’:"_1'{\']
AD 4

(B = H’}_l'i."}

82 = e s e _ 2 = dcoshhD - 1) =E+E'-2

§ . pept . MDY WD D

0 TS w0 cadla el g ) g8 SOles o U

e oo 0 gl lie 4n YL Gl e gl i e 4

FL&J _ }‘303 . hiD3 . h'DT
4 40

R

&% = BiDY -+ h°D® : .r{.'s,[)s i
6 80

Fide 55 Sy Jualds

n,:....a:;_),\bém_)ﬂmi\j&gﬁg\tﬁ.iagboa_)jmagqiﬁ
DA 38 om s o) el 10 Al sy pShe Slee

e LE s ER =L gty 28
2 / C4

M:_ﬁ_zd_l :HJMQM
' )l
S
hD = sinh 'pd

Tl 3l
sil}l!’uﬁ-;tﬁ—M1M-___ ‘-“j)“:-)
6 40 -
_‘iﬁ} ] 555 -‘3

ED =l = B 2B 0
6 40 il 5




14

Fida 55 Sy Jualds

:_ &
i da gl
WD “{5.6_3.6_5-._.} im‘-"ﬁ“bi
6 30

_%@ﬁ%@j?bﬁﬁh@uLLaLﬁSq\_)J'r_)‘i.Lu‘i_)ug‘

, .
ypi wpp- B0
12 90
= 5 s 7867
Por=pe -2 B - 5
4 120
pips g 8%, 78
6 240

SIS e 3 gana Jualds

Central difference operators

Differential operators

h*D*  W°D®  hD6T

o = hD +
6 120 5040
63 B .:FED: . h"z‘.’l“ " fIﬁDE ; f!st .
' 12 360 20160
ué; hSD; " m + "rTD:‘ ’
1 > .

8 = 1Dt WD¢ Dt
e

1 g 7
hD = p(6 - LGOI L
6 30 140
4 &
g 88
12 90
] 747
D = (s ¥l )
4 120
piprege - &L T8
6 240




s UA)) 17 Jaad

Gl po (iS5 )
Dasl ) S a ad o)) Asie alilae 4S o€ e yia B e
Y - XB + u
B el b)) (Fedd 5k glinly S cblaib of j24S o
4 o g pe (S I 5 (i () (pedS ol ) Ll )l

D Agd e ol la Juialds

e=Y-Xb=Y -Y




oAl duilaa _)‘.).lun_s‘;i_)aﬁ ‘_ﬁ‘.bY* Olae a2lGa) (DDlalal ol o
q]ﬁdwghﬂ‘)_ﬂ_&m!b&aﬁjb_ﬁ)]mmﬂ\g Y
O 03 A4S sl Cilag yo Jilas 55 b Jsena L S o)l

®-ele= (Y -Xb) (¥ - Xb)

é‘iﬁmsdﬁsqnﬂgﬁ])d)ﬁbJ‘Jﬁ_}‘@_}‘ﬁn@u@@]j
Fﬁjwﬁﬂﬁ}m}‘}wdﬁﬂu@]_;bum

% = (-X)/(Y* - XB) + (P - XB)'(-X) = 0

|y odal Cosd dy dlobea AVEVA L G gile Sl ealiid L e
‘a:us = (g,‘;.)l""" salw
-2X(¥* - Xb) = 0

s ge 2 Abdlee 4y jaie dame (g b i pe L (358 Alalae o

X'X)b - X'y

ol * Jla gt CiPdad” ik g pin Yl duad i Alilaa o

Vo o el BB b (X KYpucle Al

OV UesSaaa Cpl iy g G 45y e (X' X)ike 242 o L&
Aol dgag




gk ea dab Jla sl Jle i S¥alae ol Hls

b= (X'X)'X'Y

O 3 (o o 43 YU Alilee ) Soluas bl a) pilie e
5 X Jihee mie Claalie w gl Jold o cauly sl
Aﬁhw.osmua;.&a;.aaés y’ MHJJ&MALLI]JAL:JA

2 G i G 8 ) peald Clla (g alaa dia g S, e
@) Alen dia b JBlse 5 Al giie Ol Bl Alla e
sl e O (k- 1) 420
y = b - b.x + b o b k=1
) 1 + J:.'-l + 3.\ T mn T k.\

o0 1 2 k-1

S e
1 x, x xy
1 X, X I‘f 1
X = & .
1 x, x,r: _\_-:‘

ol Sl Aldae ) eoliind UYL (o) Alea dia Lyl i oy o
) i J.\jgn\;h..:dd_x




283 e Aol 1) ha s K) MATLAB 2 polyfit &b
G ol sy o) ales 2wl s polyfit(X,Y,N) <obe
(Uit (gla yiia) X Jlajp 50 ead ealy Lalan L (3Ldail
AS 2l 43l aa gl A€ e dsulas ) (Al gla eie)Ys
OB o A4S S e o s i 4 | wl s Polyfit
e (S ADleo 0 o s0fd Gl Ciga

S e ey 2 )y s 5 i)




) eSSl b s a plie

el Ay JKS 4 Kas cuy pia g




8 Juad

u.b; P Y alee ol &4 Ja

CRsd (R

SO ) G b Jae 2l 8 ) duals a¥alze S
e 3ad da gl 1 (st (g a8 (e ey alalas
e S 4 Sl o)
o€ o el dlilas 5 Lol (S Ja L i
fix,,%) =0
[f0,1) = 0

X, 5 X5 03 Q.]n; P @!33 fZ 3 f!, «WIYalee (pl ja 4S
e i 591'-“ o34




S 88 e Xp(2) 5 X (D) Lali s 1) S 93 a sl (g o

; ; . af, ( af, a
L&x) = (075" + e, -+ ety -x) 4.
ax, ox;
. af, i,
o - i) L’_"| ‘}. 2
L) = ity o 22 O —al ) 2 ()
ax, ax,

GYales Ca Crews Canl jtia a8 90 4 Jle Sl 4 b
)Mymu?jjﬂ)aﬁm_)'l co_\'l_\_)i_)ﬁ_)s...al_a_)ﬂ_).i'l_)

utii< RPN QU DE N

af 1 a/, 1 . 0

S Lulx, - .\': ]} + \—I_‘_.nf.\f_, = .\'_: I] ‘_f.(.\': ..\.':l )

L'EI L-'X:

afa afh 1 O
L (x = x) (X, =) = =f(x, %)

=l = 2 2 2 2

ox, dx,

:ﬁjﬁlgqn)ﬁjjﬁi)ajﬁsc_mpijﬁdb °

n = (1)
;"= e i

(1 (1)
0= e

- . :

| 1) (1 NIV
[—[ w8, = —wdy = -7 (x " 2"
ox, ox,
3, ar,
/a2 i 2 i1 i
|—|,m&, * by = =X bt
ox, - dax, -

Al Gl jea Jad EVAea ) 4ty S YL G alea
AL e 8,1 5 5,(D Ledl LY gema aS




FCh g e e p i As (55 e | Jaals CYSlae o

a1, I, ) bl
—Shah —um
ax, ax,
sz : l}_.l‘; .
i | ,m A
ax, ™ ax, " & 7

Ol 4 ol e “_m\ dilas 53 Jals iy ol 4S a5
gla il )b 4 Bagye e gl 08 G (gl el S A
FIR TR PR @;...a‘j

a1, af
5 —hs
m ax; X
b" == - =
af, a1, af, af
ax, ax, ox, 13.‘.1
af, of,
h= " g =
; d d
8" = _ 1 1
2 E——— - [
1)-_1’1 afy (.'f. t‘_f_,
ox, éx, 8x, dx ]

@ S 6§ (vector) Jlar 4v (ol s 025380 L s peas 5

g“U:‘JJ@! A aliles 90 40 Jag e oo ) a8 )Sadueji

(X renesX) =0

k

B8 A7 3 a— 1 B i

4 i g ) odliiul b aa SWalee ) adua ol o S ad
|G 8 A mile ) o il

i ar |19, fi
ox, d X
e 2

g,  ox.||s, ,




12ph 430 g8 N e ) IS 4 Juala S e s
Jb - -f|

0> Sliida gsla SIS G ile 1 T

oS maaal el b dndagije 20 B

SHrabase hn: f

O ) Q54 Bl i ad ye Cadi4yaS Yol
cila Cpin Clusy gis 5l @oSsla gl 2
Dl ¢ n (relaxation) 3 o)) Osie b Sllee

Dla e cadly {_gJL..u (51)1 Oy coddiS (-L:_\Ln.ﬂs _).\.ni‘)\;l Jlapd ngl .
relaxation factor «p 4S 35 )5 pd IS4 43 2l relax
,\‘l"‘l’ = yplm 4 pé :JJ]J ‘su

Sl 0.5 cp_)'.'n.a'l_)h_‘ L_,5l'_)€ (typlcal) J_,.u.a J].ﬁ.n-

s oo S a5 Ssla Gely jhua e -

PR k! e'{_;_'ﬂ ESJL” ?1_)1 Gllee 48 Sl u.:.“; Jalese S Hlaga -
)
ﬁfﬁangﬁ&‘pﬁJJﬁ\JgﬁMJbﬁAé)helJi
%‘ﬁuﬂ‘ﬁ‘j)‘ﬁwiﬂjéﬁwﬁssdﬁgﬂ?‘i&:\
Al a8 sl allis Ja




_ 2 2 _

3.2
fr=x+x;=3

S e e py S ) alalas

7 =x1x§—2x12—2=0
L=x +x —5=0

TS oo Bl e 50 A Can |y S 52 e

%:xf —4x, %:Qx,xz
ox, 0x,
% = 3x,2 —@fg— =2x,
ox, ox;
25 A ) JSS s O sSIS Gle 8 5 Gl 4
7 x; —4x,  2xx,

B 3x; 2,




reol Al i SQ 4 Sl e

s JSES 5 8 Dl b s

1
50 —_yigor 7 4T[-8][-0s16]
12 2] |4 | |1.0968

Al (oo Caey x (D JSG o 40

2
x(]):[ j|+
|

~0.51617 [1.4839
1.0968 | |2.0968

e JSE5 ) 5§ e Al s ox s e ) ealaiul L

50 _ {-1.539 6.2229]“[0.1202}_[-0,338 }

6.6059 4.1936| |2.6641 -0.1029
(2) = 1.1459 2kl HMP X(z) ‘-_,5‘.)"' 3
1.9939

S0 _ ~0.608 4.5696][-0.0705 _[-0.1212
3.9393 3.9878| |0.4803 | |-0.0007

o _[1.0247
1.9932

|




s __[~0126 40849 [-0.029] [-0.0236
"~ [3.15  3.9864| |0.0488 | | —0.0064

L _[ 10011
1.9996

@lad Sl jalie G AT L daa e (g Gl 4S (S 0
R s ..‘ul:'bjz. d_}.ﬁ JJG \_1‘.:1; L_I‘};. &.J.a.m_i ).\AS JJ:L\ Q) ga
) o Pl 4 8o ala 5aSy Bl b sl
1
S i—
2

S g (s s g

Ad gl s A Gl AS Sl Ol 3 G gy JS) e
AL (o pabis

O AS (gole aml a2 80 Dl o 1) fi(x) & e
ﬁ)j@:&..uJJcJ.\SL;AJM‘Jeu

fix)=0

2538 GUH(x) =

H(x) = t f(x) + (1-1) g(x)




H(x) =t f(x) + (1-1) g(x)

giwmm&‘é@“’a&_)}ad‘chlzl;‘ .
A oo D g(x) Sladls> S Gyl e r=0 S o

0 03 i (g p (B gdne zad 4S Gl Sd 4y LY e
_.JJ‘I..'L'i den g g(x)

S (oo oo 1 dghie (s A

: fixed point ST

H(x,t) = t f(x) + (1-t) (x-x;)

ey S A U anS e Al 2 jhia St
el (hg) @

H(x,t) =t f(x) + (1-t) [ f(x) - f(xy) ]

4;‘:-'5_)3 S IB
Hx,t) =t f(x) + (1-t) [ £°(x) (X-Xp) ]




u..o_)'l_).gl bJLéia.u'l 2 ) ga LQ'LH.A\A.A J_"._)'.'I.:u.lu_ﬁj:lﬁ Ui'_’)
4Xg O Gole A g 4S NS b Cpanal 43l 2,8
Qﬁ'l)g (5 Azt g 53 gdna ella cpl g0 W) aw g Gl

Al dsa g add gl guaa

(ﬁxed point) 2R by ) saldiul Ly JBe lar o

fi=xx =2x —-2=0 08 o O

f,=x +x.-5=0

oo S Al e lar
0 _|2
X =
1
J}JMUAJ:UMM@}JJ& Q_ﬂ.'i

H(x.t)=1f (x) + (1-1)(x—x,)




10

B BFC = EEEE AN

H(x.t)=1 f(x) + (1-1)(x—x,)

R wla p)dysada H pw ik

(xle 2a )+(1_f)(x1 - xI,O)

= t(x, + X, —5)+(I—t) (x2 —xz?o)

Lags aial iyl g X20 3% alas 4S

_g(s.\.ls‘_b_.ad;&;_ﬁ};uu:))_)! ajuh]lg1Jd;a\AdJL:.a_BJ
o IS0 2n dla e Al ke Ol sie 4o ) el sy slesl e

AR
) 12,1329 9100 o8k 0
=025 x=
| —2.2398
[1.5169
t=0.5 X =
| -2.1612
[1.2015
=075 x=
[ —2.071
o }
7 =1 A
-2




11

Oﬂl_ﬁejiﬁg_} s&;)&i@cﬁ&;%%ﬁ)ﬁm
giijguiijléﬁgﬁJ}.aJJ_HJ%mjciﬁ_24Sa‘5\in
.L_'Lm_)(;._q.M}iz;)_\GomdquﬁoJuEu*

S sie Bl i)

a8 s pa ) i o8 e
ﬁ(x_l""’xrt)zo
fz(xl,...,xn)=0

hfn(x] ,...,xn)= 0




12

O S mmen 1) alilas e o Mge b Rla (B 4 da )
lela ke ur )= S (e e Led s

gz(xtsx:zs-"sxn): X5

(8, (512 %503, ) =3,

Xo 5 ds) &5 3 x, Jhe () sie 4048 2l d a5 A sane o 4dd)

P Al Sy a9 a5 )
1,0
%o ) g0 e Al e S sena b (5l it
s e A RS Dy e
%0

Xq 2 lage X Uix, jolae i 5 gy @l ) ealdind Lo

-ﬁJJi u.naL\.mJ.l 1J
gl(xt’xz?""xn): X

Xp 23 Jlie X Uixy pdlie a0 5 gy @l ) edldiul by
gz(xlaxza---vxn)—xz

Lelsene ) oIS A (o) 0 U aadd oo dalal (sl 5 (aad 4y o
sl Juala doa e Sy

gn(xl’xl"'wxn):xn




13

AS ol b 5 ams e D8 aaa SO 0 1) aaa e e
_éww&caaﬁ&ﬂ)ﬁJJ@ijb&p@

1.0 X,
X0 Xa
xn,U xn |

1) 3 gy (eaa gl Do) b daa dae) A 4 4a S L .
P (g0 S

oS oo da (Msie (o Bola Giss 3l ealiiul L1 Jle plea o

fi=xx,-2x/-2=0

f=x tx —5=0

Xy cin 3315 5500 5 X, n 1 &l 50 ) S0 ab ds

_(,__.\_)_9]; Cay
2x7+2
A

saa ol Jsl &L ) X @)
x=15-1

:m].ﬂ. aﬂ.ﬁ‘}h (aj.ﬂ @u )! X1 L;_S"J‘-’ 3




e o DS ) Qe dlac) el gl s ol gie 4y

0 _[12
1.8

_)ﬂdl:‘l.n s‘a}.‘a tll:i BE x2=] K dj" C_M Pr X]=2 L‘J.JI.J _)'l_)s LI
sl (o0 oy |y Jaa

o _[12053 | [ o _[0977 | [ ) _[0975
2.01659 2.0177 | 12,0002

@ 09997 | 5 [0:99957 | (5 [1.0000]
X = x = X =
2.0003 | 2.0000 | 2.0000 |




(IVP)esd sans Jinall jisa &¥akaa Ja

o sara Jail i ¥ alaa (sl A

dal i 5 e b Adipe i (Jsene Jal Hin Y alas

g e (A0 A0 (5 ) e

O 0 sase Fihe (YL A pe Jadl i alilae S 48y

First order:

Second order:

T'hird order:

Sl pAl o)m] Hy 2
A sy =k
dx

By i
th‘z dx

3 $3 2
day | P h[ ch] o

dx

dx? dx?




pandll 303 050 by g (ol Cun 0 (gere Jaadl iy Y alas
e O guabliala 48 Gl Jad e o) dlalaa 2igd e (gab

AL S ge aldlae ) 53 8 L 5 LG by g ddual
y(dx/dy)dels | n) s dad e 55 ¥alae JBs 6l

B ¢ ol e 18 o (dy/dx)%s
dv?i 0 dx

48 ye ad Jaadl i dalas Mo i)l hd ) alilas

:(n
-1 A1
bytx) - + T'II.'\J“, Loy L+ hj, II.‘.'JJ—" + .h‘c.r.\}' = Rix)
dx* i dx

A58 e o2ali (K 4lilas 226 R(x)=0 8
A5 on oaali (Ran e alilas 236 R(X)#0 S

A el eeodel prie il b 11 =1,2,...n} <l
e n‘gﬁﬁﬁ@o%‘iﬁgﬁ%‘)@jm‘qX@UJ)‘;n@
JoL.

gl s 4l s e 8135l (s i suase @utonoOmous 4l
Sl ool o by o) Alilew (Jhs ol o ol Y aliles o

LR P | + " Cata ol
“g ”] ‘!}: I= ﬂ‘l LlI et alal fall el i -5
bylxy—= + b,(x) — + ...+ b (X)=— + b X}y = R(x)
dx? dx” 1 dx

Addles N L AN A e Sl iy aliles Gl s 035 oy (61
(o) SlEihe L)Jitue pate jlaie 0 sl o 3Y Js) 45 e Gl jer
_‘.ﬁbta_jla_nﬁuutgﬁmwxﬁaﬁlm -




g (o0 (5 a5 ) e

MLG.JQWML_)}M‘}GLAH_}&JL&A@}] ‘)L)Q.AJ.\LM PEE
A oo D gmne (e s e 4il ) e O sie

)

v _ v, —uC +VkC”
ot

C0)=05

Ll i by g 4l g (sla Laitie (500 o Jilise 0 o
558 o 4S8 e e 4L S, 51 3
aZT ~ qn
ox*® k
T(L)=80
aT (0) _
ox
g (L B aiy il e )k B @
Jﬂﬁnbﬁbé@}b}&@dﬂuﬂaﬁ@j‘ J'IJ:‘I.A
Jiie yuria lgd Jle lsie 4 (Lol leiie L)

-3

0




canonical s 2 4 Je

@d}\@ﬁé}&@‘ﬁ&dd@ﬂ&wwuﬁg}
S sea 4 Ol

2 &« canonical b il ol 44 250

— = yoiix)
VAX.) =) Ix :
A v L M
dy,
?—_F:HI Fas X}
dy,

¥, = Fi(x) 20 e a8 4 ol s

¥, = F(x)

¥, 2 F0%)




ﬁ_’.-“, B g e 02l LS O e ) 4 Yl
dy o

,l‘[‘\}-,] = ¥ :QJ}L@ uﬂ‘ 43 ‘L\l_g‘ _)]_'EA Ji.JJJ .
_i'-,'-{.\‘i LL\J_}..:.Q.\]‘L\L&M'PPJM_)J_B .

¥ alae Jald (la atu b YL i pe ) Jasd) i Ei¥alaa o
Glla 4 ow Dosma 4 GwRla L Lbide 48
.9l 2 canonical

r,8 Dl 2 1) N 4 e Jai) jis dldlas o

#rz _ ol 2 2z @vlz
= % £, T e g i
dx” dy dx? dvi
T AN | B LLi_)_}a.d‘L_iLﬁ% d.m.u .
z=y,
dz dy,
dx dx
dlz d
dyt dx I
arlz dy,
PSS =y
dxn 1 dx g
d*z e




=

BB EIEN

AN e ) dy, . s MJA‘LL\L&A“.J}&

).'1"':"‘“ _)i u"—.’t‘ Oy Al LJ-_-}A-H-‘}ﬂJ Al L u‘_) i._n‘)la _)gl .

dax
‘a_)é L_g\:l 4_1 ] Llh..u1I t;l‘)_s.n.a 4__1 .J.:u‘._x:l { L'D.\.Lu..a—f

s e s gutonomous

:canonical a8 4 (A sere Jadl ja03 alalas Jlam) ;JUs




z =, ply e

dz dy,
dat dt G
gz _dy,
dr? dt »
d*z 4y
e i
dr? df 4
dlz dy,
{”4 dt

{h'

—L =3

(”

(.‘:_"‘

— = |

di ?

{l;_‘ 3

—

(l’! 8

)

: = —_'%‘l.'] + 6y, + :_1'1 - 5_1'4

dt - ’

G jgea 4 aS Gl dad Joama Juwil a0 OValas adin ol e
s oo Ol ) e A e Al

g 1 0 0

0 01 0
A =

0 0 0 |

=% & 2 =8




a5 EOYalee 4t o) e W Ja el ol o
4 _ fix y) atin = )y canonical a8 4 gaxa

ax

WED) =3 i g 40 02l sola Al sl Jagl 53 lo Ly
J\N/l T e

Ly pa i st Jle b 1 (Sl 8 (Bs o)l s 4S8 (o)
Jde Sl s S a8 a R el 50 3l jaie O jpea 4
Gl 5 jie il iy ¥ alre i (gl 1 oal oty (sl (e s Lo

el Ja le ped Al 4S Gl Jaadl ji Y alae Al 4y anand

qay

G TP b A S e bl i ol Gl o

YeSYS Y 3% SXS X, R
o i en A0
I' dy = J Jix, vydx

Vo gl = }I fix, vidx N T 4'.‘?-"” Aalas e i_l_)h

Gy b A4S ) YU alilee o8 8 JIEE) 6l B S
sl ol ga a6 g 3 gane GRS gy ) g as K1) alilea
) gl Ly il g e eliad) 4350 5 L Lans (55 Ol LS

AN e S f(x,y) C‘—"U ) gad




Gausil a0y OV Al ala B2 jla 2 ea s MATLAB 2 2L ) als e
A da ) (Sl sana

px) el i deas ol da B ansible Sdulaagy o

Solver Method of solution

ode23 Runge-Kutta lower-order (2™ order - 3 stages)
odeds Runge-Kutta higher-order (4" order - 3 stages)
odel 13 Adams-Bashforth-Moulton of varyving order (1-13)
ode23s Muadified Rosenbrock of order 2

odel5s Implicit. multistep of varying order ( 1-5)

Cal odeds S saliin) Gl (Sas IS 4S 5 K dndas cplgl e

L [x,y] = oded5 ( ‘y_prime’ , [X,,X;] .y, ) Soke o

Jlie b X¢ it Xo_}i y_prime.m g\ 48 s sars Y alze 4l

5.5 oo o oad 0312 prania 5y Hla 1 ) e 4o 0 02l 4l )

R Y 9 X Gl A ) Al 5 Jilee sld jpie jlie

O 210 alald (g bue sk 4p X 4S5 paaie la il S
Sl step size S a8

L2l [x,Xe] o0k A8l 43l Jli X ) (oeadilie Llii 4y Ja Kl e
Sed o 8l JEiae et e Juld (5 0




10

4 [x,y] = oded5 ( ‘y_prime’ , [x,hx¢] .y, ) JGe &)
e dsb 4 sl ol o xp U x ) (Jsene ¥alas 4i da
43 Yldial)monotonic <) 43 lla ol 2 x Jla 22 R

et (_);! o b Bl

dg...ld'r‘)i:\.'i Y ales Lsu_;mm ‘).._\L..u _:ﬂ sl {51‘)._1‘5‘5‘_;1‘5‘)
el (368 0ad sala @.\.aﬁ sy uile MATLAB 0 u.l_yu.n
<l oded5 S adas ) p

ALy 3 gaen shiol 5 bl (S5

Dbl Gy (Hseme dasil i SValae da leds) sl )
Jgaae ARl ) Aldles Canl ) oyl A4S 4 4a g Ll

A e Gy Saleag a8 3y 5 e

Yis1 — Vi = AY;

o s y (58 0310l () 5y Jpa s 2 S i e L aS
a

V. . = V. + Ay,

RN <




11

a

h-DE h]DS

A=hD + - > +—6 +"'|L:..a)|“\5 AyHJ-‘i’:};’dmmeﬁ 5
135 oo S Ariadall 3y (gl codal Cuir a4y
hiD¥. D3y,
ﬁ_'l'l = -’rf!”]}. + -+ L

Z (&)
gl ool g alea lgl 3l G YU g Hhig) Ghgy po e

Ay, = hDy, + O(h?)

3 5 B 5130 1 e sl St Y dlilen 2 pane o
T8 e d4adth Jawdl jan Yol

YViey = ¥; + hDy, + O( h?)

f e
Gaad o fila  F(X X)) Vi ddae b Dy, sidae
o
1 ) g pea Dbl (555 3 55 (S s

Viop =¥+ hi(x,, p,) + Of h?)

De )y s e 4S Cad o Kby ol 4y alilae o) e
Ly e as) Seah dsb gl da e ) SSa b gl LS
elad 4S |a cuul 5 Gy e Ll alilas ) 2l o(p2) e
A0l i
elindl ) e ju 4y 25 ey eliadl ol Glaml K, h S
Ash b jate ool




12

T

Ve / Exacty
Yiva y

=1
y, //

| Hi

oo DA sledig) Sl (o8 sanae ) oaliinl b gl Alalaa Cds e
s AR (gl A4S 30 43 da B Al (e 25 5 e s
OSe 2y g AR Gl gl b Gl (g gl j S 0y
(1+1)
Ay, = Vi, =¥ = Vy,

12 (e s ey AN Gl a5 pd Jse s Cal Al e

V. ., = V. + V_l'j,

S B | L |




13

22 33
VDD D das ) VY e a36a) les o

) e S at] 4kl y sl

DY, . KD,
Vv, = hiv, - - + - =,
Fien Fiel , 7

v. + Vi

caald Yier = Ve Vi YU allas S il o

y 4 T " ) 2
Yiop =0+ B(X,. i, ¥;.y) + O(h°)

d.aLfﬁ 48 'r)% Sl 5 )Lw}'h LJ (e )'LU" alalas u_\! °
D) alolea ) ua';ﬁml ym.)@u LLILuulA.A

) y f o : g
Voor = ¥ 2 RIX,, 15 Y4,) + O(8*)

G 3 ] 40 O8O 5y B8 (8 8l b il e
258 8 o) i+ o b 4S 258 e () R
Asd O g A b el 258 o Sl 4o 2l 8 0l Jaa alilra o
At Jad L atus o) 4S8 WB8a 058 Ja le jea OV alas
iy K gl e s oS A0 By ) ealitad L alilas
Lol gl pcan i aline a3l i e cValas Jold
da gle) pa b e (5 m SVae da gl G U

£

_."aj.;.u




14

DhBe el (gl e g O i) b alise gl (g 2
:J_;.f.': R salie yz'+i

: \ " . . = iy KN
O e = Vs *+ 8% ¥) + O(8%)

g (g g (e Ghg ) 3 edd Gumd jlage ) saldiul b s g
D30 e S 4 msaa

Yeor =0 * 8K 55 Ui ds) O(h?)
Jbsl b Euler predictor corrector s, 4e sanae
.-.‘_9-:" e O-\:\nu 4:1514 2 gig

o o3 ) 5SS ead mamal gl (g (Sl 8 28 e
13 s

x Y
Wiet'pe -
¥. I')l' 1"Car
¥ ¥, ¥ia
% X
5 i1 by %t
) by




15

o Alae b sl o

Vici ) = + Bf(x,

i+l Cor s l* Y] #* ()l h“)

Vis1 /e

-
e

A8 258 | Sad e lga Bas) e S JUSG 1 ik
o sl Sad aa ) S N gle Gy adall gy e CBDR)
6 by iy R maaal ) ealiind Jlisa Gl g clla ol b a8

Sl pad eala

(h?*) 4 )2 ,)! du:; Jgjldamﬁmmm C.\_).u:lu:}j‘) .
gunaal - 8 pedl Glsie 4 an L)y 53 a By ol iy cah
,.\.J..i‘_,a_;;_gm(hi*)gﬁj&i@@ia;éaHAS(:aaaLé.‘wl_)g

i oo a4y e 4y ) CVaLea (5380 Laal gl




16

o Ca s p) Vol Sl g e

hiD3%y, R D3y,

Ay, = KDY + e 4 ek 4,
@ < 3 6
) Dy, . WDy,
V., = 8Dy, = — + | =i
¥ ¥, 5 5
I8
1 V. o+ .’il,‘h‘ v.) + fix v, )] + Oh?)
Yiiy = ¥ =[x ¥} + (X 00 Viny) (7))

Al e Can 4y iy o by (e 8 ol i 5 il

O Lol ol (g Asiyed el anilea Al alolaa e
025 58 ol (X, p,Yiyy) 00 @l UhEe 48 gl

Sl

_j" JJTU" U:'_S_) g;‘-ﬂ-h-d J_ﬂ-ﬂ_)a 4S8 Caald sl sala QL.i.'a .
2 (s o Stability <l s stable o g
s (e e 0 s A




17

alx Yog =Wt L:l_.lrll'l.. Y ¥ Vi) ah*) 'U ™

1 5d e 03 ) a4y

l 3
Vi1 = ¥ + =01(X;, ¥,) + =HBI(X;, 1 Vi) + O(BF)
i S Yi

=i+ 1

!-JI—

akadi 0 0y Al S g Sl ol (B cpl 0 as
Crank- s YU albles il SIS LS R salaiu)
25 = o2 Nicolson

Dgh e Gy pi G et 5SS jpndEdilea .

2 = 1. W. K. V. R
Yiog =¥ + Wik + w,k,

el &lls pl joas
k= Aftx,. 1)

ky = Afix, +c,h. v, +ay k)

RS ] i s OSe 5w, 5 W wids dee ATl .

)0 D 250 i (clise y 21l e (68 0l bl Ll

dand 4y dagi b Jls gl 058 e aladl L IS0 4silas
sanals (ola (o gy dany jsaile 8L CDlea




18

G Sl dsalae sl Jse b (bl 54y oS ) o
i)y E¥alae gl (YL iy 4S e JIKa
OB dann 0y ge s Caae o e ol 2l ol

A8

WS 3y Ghsy

el iy i¥alae ) 58 JISS (B, (pf il 2)5a e
Afpe BsS 50, iy b bl s m ) edlaial (s ¢ (il
@‘ Sl L:US _3.31_) alales _’g__g.‘. Ol L 3 ‘a_)‘.g_‘ca ¢ pgm dpgd
Ji sledidy 248 s sla trajectory sBan 4y nla iy
sodm Jsad o 5 IS alla ja ol )8 a3l sad (san Jse

d}.'lala.a L ol s alilas ) 5,8 JI Kl
& < fix v s % i P

de s e O ) S
Viep =¥ +wky + woky + woky + .0+ w kK,




19

Psh e dmlae p)S)madr k. ¢ trajectory » e

k, = hitx, v,)

ky = hf{x.+c,h, y,+ ay k)
ky = hf(x,+ c;h, y,+ ay, k + a,k)
ky = BI(x;+c,h, v;+a

ml‘kl = ”m:kl- Eoaa ¥ ("'m‘m I"(":w 1 )

D sd e Ol ) G sadnod pi8 sk )y YAl ol e

il
Vioy =¥ + Y wik,

i=]
j o
ki = hf| x,+ch. v+ Y a.k,
=1




20

ol alSan ) (i) a5 (Ramn K Ll aSm e o
ALI 2sa sy 2538l (5 dan ) alea T A4S 250 e

Al
}}“l'f it ;TJ‘i "
Vier =¥ + hy' +
21 3!
L]
h*D3y. J’-J:’D”‘_‘rI
V,, y; + hDy, + -+ +

dpd (oo el (S i A WS B Ghgy 08l Casd 4n Jal je e
A oad ln a s A pe WSS Bl sl o p) 248

6&&13MT&MJMJ}AJSQ§J)§J\JJ45iJm_)'i.'ﬂ.n-'l dd:.‘).a L]
J.a__1ULg_)u_LLLmimzzs‘a_;;‘.ﬁ__ﬁ_).nu_gSjlﬂJLﬂﬁ.Jﬂng\Aﬁﬂ
(S akad alea m+1 )




21

oo ol alie b))y cliie 51y 58 Yo alilas 322 4ls jo o
S o Bl anl y s x ) i as

Dy. = f.
Dy, - Y [ dx ady
dx dx dx t?‘\ dx i
= (f; ¢ff )I

g e daaiiodld ) B YL Aldlea g0 )y Ji8 aldlas e

h- h? 5 3
]l'l_]I+hf+.—)-f(+—F):;‘;fll+0(;))
Mg e Spads )y K =% 0 L whdlaa -3 dla ya o

- Tl o dlea

Yiex =¥ # wlkl - w:k:
o) ppas

k, = hf(x;. ¥)

k, = hf(x, + c,h. y, +a, k)




P gy ) f i sl Ja 4als jo e

K veh. y,vank) =1 + & Rf, + a:,lh_;';,j: + O(h?)

aagiioaly I8 YL alilas 015y =y 4w K HW,K, alilaa o
(g (g

Yieg =¥ + (wy +w)hf, + (w:c:)h:j; + (u-':a:.‘,):‘rlj:_f; + O(h?)

52 s e 0 edel Caway alilas g S skl 43 -5 Als e e
s eyl oy Bl gy Ade 8 ans & il gl "Wl ey

jsz C. ua;f&a)‘.}c-LgLﬂz &J\E\JULAJAA M‘}g&ﬂydlu

. I i 2 pl

e s Allas A a4 N US B i) Gl r s 0 gy
el e

w, +w, =1

1

W€, = —

2

1

w,a, = —

P

CYalee dlaed ) il W paaie 2ol o ) gad 4S 220 e LI () e
Shal sl aan e osjlal Lo o4 s sal 31 4a
Sl sl 4a ) Sgasn 4a 2 US Jl) ) g eSS Al
S FLGln s 4 s e plen spmdan n US Gl
sl I Gl a0l s ) An il (JBlas ey 45 je
o BsS 5l c¥olee Cilide Ve 45 e L el by AT




23

LSALLIJJ"‘._!LL@‘L‘JL’.A )! LhJ.\A])\T:JaLm gl A C 1
2

E

] ;
W =W, = = a5 *

4 a9 4 US 5l Aldlea Jsed b el jLoatiy ol Lo

—‘_}J-hﬂ

R’

1
Yien =¥ 7 EP"J ¥ k:}

k = z’ij‘().‘;. _\-':)

o)

able 5.2 Sumimary of the RUnge-FuTa Integration ormlas,
Sacond order
Bop 3
Vi =0 v =tk k) 00K
kp = hfix. ¥

ky = Bfix e by k)

Third order
Voopm Wv ik e 2K o k) o+ OCRY
&
ko= Mix, )
. &
£ = kfta + B cpreal)
: R

K = Rflx vh, v, e 28 <K

Fourth order

Py =g e rll&, C 2k e Tk e ) 4 OGRY)

& = hix,, ¥)

k

k= e e A, ¥+ =)

- P 2

I’ iy

& = Bfix, + —J. Npr=—}

= R 2

K= e ok, y k)




24

Table 5.2 Surmmary of the RUNGe-Fulta INTegration formuaias [cont d)

Fifth order

ky = Rfix, + -

=

k- Aftx,

ke = Bfx,

Runge-Kutta-Fehiberg




‘;J:AJ‘.Q'Q‘;JJMMUL‘J Y Alaa
gjﬁJ/ﬁa‘L’Lﬂa

BOUNDARY-VALUE PROBLEMS

P padde gy dan j3 U Jad e dgane il i C¥alae e
gl e (g A5l (5 ) pe lake Jilisa ) sie 4y cddali 2ia by g2

¥ pia 40 4S 0l dgay cend wdige ) (o3 Jlee e
s o (geiie

LeinndlilS 45 Ja gy pe Jilse 3 (e (35515 Lol jed 3585 -1
Gooe Y e 38 s 500 ) -2
S0 Ay (383 (slglig) j0 3 0 S -3




J)!JJP}QYJM@!J&@‘}&M@L@}J ®

1- Shooting method
2- finite difference method
3- collocation method

o e b g Jad il e Jilae g g ol 53 EVAlea g e
Al

m‘;q‘%.‘_\?ggmﬁjjﬁjﬁﬁs}

Ll 3L L‘_;I 4kady g S Dlaie allise So ngl_).g canonical (a‘)é
Wl Py Q) pa ‘g;h;‘-f_)_}‘

2= .ff\ Vs Vas vaey V) XgS XS X 4 J= 1,2.....n
A e (e el 5 ) dal sl kel 53 (55 e il 5 e
_Ln_).:: QQ‘JH (S alalas (n-r) g4l J:n)f.': gbi_‘. Jgl ddoles 5 o

¥i(x0) = Y0 F=21 sy r

Yi{xp) = ¥4 F=r+l .. .on




il Sy S8 4y 4S (ol Akl g (sioe e Al Sy e
M@M‘ﬁwi@u] gJ_}QLﬁ JJLJ(:_’J‘L_E_}& J.(L\.ua‘iﬁ..‘;
d*y dy }*:4:‘-:'_9-‘ XD

— = flx, ¥y, =) XN XS X
dx? dx ’ !

- om

i ag vixg) 4 -f.'}o_i‘ ") = Yc e (ol Lf‘)‘)‘ 'h:‘]_)'“:‘

agp(xp) + by'Gx) = v,

-

A ol adali 5 sl adali oaiaa LS S S A f 50 s sl as

oS s dae ) I3 4 Qs 8 Ja gl 0 o

s 4 canonical p A 4 S8 L)) Juadl i alalas i) e
A e Sty Jaadl iy Y alas o8
g aal A Al gl Adoleae 48y dlaad 4 (Y olaa dlaxd

OGS b el by Jeala Jadl jann &Y ales i) s
58 e da BVP da gledis))




: Shooting Jss)

L_S_))" )L'\.EA d.“.a.m L_S‘)" salatl 2 ) 5e LﬁLﬁ-‘i‘JJ )1 \:..ﬂ.ti_g.u (i (a;\.ls
f.:\‘_.a‘_m saldil

A 1Y iy (oled adali 3 (55 e dal pd ) (A4S el ) e
4&.‘91 )Lﬁn il @L&.’ﬁ! PR BN Lg_ﬂ LSJJALJJ‘\SG:.J}? LSi)-.‘
ST S

tL\_)}a.aMiJ\d\.lLa.a.A saMoJthhjﬁ_ﬂaﬁLﬁu]btﬁdiM .
&z]}:at._ﬂ):;dudLe_\‘d:ﬂJJJUﬁJSGnJad_ﬂjJimdLm.as_ﬁd
2 5 arS e dulia afly yolie U1y Ledles ) o8 aa

Loedgd Gy ad ag uia ) Jala Qlsa 48 Sypa 3 e
S (oo CLATI ) @ g et gLl (g ) ealdin

Qu py, sy, p s 5y, Sl ay dsl s S
Slemin G Jad aday) ) o 4 palie Gl (ulid p il 8 e
ta  Lgal e g aul gl

NGETe B TR CpRVATN y 5 @Le_a 4das; e c_ilj J'h_ﬁa Y Lj P 48




@ﬁm,s\._j_mswm)nyﬁby)\m;\d\f
yL;\ﬁgé_)'ﬁ.ﬁn@c‘azl.a.}_)'l_)ﬁ‘}”—_!kl:gl_)JJG(w_)go'l
S aadl s Jan Cad s 4l ) a5l

oy

Y

q Y, (%)

X, X,

Figure 5.5 Forward integrafion using a guessed initial condition y.
The = designates the known boundary points.




: Finite Difference (3.

il pin S¥alaa 0 dga5e s BiAe gl 4 B0 O 2
((pead Ll LT L B Jumd 534S ) 1) Ll 2p0na Jumlis lsha
ol Hisy OYales ) @Lﬁ.ﬁad@n‘_\:ﬂ_}ﬁ Gil e e ) B
8 duad 3 oad iy gla (s, SaS 4 Al 4S aa ) awl A

S a1 Ll (s g alila)

;Hﬁwt}ﬁgtdgm}n&momu;&n@ﬁ

dy, )
=[x, 5. 2)
dx
dv, ;
— = Llx, yis )
dx - -

) ) JKE A (5 ) e el

M%) = Vi

YalXyg) = ¥y g
5 U 3s3ne Jualii (3ide sl Jgm b SaS 4y 1) Bide Jla
v, 1 S (e b

=(¥.iv1 — Ny T OCh)
dx B o W

{f.l._‘ A 1

Vi Vyi) + O(h)
dx I =




R 1 S 4 pe glad b 2 gaae Jualis (3ide CYalae S
ol sa aS Jleallinn Jaadl iy cValas 50 dga se LA
e el K

v

< 1yivl b

i ”Ui['r‘ Frar Vo)

Yar ~ Yag = AO(X ¥4 Yo )
M‘J(ﬁhmdaa_)l.auLAAb)gg‘);J]‘;jﬂo_}b Al ja ol 5o
s ) sd allise da (g I3 56 (Step size)

G bl gy 1) aaa OValee i B ol 4
Adilze 27 Cjgea ) 0 apmg (e (=0,1,...,0-1
(i) Lalis ) 2l gema 2742 I e gana 4S ayylo
&5 S e Sl aa g b (o0b Slae 5 e
) adaii Ko Al laie 5 olab) 4k
4dlal Lo OYalae 4 o4 R alilae g2 cCual adiiia
5 OValee 2laxd 4S ) oK Ols e Jla 258
gl oSy Ja sl i) b el 2p42 (Y seae




48 3o b e dgana Jualds G Gl 68 e ¢ i S8y (g) e
228 saléinl (O(h2) Jie ) 5AYL @LL';

dy; | l =
—= g =¥t e = 2 20 £ O0RT)
dx h 2h =
= l{ ¥z AV, - 3p) + O(R?)
2k =
i asa) gl pliy e
I

’ ' ¢ T i | - -] »
—( ;s * Ay - 3¥) = If](.\ » Vi Va)

g ) A IS5 (aed 4y pa g0 a8 gl 0

40 3o b (3lde ) sdldiul O jea 0 daS Gudlada g Al e
S8 Jald oAl Al Jdle 4kl n 2 gUad
S saldiul




aJ_jL_) d...as

L5‘ o‘)l:_\ d;\m\ﬂﬁ Lﬁu dalxa

o

4dadda

KXY i m@yww\ﬂﬁd qdﬁed\,nﬁJJ °
Ay e gy g d Al (Jiiua gl sitia
25n (PDE) 35 oot sladlia




2 Jadl i sladlilas & i)

Roday g esne slag sl gaidge AA i Vg ara o

gladdalas 4 and cwdige slaatunn sl 80 (5 Jludas
PSedige paie a5l A pe il i

a +b +e u C, ¥ L ai) (1-6)

- 24, T ’

)
0%u d°u d
Dx2 Oxdy ay2 : ox By

o5 Ramas  A=b"—dac jial o sy aalilea ¢ 55 ol
S gl

AL A < 0 4adlia :(elliptic) QS an sWwAldaa -

AL A = 0 43U :(parabolic) OSoes sdldlas -

A&l A > 0 49U :(hyperbolic) A8 adddaa -

adilae & 53 23U p=() Jail phs Aolaa &y 2 4S S )pm ja o
:Jﬁgadmacm%wu]}
Sl (5 e ddilaa (Al S ar ¢ 9 a A

3?+_3?-_0 C‘JS ) Adales
_Gua‘dkgk;aeﬁudﬁﬁaa mhﬂk‘)iu:(:gga J§1 =

a* 1 & z “
= aa A
Sl Aol Addlaa (AldlS Gdlead ¢ g S -

o'u 1 8% .. B
o por g Al

'_}ggrgafyLéLAA_bLmncqrgaﬁ‘é_ui%yoggLAggjﬂamJiaaJJ °
A8 Jasl 53 50 ()8 pegms slaalilas 5 L o 55 50 Y sana




i Joi i glaalilee o (B

ohia3 -

G -

5 Jtiaa (sla yarie olaad (LS (s Y sene JdaS sla( S5 ) o
&l ODE 232 b 52 43 PDE el s

D) DIl saliind 3 5 5e hlak gla sy e

(Separation of variables) & yiia (s jualia -

(Combination of variables) & s#ia S 5 -

(Laplace transformation) 343 Jpas -

(Fourier integration) 4, J) 5% -

(Green's function) ¢n 8 &b -

38 g sa) lal L Ty pnoe Sl o

W yaia (6 jlulan (fig

Jaad) i3 gladdalan Ja gy (i gladia o
Lia G padala @) gady ali il (A
Adalaa i 4y Adalaa ey Juad g Jaa i

Gl O el da 1l o (A gara Jad) i
o) dalad Cuald dga g gy




(Orthogonality) 2elxl Cuals

M S dalaia (Fogaynly 5B M 50 cciai il e
‘_as.tu il jea Hla e ol (;\;b«_:).ads

A8 =0 (2-6)

@l il gaxs glad gl 0 B dsla oy S e
ol Ao ymdadmiaSagyaildadlseda
Sl R Dy

AB = AB,+ A,B, + A,B, (3-6)

N&mﬁ_\_‘):} K] Réd)l.ﬁ)dt&}.&ub)ﬁéﬁﬁu?o
&g\_}cJ‘J_}gJJOﬂIQJﬁM@QJ}m_)Jcm (S

iAB . SRS\ S SSTE
—aE (4-6)

a.abdn@\sjaa‘)yﬁdﬁqabaﬂ.m\éwl.
9 XE@,?J—, B(x) s A(x)
as Wddlge dlaxd K1 aS 8N ol b oecd Rl
4_.,&_9_0;_.“1““\‘)\_; c~‘~<d_).amﬂl.@(;_)m
Eal 8w o dda ) gaged Jhaw J) S
[ 40 B(x)dx =0 133 K oe
(5-6)
jA(x)@u}Jd\)ﬁ\o\j)At_\_ﬁﬁw\Ml

) &l 50 () a8l jaa [g-p] o3k )2 B(x)
AL qg,s.a dalzia




_)S.n.a_)‘d.r- J‘Jﬁ_}.ﬁ&ib@_}.@dﬂh_}@&d_}.}:)i ®
5ol Jsdae Ly ol ) laBe 5 i pe (B 5A 50
F.3 = ud? fetr oSl la p

(6-6)

& g el (6l ) y25 oyl L.
[lacx)Fax=s5, sa0” 2 & "E‘Hqﬁfﬁ e
i :_‘.Ja.ug.n d...ah

y (7-6)

BIEY J'l.l).i)g'l .‘.J'IJA(x)@hEJﬁML;_\*uéJbﬁ.ao
LJJ‘-I_)-\‘_}JHHJ..AIAU-\II c_mb (&?‘Li"\_‘) 45\.1
A& Jl i) A(x) Gp)se G 2 25
Jiila 5 4aslia

o)=Y apoy(x)%0 I3 =

= (8-6)

La mk(yﬁMMMB)Jéﬁa\}o
‘\.‘).LAM‘J@‘}JJ‘&JJ_}QU‘}_!GA_)S\JJ&JL\
.L.ob_n._u.‘.abol_i_v\ suAJS)JaJJJJ\J_)_:t_‘_\
L)Mﬁ).hq\_gj\_\c_\\ya&_u.njua\‘)a

b = =

[0u(x)0m(x)d =0 m#n. e T
: A (9-6)
J-‘Pzn(.-\‘)dx #0

| m=n & (10-6)

@\ﬁg)ﬂ@mhg\ﬁ\da}gjnw\@o
A @uﬂd\ﬁ\&jc_)mu_‘ﬂm
Sl jia g pia A




) Cabua oCpra JI K50 a ggha AS Lol ) e
Ay ol a ¥ (9) Halas 4g A 55 Ly (ol (Aada
) gl L x e Y (Al 1))
Gely £ gada )3 AS Ll Aldldga g La x )9
Al Jald Ol A L2 9 JI RS Ol (i i
A0 dalad Cunald A) g e (A 9 AS 3 gl e
AL Sl gl AS ALAL

09 S L dalaia ayl 5

L Ay edd s aalad Cueals oty J_u‘é;,u)sc__ﬂ}zj PET
Aalala ¢(weight factor) =) )5S € ) (A8 @ s
AJJ_.ac_,t_uJ:._uLa_a‘._u_..al_x.._UJ_md_n'. D digd e
b T e Gad ) JISE ) sy

[ W03 )@ (%)@ (x )b =0 n#m (11-6)

a

@M&\Luﬂa—wj—awmdu_ml \}_‘JJJ‘}‘S‘_"“}()‘) .

i._h..uo..\.u: ‘

DI S g Ay 68 (g O ) geady gwyuﬁjsw}m &) 5
ke ol 3l
=05 @b el dlasas Vi) 5 J(x) ‘HUJJ‘ &y&uct“j: .
cK(x)jf(x)g_m.xsd.ﬁL:_}uu‘_‘Lm@y J.:Juq.a_".n
@J.hbjma_&u-_umbggbbwujwq)w@\y
u_nLujJu_uA'L.qEI_;Ju_ﬂIJJ‘)G;\JHU_AJJ.ALLMUJJJ_)}:S\J

EYIRI R




Lalxie ol 68 ad 3T (g

G g A (U dredl A gladdiba Ja )3 e
byl i L (A gara Jaed JAud sladdilaa galand la pitia
Agd s Jala (5 4

O 29 Ja LA e (g jlalaa o)) ) Alicea dSiy Ja pdi o
byl g cAldl Andila dalald Cuvald 4l g L_SL“&.‘U 4S8 Cuud)
Ailaa i Ly ey AS G ) dalali Sl (N
- 5] Al Ay Juat Jo8 Juala (J gara Jauad] i
A& (Sturm-Liouville problem) J295+

Dol - oy 5l Alne

gej;uygﬁmMn}pu;m&ﬁj{é;w;ﬁ@s_:jm1t;u\_p .
D) elS 5 e Gama Al 0 (Rad (55 30 Jadl 3

%[ (x)%}+[q(.x)+?\.2u-'(x)]y:U (12-6)

) Gl i e
Ja;y( a)+oyy'fa)=0 (13-6)
[Bub)+Boy'(b)=0 (14-6)

By 5 By iz ¢ 0y 5 0y A4S shay cailaslee 5 0 e B, By 0y, @y
Ll jies (e ded 2 5 el

P WK) , Plx) 54 55 WIX) L q(x) , px) ((12) addbae 2080
rﬂn.n}ﬁ\_hhi_,g)_)ubl_ad[fu_,_mq) s_a_...Ln_a_\.m(a_gb) s 3
Cudla al g d.iln..q gl o alilze O sl aisla (L >0 - S 2>7\,|)
A el & " ..J; L,g_)ll 45(le

eigen) » =5 &3 (y,) &5 4 (eigen  value) o535 Jlada J | Sl jlaas o
u_ﬂ )1 H:,_.1:15 \_I_IS)J calin g (0§ l._ﬂP l._l_aLé_l 2a ..Lujg ‘)al._u.a (fungf;(}n
Cual dalade glaca) g
y= ZAN}H ’ o




41,58
a

Lo ol et gmara Jond) jion dtalaa dly olS 2 o
- U gid) Aliima Ay Ja S8 () (55 e al i
bl i Ly ((12) ol s Bat Aldlae ins o igsa
O glac) s « 244 (14 513) o-5ar 5
dalad Cumald W(X) =0 b A G Adalaa
..ﬁJ‘J

i)

‘_gLshuUAv _synn.__\JJJMJc)!nj) __)J.J‘_‘l..agiq)id_!d}uwa o B e
_)a‘)'b_);.am_)'le_b_)a RS o Sla b ol il Aub (12) ddales
T gl o Sl ) Léh’bd\hl_:_n c(12) Alalas

d(P(-’t)yn) [ (x)+X H“{Ul}’ﬂ =0 (1 5“6)

M it [(I(x) o }%rx“{x)bm =0 (1 6- 6)

Jﬁu—)sesu*mj}’ RN 5 Y, J-‘*“—‘-‘L"—ﬂ Gl RS ipaly o
Ls.ndc_“..\.uJSs.\JS.\ B\ alalaa

2 d n d H
a’n Ko W)YV =V 1{;}:)) : W M/;iy ) (1 7-6)
e Capdasy 3o 80188 L el Ay RSl s aasl o
t_u.».a\_-x el _;'l_JJJA M’m"nlﬂﬂ l_l_\‘..\ Aa.il.n. 6(17)
\‘u 2 g g dalad
I A PPNE PR S | P o disy &
ALy, o lie=fy, 2oy, s R

(18-6)




324 e pig Ay Laddea Sy (paad gl o

b b

I_‘L'n g; [p( X )V ]d.r = p(X)V ¥ |2 - I plx )y Vi dx ( 1 9'6)
s d ; . b ;) ‘o

I_rm R;[p(x)y,,]dx = p(.\’}_vmy“|a —jpr’x)_\-‘m_v”d,\' (20"6)
A= p(—")(ym ,1’:1 - J"n_]»’;u ji JW

(21-6)
) Sy sat s (14) 5 (13) oo bl 5 (i o
YW=t 12 gudy g0 4 g3
: (22-6)

(b=t

B2

(21) das 53 VB)LY(EHAEla 3 Gy o
Sl i by i ) Ada) ) 4S 255 e Anis
(24-6)
B

A=prh{—.vm(h)%,vn.rb)+.a=ﬂ(h)g.vm(b)}—pr'a{—,vm(a%,mra)+.z-nra)§;ma)}

Ja_m(ﬂ)a_u\uﬁmdb_ﬁs\ Cp il e
b ) S

(7"21: ~ A‘zm )I WX )y, v, =0 - J‘}H“»FA
b - 0, 2-2,2)2425-6)
[wCmmrn =0 ol iy ¢ O e

(26-6)
05U Jlaet Ly adabas glacal g b 8 aaii o 550 @

s L i)




10

QJJ.;.@MJJIJJ‘;_A s(14j 13 ) cnj.ﬂd_‘\'l_)'ﬁ,;éj_)_a.lag]_)_& .
R A ) g ioebodanplsil ) (S
A 48 298 (Bhaa Alla 31yl Bad g bl -
it Ay
y(s1)=0  y(b)=0

Aa LAS 398 o (38aa Alla 2 1a93 8 98 i dd -
g—ﬂﬁ AR

Y'6a)=0  y'(b)=0

¢ (sLh el Jly ) dlymad 48 ANa 8 o g £ 58 g5 00 bl -

{a’y(“) iy DRt i I ks

Puy(b)+Boy'(b)=0

O S oagn Ailan 3 b yutia (5 sluslan

Whg 1) D pemds (Jilus paite 531 (58 agms PDE (ol o

Fu_1éu 2 g oo
o wa (27-6)
[u(0.) =0 sl bl ey s sl g s ekt 5o Lol e e
lurL,e)=0 (28-6)
u( x0) =1y

(29-6)
Seay (Raals Al gl da i oy s 5 208ar (5 e dasl g atolaa o

_.J_)!J
fu(x,t)l =‘X(x_)1{1;) 39 G mdafuala O guad u(x,t) (‘_-.‘u lasy) e

(30-6)

18X _ 1ot

U o lulan 5 (27) Aslas o (30) ddad, gl 5L o

SX g2 arar’
. s L < gl R R AT




11

A gd Jlas) s
X(On() =0=> X(0)=0 (32-6)
X(L)(t)=0=X(1)=0 (33-6)

4S Gonl a 3Y Sl ) 8 (31) Ualas 48l (gl j0
Al i dae @l Uy sha L gl alilas

AU Culed 248 258 e s jiia 2ae AT e
tie L e dae Al ey S alla ol sy
.3}‘:@;“ o BB

(+32) e jlsie = Iyl lla

18°X 1 a1 .o 35-5)
— =———=+X
X 52 ot dt
LH}J}&QF‘Q‘-}A‘L.‘@“\‘; _)}.L‘L_l"d_‘L:.A L calla J‘I PR
Al oo G gy(x,2) @ s X(x) G Cant )
Al ¢ 55 e dal pd g adilae 350 (Rt 4 an gl o
e Joas JlE adalea | ) (i musa Culle Hlaie
alad Cunals L e (ol b S g sl - 0 ) 530
O s a2 g 0ald andlS el () Aailia Lulilanial eas
t._:n'l}a@)}...ad;l'l JJ‘LSGJJSJ;‘)&MJQ.}'I)&ML!
adaadle ) 04S jshilaa 28 o) Juals dlaia
La2}\2, = +22 e
X ox (35-6)




12

— = (36-6)
X = de ™ + Be*M (35) Alaa o Aai
p= O O (36) Hsbes da Ao
(35) ilalae 3 (32) 500 ks Jlesl b
(35) dlaa 12 (33) ¢sJ0e ks el

exp(2ML)=1 = Ai=0
A gl e thie e Gl g CielhiaS o

( )\Jz) _)'IJS.A-{.\JJ(—IJ‘A
1 a*x 1at_ .o (37 6)

X(x) S8 40 da 53 e Adlaa AS) 4y 4 5L Sl () 50 0
G Ae ganne ¢ Gl Jagsd - o) i) Al 4y (ke
Gobmlan (g Al e 53l aalad Cuald xix)
,m‘élg.‘m@\ﬁgbbu)@
: :
Rk ML (38-6)

ox~

¥

1 or_

o o1 (39-6)
1(38) Wkee Ja Aati «

X(x)=Asin(Ax )+ Bcos(ix)




13

4238 ((33) 5 (32) glaatales) (55 ) 1l 4 dn 5Ly o

2 gl o
B =0
sin(AL ) =0 (40-6)
(41-6)

Culeii s 48 Al o oty ] (5 0005 e (41) ilaa )
Y :% Sk=1..n BB "‘JL\‘ s
(42-6)
_c(t) sz Cve—{l;‘\?f ' X
g deals ) &5 (39) dalas Ja L
(43-6)
GJJSaJM‘mﬂ\.Jj'IJ:y Jlr ..‘ul..! (43)4.1.31:.&:&{_;'!)_1 .

oy Ayl s A
u(xt) X(x)T(t) De élf?m).:d_..ala _)'l‘\Ju(xf)

D=AC RS PRI KIFEN

L;"Ls'a:.._ﬂHJ'l.L:ﬁ A 35 Jlmgiymuld_id_xyu .
Lﬁl.ﬁ@'nﬁ {-éll_)ll_"a e u(x,f) d_tu )l dgay (,ﬁJL‘“':‘u—’
e, Cl (Bl 5 (D)) S s 5l jlad

2
2
Ay = % = up(x,0)=Xy(x)t(t) = Dpe” " sin(x) (45-6)
! P ‘3; Y e = AT I ot ‘—"I'P u.!h_).l\_u -
u(x,t)=Y Dye e Sm(lkr).m_:'lp{_pl‘;b;uﬁ_,u
k=0
(46-6)
n. E._I_ll_irl'lu.a s(?Q)"ulj'l.]a)uJL&lbd;)A u.:'l - e
uO—ZDk sin{ hjx) ':‘JJ" S |
= (47-6)




14

s J}.w‘_,‘..au.l.a.uDk el .J.aL'u ") salaia
R 5 @ sin(hx) o Adalas uﬁJ-L' J)L‘-'-" Y
BL JHTALSJ_SJUJ\_\J\LL A Bl aa
L ) gy JIEE sy 53 &y gy

f ) sin 2 L0 nek 1l e

Usm_ rX)sin( hyx) l#ﬂ 4 =

LT - L.".ZL.'. 3 Dk‘;'-.‘w (g ald @" cflaSb_ e
uUI sin( Ay x )dx J"JGA

Dk = U (48-6)

L
J'sz'n 2(hp x )dx
0

T . _ k.
51_1“7[ J‘(ﬁ:‘m“.—‘)‘m(kKL)J}%_T O e
L z A J &l s(t_a.m" | Zosaa 2 k) m\_,\@_‘.
. . - E v > L
_).JJ_).;.HS(-‘lJHJ‘_)S_\.I‘ J)_..uu’_.a l_l‘)_l-‘_)d
al wly cCald MmLz.a J.M L;:a.‘)m
D —”yo sin( x)dr—zug(l coskm)
s (49-6)

Dy =0 :(k=2n) g9 =k N -
Dy= ((k=2n+1) 28 3 =k S -




15

la juria g o (i) dal e dada

eﬁ
TP S d.\u-l'!_)&.l.ﬁ"-\_‘.JLI.A 3 A e e't_a Lg_ﬂ.:ﬁ&l;-
Alalre ain 4 Ll Jaa i« Mdu@uuaﬁiu
ﬂ‘)‘—“‘—‘h-hﬁuﬁb)bﬁd}LM}g‘}-ﬂ&ﬂdhubﬂﬁ
_K2h+KqJP}AL5J)JLJ‘).mL_IMAﬁ4£L_IJL)
J}mcj.ﬁub.u‘
}mum J}h\)ﬂ)d&hduebgjbsdh-
M‘)&qj‘éuﬁdm_ﬂdqﬁgﬁfd_)ﬁjn_}muﬁu
Jala

() & o005 Ve (x5 (e see SAG 5a
ebeawd&uum_gdm.A&ﬂyju_bﬁn_uS}-

RS % |

$oa bl 15 Ly )5 (27) Adsbas 516 Alieas «

S s )
&% _ 1 0u (27-6)
o2 o Ot
u(Qt)=0 (51-6)
ou

5 (L=uLt) (52-6)




16

t"'}jgs‘“}"‘c' L;Léulﬁmodg.wﬁ)um&dalf .
X(x)=Asin(hx )y pis s s J8 dliia U 5 xp)

o(t)=Ce ¥
20 D gead (52) Aalas cla juaia o jludaa LS Ly o

12 g oo Jaad
oX(L oX (L )

‘C(I)%ZT(I)X(L):;‘ 6{\‘):X(L') (53-6)
Cind 183 Jlaie ¢ X il a8 o Jlael U o

AL cos(AL ) = Lsin(AL ) 103 8 e
(54-6)

.f.fnrz(}u‘i):M

L Ly BA) i llae i o] SL .

dase ) ¢(AL) aa n U %} &S tan(AL) pm b o
JSS 08l Gy 15 (1) gl O e 5 92 (A3
ol (55) Aalae s 3238l & sk (1-6)
duala ) @ i gl s (S S a4 il
) et u(x, 1) S (o0 s g Sl jo 255

L (46) Wilas
w=taniAl)
w=EAL B4
ol L~
Ly f g

8] 7- 72.- (€8]
AL i
( I ) tan( AL )

15 s Ll =l a1 % A sla - o e N 3 W




17

ufx,t)= S D.e_uj":;ft sin(h;x)
0= 20 *’f (46-6)
((29) Udlas) (Saalidg gl o i Jlacl Ly @

“0=ZDJ.— sin(hyx) (47-6)
k=0 "
:J:Ill‘_;ﬂ G t;uL\s. Aaled tLI:Lhala 4 4%}-‘"—,‘ ]
L
MUI sin( Ay x Jdx (48-6)
I sin 2 (& x )dx
0

adadl Gl g lage a‘s‘ﬁd&abmuﬂ Ciglal e
A e i L ) (s a e (AL) A4S
dhala ) &) pemdts (48) Ualas 7 ja0 ) 58U S

L - £

I sinf L )cosf b L :

IS’I”E‘{}”*’”‘& = E_w _J}u:k;n
20,

2 (Co o\

(ML) 45l dpdan g L 50 S jsuae

; (57-6)
u{,'[.w'n(?\,kx)dx = %[1 —cos(hiL)]
0

_ lt'()[l—cos(k,;Ll)] 2 Culs ol i e
AL —sin( AL )cos( L L)

Dy,




18

S dal ) aldles 35a 50 A5l 5 (5 e dad i 4n 4 5

(87-6)
2000, 100
r(?r ér ' o ot
iim 1) =0 Y u(Qr) Sk (88-6)
u(ry,t)=10
u(r)=uy

30 g 58 OSar (5 e da il 0 LB ol Ao pea 4l i) 38 5e 0 e
Ja -l ) edliiul (glads ol 95 e a3 Gl ja Ll ol ) )8 g
b RS Al il 38 pe 0 S Ga s AL Sl casd g st s
i (518 ) ja 50 Y sara dige )0 7 e S b sla e | )
0 ) pd b b caidly  ALGL bl 65 el g 28l g0 gana Hlade (g) o
Gy yida) |y adliles e gad Gl sa ) 55 0 Cals ol )
244l

aliva s

s (5 30 dad pd gatiles (s B Al e
_JJS salain) LA_).._u."m Lﬁ)Lu'rJ.s LJ'::'_BJ _j'f u‘}:"g“

u(r,t)=R(r)u(t) (89-6)
Rp)=0 TP 0 LR(D) galia (90-6)
8 (87) D K\ PN e (89) I K\ PP L;J‘Jjgglé J] —
A e 0 Slaa
1 0 _la
rR or’ ) ot of (91-6)

Golaae by UJLH O b (91) Akl sl B gl o
Al e e by i




19

(+12) Sxfia Jlsia - Jgh s -

i) i Alilae 2y R() @5 )2 (50 dad )l (35 (Bat 4 dn iy o

18 8R . ro) b 2 sl (Ba
R (92-6)
d R, B

@ g TS (93-6)

g i 23 S e Jeals (94)
E[p(r)g]+[q(r)+}?m(r)]ﬁ’ =0 (94_6)
13 g gl (93) Aldhes Lyalls o Gl s o
pir)=r  5q(r)=0 w(r)=-r
Cuala wtp\_u Cul ‘_F‘Lu (0-[’0) o)l }p(r) (1:1\3 ..‘a).:l‘;_.o alhada e
adilee il pa 5800 (g5 3L 2525 R(r) laclsa o alas

G s Sl 5 il il s e 4S ol T(Ar) £33 ) (93)
.L!._L1 !‘) {a).‘l calla L“_I‘)).muau e _J_)]J.'i 1_) La i._ﬂja _;_‘p..‘a.ALl:\..LuJ‘).o::
P

(—A2) ia laie - pgd lla -
g ee Juala ) IS5 40 090 A8 je Jpadl Ha0) Alalae lls cpl 3 @
o[ dR] .2, (95-6)
§|:}‘ F}‘FX!‘R =()

RPN J‘_)J‘_us Sl I-;\..:\.a (O-ro)oj\_J 2 8 W([‘):r {.LI‘)HW! e
Qs = oy il linna 4y b QB 258 (Kb (5350 Jash 13 s (95)

A1 dalad Cuald 5 Sl

a5l ol ol el Jusy slaadilas IS (S35 1 (3udaic (95) Alilas o

a=Lp=1v=0y> = 1(4-3) Jsa 4
Al e sy R(r) qls oo see Ol sa ol iy e
R(#)= AJy(Ar )+ BYy(hr) (96-6)

psd g 5 ooy B ar=0 0 S a9 alie (g jada yidrdagily o
s R




20

_‘A_J‘_,,_.a G < o g laae sR(rO) SO J:_)fi el i o

Jo( Ary) =0 (97-06)

Coast A Aagign 5 (Arg) Jlis (97) Alilas slady )y Galaa by o
(?b_ro) @u ‘c,;"‘:‘-“‘_):‘ B EBE cadalaa o BEN g]_)—l ."a_;..:u“ra
14_ u! ttdl_‘ﬁ J;..A _)! LLiJ 9_..4:‘ "_)1 22 .3_5_:1‘:,'_.4 ) )’r(] [EETE N _HJ()
TN - Jeas pxsa i (GI7)

=
-;:' \ '/" $ a8 \\'_/
:\ g l
sl

|

o
a

.
— 1
-
-0,

Jo(hrg) & slaadn ) (s (2-6) JSS
el (kkﬂ""KZ?KI) ‘)Ln.f:ag_‘: L_s\_m_ﬂj_'n L_S‘_JL: g J8E d.\‘_h.a .
adly aa) A JLA&U_, L;Léuip Prt c_iu L)ﬂ'i).!\_\.l

Ualzs 4 4 5 390 0 Ge 1(0) c[-.‘\-"! 22y dla je )3 e
A g g A (A2) Gl lase b o) sl 0 5 (91)
¥ (98-6)
T(UzCe_a}‘z{ _ (99-6)
A i b sl e Gy i 5 R(r) aal 58 Gard ) Gy 0
& W pdee Al Jled glacl s 4
u(rii)="y Dpe” K Johir ) (100-6)
gL . . . POl - » . "
jMMl—!(éJ‘).AL)_mJ‘Dkﬂ_\JbU;\JM(é“)J °
o _.J_ga:(sa salaiol dalad Lll;i.-.ala (s
I!U:ZD;\.Jo(}uk?’) - (101_6)
k=1
JJ‘\JJL&AQ&Q_).LJJ‘&JJM@BQJJSJA@@‘J? .
} Ol 2 el e (S siS
Uy = Z Dyrdof hyr) (1 02_6)

k=1




21

ALali )0 g yun 50 (102) Uolae (i sl lla (ol ja o
255 € S5 =0 &
Hf)j"'-’tg(i,;.?‘]dr o (é_):‘sd ‘)S-I-l I 0 0

Boc D (103-6)

k o

[ 72 (aryar
el sd 4 an 5 L YL Al 7 ya 5 JI 50 o
-3) 5 (127-3) gladdilas Sy i o ey @ 58
S sb 2 & e 1% sla (129-3) 5 (128
J‘mrv‘f\__l (mr )dr =r"J,(mr) (1 29-3)
13 98 g0 4aii (0,1,) 2> 50 2 b m=), , v=1 A o
}ydnr'“r;m- =%J,(?\m,‘r (104-6)

i
0

J‘r.],l.(mr)dr = —2;25-{(}::2:‘?’ - 1-'2 )Jﬁ(m rl+ [}‘J; (mr)]:’} ( 1 28'3)

13 g o0 Al (0,15) 2> 52 3 cadbm=), , v=1 Al o

0
2 T T f il
gdo(ﬂka’)d?‘ = Yy {(/‘vk?h M (Anp) + [f’(ﬂo (;L'k-’f))] }

:M@U(‘ymﬁb ft.]:.,ab .

Jof mr) =~mJy(mr) (127-3)
Jo(hgr) ==y (Mg ) 1 gd e 4ngii 2 S) e

! 105-6
jrjg(xkr)drzgj%(xm) ( )
0

5 (105) 5 (104) ghanliinn s J28sla L o s »

3o Gty D <3 (103)

Dy =¢,
(M) Ty (i)




22

038 sags PDE &by ) Addlas -9-Bfaliua o
c&.u\e}m&yum(éjﬂ.b)_&tﬂ_}a‘)s
(Casl Cls 2ae p) A€ Ja ) alioss

2 0u 1 du

_ZE( o'~ aar (118-6)
5(@:) =0  u(0t) ‘;M_‘ﬁ.a

—‘;%(;@,r):bu(;@.z) (119-6)
u(r) = uy (120-6)

4l Ja

ST T ST TN SOty 5 alilae 35l o adaaDle anilia e
SR da ) Al ) sige W s g jlalas (B )

u(r,t)=R(r)t(t)

12,00k 1o e

2por'’ er’ ator (121-6)

adilee a0 i b Cuie dae SLL alilas g3 ) ola )l 8 (s 5lua b o
L @uki Q8 R(r) 40 da sy e Aolas 2l 45 258 0 Jials ODE
A2 ) (et ATl a2 23l agsal - a A5 Al

6‘1 (r? %) ¥ [7.,23*2 =0 :(
(122-6)
R(0) Goedmal pi e
AR = Al
Bt ) BRI
ar (W) oW/ (123-6)




23

sdssd - )il Al o Ly (122) Adalae (3oukal ) e
33ia LAY 4863 g o Juala 3oy gl () (55 0 Jail
Sl Rir) sla) s 50 2alad Cnald (5 ) B
p(r)zrz, q(r)=0, w(r)=r2
a;=0a, =1
{Bl =-b,B; =1
Db sa (it (4-3) Jsas dlaSay (122) Ualas ol g 0
a=2,p=2,7 =¥

2 w2 . ) o

_ 4 T O R(F’) @LI 4Aan ) e

R(r)=Ar?Jy(A)+Br2J_ (W) (1 24_4)
2 2

ALM15)(139-3) 5 (138-3) ladlibaadyaagsily o
ﬁ_&nliae'l_ﬁt_l.m_‘m_); 9 "’r_l(lr)_

(124) idalan ¢ J286la ) (a2 B4l )

R B s re B Ak LD 1) S s
R(r)=="sin(hr)+—cos(r) (125-6)

R(r) &5 )aier=0 12 4Saliua 5 b aidasly o
1)&)&.&\4)“%\43@13453}3‘;&@“4@1%
JdeltLiJl_}C.g_‘Jcﬁ_mlwl_ir:O JJ‘aJJ&JI_}C.
‘JQWWJ]&?LH‘HledeHW
rl

R(r)= éﬂ'ﬂ(l") (126-6)




24

Aalae o5 & 55 (5 30 da el 38505 Jlafia Cpal (gl 5o @
Aillee o o s IA8la LiaS 25w saliiul (123)

—Lsmﬁ )+ )—co‘s(! )= Esm(}q{-,)
’0 (i o

Acos(hay) = (b-+ %)n‘n(lm) (127-6)

12l oe A (sl arndli e
wan(hy) = o (128-6)
s » ——}%— y]—tan(lfa,)_\.JLu}JHJL; -

e T PG )l'.:IJA &S 53 ol @alE i g Arg
Quem@ygbbuu]u&»b_ﬂm}m)s Lo 1
S g o 5 5 o) (36) U5 s i

dilsad

y=tan(ir,}
y=()/(1 +br,)
(aal) /
)
f—"
[¢] w2 = S/ ) Ex (ar)

&k g8 el (A, rg) 20 alia (i (3-6) Jd
(Aoe-esashy) Jabier glacilsad g2 (3) SSSapansily »
Dl 5 J g8 B slac) g oo Gl jily 2l e Cany

_ :.'uiiu’_.a Canddy GA}A: Gl () @b da g Sl
ot (129-6)

ulrit)=R(r)t(t)= Z Dye sin(h,r)

n=1
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(120) Aslae iny a5l Ja s Jae) Ly o
u0=i%sin(lnr) (130-6)
n=l
G e r 3 (130) Ualze (b pa (1) S pua by o
el Cypaals A€ 355 0 Jala g sien g 558
e s D cCanald fpl Gl sl b 5300

0]
“0‘.‘ rsin(h,r)dr
B et

"o
jsz’nz( At )dr
0

(131-6)

(L ysiia (g i Gligy Jlast 51 15 SAaii o
3 Ohsala) (g) il ) R el Cuiald AL
(bl el Jaend) i ddalea Y g by ddiea )
29 AALAS G dga g Raall b ol Jadd Ll
(oSt da @33‘.__,.«4_...- Sad) i sladdilag
) Al g) Ja yd

il g (AR e L dala Caald 4S Ll g5 o
£ 9= Joumd at) 55 (ot GlaS gt i 2 g AL
DM Al g g gl 9 dy




26

O S oan Aalae )2 W yiria g Slulaa
Ll bl ol 5o S a3 50 5 (508 5 pum g oludae 2 e
PDE sladlilas 2,03 392 93585 glach jlae o) ja4S
o daexd Al ) o dail yiawassib)) 0 PDE o

8%u +& ~0 a—‘-‘s
ot o (132-6)
u(Qy)=u(l,y)=0
u(x0) =0u(x,L) = u (133-6)

bpd ol gadn il (San alivie (5 pe dayl 8 g alilas o
L e g 5baslan (i cnl iy ¢« =L 53 (Rar e

u(x,y)=X(x)Y(y)

1oy 19y (134-6)
X 5?2 B Yay2

28 8 ((R2) L (#22) L st 201 (134) Alas @
@) Ber Loyl 53 (gl A8 (5 e dad pd 4 4n sl

D g \_ﬂA_:L'I'I éJ}k 6 g laaa ?JY Cal X(x) @U
Lalaia O sLacsl pa U 28l il g il ol JS5 4K

18 (135-6)
X ox? -
X(x)=Asin(hx )+ Bcos(hx) (136-6)
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X(0)=0 e B
X(1)=0 i g o
O Ry e
B=0 Z(z)=C'sinh(}z) (137-6)
(pinen o
; kn
sin( Al ) =0 7\.;(_:7,1(:1,2,3,...
:Jﬁw%ﬁi‘\fm‘qej.}m e
1 &Y ) A
a2 (138-6)
Y(y)=Cé¥ +De™ (139-6)
R edee dadli 5 e da sl el by o
D=-C (140-6)

Y(y)=C(e™ —e™ )= C'sinh(dy)

Aih g AS Ol g ol glata Gldy 3 gl e

>

SR

wp(x,y)= X (x )Y (v)=Ey sinh(hy)sin(h,x)1-6)

s L T
u(x,y)= ) Ey sinh(hyy)sin(hix) (142-6)

k=1

0 Coa s & g vl @
%:ZEKSf”h(ka)Sin(kkx) EB PP BVE SR S
k=1 (143-6)




28

Ot D) s A ) B g R i Gl A da gl e

sl oaliinl F, Sl Gl ) Cunala

[
o sin( .o x )k
Ey sinh(h;L)= 30 (144-6)
jsinz( A g x )dx
0
Ol sl o
£, = 2140[1 — cos( ch)]
k= kn sinh( knL /1)
[Br=0 (k=2n) 35 g5 k S -

_ 4y ! .
F"‘ = Trm)sina(in77) (K=2n+1) 3l 38 5 A -

WA .
(145-6)

T e R

o T -
r-s(-r,y)=ﬂzk(lfﬂ A
k=1

) S 2l (5 ita A ( Esan PDE S dadlia o

33 A Gl A LS ol Bl g @ sddala g

Addlaa Gl g 9 03,8 Ja Aillan |y s3r9 93 PDE Adicia
A Gl WG g2 @ paduala &) gady (sl
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G madbals iy L1y 52 PDE =11-64%iua o
S sl

o%u 82u+82u=
ox’ oy’ 8z’
(u(Qy,z)=u(l,y,z)=0

u( x0z) =0l x.L;z)=0 (147-6)
u(x, v =0u(x, v, h) = ug

0 (146 -6)

M

aliia Ja

Ja ofar byl 14 L p) PDE 99 14013 Alicia glady o
i 1 g 0

Fu u . :
—+—=0 uQz)=u(l,z)=u(x)=0 (148-6)
|o? &
B4 Y g )iz} =(s8)=D
al ad M z)=u(L.z)=u(x{)= (149-6)

39297 smitia Ay da g e Gl Addlae b 3 Al .
s iy gl 7=y Aliea KAl oy | ) cadlLasidla

"

Jaaven)
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:Mlﬁjﬁwwhadh.agéwwd;@m »

S 150-6
u( x, Z)=ZEk sinh(hyz)sin(hyx) ( )
k=1

u(y,z):ZFM sinh(y ,z)sin(y,y) (151-6)
n=l
(146) Uara g el gy G S Ly o
g Juala ) &) gty

(152-6)

wixyzl= ZZDM’? sinh( sz + yz z)sin(hx)sin(y,y)
k=1n=1 "

S palain) aaled Ciald 51 0L G Dkn (yiamdy *é".)" o
Aaili gy il z=h s (Rl 5y o )l Jlae) Ly
2 g g

e Dy sinh([12 +y% h)sin(hgx)sin(y,y) .
R Y (1536)
(1563) i—dae iyl oy, Sy al e
. L L in(y,y) -
uojsm(lkx)dxj- sin(y,y)dy | ‘5_‘,1_.1 L
Dy sinh(\35, +75 h) =72 ” (154-6)
j.sinz(lkx)d.\:j sinz(}'”y)dy
0 0

_ %[l—cos(kke’):[] —cus‘f’ynL)] e Dk,n A'L"."'J O S soe

Dy <oty
(Wil )y L) sinh(\[25 +v5 h)

A
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ALy =nm/L s A =kn/L A e
(155-6)
_ 4110[1 —cos(kn )][l —cos(nmn )]

J
2 2 2.2
(kn )sth L Y h]
T r

288 jia D JMe bz kbn S e
24k sn g = (155) Halae (il 290

Dy,

22 38 PDE €4S 1 5 Al -1 2-64kiua
Awda b calise Glla o ol ‘55'14_’11_53.“;'! Glaidg
.J:_us g_l;o..‘.ﬁ:ctﬂ_)'l Lﬁg_))ah.lw'lﬁ
&%u 0 (156-6)
o

Sl (Bt r=0 3 1y 0 e bl 4 - ) -

1 & ou
Pl =

%(QZ)=0 u(0z ) = Ui

u(r,z)=0
u(r) =0 (157-6)

u(r,L)=u,




32

alis Ja
Lng_ﬂ}:..Ltbcr‘_ngjJAJJJLm Lg;.).a.la.ﬂj.ﬁ.}};}&\.lc-du .
JA}JHJMM&‘}hJSJM‘JMMf\—I@AJJM@E

u(r,z)=R(r)Z(z) o
1 @ r,R B | &7
Rar'” - B 522
(158-6)

s oa‘vbﬁ D L ol s ally Jlusi R(r) s 2l o
2 G paty R(r) a6 Gl 32 L (1568)

1 0

b EA e

R ar( ) + 3}3‘5& JALE
2

~goa= (159-6)

Z 52

R(r)= AJy( hr)+ BYy(ir) (160-6)

enasal oo (A DY Vosa acan A {1E0) 3 | I . D™

A8 jha B laae ol (1=0) 0 &l Q2 (Al daa s L
Ao D 855 e (r=rp) U e b el
R(ny) =0= Jo( A1) =0
-G)JS..E Caallas W}ﬁjJMYLﬁﬁJL‘m J.;._Jl A Cul s e
Al e Cads (2
il ) Dy geads 3 (160) Aalas I dais o
Z(z)=Ce™ + De™
13 3 o Al 7 =00 (Sed (550 b yd Jeel L o
Z(0)=0=> D =—C
Z(z)=C'sinh(\z)
Al oe oy gy i G i) 45 e
(127-6)

u(r,z)= ZE;_. sinh(hpz )Jofhpr)
k=1
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(Barli (5 e da i 4y an 5l o

Ug = ZE'ZC Sl'nh(lkL)JU(}‘kr)

k=1
Aloa Gty s aalad Cuald cleSL o
) (161'6)
“0_.. rJo(Ayr )dr
E = 0

()
sinh(A ;L )jrjg(x L )dr
0

O3S sladdilza Ja ) 1 pfdagiie
AL o) g (LA paaia g jlulaa (g b
Lﬁ’jd‘\é @ﬂ@éﬁuﬁﬁ{)ﬁ@ﬁ
dalad Cuald (Sl Rad (55 00 Jayl

Al Al gl i g 43l
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CRaals slaalilas

Ay Jai 4l o) 5 (55 el 15 lae 2 (Ben sladlilaa e
ladlalae a4 jsdady Dl ogas Rt by
gladlilas jo 5 faals (5 e do i ey i () 68 an
OaM Crdlanga g cBeali A gl oyl ol Jadh () & g
@ bulan (g el U Lasilivna 00 ylaa Jilia i i
A e da (LBl yaeia

05 Bl il o cnl Sasalin s dly o Kaals e
s (55 e day) 38 (52 50 (Raals Ly ) iy Alolee
L 2,8 oaldiad U aas (g 3 b a5 ol 40 240
S (8 sy ) s 4o Saali s (Gg )y ol
La patae (g jbulaa (g o Ladlobas Ja (LS4l 5258
2 £ a sl b

(Superposition) U pes (E 4

Mﬁ;)ﬁleulﬁw$JﬁAbJ£MJ\q_\}o
La e (g jlulan (B, Ll elysa 5 Jins (fen Alia
Lﬁ__}dl_aﬂll‘J‘jltﬂ;&j_}é‘ﬁd&ﬂ@ﬁbl@_dﬁd&
ML;\A.QL:MJLLAJ.ALU:J‘A.dm‘oJLaJ:u:MJ:H:ﬁ
EPT PR Y POV
.1:.)'!_)_:6\__19'!_)_&.& by =) d:mu]_)s:m 4 lalas -14-6d\:&a )
S o da O g0

2 ~2
L ot -1, )=0 (184-6)
oxt oy

T(O-J") = Ta:’T(Z;J',_) = Tco
Tr#0)= T T(%L) =Ty (185-6)
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liie Ja
Al i) A 8 (5 dayl 33 5 A dalas (
) e Alina 40 (348 (Saals Aliies ol il

13 i ey
70,99, 10-0 (186-6)
ox? 8y2
{9(0 y)=06(1y)=0 (187-6)
0(x0)=T-T,,.6(x,L) =0 (188-6)
A sal Ja

alee ey s g ) U s (55 L (0T (gl 0 o
Qﬁ.&su dalea &l 525 ) g0 JJ.::‘_,,.A salat d?\.ﬁél_i ODE
P S8y

Y+ [i(x)Y + X0y = f3(x) (189-6)

@W@‘detwﬁjj_md_}cuam;__ﬂﬁ

A 8 5By (Seall) paga s Qa5 (0-5a)

y=yy +yp S5

=S a8l A lobae g2 4 (189) Adalas b5 )2 o
Juola glaciisa )b a g saae H) Dol e Ol ea
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4 ¢(4-6) Ui ildae it dada ol -1 5-640icea o
Do larne 53 3k (500 om Calad iy [ Caaliia
hyil dnia (il 0 agdelan 5 oWk
A Mlfaaaaaly 2 () gL Al
sl Gt W dayl 8 53 1) Asdia o) ggled G s

——1

T, 4 T, &

i JEE) L A dsiua (4-6)084

alie Ja

QﬁT’":U (190-6)

o GSoedal il e
"\T .

kcnf} = hlro) - 7.0 ] (191-6)

— B =lrer) -] (192-6)

A (o o2 (Rl (5 e dag) )5 g Alalee cAlisss () 52 o
'I)d.'lmoll}_\g.aa'l).ﬂh.l _JJ].‘: Jﬁj&MJJL’mUﬁﬂL‘l—A
tw_}‘mjk‘)ﬂ‘ﬂ_\ &J‘)S&ﬂ__gs.ézﬁnJ\_umu‘i__\
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(5-6) S aa gl ol pl e

T.h

X X

Ofar Aliia ) A Ay GRab U Alioie Sy S (5-6) JSa

MS‘)S_)LJJJ}J.L\J]_}ubT}’TZ’TIHQLAJM&JAMHJMngLaJ .
2 i
T(x)=T(x)+Tr(x)+T3(x)

(a5t ot 3 L OSaals Juadl ji Adolaa T, (x)— <l
BV

A
2T, u" , oT(L)
Bem & Baals (g e da it e by ocfen el i Adlae 2 Ty(x) — 2
d°T; oT>(0 0T>( L

50 & (g“_;[?a(w n.] -k 'gi ) _Ty(L)
x—12 W &quﬁLyﬁuao@Mlﬁdam_);T(x) z
qu 1T~ (0 oT5(L

=0 B e kB -]

A0 aga g cFali Alilag Ll dly 48 0 S fookun Uinn dus 4y Alias i i (g
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sl pge i Joa padadl U pea (B 50 1 RA .
Al g () A Al ] se 8 b /Bl g 0 Sl (g2 5e
L;JSHEJ_\JJ}.A_)S ﬂeau‘éudyﬁéalmhw _)14\53_9.:4
SLSE5 alinus ) s A alies by Gl by 050 Jaals alies
Db slac sa g sane (oled Gl g 4S5 ) sl 250
Lo Baals dant ay cBlae g 53 0l )3 ol 02l ool Jal 3o
28 e s i se A Al laal Al 3 3 6a 5

@l il ibiaa gacalla )l Sl (S Faals Jlua o
Ot |y oEals Calina glacilla 8 pan By dlac)
S (SAAILY ) GO geadn

Ofad Jay) pd b Raal Jaaadl i Alolaa -

CBarl Jayf p Uy e Jaeadl i Alataa -

Ohatl Jayl il b R el Jaeadl jisa Alilaa -

Batlodl B Gty A

) 12 Jlie Sy 48 358 e 7 yhae JUie 53 Caansd (Gl 5 0
Ll O R oogms PDE 8V 0 s 59 5 (8 an PDE

od Sl Bl 5 L 15 ) S an PDE -16-64dicsa o

u A8 s
?+§+a=0 (193-6)
8;"‘(0 )=0

o0V = (194-6)
u(L,y)=0

r%(xﬂ) 0 (195-6)
u(x,l)=0
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i s

B 5 el Raals g Jitie cudls sy caleay (193) ddalas
) st U(X,Y) @5 i s bl s Gl 5l Ca (5 jlulaa

u(x,y)=wy(x,y)+o(x) -ala
(196-6)

u(x,y) =y (x,y)+o(y) L
(197-6)

(xy) S8 ol g R 1YL s 5 51 S (55 a
&JJ%‘JGM!@_}MJJEU&ﬁw](p_,llj@lﬁ_;.ﬁ&}au
Gy alidasias @ i s Baia 58 il jin Al
Lila ol 00 a8 3am alives (Raal Chand 0 by «Cad yadia
Ay Py o, e 0Smfdls 5 ds) alla i

:0 -
ol of ol T e deala ) slaalilas ((196) ddtas

S " Skl pd e
I3 (O +5.0=0 (199-6)
W(Ly)+e(L)=0 (200-6)
|5 x0=0 (201-6)

w(xl)+e(x)=0 (202-6)

TR0 D) e (x) ¢ gl s ié)?‘i-"‘ 5 S

v, v _, (203-6)
a’ o

7 om0 (204-6)
ox~
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gladlilas ) ol LSS (BB 505 (5 ) e o) 30 a8 5 (rad 4 e
358 e duala 3 sladlilaa (200) 5 (199)

N (y)=0 (205-5)
g—;pm) =0 (206-6)
y(L,y)=0 (207-6)
o(L)=0 (208-6)

R gooada bl G mty 5 A8 0 (5 265 (201) Aolea
AL ) ety 38 (202) Halas 35 50 LS4 y=0)
) (5aals (55 ye do il 4S 3 58

y(x,l)=-¢(x) (209-6)

93 Sy gaads Ol 55 e daal yS 5 (193) Ualae i 5 ol Ly o
.L.e‘ﬁl.}a'!ﬂ TJJM&MJJUQIASAJJJU.A@SJE&M)&)
isd e o Al8laa 3 A (55 30

&y oy

PP (203-6)
f;_“;m, st (205-6)
w(L,y)=0 (207-6)
Y (x0)=0 (201-6)
v(x,l)=—¢(x) (209-6)

1dg) Aiesa ) il g
L (203) Adatae ol s La e (5 5llan gy Bildas o

i

Wix,y)= ZE” cos(h,x)coshih,y) (2 1 0-6)
n=

- (2n+1)n

AL ASs ) sl
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1t Alicaa 35 o

82(5 +a=0 (204-6)
ox~

%fm ) =0 (206-6)
o(L)=0 (208-6)

DSlee (5 A 38 @x,y) 5 2080 da W e (g Jlalaa L y(x,y) &5 o
D5 e 224 (209) e b o alias 550 (o) 2 sd e (el (Bide
L gl e

1pgd Aliua ) ilsa o

a2 x o] Ll Jlaet b (204) ol sy Aalas ol g o
lP(X)=7 |:1—(E) ] 13 g e

(211-6)

ZEH cosx)coshf.,l) =—a—f{l—(%_)2]l-‘ L ‘U:‘_'-“):') 52 Al e 0 e
0 Jue! O 12 (209) )0 Los

QMo £ (212) Alales o2l Cnald Jlacl Ly o

LZL 3-‘..145“
_a_ J.{.'US(.?\-ﬂx) ]—(i)2 dx
: & ~2a(~1)"
E, = 0 = :
n hyLcosh(h,l) (213-6)

L
cosk(lnﬂ,’)f casz(k”x)dx
0

P(x) 3 w(xy) & g e D) guady yy(x,y) @B Cpl sl o

Al e Sy
N4 A f_‘)

_u (V) af) xp
u(x,y)= Léknwshant)cosk()uny)cos(knx)Jr 5 1 (L)
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OBaals oyl i L Saa AUialas

e da) 38 b (8ar (58 an PDE Sq 2 Jie 32 o

Sl )& L1 1) o8 am PDE -18-64dicea o
A€ s Saals
& + & =0 (223-6)
a2 o2
(u(0y)=9, (224-6)
(L3} =1 (225-6)
u(x0) =0 (226-6)
u(x,l)=04 (227-6)
P N

mxﬂdﬁjﬁlﬁe&gudb\_)y‘_uuu‘y@ ‘IJ‘-\ILML'J:I'I °
slh glalay jpcayh lea o 3 as cud K 5l
é_)_).n.l:.\ﬂ'l_}.&d@.“;u_\] pe _tL\.m'la‘_:ﬁcj'ﬁ_g‘;'ijula
5 aalal Gl 51 ol e e i Raals ali g
gy Ol adly ol b 2 S oaliiul W yaiie (5 jlulas
D) s (X, V) @Udﬁ L;"_)}.bd_: €2 g salgi) Jl.:ﬁ e
Mﬂnﬂqﬁﬁaﬁwﬁsﬁ)ﬁ)a@‘ﬁj%&w
O gyl 2 Lﬁb&hbé)ﬁh).&éhﬂé‘)h
O g ge 9o sd e Ja 4i8lan sl aline ) 8
4l e Gy (6-6)




43

da gy
u(x,y)=ui(x,y)+us(x,y)+uz(x,y)+us(x,y) (228'6)

8,

e, ufx.y) 9_. —

o,

0 -+ 0 -+ 0 + 9,

8, 1y (o) 0 0 walvy) e, ¢ 1 ylvy) 0 L I ET o

0 : 0 ) CR ' 0

(Sean Wsa 15 e 43 (Feabls Al S5 (6-6) S

Duy(x,y) &S G-

-2 2
Ty &y
+

=0

ot @t (229-6)
u (0,y)=86,

Uit = (230-6)
u(x0)=0

_u](_r‘d'):(]

Caga ) g (s P iga )3 (5 pe dadl 0 A da 5L gy () @0 @

u(x,y)= Z E, sinf L,y )fcosh( L, x )—coth( L, L )sinh( h,x}] (231 -6)

n=1
nT
b= ASg shas o
/ J @82 = 5l .
9,!.\'6&( Ay idy 4 Tt
;o — 0 - &
n J’ ni
Is.ﬂ‘rz z(lny Jdy
§]
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P up(xy) &8 G -

v
r')"u2 " 82u2 =

= i (232-6)
ur(0,y) =0
ur(L,y) =0, (233-6)
ur(x0) =0
Uur(x,1)=0

5 g P Ciga )3 (g pe dail ylidgaa gl Haiy,(xy) S e
g e 4l (232) Ualas Ja b il Slad x Siga y0

< 234-6
uz(x,y)zzJP}( sin(Byy)sinh;x) ( )
k=1
_ Sk o
Br =

e =klp e
40,

5 = T el

2

-
07Uy i 0%uy -0

: u3(ny) &_113 C-’f""-'ﬂ =

& g (235-6)
u3(Qy)=0
M:{(L,}") :0
us(x0) =05 (236—6)
uz(x,1)=0

5 s X Crga 0 gl p i asaad by ny) alS e

uyfx,y)= ZGJ' .\'r‘n(‘y}-x );’cu.s‘h(‘f.fy_}—cr)!h(*{jf J.\'mh(‘fj-y ) (237'6)

=l

T 4S5 sk o
L . Yy
33j.x'£n(yj_v)(i\' Ll R =) L_5]-)" ~
3

s O s
Y=z — %
Is.ﬂ'nz( ¥ X Jedx

0]




Puy D uy(x,y) &G O -
P (238-6)

ox 5y2
ug(Qy)=0
ug(L,y)=0
uy(x0) =0
ug(x,1) =04
e I B e O e e
1353 a4 (238) Al da Ly ol el
(240-6)

(239-6)

o0
ug(x,y)= ZH; sin(v;x )sinh(v;y )
i=|

in aSs ypbdy o

]

A8 =jlp e
0
L (im ) sinh(in)

Uy Uy s Uty Uy SBEEE sana :'J‘ u(x,y) & 8 s .
e Sy ) O gt

t 5 %sin(%){cosh(g)sinh(%)-sinh(%)cosh(%)}

T w=1.35..

44, Z %5111(]{?@) sinh(kTm)-F

. HZ} il ){cosh( 7)sinh(==) —sinh(==) cosh(= )]+
%Z'(Tm)“?@) (241-6)
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L 5L 1) ) 038 oan PDE -19-64tius o
i€ Ja Saali 5 e
o°T N 8T 0 (242-6)

ox? E:‘y2

{T(Oy)=f( y)
T(L,y)=T,

(243-6)

oT(x0) _
oy

oT(x,1)
oy

(244-6)
=b[T(x,1)-T,]

Lé‘)Ln.dL.'lA L}:'_BJ )! u‘_gJ‘rAJ i.J_"u'r 29 s_“aj_f.'ug_n 4 15N 4_1;_11_\:; .
do i JUT e sy dlaS LAy 58 o S saliinl s juaia
ey ) ot ey L Seals oy ol Jaih 5 2358 (Rab (55 3

&ngﬁbﬁuﬁjﬂtgﬂbﬁmﬂt . OpeiE —ufzy
Pl ) ) ety paia yuad Aads 008 (Sab a g
0.5 (245-6)
ox~  ay”
00y)=f(y)-Ty (246-6)
O(Ly)=TH-T,
g—?(xﬁ) =q
- (247-6)

00
5().,3)— bB(x,l)
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\)eu J_JL: a‘_,f\.ul_al:)_.::ugpj ._1_1‘,.\.34_1 °

a5 48 b 8 Hai p) il dus g gane ) oty
Lasl 45510 3 g Swali byl by L

0(x,y)=01(x,y)+0(x,y)+03(x,y) (248-6)

01(0.3) + 02(0.y)+ 830y )= f(y) - T, (249-6)
01(L.y)+ 0s(L,y)+03(L,y) =Ty~ T, (250-6)
&1 mz - 693 V)

5 (W S+ (D) =g (251-6)
ﬁ(xjﬁi??:(x,;fﬂ%(x,!)=bOl(xJ)+502(-Y,f)+f703(x,3.).252-6)
ay &y %y

A

IJ B :ﬂaS.ﬁ ‘U.Lm.aﬁ) A u‘ljsg_}-n ‘}”—i (_ﬁ‘.éd.‘\‘.tﬂ L}ul.u'l} '
) Gy ) Oy saads

2 ~2 2 .-}2 .-;2
G ell L0 92, 1 52922 +a-922 " 0 923 0 923 &

ox~ oy ox oy ox oy
0;(Qy)=0 0,(0y)=0 030y)=f(y)-Ty
0,(L,y)=0 $0,(L,y)=0 03(L,y)=0
0 90, 904
—_— = —_— == =0

& (x0)=q % (x0)=0 E (x0)
g(x,!)=b9](x,!_) (Ty(X,U:bez(x,“ ‘a—y(xi)=be3(x:f)

GOl (g4 ) Al ) 8 Ol shiee Slla 0l )2 e
el Ja s yaia
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CSaali Jay) 53 b Raals Aalas

QJJ_md_.tdjic:\JhJ_hth_mi &l (D) gmat) g2
4gh 8 a1 3 Ghaald g Seab gl Lia Ly g0 £ aaa
A 9l Alicia ) A gl Clla adila (ol ) Qg L3 94
5 s 5 (i Ag 393 ORaall (g e Byl i 4
4o Juala gladlalaa Ja lSa) AS ala U 8l e Al
g pusa B piilia g jbeilia (g
Gasa ad JAI3 3 )81 ((21) Aiea 43 JUia jghdy o
T e UL G BIF N S T O
) A B ) e Gl 9 Aiima (g2 g

-

2 90
s
:inmmxjﬁgmqwiﬂddu-
't T u" orT (265-6)

1
PR
1l 21 Aliee aiile 4 gl 5 (55 e dag) i o
6;71 (0y,t)=0
X
I% GT({J.y,U g
cxX

i(x,(lr) =0
ay

or
—k, (olt) =T 14) =T

T(x,y0)=1
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A 0=T-T, JJJ:LAJT_\J:;!'_)'IUA_-}&LMLJ__}'I PLER
ol paa A Talaa 3 (—SHed a5 a0 Q_Smu
b 3 s 5 )b b )0 0 ¢(265)
U 4 pen O gy § S O gua Gl A
A8 5l R 8(y) = 8(x) 5 d(xy) < wxysb)
x_)'l‘_sul_"\u_)j_..a‘\_l 'l_)SGEIA_uJ Pr J}_ﬁa‘__r.o
0(x,2.0) =W(x,2,1)+§(x,7) +8(x) (pSen HAII
(266-6)
A a5 (265) Walae 3 5 IR igla ) s o
Py Fy_loy P, B b
65’2 (':9}- ot 65’2 @/2 ok B
\267'6)

13 58 o S i 550 Il )5 o

X 0y0)+ Ly Lw=0= _% el (268-6)

—ax(()):()
O op ooy
Ee (L,y.t)=0

0., r)+—¢rL y)+—6(L)—qT C_i)(ﬂ,y)=0 (269-6)

Br)=1
oy
—(x0t)=0
oy o 0h, y
5 () + 5 (x0)=0 = o (270-6)
E(JCQ):O
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_k%’(«m,r)—k@(x,L)=fr[w(x,L,U+¢5‘(-“’L)+5(”]:’
5

6}:

J—ka—w(x,L,r)zkgy(x,L,t)
v

l—ka—_ﬁ(x,L)=f:¢(x,L)+h§(x)

e

(271-6)

U Gl Bty a8 55 e da a8 258 e adaadle o
Sl sl SR Y (!)()(,y)

0 OSad e 4l da p5 B adl (g) o Alius 4 gl oyl Jlasl b

To—To =y(x,y0)+¢(x,y)+5(x)
w(x,y0)=-¢(x,y)-6(x)+Ty—-T,

Rl e )l 8
(272-6)

ol s 253 ge Ja (Bl Blee b §(x) a1l a5 ol 4n o
da La e g jlulan LS L y(x,yt) @2 5 9(x,y)
Apdga ATl gl da 35 ) delaie de gene il 5 3 9l 0




