
�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'
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$
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ôø¢ ý�ÆÜ�
.À�÷��¿� �¤ CLRS ��µî 2 ø 1 ÛÊê

http://ce.sharif.edu/~dic-ads :�ûÝµþ¤�Úó� ø �û¤�µ¡�¨ù¢�¢ ý�õ�÷ù¦�ø

ü¨Àì ÀÞ½õ 1 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'

&

$

%

�ûÝµþ¤�Úó� Û�Ü½� ý�û©ø¤

:´¨� Âþ¥ �Âª �� �ûÝµþ¤�Úó� Û�Ü½� ý�ûéÀû

üêÂÊõ ý�Ñê�� ¤�ÀÖõ ø �Â�� ö�õ¥ ÂÑ÷ ¥� ,ý¥�¨ù¢��� ¥� Û±ì Ýµþ¤�Úó� ¤�µê¤ ü¨¤Â� •

üþ�¤�î ÂÑ÷ ¥� �ûÝµþ¤�Úó� ý�Æþ�Öõ •

ü¨Àì ÀÞ½õ 2 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'
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�ûÝµþ¤�Úó� ý�Â�� ö�õ¥

:À÷Â��õ �õ�÷Â� ×þ ý�Â�� ö�õ¥ ¤¢ Âþ¥ Ûõ��ä

¤�Ãê� ´¿¨ ´äÂ¨ .1

ÂÜþ�³õ�î á�÷ .2

�ÜÿÆõ ý¢ø¤ø ýù¢�¢ ýù¥�À÷� .3

ý¢ø¤ø ý�ûù¢�¢ °�îÂ� .4

Ýµþ¤�Úó� üðÀ�»�� .5

À÷¤�¢ �Â�� ö�õ¥ ¤¢ ´��� Â���� �î ÂÚþ¢ ý�ûÂµõ�¤�� .6

ü¨Àì ÀÞ½õ 3 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'
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%

�ÜÿÆõ ý¢ø¤ø ýù¥�À÷� n ,T (n) :Ýµþ¤�Úó� ý�Â�� ö�õ¥
:����

:Ý�ª�� �µª�¢ ý¢ø¤ø ýù¢�¢ À�� ´¨� ßØÞõ •
T (n,m) ,m =�ûñ�þ ¢�Àã� ,n =�û§�¤ ¢�Àã� ,é�Âð ×þ •

(abstraction) á�Ãµ÷� ,Âµõ�¤�� À�� •

ü¨Àì ÀÞ½õ 4 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢



�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'

&

$

%

(Insertion-Sort) ü�¤¢ ¥�¨°�Âõ :ñ�·õ

1 i j

key

sorted

A

n

ü¨Àì ÀÞ½õ 5 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'
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Insertion-Sort(A,n)
. A: (the array to sort)
. n: (size of array)

1 for k ← 2 to n

2 do key ← A[k]
3 i ← k − 1
4 while i > 0 and A[i] > key

5 do A[i + 1] ← A[i]
6 i ← i− 1
7 A[i + 1] ← key

ü¨Àì ÀÞ½õ 6 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'
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ü¨Àì ÀÞ½õ 7 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'
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ÂÎ¨ ��þÃû ¢�Àã�

1 c1 n

2 c2 n− 1

3 c3 n− 1

4 c4

n∑

k=2

tk

5 c5

n∑

k=2

(tk − 1)

6 c6

n∑

k=2

(tk − 1)

7 c7 n− 1

ü¨Àì ÀÞ½õ 8 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢



�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'
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T (n) = c1n + (c2 + c3 + c7)(n− 1) + c4

n∑

k=2

tk +

(c5 + c6)
n∑

k=2

(tk − 1)

= An + B
n∑

k=2

tk + C

ü¨Àì ÀÞ½õ 9 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'
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´ó�� ßþÂ�À�

:(worst-case) ´ó�� ßþÂ�À� ¤¢

.Àª�� ùÀª °�Âõ ÅØäÂ� �þ�¤� �î ´¨� ü÷�õ¥ ßþ� ø ´¨� k Â��Â� tk ¤�ÀÖõ Â·î�À�

T (n) = An + B
n∑

k=2
tk + C

= An + B
(n + 1)(n + 2)

2
+ C

= an2 + bn + c

ü¨Àì ÀÞ½õ 10 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'
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´ó�� ßþÂ���

ø tk = 1 Ýþ¤�¢ ´ó�� ßþ� ¤¢ .Àª�� °�Âõ Û±ì ¥� �þ�¤� :(best-case) ´ó�� ßþÂ���

T (n) = An + B(n− 1) + C

.¢¤�¢ �ø�Ô� ´¨� ø¢ ��¤¢ �î ´ó�� ßþÂ�À� �� ø ´¨� üÎ¡ n °Æ� Â� �î

.¢�ªüõ �ÂÎõ (average-case) Í¨�µõ ´ó�� ßµê�þ ý�ÜÿÆõ Å�

ü¨Àì ÀÞ½õ 11 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'
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Í¨�µõ ´ó��

.´¨� ù¢�¢ üê¢�Ê� �¤�¬ �� ý¢ø¤ø ýù¢�¢

(1n!) À÷¤�¢ Â��Â� ñ�Þµ�� ,ý¢ø¤ø ý�ûù¢�¢ ÓÜµ¿õ ý�û´ó�� ý�Þû �î ¢�ªüõ Âê

�� ´¨� Â��Â� ë�ê ñ�·õ ¢¤�õ ¤¢ Í¨�µõ ´ó��

T (n) = An + C +

1

n!
n!∑

i=1

n∑

k=2

Btk,i

1

n!
n!∑

i=1

tk,i = tk.

ü¨Àì ÀÞ½õ 12 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢



�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'

&

$

%

ü�ãþ

T (n) = An + C + B
n∑

k=2

tk.

T (n) = An + C + B
n∑

k=2

tk

tk = k − i + 1⇐= .(1 ≤ i ≤ k) ¢Â�Ú� �� ö� ¤¢ Àþ�� �Ìä �î �¤ ü÷�Øõ :i

tk =
k∑

i=1
1

k
(k − i + 1)

=

1

k
× k(k + 1)

2

=
k + 1

2

ü¨Àì ÀÞ½õ 13 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'
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T (n) = An + C + B
n∑

k=2

k + 1
2

= an2 + bn + c

.´¨� ö�ÆØþ ´ó�� ßþÂ�À� ø Í¨�µõ ´ó�� ¤�µê¤ Å�

ü¨Àì ÀÞ½õ 14 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'
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�ûÝµþ¤�Úó� �±�Âõ

(complexity of algorithms) �ûÝµþ¤�Úó� üðÀ�»��

ß�ª�õ ý�Â� ´±Æ÷ ù¥�À÷�Â·î�À� ýù¥�À÷� Â·î�À�

Â��Â� 1000 ´±Æ÷ 10 ß�ª�õ ý�Â� Û� Û��ì ,�ÜÿÆõ O(.) T (n) Ýµþ¤�Úó�

Â�âþÂ¨ Â�âþÂ¨ Â��Â� ��÷�� 1000 ¤¢

1000 10 100 10 O(n) 100n A1

31*94 3*2 45 14 O(n2) 5n2 A2

125*99 2*3 27 12 O(n3) n3/2 A3

2 1*3 13 10 O(2n) 2n A4

ü¨Àì ÀÞ½õ 15 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'
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66

-

5 10 15 20

1000

2000

3000

T (n)

n

2n n3
2 5n2

100n

.�ÜÿÆõ ×þ ý�Â� Ýµþ¤�Úó� ¤�ú� ý�Â�� ý�ûö�õ¥

ü¨Àì ÀÞ½õ 16 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢



�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'
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(growth functions) Àª¤ ý�ûâ���

Ω ø Θ ,O ¢�Þ÷ �¨

Ý�þ�ðüõ

n2 Õ�ì¢ ý�±�Âõ ¥� ü�ãþ T (n) = Θ(n2) ,ü�¤¢ ¥�¨°�Âõ Ýµþ¤�Úó� ´ó�� ßþÂ�À� •

.´¨� .´¨� Θ(n2) Ã�÷ Í¨�µõ ´ó�� ¤¢ .´¨�

.´¨� n log n ý�±�Âõ ¥� �þ O(n log n) ¥� (heap sort) ²�û ¥�¨°�Âõ Ýµþ¤�Úó� •

.À�µÆû Ω(n log n) ý�±�Âõ ¥� ,�Æþ�Öõ Â� ü�µ±õ ¥�¨°�Âõ ý�ûÝµþ¤�Úó� ý��Üî •

ü¨Àì ÀÞ½õ 17 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'
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ÓþÂã�

Θ(g(n)) = {f(n) : ∃c1, c2 > 0 and n0 such that

∀n ≥ n0, 0 ≤ c1g(n) ≤ f(n) ≤ c2g(n)}

ý��¤¢ n ï¤Ã� Âþ¢�Öõ ý�Â� �î ´¨� ü�ãõ ßþ� �� c1g(n) ≤ f(n) ≤ c2g(n) �¤�±ä

.´¨� ö�ÆØþ g ø f Àª¤

ü¨Àì ÀÞ½õ 18 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'
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Θ O Ω
c1g(n)
f(n)

c2g(n)

f(n) = Θ(g(n))

f(n)

cg(n)

f(n) = O(g(n))

f(n)
cg(n)

f(n) = Ω(g(n))

.Àª¤ ý�ûü�½�õ

ü¨Àì ÀÞ½õ 19 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'

&

$

%

f(n) ∈ Θ(g(n))

(asymptotically tight bound) ü±÷�¹õ ý�µÆ� ý��� ö�Âî g(n) â��� �î Ý�þ�ðüõ ø

.´¨� f(n) ý�Â�

Â�ù¢�¨ ÛØª��

f(n) = Θ(g(n))

ü¨Àì ÀÞ½õ 20 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢



�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'

&

$

%

üµ±·õ Âþ¢�Öõ ö���üõ �Âþ¥ .T (n) = Θ(n2) ,�¤¢ Â� ü�µ±õ ¥�¨°�Âõ Ýµþ¤�Úó� ¢¤�õ ¤¢

�î ´ê�þ ý¤�Ï �¤ c2 ø c1 ý�Â�

c1n

2 ≤ an2 + bn + c ≤ c2n

2

.100n2 + 5n− 4 = Θ(n2) �î À��î ´��� :�ÜÿÆõ

ü¨Àì ÀÞ½õ 21 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'
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.100n2 + 5n− 4 = Θ(n2) �î À��î ´���
:Û�

Ý þ¤�¢ n > 1 Â þ¢� Ö õ ý� Þ û ý�Â � ,c2 = 200 ø c1 = 1 Â ð� � î ´ ¨� ß ªø¤

.c1n2 ≤ 100n2 + 5n− 4 ≤ c2n

2

ü¨Àì ÀÞ½õ 22 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'

&
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%

.100n2 + 5n− 4 6= Θ(n3) �î À�û¢ ö�È÷ :�ÜÿÆõ
:Û�

�î ¢�ªüÞ÷ �À�� n0 ý�Â� ¤�ÀÖõ ×þ ø c2 ø c1 ý�Â� ´±·õ Âþ¢�Öõ º�û �î Ý�û¢ ö�È÷ Àþ��

.Àª�� ¤�ÂìÂ� n > n0 Âþ¢�Öõ ý�Þû ý�Â� c1n3 ≤ 100n2 + 5n− 4 ≤ c2n

3 ý�Î��¤

.c1n3 6≤ 100n2+5n−4 Ýþ¤�¢ ï¤Ã� ý�ûn ý�Â� ø c1 > 0 ¤�ÀÖõ Âû ý�¥��� ��®ø��

ü¨Àì ÀÞ½õ 23 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'
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,´¨� Ç÷��� ßþÂ�ï¤Ã� �� ý�ÜÞ� Õ�ì¢ ý�±�Âõ ¥� ý��ÜÞ�À�� Âû �î ¢Âî ´��� ö���üõ
ü�ãþ

akn
k + ak−1n

k−1 + · · · = Θ(nk)

ü¨Àì ÀÞ½õ 24 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢



�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'
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:Ýþ¤�¢ ü�¤¢ ¥�¨°�Âõ ¢¤�õ ¤¢

T (n) = Θ(n2)

= Θ(100n2)

6= Θ(n3)

6= Θ(n2 log n)

6= Θ(n log n)

�À�� �¤ c2 ø c1 ý�û´��� ö���üÞ÷ �î ¢�¢ ö�È÷ ö���üõ T (n) 6= Θ(n lg n) ��±�� ý�Â�

:Ý�ª���µª�¢ n > n0 ý�Â� �î ¢Âî

c1n lg n ≤ n2 ≤ c2n lg n

ü¨Àì ÀÞ½õ 25 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'

&

$

%

O ¢�Þ÷

:Ý��îüõ ÓþÂã� Âþ¥ â���� ý�ä�Þ¹õ ÛØª �� �¤ O(g(n)) ,ùÀªù¢�¢ g(n) ý�Â�

O(g(n)) = {f(n) : ∃c > 0 and n0 such that ∀n ≥ n0 0 ≤ f(n) ≤ cg(n)}

.´¨� f(n) ý�Â� (asymptotically upper bound) ü±÷�¹õ ý��� ö�Âî g(n)

ü¨Àì ÀÞ½õ 26 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'
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%

Θ O Ω
c1g(n)
f(n)

c2g(n)

f(n) = Θ(g(n))

f(n)

cg(n)

f(n) = O(g(n))

f(n)
cg(n)

f(n) = Ω(g(n))

.Àª¤ ý�ûü�½�õ

ü¨Àì ÀÞ½õ 27 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'

&
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%

Ýþ¤�¢ ,ü�¤¢ ¥�¨°�Âõ ¢¤�õ ¤¢ �f ·õ

T (n) = Θ(n2) = O(n2)

= O(100n2)

= O(n3)

= O(n2 lg n)

6= O(n lg n)

6= O(n).

ü¨Àì ÀÞ½õ 28 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢



�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'

&
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%

´ú� ß�Þû�� .´Æ�÷ À�Ôõ ö�À�� á�Ï� ßþ� üóø ,´¨� O(n100) ¥� �ÜÿÆõ ´Ôð ö���üõ

ö�Øõ� À� �� �¤ O Ãµ÷�Â� Û¡�¢ â��� Àþ�� ,´¨� ÛØÈõ Θ ý�±¨�½õ �î üþ�û´ó�� ¤¢

.Àª�� Â�×��î

.Θ(g(n)) ⊆ O(g(n)) �î ´¨� ßªø¤ ÓþÂã� §�¨�Â� :�µØ÷

ü¨Àì ÀÞ½õ 29 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'

&
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%

Ω ¢�Þ÷

:Ý��îüõ ÓþÂã� Âþ¥ â���� ý�ä�Þ¹õ ÛØª�� �¤ Ω(g(n)) ,ùÀªù¢�¢ g(n) ý�Â�

Ω(g(n)) = {f(n) : ∃c > 0 and n0such that ∀n ≥ n0 0 ≤ cg(n) ≤ f(n)}

f(n) ý�Â� (asymptotically lower bound) ü±÷�¹õ ß�þ� � ö�Âî g(n) ,�¤�¬ ßþ� ¤¢
.´¨�

ü¨Àì ÀÞ½õ 30 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'
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%

Ýþ¤�¢ ü�¤¢ ¥�¨°�Âõ ý�Â� �f ·õ

T (n) = Ω(n log n)

= Ω(n)

= Ω(n2)

6= Ω(n2 log n)

.¢ø¤üõ ¤�î�� ÂÚþ¢ â��� ×þ ß�þ�� À� ö¢�¢ ö�È÷ ý�Â� Ω ¢�Þ÷ ÛÞä ¤¢

ü¨Àì ÀÞ½õ 31 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'

&

$

%

Θ O Ω
c1g(n)
f(n)

c2g(n)

f(n) = Θ(g(n))

f(n)

cg(n)

f(n) = O(g(n))

f(n)
cg(n)

f(n) = Ω(g(n))

.Àª¤ ý�ûü�½�õ

ü¨Àì ÀÞ½õ 32 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢



�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'
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%

ü�ãþ ´¨� Ω ø O ÓÎä âì�ø ¤¢ Θ â���

f(n) = Θ(g(n))⇔ f(n) = O(g(n)) ∧ f(n) = Ω(g(n))

ü¨Àì ÀÞ½õ 33 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'

&

$

%

ø f(n) = O(g(n) � î ´ ¨� ö� f(n) = Θ(g(n) ý�Â � ü ê� î ø ô¥� ¯Â ª :� � Ì ì

.f(n) = Ω(g(n)

ü¨Àì ÀÞ½õ 34 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'

&

$

%

w ø o ý�û¢�Þ÷

o(g(n)) = {f(n)| for any positive constant c > 0,

∃n0 > 0, s.t.∀n > n0 : 0 ≤ f(n) < cg(n)}

Â��Â� cg(n) �� À÷���üÞ÷ f(n) ÂÚþ¢ �î �ø�Ô� ßþ��� ¢¤�¢ O �� ý¢�þ¥ üØþ¢Ã÷ �Î��¤ ßþ�

.Àª�� Â�×��î �fõ�Ãó� Àþ�� ø Àª��

. lim
n→∞

f(n)
g(n)

= 0 :Ýþ¤�¢ ,f(n) = o(g(n)) Âð� :�µØ÷

ü¨Àì ÀÞ½õ 35 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'

&

$

%

ω(g(n)) = {g(n)| for any positive constant c > 0, ∃n0 > 0,

such that 0 ≤ cg(n) < F (n)}

.´¨� O �� o Û·õ Ω �� ω ý�Î��¤

ü¨Àì ÀÞ½õ 36 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢
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.g(n) = ω(f(n)) Âð� ÍÖê ø Âð� f(n) = o(g(n)) :�µØ÷

. lim
n→∞

f(n)
g(n)

=∞ :Ýþ¤�¢ ,f(n) = ω(g(n)) Âð� :�µØ÷

. n2/2 6= ω(n2) üóø n2/2 = ω(n) �f ·õ

ü¨Àì ÀÞ½õ 37 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢
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¥� Õ�ì¢�÷ À��Âû) Âþ¥ ý�û�¤�±ä ¤¢ �¤ Àþ�üõ ´¨¢�� ë�ê ý�ûÓþÂã� ¥� �î ý��¹�µ÷

:Ý��îüõ �¬�¡ (ü®�þ¤ ÂÑ÷

,Àª�� ¢�þ¥ ý¢ø¤ø ýù¥�À÷� ý�Â� g Àª¤ ý��¤¢ G ø f Àª¤ ý��¤¢ F Âð�

f = Θ(g) ⇐⇒ F = G

f = O(g) ⇐⇒ F ≤ G

f = o(g) ⇐⇒ F < G

f = Ω(g) ⇐⇒ F ≥ G

f = ω(g) ⇐⇒ F > G

ü¨Àì ÀÞ½õ 38 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢
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Àª¤ ý�ûâ��� «��¡

ý¤�Áð�Â� ´�¬�¡

.f(n) = Θ(h(n)) �î ¢�ªüõ �¹�µ÷ g(n) = Θ(h(n)) ø f(n) = Θ(g(n)) ¥� (1

.f(n) = O(h(n)) �î ¢�ªüõ �¹�µ÷ g(n) = O(h(n)) ø f(n) = O(g(n)) ¥� (2

.f(n) = Ω(h(n)) �î ¢�ªüõ �¹�µ÷ g(n) = Ω(h(n)) ø f(n) = Ω(g(n)) ¥� (3

.f(n) = o(h(n)) �î ¢�ªüõ �¹�µ÷ g(n) = o(h(n)) ø f(n) = o(g(n)) ¥� (4

.f(n) = ω(h(n)) �î ¢�ªüõ �¹�µ÷ g(n) = ω(h(n)) ø f(n) = ω(g(n)) ¥� (5

ü¨Àì ÀÞ½õ 39 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢
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ü¨�Øã÷� ´�¬�¡

.f(n) = Θ(f(n)) (1

.f(n) = O(f(n)) (2

.f(n) = Ω(f(n)) (3

ü¨Àì ÀÞ½õ 40 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢
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ö¤�Ö� ´�¬�¡

.g(n) = Θ(f(n)) Âð� ÍÖê ø Âð� f(n) = Θ(g(n))

ü¨Àì ÀÞ½õ 41 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢
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üþ������ ö¤�Ö� ´�¬�¡

.g(n) = Ω(f(n)) �î ´¨� ö� f(n) = O(g(n)) ý�Â� üê�î ø ô¥� ¯Âª (1

.g(n) = ω(f(n)) �î ´¨� ö� f(n) = o(g(n)) ý�Â� üê�î ø ô¥� ¯Âª (2

ü¨Àì ÀÞ½õ 42 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢
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!À��î Û� ��ß�Þû :ßþÂÞ�

?´¨� f(n) + g(n) = Θ(min(f(n), g(n)) �þ� (1

?´¨� f(n) = Θ(f(n)/2) �þ� (2

?f(n) + o(f(n)) = Θ(f(n) �þ� (3

ü¨Àì ÀÞ½õ 43 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢
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�ûÝµþ¤�Úó� Û�Ü½� ý�û©ø¤
ü±��Â� ý�ûÝµþ¤�Úó�

Θ(1)⇐ (Statement) ù¢�¨ �¤�±ä üµ��� ¢�Àã� �þ ×þ •

ü¨Àì ÀÞ½õ 44 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢
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:´¨� Âþ¥ �¤�¬�� �î �õ�÷Â��Ø� ×þ ý�Â�� ö�õ¥ T (n) •

ý�Â�� ý�ûö�õ¥ �� �õ�÷Â��Ø� À�� /

T1(n) = O(f1(n))

T2(n) = O(f2(n))

. . .

Tk(n) = O(fk(n))

T (n) =
k∑

i=1

Ti(n) = O(max

1≤i≤k
(fi(n))

ü¨Àì ÀÞ½õ 45 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢
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S(n) = O(f(n)) ý�Â�� ö�õ¥ �� ý��õ�÷Â��Ø� ¤�� g(n) ¤�ÂØ� /

T (n) = g(n)S(n) = O(g(n)f(n))

T1(n) = O(f1(n)) ý�ûö�õ¥ °��Â� �� ö� else ø then ý�û´ÞÆì ø Àª�� if ¤�µ¡�¨ /

T2(n) = O(f2(n)) ø

T (n) = max{T1(n), T2(n)} = O(max{f1(n), f2(n)})

ü¨Àì ÀÞ½õ 46 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢
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ü��±� ¥�¨°�Âõ :ñ�·õ

Bubble-Sort(A)
1 for i ← 1 to length[A]− 1
2 do for j ← length[A] downto i + 1
3 do if A[j] > A[j − 1]
4 then Swap (a[j], A[j − 1] )

ü¨Àì ÀÞ½õ 47 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'
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ü��±� ¥�¨°�Âõ :ñ�·õ

Bubble-Sort(A)
1 for i ← 1 to length[A]− 1
2 do for j ← length[A] downto i + 1
3 do if A[j] > A[j − 1]
4 then Swap (a[j], A[j − 1] )

T (n) =
n−1∑

i=1

n∑

i+1

O(1)

=
n−1∑

i=1

c(n− i)

= c[n(n− 1)− n(n− 1)

2

] = c
n(n− 1)

2

= O(n2)

ü¨Àì ÀÞ½õ 48 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢
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!À��î Û� ��ß�Þû :ßþÂÞ�

:À��î �±¨�½õ �¤ Âþ¥ ý�ûÝµþ¤�Úó� ý�Â�� ö�õ¥

Mystry(n)
1 for i ← 1 to n− 1
2 do for j ← i + 1 to n

3 do for k ← 1 to j

4 do some O(1) statements

ü¨Àì ÀÞ½õ 49 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'
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VeryOdd(n)
1 for i ← 1 to n

2 do if odd(i)
3 then for j ← 1 to n

4 do x← x + 1
5 for k ← 1 to i

6 do y ← y + 1

ü¨Àì ÀÞ½õ 50 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'
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üµÈð¥�� ý�ûÝµþ¤�Úó�

ý�÷�û ý�û�Â� :ñ�·õ

31 2

ü¨Àì ÀÞ½õ 51 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'
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Tower-of-Honoi(n, f, t, h)
. moving n coins from leg f to leg t with the help of leg h

1 if n = 1
2 then Move the coin from leg f to leg t

3 else Tower-of-Honoi(n − 1, f, h, t)
4 Move the coin from leg f to leg t

5 Tower-of-Honoi(n− 1, h, t, f)

ü¨Àì ÀÞ½õ 52 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢
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�ãÀ�¢ �Âî´û�

T (n) =




1, n = 1

T (n− 1) + 1+ T (n− 1) n > 1

(Recurrence Relation) üµÈð¥�� ý�Î��¤ ×þ

ü¨Àì ÀÞ½õ 53 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢
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ü±��Â� Û�ù�¤

2

1

3

ü¨Àì ÀÞ½õ 54 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢
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ßþÂÞ�

,Àª�±÷ 1 �� 2 ¥� �þ ø 2 �� 1 ý�Ü�õ ¥� �û�Ø¨ ñ�Öµ÷� ö�Øõ� ý�÷�û �Â� ý�ÜÿÆõ ¤¢ Âð�

?´¨� ¤Àì�� 2 �� 1 �Ü�õ ¥� �Ø¨ n ñ�Öµ÷� ¢�Àã� ßþÂ�Ýî

ü¨Àì ÀÞ½õ 55 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'

&

$

%

Û�

T12(n) =




2, n = 1

T12(n− 1) + 1+ T21(n− 1) + 1+ T12(n− 1) n > 1

T12 = T21 Ý�÷�¢üõ

?¤�Ï�� ÝþÂ±� 3 �� 1 ¥� Ý�û��¿� Âð�

ü¨Àì ÀÞ½õ 56 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢
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Û�

T13(n) =




1, n = 1

T12(n− 1) + 1+ T23(n− 1) n > 1

T23 = T13 Ý�÷�¢üõ

ü¨Àì ÀÞ½õ 57 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢
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ÂÚþ¢ ý�ûßþÂÞ�

2 ø 1 ý�û�Ü � õ ¤¢ °� �Â �� � �ø¥ ø ¢Âê ýù¤�Þª � � ý�û�Ø¨ ,ý�÷�û �Â � ¤¢ Âð� (1

.Ý �û¢ ¤�Â ì 3 ý�Ü � õ ¤¢ �¤ �û�Ø¨ ý�Þû Ý�û��¡üõ �û´îÂ� Ûì�À� � � ,À �ª� �

?¢�¢ ô�¹÷� ¢�ªüõ �¤ ¤�î ßþ� �÷�ð��

ø 2 ý�Ü�õ ¤¢ �Ø¨ n2 ,1 ý�Ü � õ ¤¢ �Ø¨ n1 �À µ �� ¤¢ Âð� �¤ ý�÷�û �Â� ý�Ü ÿÆõ (2

¤¢ �û�Ø¨ ý�Þû �úµ÷� ¤¢ �î ý¤�Ï�� À��î Û� �¤ Àª�� ô�¨ ý�Ü�õ ¤¢ �Ø¨ n ý��Ö�

.Àþ¤ø� ´¨¢�� �¤ ���ú� ý�û´îÂ� ¢�Àã� .À÷Â�ð ¤�Âì ô�¨ ý�Ü�õ

ü¨Àì ÀÞ½õ 58 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'
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üõ�è¢� ý¥�¨°�Âõ :ñ�·õ

Merge-Sort(A, p, r)
. A: the array to sort
. p: starting index
. r: ending index

1 if p < r

2 then q ← bp+r
2 c

3 Merge-Sort(A, p, q)
4 Merge-Sort(A, q + 1, r)
5 Merge (A, p, q, r)

ü¨Àì ÀÞ½õ 59 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'
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ñ�·õ :°�Âõ ý�þ�¤� ø¢ ô�è¢�

ü¨Àì ÀÞ½õ 60 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢
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Merge(A, B)
1 n← length[A]; m← length[B]
2 i← 1; j ← 1; k ← 0
3 while i ≤ n or j ≤ m

4 do k ← k + 1
5 if j > m or ((i ≤ n) and (A[i] ≤ B[j]))
6 then C[k]← A[i]
7 i← i + 1
8 else C[k]← B[j]
9 j ← j + 1

10 length[C]← n + m

11 return C

n + m− 1 = �È�Þû Â¬��ä ý�û�Æþ�Öõ ¢�Àã�

ü¨Àì ÀÞ½õ 61 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢
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Merge(A, B)
1 n← length[A]; m← length[B]
2 A[n + 1]← ∞; B[m + 1]← ∞
3 i← 1; j ← 1
4 for k ← 1 to n + m

5 do if A[i] < B[j]
6 then C[k]← A[i]
7 i← i + 1
8 else C[k]← B[j]
9 j ← j + 1

10 length[C]← n + m

11 return C

ü¨Àì ÀÞ½õ 62 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢
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&

$

%

O(m + n) ý�Ìê ø O(m + n) ö�õ¥ ¤¢ n ø m ý�ûñ�Ï �� °�Âõ ´Æ�ó ø¢ ô�è¢�

.À�îüõ ù¢�Ôµ¨� O(1) üê�®� ý�Ìê ¥� (in-place merging)��¤¢ ô�è¢�

?´¨��¤¢ üõ�è¢� ý¥�¨°�Âõ �þ�

ü¨Àì ÀÞ½õ 63 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢
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&

$

%

üõ�è¢� ý¥�¨°�Âõ

�ÂÖµ¨� �� Ýµþ¤�Úó� üµ¨¤¢ ��±��

T (n) =




1 n = 2

T (bn/2c) + T (dn/2e) + cn n > 2

T (n) = Θ(n log n)

ü¨Àì ÀÞ½õ 64 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢
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üµÈð¥�� ý�û�Î��¤ Û� ý�û©ø¤

�ÂÖµ¨� ø ��¡ §À� :�ÂÖµ¨� ø §À� (1

¼þÂ¬ ¤�Ï�� ���� ö¢¤ø� ´¨¢�� ø ñ�õÂê ö¢Âî¥�� :ý¤�Áðý�� �� ¤�ÂØ� (2

üÜ¬� ý��Ìì (3

ßÚÞû�÷ ø ßÚÞû üµÈð¥�� ý�û�Î��¤ Û� ý�û©ø¤ (4

Àó�õ â��� À�÷�õ ÂÚþ¢ ý�û©ø¤ (5

ü¨Àì ÀÞ½õ 65 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢
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ñ�·õ :�ÂÖµ¨� ø §À�

T (n) = 2T (bn

2

c) + n

T (2) = T (1) = O(1)

ü¨Àì ÀÞ½õ 66 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢
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ñ�·õ :�ÂÖµ¨� ø §À�

T (n) = 2T (bn

2

c) + n

T (2) = T (1) = O(1)

(T (n) = O(n lg n) �î Ý��î ��±�� �îßþ� ý�Â�) :§À�

C ´±·õ ¢Àä ×þ ý�Â� T (n) ≤ Cn lg n

ü¨Àì ÀÞ½õ 67 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'
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ñ�·õ :�ÂÖµ¨� ø §À�

T (n) = 2T (bn

2

c) + n

T (2) = T (1) = O(1)

:�ÂÖµ¨� ý�þ��

n = 2⇒ T (2) ≤ 2C ⇒ C ≥ T (2)

2

> 0

T (k) ≤ Ck lg k Ý��îüõ Âê k < n ý�Â� :�ÂÖµ¨� Âê

ü¨Àì ÀÞ½õ 68 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢
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.T (n) ≤ Cn lg n :Ý��î ´��� Àþ�� :�ÂÖµ¨� ÝØ�

T (n) ≤ 2Cbn

2

c lgbn

2

c+ n
≤ Cn lg n

2

+ n
= Cn lg n− Cn + n
≤ Cn lg n

.¢�ªüõ ��±�� ÝØ� C ≥ 1 Âð�

ü¨Àì ÀÞ½õ 69 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢
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T(n) = Θ(n lg n) ��±��

.(r ´±·õ ¤�ÀÖõ ×þ ý�Â�) T (n) ≥ rn lg n �î Ý��î ��±�� Àþ�� ¤�îßþ� ý�Â�

:�ÂÖµ¨� ý�þ��

n = 2⇒ T (2) ≥ 2r ⇒ r ≤ T (2)

2

T (k) ≥ rk lg k Ý��îüõ Âê k < n ý�Â� :�ÂÖµ¨� Âê

T (n) ≤ rn log2 n :Ý��î ´��� Àþ�� :�ÂÖµ¨� ÝØ�

ü¨Àì ÀÞ½õ 70 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'
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T (n) ≥ 2rbn

2

c lgbn

2

c+ n
≥ 2r(n

2

− 1) lg n

2

+ n
= rn lg n− rn− 2r lg n

2

+ n
= rn lg n + n− r(n + 2 lg n

2

)
≥ rn lg n

.¢�ªüõ ��±�� ÝØ� r ≤ 1
2

Âð�

n− r(n + 2 lg n

2

) = n− lg n

2

> 0 Ýþ¤�¢ r = 1
2

ý�Â�

ü¨Àì ÀÞ½õ 71 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'
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üõ�è¢� ý¥�¨°�Âõ :ñ�·õ

T (2) = a

T (n) = 2T (
n

2

) + bn

ü¨Àì ÀÞ½õ 72 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢
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üõ�è¢� ý¥�¨°�Âõ :ñ�·õ

T (1) = T (2) = a

T (n) = 2T (
n

2

) + bn

T (n) ≤ cn log n⇒ T (n) = O(n log n) :§À� (1

T (2) = a ≤ 2c :�þ�� (2

ü¨Àì ÀÞ½õ 73 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'

&

$

%

T (n/2) <= cn

2

log n

2

,Ýþ¤�¢ n

2

ý�Â� :�ÂÖµ¨� Âê (3

T (n) ≤ 2c
n

2

log
n

2

+ bn

= cn log n + (b− c)n ≤ cn log n

≤ cn log n, if b− c ≤ 0 and c ≥ b, c ≥ a/2

Ýû T (n) = Ω(n lg n) �î Ý��î ��±�� Àþ�� T (n) = Θ(n lg n) Ý��î ��±�� �î ßþ� ý�Â�

.´Æû

,Ý þ¤�¢ ï¤Ã � ý� û n ý�Â � � î ´ Æ û c × þ � î Ý � � î �� ± �� À þ� � ¤� î ß þ� ý�Â �

T (n) ≥ cn lg n
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T (2) = 2 ≥ 2c :�þ��

:ÝØ� ø Âê

T (n) ≥ 2c
n

2

log
n

2

+ bn

= cn log n + (b− c)n ≤ cn log n

≥ cn log n, if b− c ≥ 0 and c ≤ a/2

?Ý��î ¤�Ø� n ù��¿ó¢ ¢Àä Âû ý�Â�

.´¨� T (2k) ý�±�Âõ ö�Þû T (n) ý�±�Âõ �î ¢Âî ��±�� ö��� üõ 2k ≤ n < 2k+1
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ù�±µª� §À�É�¿È�

T (n) = T (bn

2

c) + T (dn

2

e) + 1
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ù�±µª� §À�É�¿È�

T (n) = T (bn

2

c) + T (dn

2

e) + 1

.T (n) ≤ Cn Ý��î ´��� Àþ�� .T (n) = O(n) :§À�
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ù�±µª� §À�É�¿È�

T (n) = T (bn

2

c) + T (dn

2

e) + 1

.T (n) ≤ Cn Ý��î ´��� Àþ�� .T (n) = O(n) :§À�

T (n) ≤ Cbn

2

c+ Cdn

2

e+ 1 = Cn + 1 ≥ Cn

!ù�±µª�
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.T (n) ≤ Cn + B :ÂÚþ¢§À�

T (n) ≤ Cbn

2

c+ Cdn

2

e+ 2B + 1 = Cn + 2B + 1 ≤ Cn + B ⇒ B < 0
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ÂÚþ¢ ñ�·õ

T (n) = 2T (bn

2

c) + n
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ÂÚþ¢ ñ�·õ

T (n) = 2T (bn

2

c) + n

T (n) ≤ Cn :§À�

ü¨Àì ÀÞ½õ 81 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'

&

$

%
ÂÚþ¢ ñ�·õ

T (n) = 2T (bn

2

c) + n

T (n) ≤ Cn :§À�

T (n) ≤ 2Cbn

2

c+ n ≤ Cn + n = (C + 1)n ≥ Cn

!ù�±µª�
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T (n) ≤ Cn log n + B :ÀþÀ� §À�

?´¨� ´¨¤¢
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ñ�·õ

T (n) = 2T (
√

n) + log2 n
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ñ�·õ

T (n) = 2T (
√

n) + log2 n

.T (2m) = 2T (2

m

2 ) + m⇐ m = log2 n :ÀþÀ� Â�çµõ

S(m) = 2S(
m

2

) + m
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ñ�·õ

T (n) = 2T (
√

n) + log2 n

S(m) = O(m log m)⇒ T (n) = O(log n log log n)
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�þ�¤� Â¬��ä ßþÂ�ï¤Ã� ø ßþÂ�×��î

�û�Æþ�Öõ ¢�Àã� ßþÂ�Ýî �� A ý��n ý�þ�¤� Â¬��ä ßþÂ�ï¤Ã� ø ßþÂ�×��î ö¢Âî �À��
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?�Â� .´¨� d3n

2

e − 2 ¤�ÀÖõ ßþ�
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:ñø� ©ø¤

�Æþ�Öõ n− 1 �� ÂÊ�ä n ßc þÂµð¤Ã� •

�Æþ�Öõ n− 2 �� ÂÊ�ä ßþÂµØ��î •

�Æþ�Öõ 2n− 3 Ûî ¤¢ •
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:ôø¢ ©ø¤

.Ý��îüõ �À�� �¤ ø¢ö� ý�ûMax ø �ûMin üó��µõ ÂÊ�ä ø¢ Âû ß�� �Æþ�Öõ ×þ �� •
üê�®� ÂÊ�ä ×þ Â·î�À� ø �ûMin ÂÊ�ä ßþÂ�×��î •

üê�®� ÂÊ�ä ×þ Â·î�À� ø �ûMax ÂÊ�ä ßþÂ�ï¤Ã� •

�Æþ�Öõ n/2+ (n/2− 1) + (n/2− 1) = 3n/2− 2 �� n = 2k ý�Â� ���ú�

!´Æ�÷ ���ú� .´¨� ¥��÷ �Æþ�Öõ 3k = b3n/2c ¢�Àã� �� n = 2k + 1 ý�Â�
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(Û� ø Ý�ÆÖ�) :ô�¨ ©ø¤

MaxMin(A, p, q)
. A: array
. p, q: the first and last indices
. will return the indices of both max and min

1 if p=q
2 then max← min← A[p]
3 else if q − p = 1
4 then if A[p] > A[q]
5 then max← A[p] ; min← A[q]
6 else max← A[q] ; min← A[p]
7 else r ← bp+q

2 c
8 min1, max1 ← MaxMin(A, p, r)
9 min2, max2 ← MaxMin(A, r + 1, q)

10 if max2 > max1
11 then max← max2
12 else max← max1
13 if min2 < min1
14 then min← min2
15 else min← min1
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T (n) =





0 n = 1

1 n = 2

T (bn/2c+ T (dn/2e) n > 2
?´¨� �÷�ð�� Û�ù�¤ ßþ�
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.´¨� ���ú� n = 2k ý�Â�

T (2k) = 2[3× 2k−2 − 2]− 2 = 3× 2k−1 − 2

üê�î (d18
2

e − 2) �Æþ�Öõ 7 �î üó�� ¤¢ T (6) = 8 !´Æ�÷ ���ú� üÜî ´ó�� ¤¢ üóø
.´¨�
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:���ú� Û� ù�¤

ÂÊ�ä n− 2 ø 2 �� �þ�¤� Ý�ÆÖ� (1

�Æþ�Öõ T (n− 2) + 1 �� ´ÞÆì Âû ý�ûÂÊ�ä ßþÂµð¤Ã� ø ßþÂµØ��î ö¢Âî �À�� (2

ÂÚþ¢ ý�Æþ�Öõ 2 (3

T (n) =





0 n = 1

1 n = 2

T (n− 2) + 3 n > 2

?�Â� .´¨� ���ú� ¤�ÀÖõ ö�Þû ö� ���� �î
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ý¤�Áðý�� �� ¤�ÂØ�

:ñ�·õ

T (n) = 3T (bn

4

c) + n
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ý¤�Áðý�� �� ¤�ÂØ�

:ñ�·õ

T (n) = 3T (bn

4

c) + n

T (n) = 3T (bn

4

c) + n
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ý¤�Áðý�� �� ¤�ÂØ�

:ñ�·õ

T (n) = 3T (bn

4

c) + n

T (n) = 3T (bn

4

c) + n

= 32T (bb
n

4

c

4

c) + 3bn

4

c+ n
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ý¤�Áðý�� �� ¤�ÂØ�

:ñ�·õ

T (n) = 3T (bn

4

c) + n

T (n) = 3T (bn
4

c) + n

= 32T (bb
n

4

c

4

c) + 3bn

4

c+ n

= 32T (b n

42

c) + 3bn
4

c+ n

= . . .

≤ 3iT ( n

4i) + n
i−1∑

j=0

(

3
4

)j
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, n

4i = 1⇒ i = log4 n ,Ýþ¤�¢

T (n) ≤ 3log4 n ∗ T (1) + n
log4 n−1∑

j=0

(

3
4

)j

�î Ý�÷�¢üõ �õ�

lim
n→∞

log4 n−1∑

j=0

(

3
4

)j = 4⇒ C2 < 4
3log4 n = nlog4 3 ,Ýþ¤�¢ ø

T (n) ≤ Cnlog43 + 4n⇒ T (n) = O(n)
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.F (1) = F (2) = 1 ø F (n) = F (n− 1) + F (n− 2) :ñ�·õ

.¢�ªüõ ù¢�Ôµ¨� ßÚÞû ý�û�Î��¤ Û� ©ø¤ ¥�
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(Recursion Tree) ´Èð¥�� ´¡¤¢

T (n) = 2T (n

2

) + n2 :ñ�·õ

T (n)

T (n

2

) T (n

2

)

T (n

4

) T (n

4

) T (n

4

) T (n

4

)

T (n

8

) T (n

8

)T (n

8

)T (n

8

)T (n

8

)T (n

8

)T (n

8

)T (n

8

)

n2

n2
4

+ n2
4

= n2
2

4n2
16

= n2
4

ü¨Àì ÀÞ½õ 101 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'

&

$

%

T (n) = n2 + n2
2

+ . . . + n2
2i + . . . + n2
2log n

= n2(1+ 1
2

+ . . . + 1
2i + . . . + 1

n)
≤ 2n2

⇒ T (n) = O(n2)
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T (n) = T (n

4

) + T (3n

4

) + n2 :ÂÚþ¢ ñ�·õ

T (n)

T (n

4

) T (3n

4

)

T ( n

43

) T (3n

43

)

T ( n

42

) T (3
2n

42

)T (3n

42

) T (3n

42

)

.............................

.................

T (3
3n

43

)T (3
2n

43

)T (3n

43

) .........
.............

...........

...........

...........

T (3n

43

)
...........

...........

...........

...........

...........

...........

...........

...........

...........

...........

...........

T (3
2n

43

) T (3
2n

43

)

T (n) ≤ n2

log 4
3

n
∑

i=0


1+ 32

42




i

n2
1+32

42

n2

1+2×32+34

44

n2 =
(

1+32
42

)2

n2

1+3×32+3×34+36

46

n2 =
(

1+32
42

)3

n2

...................................................

...........

...........

≤ cn2 = O(n2)
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üÜ¬� ý��Ìì

ö� ¤¢ �î) T (n) = aT (n
b) + f(n) üµÈð¥�� ý�Î��¤ Û� f(n) â��� ø a ≥ 1, b > 1 ý�Â�

:´¨� Âþ¥ ¤�Âì �� (Àª�� ÓÖ¨ �þ Óî �¤�¬ �� À÷���üõ n
b

� � nlog2 a â�� � ¥� f(n) â�� � Àª¤ ü�ã þ) e > 0 ý�Â � ,f(n) = O(nlogb a−e)) Âð� - Óó�

T (n) = Θ(nlogb a) ,�¤�¬ ßþ� ¤¢ (,Àª�� ÂµÞî ý��ÜÞ� À�� �¤�¬

T (n) = Θ(nlogb alog2 n) ,�¤�¬ ßþ�¤¢ ,f(n) = Θ(nlogb a) Âð� - �

.T (n) = Θ(f(n)) ,�¤�¬ ßþ�¤¢ ,f(n) = Ω(nlogb a+e) Âð� - �
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Ý � û��¡ ,Àª� � f(n) â �� � Àª¤ ý��¤¢ F ø g(n) = nlogb a â �� � Àª¤ ý��¤¢ G Â ð�

:´ª�¢

T (n) = Θ(f(n)) ,F > G Âð� (1

T (n) = Θ(g(n)) ,G > F Âð� (2

.T (n) = Θ(g(n) lg n) ,F = G Âð� (3
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T (n) = 9T (n

3

) + n :ñ�·õ
:Û�

.g(n) = nlog39 = n2 ø f(n) = n ,Ýþ¤�¢

,�Áó .´¨� ÂµÈ�� ý��ÜÞ� À�� �¤�¬�� n ¥� n2 Àª¤ ý��¤¢ �î ´¨� üúþÀ�

f(n) = O(n2−1)⇒ T (n) = Θ(n2)
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T (n) = T (2n

3

) + 1 :ñ�·õ

.f(n) = 1 ø g(n) = n
log3

2

1

= n0 = 1 ,Ýþ¤�¢ :Û�

.T (n) = Θ(log2 n) ,Å�
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T (n) = 3T (n

4

) + n lg n :ñ�·õ
:Û�

,f(n) = Ω(n0/793+0/1) ø g(n) = nlog43 = n0/793 ø f(n) = n lg n ,ö��

.T (n) = Θ(nlg n) Ýþ¤�¢
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T (n) = 2T (n

2

) + n lg n :ñ�·õ
:Û�

.f(n) = n lg n = (n) ø g(n) = nlg2 = n

ý�û n ý��Üî ý�Â� �î ¢Âî �À�� ö���üÞ÷ ý� ε º�û ü�ãþ ´Æ�÷ üþ�Þ÷ �¤�¬�� é�µ¡�

.Àª�� ¤�ÂìÂ� n lg n < n1+ε ý�Î��¤ ,ï¤Ã�

.¢Âî Û� �ÂÖµ¨� �f ·õ ,ýÂÚþ¢ ©ø¤ ¥� Àþ�� �¤ �ÜÿÆõ ßþ� ßþ�Â����

.¢�ªüõ ��±�� �ÂÖµ¨� �� Âþ¥ �¤�¬�� �î ´¨� T (n) = O(n lg2 n) ���� :§À�

T (2) ≤ 2c :�þ��

.k < n ý�Â� T (k) ≤ ck lg2 k :Âê
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:ÝØ�

T (n) ≤ 2c
n

2

lg2

n

2

+ n lg n

≤ cn(lg n− 1)2 + n lg n

≤ cn lg2 n + n[c + (1− 2c) lg n]

.¢�ªüõ ��±�� ÝØ� ø c + (1− 2c) lg n < 0 Ýþ¤�¢ n > 2 ø c = 1 ý�Â�
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ßÚÞû üµÈð¥�� Í��ø¤

3 n

1
2

123 n

1
1

2

2

?¢Âî ©Âê 2× 1 ý�û×�þ�¥�õ �� �¤ 2× n ý��½Ô¬ ö���üõ ÕþÂÏ À�� ��
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:Ýþ¤�¢ ,¢Âî ©Âê ÓÜµ¿õ ©ø¤ fn �� ö��µ� �¤ 2× n ñøÀ� Âð� :Û�

fn = fn−1 + fn−2

.(ü��÷�±�ê ý�ó�±÷¢) f1 = 1ø f0 = 0 ø
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?¢Âî ©Âê 2× 1 ý�û×�þ�¥�õ �� �¤ 3× n ý��½Ô¬ ö���üõ ÕþÂÏ À�� �� :ßþÂÞ�
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ßÚÞû üµÈð¥�� Í��ø¤

¥� ßÚÞû üµÈð¥�� ý�Î��¤ Âþ¥ üµÈð¥�� ý�Î��¤ �� ,À�ª�� üÖ�Ö� ý�û¢Àä�ûci Âð�

:À�þ�ðüõ k ý��¤¢

an = c1an−1 + c2an−2 + · · ·+ ckan−k

an = g(n) ý� ó� ± ÷¢ Â ð� ,À � õ� ÷ü õ ë� ê ü µÈ ð¥� � ý� ó� ± ÷¢ ���� × þ �¤ g(n) â �� �

.À�î ëÀ¬ üµÈð¥�� ý�Î��¤ ¤¢ (n ∈ N )
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ý�Â� ü���� (i = 1, . . . , r) ý�Â� an = gi(n) Âð� :��Ìì

an = c1an−1 + c2an−2 + · · ·+ ckan−k

�¤� ¬ � � ��� � r ß þ� ¥� ü Î ¡ ° � îÂ � Â û ù� ðö� ,À � ª� �

ý�Â� ü¿¨�� ,À÷�üÖ�Ö� ý¢�Àä� �ûAi ö� ¤¢ �î A1g1(n) + A2g2(n) + · · ·+ Argr(n)

.´¨� üµÈð¥�� ý�Î��¤
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:��±��

,h(n) = A1g1(n) + A2g2(n) + · · ·+ Argr(n) ,Ý��î Âê •

:Ýþ¤�¢ Å� ,´¨� ���� ×þ gi(n) ö�� •

gi(n) = c1gi(n− 1) + c2gi(n− 2) + · · ·+ ckgi(n− k)

:¢�ªüõ �¹�µ÷ Å� •

h(n) = c1h(n− 1) + c2h(n− 2) + · · ·+ ckh(n− k)

.´¨� ´��� ��Ìì ÝØ� ßþ�Â����
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ßÚÞû üµÈð¥�� ý�Î��¤ Û� ©ø¤

:Ýþ¤�¢ ,Àª�� ßÚÞû üµÈð¥�� ý�Î��¤ ���� ,g(n) = xn Âð�

xn − c1x
n−1 − c2x

n−2 − · · · − ckx
n−k = 0

,ÂÚþ¢ �¤�±ä �� �þ

xk − c1x
k−1 − · · · − ck = 0

.´¨� ë�ê k ��¤¢ �ó¢�ãõ ���� x ü�ãþ
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.Ý�õ�÷ üõ üµÈð¥�� ý�Î��¤ (characteristic equation) ý�Ê¿Èõ ý�ó¢�ãõ�¤ �ó¢�ãõ ßþ�

ý�Î��¤ ���� ×þ an = xn
i �î ´¨� üúþÀ� ,Àª�� �Ê¿Èõ ý�ó¢�ãõ ý�Èþ¤ ,xi Âð�

´¨� üµÈð¥��

.´¨� üµÈð¥�� ý�Î��¤ ���� ×þ Ýû �ûxn
i ¥� üÎ¡ °�îÂ� Âû üÜ±ì ý��Ìì Â� ���
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:üÎ¡ °�îÂ� ñ�·õ ¤�Ï ��

an = t1x
n

1 + t2x
n

2 + · · ·+ tkx
n
k

:Å� ,À�ª�� ùÀª ù¢�¢ �ó�±÷¢ ßþ� ñø� ÂÊ�ä k Âþ¢�Öõ Àþ�� üµÈð¥�� ý�Î��¤ ßþ� ¤¢





a0 = t1 + t2 + · · · + tk
a1 = t1x1 + t2x2 + · · · + tkxk... ... ... ... ... ... ... ... ...

ak−1 = t1x
k−1

1

+ t2x
k−1

2

+ · · · + tkx
k−1

k

(.À�µÆû tk �� t1 �ûñ�ú¹õ).Àª��üõ ñ�ú¹õ k ø �ó¢�ãõ k

k ö¢�¢�� ü�ãþ ,¢¤�¢ ¢Âê��ÂÊ½�õ ���� ×þ ��¢�ãõ ù�Úµ¨¢ ßþ� À�ª�� Ãþ�Þµõ �ûxi Âð�

.¢Âî �À�� �ó�±÷¢ ý�Â� ¢Âê��ÂÊ½�õ ü���� ö��µ�õ,�ó�±÷¢ ñø� ÂÊ�ä
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.À��î Û� �¤ ü��÷�±�ê ý�ó�±÷¢ :ñ�·õ

x2 − x− 1 = 0 :�Ê¿Èõ ý�ó¢�ãõ :Û�

x2 = 1−
√

5

2

ø x1 = 1+
√

5

2

ö� ý�û�Èþ¤

fn = t1




1+
√

5

2




n

+ t2




1−
√

5

2




n

:Ýþ¤�¢ ��óø� Âþ¢�Öõ �� ���� �� ø





t1 + t2 = f0 = 0

t1(1+
√

5

2

) + t2(1−
√

5

2

) = f1 = 1
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:¢�È�õ �¹�µ÷ �û�ó¢�ãõ ßþ� ¥� ø

t1 =

1√

5

, t2 = − 1√

5

fn =

1√

5







1+
√

5

2




n

−



1−
√

5

2




n
 (1)

�� ���� �� ø ¢�ªüõ ×��î ¤��Æ� n öÀª Âµð¤Ã��� (1−
√

5

2

)n ý�ÜÞ� ,´¨� ���� Û��ì

:Ýþ¤�¢ ,Ý��î ÓþÂã� x �� ¼�½¬ ¢Àä ßþÂµØþ¢Ã÷ �¤ 〈x〉 Âð� ,´¨� ü��Æ� ý¢Àä fn �Ø�þ�

〈x〉 = bx +

1
2

c

:ÓþÂã� ßþ� �� ø

fn =
〈 1√

5




1+
√

5

2




n
〉
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���� ×þ Ã�÷ an = nxn
i ,Àª�� �Ê¿Èõ ý�ó¢�ãõ 2 ý��¤¢ Óä�Ìõ ý�Èþ¤ xi Âð� •

�Ü�¨ø ßþ� �� ,´¨� �Ê¿Èõ ý�ó¢�ãõ ¥� ýÂ�ðÕµÈõ �� ��±��) ´¨� üµÈð¥�� ý�Î��¤

(.´¨� �Ê¿Èõ ý�ó¢�ãõ ÕµÈõ ý�Èþ¤ ,Óä�Ìõ ý�Èþ¤ �î

.´¨� üµÈð¥�� ý�Î��¤ ���� ×þ Ã�÷ n2xn
i ,Àª�� 3 ��¤¢ Óä�Ìõ ý�Èþ¤ xi Âð� •

,Àª�� p ��¤¢ Óä�Ìõ ý�Èþ¤ xi Âð� üÜî ´ó�� ¤¢ •

g(n) = t0x
n + t1nxn + t2n

2xn + · · ·+ tp−1n
p−1xn

.´¨� üµÈð¥�� ý�Î��¤ ý�Â� ü����
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:À��î Û� �¤ Âþ¥ üµÈð¥�� ý�Î��¤ :ñ�·õ

an = 5an−1 − 8an−2 + 4an−3 (n ≥ 3)

.a2 = 2 ø ,a1 = 1 ,a0 = 0 :Ýþ¤�¢ ø
:Û�

:�Ê¿Èõ �ó¢�ãõ

x3 − 5x2 + 8x− 4 = 0 = (x− 1)(x− 2)2

an = c11

n + c22
n + c3n2

n :´¨� �¤�¬ ßþ� �� üÜî ���� ßþ�Â����

ü¨Àì ÀÞ½õ 123 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'

&

$

%

Ýþ¤�¢ ��óø� Âþ¢�Öõ ñ�Þä� �� �î

c1 + c2 = 0 n = 0

c1 + 2c2 + 2c3 = 1 n = 1

c1 + 4c2 + 8c3 = 2 n = 2

Å� .´¨� c3 = −1/2 ,c2 = 2 ,c1 = −2 ö� ���� �î

an = 2

n+1 − n2n−1 − 2
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