
�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'

&

$

%

��ø´Æ� üþø¢ø¢ ´¡¤¢

CLRS ��µî 12 ÛÊê ¥�

ü¨Àì ÀÞ½õ 1 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'

&

$

%

(ÓþÂã�) ��ø´Æ� üþø¢ø¢ ´¡¤¢
üþø¢ø¢ ´¡¤¢ •

ü¨Àì ÀÞ½õ 2 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'

&

$

%

(ÓþÂã�) ��ø´Æ� üþø¢ø¢ ´¡¤¢
üþø¢ø¢ ´¡¤¢ •

x °Æ�Â� �� n ùÂð Âû ý�Â� •

ü¨Àì ÀÞ½õ 3 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'

&

$

%

(ÓþÂã�) ��ø´Æ� üþø¢ø¢ ´¡¤¢
üþø¢ø¢ ´¡¤¢ •

x °Æ�Â� �� n ùÂð Âû ý�Â� •

ø x ¥� Â�Ýî n ²� ´¡¤¢Âþ¥ ý�ûùÂð ý��Üî °Æ�Â� --

ü¨Àì ÀÞ½õ 4 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢



�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'

&

$

%

(ÓþÂã�) ��ø´Æ� üþø¢ø¢ ´¡¤¢
üþø¢ø¢ ´¡¤¢ •

x °Æ�Â� �� n ùÂð Âû ý�Â� •

ø x ¥� Â�Ýî n ²� ´¡¤¢Âþ¥ ý�ûùÂð ý��Üî °Æ�Â� --

´¨� x ¥� Â�Ç�� ö� ´¨�¤ ´¡¤¢Âþ¥ ý�ûùÂð ý��Üî °Æ�Â� --

ü¨Àì ÀÞ½õ 5 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'

&

$

%

x

< x
> x

begin

else

end

if

goto then

do

��ø´Æ� üþø¢ø¢ ´¡¤¢ ×þ

ü¨Àì ÀÞ½õ 6 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'

&

$

%
Â¬��ä ýùÀª°�Âõ←−°��Â�ß�� Çþ�Þ��

:´¡¤¢ ¢�¹þ� ¤¢ �¤¢ °��Â�

ü¨Àì ÀÞ½õ 7 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'

&

$

%

end

begin

then

do

else

begin

else

if

if

goto

then

do

goto

end

then

if

goto

end

else

do

begin

.á�Ô�¤� ßþÂ�Ç�� ��

ü¨Àì ÀÞ½õ 8 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢



�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'

&

$

%

end

do

begin else

if

goto then

.á�Ô�¤� ßþÂ�Ýî ��

ü¨Àì ÀÞ½õ 9 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'

&

$

%

(?�Â�) blg nc ≤ á�Ô�¤� ≤ n− 1

O(lg n) :á�Ô�¤� Í¨�µõ

ü¨Àì ÀÞ½õ 10 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'

&

$

%

?n− 1 á�Ô�¤� �� ��ø´Æ� üþø¢ø¢ ´¡¤¢ ¢�Àã� ��

ü¨Àì ÀÞ½õ 11 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'

&

$

%

?n− 1 á�Ô�¤� �� ��ø´Æ� üþø¢ø¢ ´¡¤¢ ¢�Àã� ��

2

n−1

ü¨Àì ÀÞ½õ 12 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢



�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'

&

$

%

��ø´Æ� üþø¢ø¢ ý�û´¡¤¢ ¢�Àã�

?´¡�¨ ö���üõ �ø�Ôµõ ´¡¤¢ �� À�� a1 < a2 < · · · < an ��

ü¨Àì ÀÞ½õ 13 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'

&

$

%

��ø´Æ� üþø¢ø¢ ý�û´¡¤¢ ¢�Àã�

?´¡�¨ ö���üõ �ø�Ôµõ ´¡¤¢ �� À�� a1 < a2 < · · · < an ��

T (n) =
n∑

i=1

T (i− 1)T (n− i),

T (0) = 1

ü¨Àì ÀÞ½õ 14 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'

&

$

%

��ø´Æ� üþø¢ø¢ ý�û´¡¤¢ ¢�Àã�

?´¡�¨ ö���üõ �ø�Ôµõ ´¡¤¢ �� À�� a1 < a2 < · · · < an ��

T (n) =
n∑

i=1

T (i− 1)T (n− i),

T (0) = 1

T (n) =

1

n + 1




2n

n




ö����î ¢Àä

ü¨Àì ÀÞ½õ 15 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'

&

$

%

!À��î Û� ��ß�Þû

üþø¢ø¢ ´¡¤¢ �î À�û¢ ´±Æ÷ ý¤�Ï Âþ¥ ´¡¤¢ �� �¤ {6,22,9,14,13,1,8} ¢�Àä�

.¢�ª ��ø´Æ�

[]
/ \

[] []
/ \ \

[] [] []
/

[]

ü¨Àì ÀÞ½õ 16 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢



�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'

&
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%

[13]
/ \

[6] [14]
/ \ \

[1] [9] [22]
/

[8]

¢¥�¨üõ �¤ ë�ê ´¡¤¢ üú� ´¡¤¢ ×þ ¤¢ �¤¢ ý�û�ó�±÷¢ ßþ�

13, 6, 9, 1, 14, 8, 22

13, 14, 6, 22, 1, 9, 8

13, 6, 1, 9, 8, 14, 22

ü¨Àì ÀÞ½õ 17 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'

&

$

%

ë�ê ´¡¤¢ �úµ÷� ¤¢ �� ¢Âî üú� ´¡¤¢ ×þ ¢¤�ø �¤ ë�ê ¢�Àä� ö���üõ ´ó�� À����

.À��î �±¨�½õ �fÖ�ì¢ �¤ ¤�ÀÖõ ßþ� ?¢�ª Û¬��

13, 6, 9, 1, 8

^ ^

14 22

ü¨Àì ÀÞ½õ 18 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'

&

$

%

r ∪ ∪ . . . ∪ ∪︸ ︷︷ ︸
n

2

l1 ∪ ∪ . . . ∪ ∪︸ ︷︷ ︸
n

2

l2 . . .∪ ∪ . . . ∪ ∪︸ ︷︷ ︸
n

2

ln

1

∪ ∪ . . . ∪ ∪︸ ︷︷ ︸
n

2

�fãì�ø �õ�

r ∪ l1 ∪ l2 . . . ∪ ln

1

∪

T (n) = T (n1)T (n2)
(n1 + n2)!

n1!n2!
n1 is the number of nodes in the left subtree

n2 is the number of nodes in the right subtree

ü¨Àì ÀÞ½õ 19 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'

&

$

%

��ø´Æ�

BST-Search(r, x)
. r is a node (or the root) of a BST

1 if r = null or x = key[r]
2 then return r

3 if x < key[r]
4 then return BST-Search(left[r], x)
5 else return BST-Search(right[r], x)

ü¨Àì ÀÞ½õ 20 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢



�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'

&

$

%

(üµÈð¥�� Â�è) ��ø´Æ�

BST-Search(r, x)
. r is a node (or the root) of a BST

1 while r 6= null and x 6= key[r]
2 do

3
4
5 return r

ü¨Àì ÀÞ½õ 21 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'

&

$

%

(üµÈð¥�� Â�è) ��ø´Æ�

BST-Search(r, x)
. r is a node (or the root) of a BST

1 while r 6= null and x 6= key[r]
2 do if x < key[r]
3 then r ← left[r]
4 else r ← right[r]
5 return r

ü¨Àì ÀÞ½õ 22 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'

&

$

%

���Þî ÂÊ�ä ö¢Âî �À��

BST-Minimum(r)
1 if left[r] = null

2 then return r BST-Minimum(left[r])

ü¨Àì ÀÞ½õ 23 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'

&

$

%

(üµÈð¥�� Â�è) ���Þî ö¢Âî �À��

BST-Minimum(r)
1 while left[r] 6= null

2 do r ← left[r]
3 return r

ü¨Àì ÀÞ½õ 24 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢



�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'

&

$

%

ýÀã� ÂÊ�ä

r r

ü¨Àì ÀÞ½õ 25 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'

&

$

%

BST-Successor(r)
1 if right[r] 6= null

2 then return BST-Minimum(right[r])
3 y ← parent[r]
4 while y 6= null and r = right[y]
5 do r ← y

6 y ← parent[y]
7 return y

ü¨Àì ÀÞ½õ 26 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'

&

$

%
�¤¢

x

ü¨Àì ÀÞ½õ 27 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'

&

$

%

BST-Insert(r, x)
. r is a node (or the root) of a BST
. important: r should be a reference parameter
. no parent is assumed

1 if r = null

2 then r ← Allocate-Node(x, null , null )
3 if x < key[r]
4 then BST-Insert(left[r], x)
5 else if x > key[r]
6 then BST-Insert(right[r], x)

ü¨Àì ÀÞ½õ 28 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢



�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'

&

$

%

¤À� ý�Ôó�õ �� üµÈð¥�� �¤¢

ü¨Àì ÀÞ½õ 29 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'

&

$

%

¤À� ý�Ôó�õ �� üµÈð¥�� �¤¢

BST-Insert(r, p, x)
. r is a node (or the root) of a BST
. p is the parent of r

. important: r should be a reference parameter

. BST-Insert(Root[T ],null , x) :��óø� ü÷��¡�Âê

1 if r = null
2 then r ← Allocate-Node(x, null , null , p)

3 if x < key[r]
4 then BST-Insert(left[r], r, x)

5 else if x > key[r]
6 then BST-Insert(right[r], r, x)

ü¨Àì ÀÞ½õ 30 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'

&

$

%

üµÈð¥�� Â�è �¤¢

ü¨Àì ÀÞ½õ 31 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'

&

$

%

üµÈð¥�� Â�è �¤¢

BST-Insert(T, x)
1 n← Allocate-Node(x,null ,null ,null )
2 prevp← null
3 p← root[T ]
4 while p 6= null
5 do prevp← p

6 if x < key[p]
7 then p← left[p]
8 else p← right[p]
9 parent[n]← prevp

ü¨Àì ÀÞ½õ 32 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢



�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'

&

$

%

10 if prevp = null
11 then root[T ]← n

12 else if x < key[prevp]
13 then left[prevp]← n

14 else right[prevp]← n

ü¨Àì ÀÞ½õ 33 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'

&

$

%

ÂÊ�ä ßþÂ�×��î éÁ�

ü¨Àì ÀÞ½õ 34 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'

&

$

%

ÂÊ�ä ßþÂ�×��î éÁ�

BST-Deletemin(r)
. r is a node (or the root) of a BST
. r is assumed to be a reference variable

1 if r = null
2 then error (“Tree is Empty”)
3 if left[r] = null
4 then x← label[r]
5 t← r

6 r ← right[r]
7 parent[r]← parent[t]
8 Free-Node (t)
9 return x

10 else return BST-Deletemin(left[r])

ü¨Àì ÀÞ½õ 35 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'

&

$

%

ÂÊ�ä ×þ éÁ�

ü¨Àì ÀÞ½õ 36 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢



�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'

&

$

%

BST-Delete(r, x)
. r is a node (or the root) of a BST
. r is a reference variable

1 if r = null

2 then error (“Tree is Empty”)
3 if x < label[r]
4 then BST-Delete(left[r], x)
5 if x > label[r]
6 then BST-Delete(right[r], x)
7 if x = label[r]
8 then

ü¨Àì ÀÞ½õ 37 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'

&

$

%

BST-Delete(r, x)
...

1 if x = label[r]
2 then temp← r

3 if left[r] = null

4 then r ← right[r]
5 parent[r]← parent[temp]
6 Freee-Node(temp)
7 else if right[r] = null

8 then r ← left[r]
9 parent[r]← parent[temp]

10 Freee-Node(temp)
11 else label[r]← BST-Deletemin (right[r])

ü¨Àì ÀÞ½õ 38 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'

&

$

%

!À��î Û� ��ß�Þû

?´¡�¨ ×� �¤�¬�� �¤ö� ö���üõ �¢¢ ×þ Â¬��ä ¥� °��Â�ß�� ý�ó�±÷¢ ßµª�¢ �� �þ�

?¤�Ï�� °��Â�Å� ��

?¤�Ï�� °��Â�Ç�� ��

ü¨Àì ÀÞ½õ 39 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'

&

$

%

ý��ø´Æ� üþø¢ø¢ ´¡¤¢ á�Ô�¤� Í¨�µõ

üþø¢ø¢ ´¡¤¢ ×þ ¢¤�ø ö�ÆØ þ ñ�Þ µ�� � � ø üê¢�Ê� �¤�¬� � a1 < a2 · · · < an

.À÷�ªüõ T üú� ý��ø´Æ�

.´¨� O(lg n) Â��Â� T á�Ô�¤� Í¨�µõ �î Ý��îüõ ��±��

ü¨Àì ÀÞ½õ 40 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢



�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'

&

$

%

.¢�ªüõ �¤¢ �î ´¨� ýÂÊ�ä ß�óø� ai À��î ­Âê •

.¢�� Àû��¡ ´¡¤¢ ý�Èþ¤ ai •

.´êÂð À�û��¡ ¤�Âì ²� ´¡¤¢Âþ¥ ¤¢ À÷�ª �¤¢ �î ü±��Â� Âû�� ai−1 �� a1 •

.¢�� À�û��¡ ´¨�¤ ´¡¤¢ Âþ¥ ¤¢ an �� ai+1 •

ü¨Àì ÀÞ½õ 41 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'
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%

:Ýþ¤�¢ ,Àª�� T á�Ô�¤� Í¨�µõ h(n) Âð� •

h(n) = 1+
n∑

i=1
1

n
max{h(i− 1), h(n− i)}

c > 0×þ ý�Â� ,h(n) ≤ c lg n Ý��îüõ ­Âê •

ü¨Àì ÀÞ½õ 42 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'

&

$

%

,´¨� üóøÃ÷ Â�è â��� ×þ h(i) �îßþ� �� ���� �� •

h(n) = 1+

1

n




bn

2

c
∑

i=1

h(n− i) +
n∑

i=bn

2

c+1

h(i− 1)




ü¨Àì ÀÞ½õ 43 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'

&
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%

,´¨� üóøÃ÷ Â�è â��� ×þ h(i) �îßþ� �� ���� �� •

h(n) = 1+

1

n




bn

2

c
∑

i=1

h(n− i) +
n∑

i=bn

2

c+1

h(i− 1)




≤ 1+

2

n

n∑

i=bn

2

c+1

h(i− 1)

ü¨Àì ÀÞ½õ 44 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢



�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'

&
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%

,´¨� üóøÃ÷ Â�è â��� ×þ h(i) �îßþ� �� ���� �� •

h(n) = 1+

1

n




bn

2

c
∑

i=1

h(n− i) +
n∑

i=bn

2

c+1

h(i− 1)




≤ 1+

2

n

n∑

i=bn

2

c+1

h(i− 1)

≤ 1+

2

n

n−1∑

i=bn

2

c+1

h(i)
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,´¨� üóøÃ÷ Â�è â��� ×þ h(i) �îßþ� �� ���� �� •

h(n) = 1+
1

n




bn

2

c
∑

i=1

h(n− i) +
n∑

i=bn

2

c+1

h(i− 1)




≤ 1+
2

n

n∑

i=bn
2

c+1

h(i− 1)

≤ 1+

2

n

n−1∑

i=bn

2

c+1
h(i)

≤ 1+

2

n

n∑

i=bn

2

c
c lg i
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,´¨� üóøÃ÷ Â�è â��� ×þ h(i) �îßþ� �� ���� �� •

h(n) = 1+

1

n




bn

2

c
∑

i=1

h(n− i) +
n∑

i=bn

2

c+1

h(i− 1)




≤ 1+

2

n

n∑

i=bn

2

c+1

h(i− 1)

≤ 1+

2

n

n−1∑

i=bn

2

c+1

h(i)

≤ 1+

2

n

n∑

i=bn

2

c
c lg i

≤ 1+

2c

n
lg

(n)!
(n

2

)!

≤ 1+
2c

n
[lg n!− lg(

n

2

)!]
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,k1n lg n ≤ lg n! ≤ k2n lg n ü�ãþ lg n! = Θ(n lg n) �î ßþ� �� ���� �� •

h(n) ≤ 1+

2c

n


k2n lg n− k1

n

2

lg
n

2




≤ 1+ 2c(k2 −
k1

2

) lg n− 2ck1

1− 2ck1 ≤ 0 ø k2 −
k

1
2

< 1/2�î ¢Âî �À�� �¤ 0 < k1 < k2 ö���üõ
Å�

h(n) ≤ c lg n
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(Priority Queue) ´þ�óø� Ó¬

CLRS ��µî 6/5 Ç¿� ¥�

ñ�Þä� ý�Â� ý¤�µ¡�¨ù¢�¢

�¤¢ •

ÂÊ�ä (ßþÂ�×��î) ßþÂ�ï¤Ã� éÁ� •

ÂÊ�ä ×þ À�Üî ¤�ÀÖõ (Çû�î) Çþ�Ãê� •

O(lg n) ¤¢ �Þû
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(ÓþÂã�) ´þ�óø� Ó¬

×þ �� ÂÊ�ä ×þ Â·î�À� Ã���) (complete binary tree) Ûõ�î üþø¢ø¢ ´¡¤¢ ×þ

(À÷¥Âê

.À÷�ùÀª ùÀ�� ²� ´Þ¨ ¥� ö� Â¡� ¼Î¨ ý�ûïÂ�

.´Æ�÷ Â�×��î Ç÷�À÷¥Âê ý�ûÀ�Üî ¥� ÂÊ�ä Âû À�Üî

� þ ,max-heap ,(Partially Ordered Tree) ° �Â õ� Þ � ÷ ´ ¡¤¢ ¤� µ ¡� ¨ù¢�¢ ß þ� � �

À�þ�ðüõ Ã�÷ max-priority queue
.´¨� min-heap ö� �� ÂÒ��µõ
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14

16

10

37 98

2 4 1

1

2 3

4 5 6 7

8 9 10

1 2 3 4 5 6 7 8 9 10

16 14 10 8 7 9 3 2 4 1

´þ�óø� Ó¬ ×þ
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(�ûüðÄþø) max-heap

.´¨� ÂÊ�ä ßþÂ�ï¤Ã� �Èþ¤ •

.Àª��üõ blg nc ÂÊ�ä n �� max-heap ´¡¤¢ ×þ á�Ô�¤� •

¢�ªüõ ô�¹÷� lg n ý�±�Âõ ¥� À�Üî Çþ�Ãê� ø ßþÂ�ï¤Ã� éÁ� ,�¤¢ ñ�Þä� •

ü¨Àì ÀÞ½õ 52 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢



�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'

&

$

%

(�ûüðÄþø) min-heap

.´¨� ÂÊ�ä ßþÂ�×��î �Èþ¤ •

.Àª��üõ blg nc ÂÊ�ä n �� min-heap ´¡¤¢ ×þ á�Ô�¤� •

¢�ªüõ ô�¹÷� lg n ý�±�Âõ ¥� À�Üî Çû�î ø ßþÂ�×��î éÁ� ,�¤¢ ñ�Þä� •
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max-heap ý¥�¨ù¢���

A[1..n] ý�þ�¤� •
A[1] ¤¢ �Èþ¤ •

(2i ≤ n Âð�) A[2i]¤¢ ô�i ÂÊ�ä ²� À÷¥Âê •

(2i + 1 ≤ n Âð�) A[2i+1] ¤¢ ö� ´¨�¤ À÷¥Âê •
A[bi2c] ¤¢ ©¤À� •
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Parent(i)
1 return b i

2c

LeftChild(i)
1 return 2i

RightChild(i)
1 return 2i + 1
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À�Üî Çþ�Ãê�

Max-Heap-Increase-Key(A, i, key)
1 if key < A[i]
2 then error “new key is smaller than current key”
3 A[i]← key

4 while i > 1 and A[i] > A[Parent(i)]
5 do swap(A[i], A[Parent(i)] )
6 i← Parent(i)]
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�¤¢

Max-Heap-Insert(A,key)
1 length[A]← length[A] + 1
2 A[length[A]]← −∞
3 Max-Heap-Increase-Key(A, length[A], key)
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A[i..length[A]] ö¢¤ø� ¤¢ max-heap �¤�¬��
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A[i..length[A]] ö¢¤ø� ¤¢ max-heap �¤�¬��

Max-Heapify(A, i)
1 l← LeftChild (i)
2 r ← RightChild (i)
3 if l ≤ length[A] and A[l] > A[i]
4 then bigchild← l

5 else bigchild← i

6 if r ≤ length[A] and A[r] > A[bigchild]
7 then bigchild← r

8 if bigchild 6= i

9 then swap(A[i], A[bigchild])
10 Max-Heapify (A, bigchild)
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max-heap �� �þ�¤� ×þ ÛþÀ±�
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max-heap �� �þ�¤� ×þ ÛþÀ±�

Build-Heap(A)
1 for i← blength[A]

2 c downto 1
2 do Heapify(A, i)

ü¨Àì ÀÞ½õ 61 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'

&

$

%

max-heap ¤¢ ÂÊ�ä ßþÂ�ï¤Ã� éÁ�
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max-heap ¤¢ ÂÊ�ä ßþÂ�ï¤Ã� éÁ�

Heap-Delete-Max(A)
1 if length[A] < 1
2 then error “heap underflow”
3 max← A[1]
4 A[1]← A[length[A]]
5 A[length]← A[length]− 1
6 Max-Heapify(A, 1)
7 return max
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ñ�·õ

1 2 3 4 5 6 7 8 9 10
+--+--+--+--+--+--+--+--+--+--+
18 18 16 9 7 1 9 3 7 5 initial heap

5 18 16 9 7 1 9 3 7 deletemax

18 5 16 9 7 1 9 3 7 after heapify (A,1)

18 9 16 5 7 1 9 3 7 after heapify (A,2)

18 9 16 7 7 1 9 3 5 after heapify (A,4)

1 2 3 4 5 6 7 8 9 10 11
+--+--+--+--+--+--+--+--+--+---+---+
18 18 16 9 7 1 9 3 7 5 13 after Insert 13
18 18 16 9 13 1 9 3 7 5 7
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Û�Ü½�

O(lg n) ¥� ø heap á�Ô�¤� �� °¨��µõ Build-Heap Ã��� ñ�Þä� ý�Þû
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Build-Heap Û�Ü½�

1 n?

bn

2

c
?

bn
4

c
?

bn
8

c
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S(i) =





1 i = bn/22c+ 1 . . . bn/2c ¢�Àã� = bn/22c

2 i = bn/23c+ 1 . . . bn/22c ¢�Àã� = bn/23c
. . . . . .

k i = bn/2k+1c+ 1 . . . bn/2kc ¢�Àã� = bn/2k+1c
. . . . . .
blg nc i = 1 ¢�Àã� = 1
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T (n) ≤
blg nc∑

k=1

k
n

2k+1

∞∑

i=1

i/2i = (1/2) + (1/4+ 1/4) + (1/8+ 1/8+ 1/8) + ... = 2

1/2+ 1/4+ 1/8+ 1/16+ · · · = 1

1/4+ 1/8+ 1/16+ · · · = 1/2

1/8+ 1/16+ · · · = 1/8

· · · = ..

.´¨� O(n) ¥� heap ´¡�¨ Å�
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!À��î Û� ��ß�Þû

.Ýþ¤ø� ´¨¢�� °��Â��� Ý�û��¡üõ �¤ ÂÊ�ä n Â¬��ä ßþÂ�×��î ¢Àä k
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!À��î Û� ��ß�Þû

ö���üõ �¤�î �¤�¬�� ý��± �Âõ �� � � �¤ Âþ¥ ý�û¤�î heap �¤�¬�� �þ�¤� ×þ ý�Â�

?¢�¢ ô�¹÷�

:¢�Àä� ý�Þû âÞ� -

:¢Àä ßþÂ�ï¤Ã� lg n ¢�Àã� âÞ� -

:ï¤Ã� ¢Àä 10 âÞ� -
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!À��î Û� ��ß�Þû

ö���üõ �¤�î �¤�¬�� ý��± �Âõ �� � � �¤ Âþ¥ ý�û¤�î heap �¤�¬�� �þ�¤� ×þ ý�Â�

?¢�¢ ô�¹÷�

n :¢�Àä� ý�Þû âÞ� -

lg2 n ¤¢ :¢Àä ßþÂ�ï¤Ã� lg n ¢�Àã� âÞ� -

O(1) :ï¤Ã� ¢Àä 10 âÞ� -
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heapsort

Build-Heap(A)
1 for i← blength[A]

2 c downto 1
2 do Heapify(A, i)

HeapSort(A)
1 Build-Heap(A)
2 for i← length[A] downto 2
3 do swap(A[1], A[length[A]])
4 length[A]← length[A]− 1
5 Heapify (A, 1)
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heapify (A,i)

1 2 3 4 5 6 7 8 9 10
+--+--+--+--+--+--+--+--+--+--+

3 6 1 9 7 18 9 18 5 7 initial array
3 6 1 9 7 18 9 18 5 7 i:=5

3 6 1 18 7 18 9 9 5 7 i:=4
-- --

3 6 18 18 7 1 9 9 5 7 i:=3
-- --

3 18 18 6 7 1 9 9 5 7 i:=2
-- --

3 18 18 9 7 1 6 9 5 7
-- --

18 3 18 9 7 1 6 9 5 7 i:=1
-- --
18 9 18 3 7 1 6 9 5 7

-- --
18 9 18 9 7 1 6 3 5 7 heap

-- --
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1 2 3 4 5 6 7 8 9 10
+--+--+--+--+--+--+--+--+--+--+
18 9 18 9 7 1 6 3 5 7 heap

7 9 18 9 7 1 6 3 5| 18 swap (1,10)
18 . 7 . . . . . .|

5 9 7 9 7 1 6 3 |18 18 swap (1,9)
9 5 . . . . . .
. 9 . 5 . . . .

3 9 7 5 7 1 6 |9 18 18 swap(1,8)
9 3 . . . . .
. 7 3 . . . .
. . 6 . . . 3

3 7 6 5 7 1 |9 9 18 18 swap(1,7)
7 3 . . . .
7 6 3 . . .
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1 6 3 5 7 |7 9 9 18 18 swap(1,6)
6 1 . . .
. 7 . . 1

1 7 3 5 |6 7 9 9 18 18 swap(1,5)
7 1 . .
. 5 . 1

1 5 3 |7 6 7 9 9 18 18 swap(1,4)
5 1 .

3 1 |5 7 6 7 9 9 18 18 swap(1,3)
1 |3 5 7 6 7 9 9 18 18 swap(1,2)

|1 3 5 7 6 7 9 9 18 18 sorted
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