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"ô�è¢�-�À��' üä�Ãµ÷� ý�÷�ðù¢�¢

�î Â¬��ä ¥� �Ã¹õ ý�ä�Þ¹õ ý¢�Àã� ýùÂ�¡£ ý�Â� °ó�� ø À�Ôõ üä�Ãµ÷� ý�û�÷�ðù¢�¢

:¢�ªüõ ô�¹÷� Âþ¥ ñ�Þä� ö� ýø¤ Â�

�û�ä�Þ¹õ ¢�¹þ� �

ø "ÂÊ�ä ×þ ö¢Âî�À��' �

"�ä�Þ¹õ ø¢ ô�è¢�' �

Disjoint-Find-Merge �þ Find-Merge ,Union-Find :ÂÚþ¢ ý�ûô�÷

ü¨Àì ÀÞ½õ 1 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'
&

$
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Â�Õ�ì¢ ÓþÂã�

:Âê

¢���õ Â¬��ä U = f1;2; : : : ; ng

Ai � U �Ã¹õ ý�û�ä�Þ¹õ (k � n) Ak �� ,A2 ,A1

.[ki=1Ai = U �î

ü¨Àì ÀÞ½õ 2 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'
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ñ�Þä�

:Create(i) �ä�Þ¹õ ¢�¹þ� �

.À�îüõ ¢�¹þ� �¤ Ai = fig

:Find(i) ö¢Âî �À�� �

.À�îüõ �±¨�½õ �¤ (i 2 Aj) ´¨� ö� �Ìä i 2 U �î ý��ä�Þ¹õ j ýù¤�Þª

:Merge(i; j) ô�è¢� �

(¢�ªüõ Ýî ý�û�ä�Þ¹õ ¥� üØþ) .À�îüõ Aj �þ Ai ßþÃÚþ�� �¤ Ai [Aj

ü¨Àì ÀÞ½õ 3 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'
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¢Â�¤�î
ý¥¤�Ýû ý�û�Î��¤ ¤¢ ý¥¤�Ýû ý�ûù¢¤ �

é�Âð ×þ ¤¢ À��Ýû ý�Ã�� �

À��Ýû �fþ�ì ý�Ã�� �

���Þî Â�ð�Âê ´¡¤¢ ö¢Âî �À�� ý�Â� ñ�Ø¨øÂî Ýµþ¤�Úó� �

ü¨Àì ÀÞ½õ 4 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢



�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'
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ý¥¤�Ýû ý�ûù¢¤ ö¢¤ø� ´¨¢�� ý�Â� üÜî ©ø¤

U = f1;2; : : : ; ng Â¬��ä ýø¤ Â� ý¥¤�Ýû ý�Î��¤ ×þ R

.ßî ¢�¹þ� �¤ Ai = fig ý�ä�Þ¹õ i 2 U ÂÊ�ä Âû ý�¥��� (1

(b; c) 2 R �Ìä Âû ý�Â� (2

(i Find(b)) b 2 Ai ßîÂê ,ßî�À�� �¤ b 1-2

(j  Find(c)) c 2 Aj ßîÂê ,ßî�À�� �¤ c 2-2

(Merge(i; j)) ßî ô�è¢� Ýû ¤¢ �¤ Aj ø Ai ,i 6= j Âð� 3-2

.´¨� ý¥¤�Ýû ýù¢¤ ×þ �úµ÷� ¤¢ ùÀ÷�õüì�� ý�ä�Þ¹õ Âû (3

ü¨Àì ÀÞ½õ 5 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'
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üÜî Ýµþ¤�Úó� Û�Ü½�
,�ä�Þ¹õ ¢�¹þ� ÛÞä ¤�� n

ø ö¢Âî�À�� ÛÞä ¤�� 2jRj

ô�è¢� ÛÞä ¤�� n� 1 Â·î�À�

ü¨Àì ÀÞ½õ 6 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'
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ÓÜµ¿õ �ûý¥�¨ù¢���
O(n) ¤¢ �¤ ñ�Þä� ¥� ×þ Âû :ù¢�¨ (1

.O(n lg n) ¤¢ á�Þ¹õ ¤¢ ô�è¢� ÛÞä n ø O(1) ¤¢ ö¢Âî�À�� :ýÀ÷��� ´Æ�ó §�¨�Â� (2

(.´¨� O(lg n) ô�è¢� Âû (amortized) "ùÀªßØªÂ¨' ý��þÃû ü�ãþ)

.O(lg n) ¤¢ Â·î�À� ö¢Âî �À�� ÛÞä Âû ø O(1) ô�è¢� ÛÞä :´¡¤¢ Â� ü�µ±õ (3

¤¢ ñ�Þä� ßþ� ¥� �� m :(path compression) Â�Æõ ý¥�¨ù¢ÂÈê �� ´¡¤¢ Â� ü�µ±õ (4

´¨� (Ackermann) "ßõdÂîc�d' â��� ÅØä �(m;n) .¢�ª ô�¹÷� O(m�(m;n)) ö�õ¥

.�(n; n) � 4 ,n ï¤Ã� ¤��Æ� Âþ¢�Öõ ý�Â� ø À�îüõ Àª¤ À�î ¤��Æ� �î

ü¨Àì ÀÞ½õ 7 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'
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´Æ�ó Â� ü�µ±õ ¤�µ¡�¨ù¢�¢

- - -

-
-

-6 -

6

?

�

-

count last �rst

1
2

sets

N

1 1

2 2 2

i i i i

ü¨Àì ÀÞ½õ 8 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢
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Const N=?;

NULL=0;

type cursor=0..N;

set_numbers:1..N;

elements_numbers:1..N;

set_record = record

first, last: cursor;

count: 1..N;

end;

element_record = record

set_no: set_numbers;

next: cursor

end;

var sets: array[set_numbers] of set_record;

elements: array[element_numbers] of element_record;

ü¨Àì ÀÞ½õ 9 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'
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Initialize()

1 for i 1 to lenght[elements]

2 do first[S[i]] i

3 last[S[i]] i

4 size[S[i]] 1

5 setNo[elements[i]] i

6 next[elements[i]] null

ü¨Àì ÀÞ½õ 10 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'
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Find(x)
. �nds the set number that x in an element of

1 return setNo[elements[x]]

ü¨Àì ÀÞ½õ 11 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'
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Merge(i,j)

. Sx  Si [ Sj, x is either i or j

1 if size[S[i]] < size[S[j]]

2 then r  i

3 k  j

4 else r  j

5 k  i

6 p last[S[k]]

7 next[elements[p]] first[elements[r]]

8 size[S[k]] size[S[k]] + size[S[r]]

9 p next[elements[p]]

10 while p 6= null

11 do setNo[elements[p]] k

12 p next[elements[p]]

ü¨Àì ÀÞ½õ 12 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢
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.´¨� O(n lg n) ë�ê ý¥�¨ù¢��� ¤¢ "ô�è¢�' ÛÞä n ý��þÃû 1 Ýó

ü¨Àì ÀÞ½õ 13 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'
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´¡¤¢ Â� ü�µ±õ

10

4 8 12 17

21 11

6 25

22

19

15
2 13

24

20

9 1

16 23
57

3

26 18 14

-

?

1
2

j
N

count root

i

ü¨Àì ÀÞ½õ 14 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'
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19

15
2 13

24

20

9 1

16 23
5

7
3

26 18 14

1
2

j
N

count root

i

.j ø i ý�û�ä�Þ¹õ ô�è¢�

ü¨Àì ÀÞ½õ 15 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'
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ý¥�¨ù¢��� ����Ã�

Const N=?;

NULL=0;

type cursor=0..N;

set_numbers:1..N;

elements_numbers:1..N;

set_record = record

root: element_numbers;

height: integer;

end;

element_record = record

set_no: set_numbers;

father: cursor;

end;

var sets:array[set_numners] of set_record;

elements: array[element_numbers] of element_record;

ü¨Àì ÀÞ½õ 16 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢
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Initialize()

1 for i 1 to length[elements]

2 do height[S[i]] 0

3 root[S[i]] i

4 setNo[elements[i]] i

5 parent[elements[i]] null

ü¨Àì ÀÞ½õ 17 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'
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Find(i)
. �nds the set number that i in an element of

1 p i

2 while parent[elements[p]] 6= null

3 do p parent[elements[p]]

4 return setNo[elements[p]]

ü¨Àì ÀÞ½õ 18 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'
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Merge(i,j)

. Sx  Si [ Sj

. x is either i or j

1 if height[S[i]] < height[S[j]]

2 then r  i

3 k  j

4 else r  j

5 k  i

6 parent[elements[root[S[r]]]] root[S[k]]

7 if height[S[k]] = height[S[r]]

8 then height[S[k]] height[S[k]] + 1

9 root[S[r]] null

ü¨Àì ÀÞ½õ 19 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'
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.´¨� O(lg n) ë�ê ý¥�¨ù¢��� ¤¢ "ö¢Âî�À��' ÛÞä Âû ý��þÃû 2 Ýó

�µ¡�¨ Ýµþ¤�Úó� ßþ� �� �î h á�Ô�¤� �� ´¡¤¢ ×þ ¤¢ �î Ý��îüõ ��±�� �ÂÖµ¨� �� :��±��

.¢¤�¢ ¢��ø ÂÊ�ä 2h Ûì�À� ¢�ªüõ

.üúþÀ� :�ÂÖµ¨� ý�þ��

ü¨Àì ÀÞ½õ 20 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢
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.À÷�ªüõ ô�è¢� Ýû �� h1 � h2 ý�ûá�Ô�¤��� ´¡¤¢ ø¢ :Âê

: h1 < h2 �

.h2 Â��Â� Û¬�� ´¡¤¢ á�Ô�¤�

Â�Ýî 2h2 ¥� �¹�µ÷ ¤¢ ø 2h1 + 2h2 ¥� Û¬�� ´¡¤¢ Â¬��ä ¢�Àã� ,Ǳ�ÂÖµ¨� Âê ��

.´Æ�÷

:h1 = h2 �

.h2 + 1 Â��Â� Û¬�� ´¡¤¢ á�Ô�¤�

.´Æ�÷ Â�Ýî 2h1 + 2h2 = 2h1+1 ¥� Û¬�� ´¡¤¢ Â¬��ä ¢�Àã�

.´¨� blgmc Â·î�À� ÂÊ�ä m �� ´¡¤¢ ×þ á�Ô�¤� Â·î�À�(=

.Ýó ��±��(=

ü¨Àì ÀÞ½õ 21 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'
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"Â�Æõ ý¥�¨ù¢ÂÈê' �� ý¥�¨ù¢���

i

a1

.....
.....
.....
.....
.....
..

a2

r

Ti

T1

T2

Tr

r

a1

a2

T1

Ti

Tr

T2

i

.¢�ªüõ ù���î ´¡¤¢ Find(i) ¥� Å�

ü¨Àì ÀÞ½õ 22 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'
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ö� ÅØä ø ßõÂî� â���

¤�ÂØ� ý�Â� �¤ Âþ¥ ¢�Þ÷ ö� ÅØä ø (Ackermann's function) ßõÂî� â��� Â��� Ýúê ý�Â�

.Ý��îüõ ÓþÂã� 2 ö���

g(i) � 22
�
�
�
2
9=

;i

:¢�ªüõ ÓþÂã� Ã�÷ Âþ¥ üµÈð¥�� �¤�¬�� â��� ßþ�

g(i) =
8>>>>>>><

>>>>>>>:
21 if i = 0;

22 if i = 1;

2g(i�1) ifi > 1:

�f ·õ

g(4) = 2
2

�
�
�
2
9=

;4
= 2
22
22

= 2
65536:

ü¨Àì ÀÞ½õ 23 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'
&

$
%

:Ýþ¤�¢ lg� ÓþÂã� ý�Â� ß���Ýû

lg(i) n =
8>>>>>>><

>>>>>>>:
n if i = 0;

lg(lg(i�1) n) if i > 0 and lg(i�1) n) > 0;

unde�ned if i > 0 and lg(i�1) n) � 0 or lg(i�1) n) is unde�ned
ø

lg� n = minfi � 0 : lg(i) n � 1g

ü¨Àì ÀÞ½õ 24 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢
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:Ý��îüõ ÓþÂã� Âþ¥ �¤�¬�� i; j � 1 Âþ¢�Öõ ý�Â� �¤ ßõÂî� â��� ñ��

A(1; j) = 2j for j � 1;

A(i;1) = A(i� 1;2) for i � 2;

A(i; j) = A(i� 1; A(i; j � 1)) for i; j � 2:

ü¨Àì ÀÞ½õ 25 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'
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j ø i ×��î ý¢�Öõ ý�Â� A(i; j) ßõÂî� â��� Âþ¢�Öõ

j = 1 j = 2 j = 3 j = 4

i = 1 21 22 23 24

i = 2 22 22
2

22
22

22
22
2

i = 3 22
2

22
�
�
�
2
9=

;16
22

�
�
�
2
9=

;2
2

�
�
�
2
9=

;16
22

�
�
�
2
9=

;2
2

�
�
�
2
9=

;2
2

�
�
�
2
9=

;16

.j ø i ×��î ý¢�Öõ ý�Â� A(i; j) ßõÂî� â��� Âþ¢�Öõ

ü¨Àì ÀÞ½õ 26 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'
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:ßõÂî� â��� ÅØä ÓþÂã�

�(m;n) = minfi � 1 : A(i; bm=nc) > lg ng:

.�(m;n) � 4 üãì�ø ô�ì¤� ý�Â� �î Ý�û¢üõ ö�È÷

ü¨Àì ÀÞ½õ 27 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

�ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'
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.´¨� 1 Ûì�À� bm=nc ¤�ÀÖõ m � n ö��

Ý þ¤�¢ bm=nc � 1 ý�¥�� � ,´ ¨� ý¢� ã ¬ �fÀ � î� ß õÂ î� â �� � ö� �

.A(i; bm=nc) > A(i;1)

.A(4; bm=nc) � A(4;1) ßþ�Â����

Ýþ¤�¢ üóø

A(4;1) = A(3;2) = 2
2

�
�
�
2
9=

;16

Âþ¢�Öõ ý�Â� ÍÖê .´¨� (1080 ¢øÀ�) ö�ú� ¤¢ �ûÝ�� üõ�Þ� ß�Þ¿� ¥� Â�Ç�� ¤��Æ� �î

.A(4;1) � lg n ´¨� ßØÞõ n ï¤Ã� üÜÞä Â�è

.�(m;n) � 4 üÜÞä Âþ¢�Öõ ý�Þû ý�Â�(=

ü¨Àì ÀÞ½õ 28 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢
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S = fxj0 � x � ng :´ ¨� n ø Â Ô ¬ ß � � ü Ö � Ö � ¢�À ä� ¥� ý�� ä� Þ ¹ õ S (1

� îý¤� Ï� � À � µ Æ û S ¥� ü �� û � ä� Þ ¹ õÂ þ¥ j = 0 � � �n � 1 ý�Â � Ij öü � �Ý û

�ä�Þ¹õ ¢�Àä� ùÂ�¡£ ý�Â� ¤�µ¡�¨ù¢�¢ ×þ .S = \n�1j=0Ij ø Ij = fxjj � x < j + 1g

�µ¨��¡ ý�û �±�Âõ �� �¤ Âþ¥ ñ�Þä� ö��µ� �îý¤�Ï�� À��î ¢�ú�È�� (�û Ij �¹�µ÷ ¤¢ ø) S

.¢�¢ ô�¹÷� ùÀª

�î ü�¤�¬ ¤¢) À�î �ê�®� �Ï��Âõ Ij �� Ã�÷ ø S �� �¤ xO(log(jSj) ¤¢ :Insert(x) (1

(. Àª�� �µª�À÷ ¢��ø �±ì

.À�î éÁ� Ij ¥� Ã�÷ ø S ¥� �¤ x O(log(jSj) ¤¢ :Delete (x) (2

.À�Æþ��� O(jIjj) ¤¢ �¤ Ij ¤¢ ¢���õ Â¬��ä : List (j) (3

ü¨Àì ÀÞ½õ 29 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢


