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ù��¨ -ÃõÂì ´¡¤¢
�î ��ø´Æ� üþø¢ø¢ ´¡¤¢:éÀû

Àª�� O(lg n) ö� á�Ô�¤� /

¢�ª ô�¹÷� O(lg n) �� �¤¢ ø éÁ� /

À�ª�� "ý¢�ä' �û�¤¢ ø éÁ� ¥� ý¤��Æ� /

ü¨Àì ÀÞ½õ 1 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢
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ü¨Àì ÀÞ½õ 2 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢
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ù��¨ -ÃõÂì ´¡¤¢ ÓþÂã�
.´¨� ��ø´Æ� ´¡¤¢ /

.ù��¨ �þ ø ´¨� ÃõÂì �þ ùÂð Âû /

.´¨� ù��¨ nil ïÂ� Âû /

.(Àª�� ÃõÂì À÷���üÞ÷ ÃõÂì ùÂð ×þ ¤À�) À�µÆû ù��¨ ,ÃõÂì ùÂð ×þ À÷¥Âê ø¢ /

.Àª��üõ ù��¨ ùÂð ü÷�ÆØþ ¢�Àã� Ûõ�ª ïÂ� ¢�ø� �� ùÂð ×þ ¥� ù¢�¨ Â�Æõ Âû /

(.´Æ�÷ ü¨�¨� ¯øÂª ¥� ,¯Âª ßþ�) ´¨� ù��¨ ´¡¤¢ �Èþ¤ /

ü¨Àì ÀÞ½õ 3 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

(40-254) �ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'
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��óø� ý�û��Ìì ø �ûÓþÂã�

:(bh(x)) x ýùÂð (black-height) "á�Ô�¤�ù��¨' /

�¤ x ¢�¡ üóø ´¨� nil ý�ûïÂ� Ûõ�ª) À÷¥Âê ïÂ� ×þ �� x ¥� ù��¨ ý�ûùÂð ¢�Àã�

(Ýþ¤�ÞªüÞ÷

ü¨Àì ÀÞ½õ 4 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢
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ÂÊ�ä n �� ù��¨ -ÃõÂì ´¡¤¢ á�Ô�¤�

Â��Â� ,Àª��üõ üÜ¡�¢ ùÂð n ý�¤�¢ �î ù��¨ -ÃõÂì ´¡¤¢ ×þ á�Ô�¤� Â·î�À� .��Ìì

.´¨� 2 lg(n + 1)

�î Ý�û¢üõ ö�È÷ ��±�� ý�Â�

2bh(x)−1 ý�¤�¢ Ûì�À� x ù��¡ñ¢ ý�Èþ¤ �� ´¡¤¢Âþ¥ Âû ,ù��¨ -ÃõÂì ´¡¤¢ ¤¢ .Ýó

.´¨� üÜ¡�¢ ùÂð

ü¨Àì ÀÞ½õ 5 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢
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ÂÊ�ä n �� ù��¨ -ÃõÂì ´¡¤¢ á�Ô�¤�

Â��Â� ,Àª��üõ üÜ¡�¢ ùÂð n ý�¤�¢ �î ù��¨ -ÃõÂì ´¡¤¢ ×þ á�Ô�¤� Â·î�À� .��Ìì

.´¨� 2 lg(n + 1)

�î Ý�û¢üõ ö�È÷ ��±�� ý�Â�

2bh(x)−1 ý�¤�¢ Ûì�À� x ù��¡ñ¢ ý�Èþ¤ �� ´¡¤¢Âþ¥ Âû ,ù��¨ -ÃõÂì ´¡¤¢ ¤¢ .Ýó

.´¨� üÜ¡�¢ ùÂð

ü¨Àì ÀÞ½õ 6 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢
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ö��

Â�Æõ Âû ýø¤ Â� (�Èþ¤ ßµêÂð ÂÑ÷¤¢ öøÀ�) �ûùÂð ¥� üÞ�÷ Ûì�À� h á�Ô�¤� �� ´¡¤¢ ¤¢

.À�µÆû ù��¨ ,ïÂ� �� �Èþ¤ ¥� ù¢�¨

:ßþ�Â���� .¢�� Àû��¡ h

2

Ûì�À� ´¡¤¢ ý�Èþ¤ á�Ô�¤� -ù��¨⇐=

n ≥ 2

h

2 − 1 =⇒ 2

h

2 ≤ n + 1 =⇒ h ≤ 2 lg(n + 1)

ü¨Àì ÀÞ½õ 7 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢
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Ýó ��±��

2bh(x)−1 ý�¤�¢ Ûì�À� x ù��¡ñ¢ ý�Èþ¤ �� ´¡¤¢Âþ¥ Âû ,ù��¨ -ÃõÂì ´¡¤¢ ¤¢ .Ýó

.´¨� üÜ¡�¢ ùÂð

x á�Ô�¤�-ù��¨ ýø¤ Â� Ǳ�ÂÖµ¨� �� ��±��

üÜ¡�¢ ýùÂð 20 − 1 = 0⇐= ´¨� nil ïÂ� x⇐= bh(x) = 0 : Ǳ�ÂÖµ¨� ý�þ��

ü¨Àì ÀÞ½õ 8 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢
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:Ǳ�ÂÖµ¨� ô�ð

¢¤�¢ À÷¥Âê ø¢⇐= ´¨� üÜ¡�¢ ùÂð x⇐= bh(x) > 0

bh(x)− 1 Â��Â� �ûÀ÷¥Âê ác �Ô�¤� -ù��¨⇐= ´¨� ÃõÂì x /

bh(x) �þ bh(x)− 1 Â��Â� �ûÀ÷¥Âê ác �Ô�¤� -ù��¨⇐= ´¨� ù��¨ x /

2bh(x)−1 − 1 Ûì�À� x ö�À÷¥Âê ¥� ô�ÀîÂû ý�Èþ¤ �� ´¡¤¢Âþ¥ ,�ÂÖµ¨� ­Âê Õ±Ï

.¢¤�¢ üÜ¡�¢ ùÂð

Ûì�À� x ý�Èþ¤ �� ´¡¤¢Âþ¥⇐=

2

bh(x)−1 − 1+ 2

bh(x)−1 − 1+ 1 = 2

bh(x) − 1

.´ª�¢ Àû��¡ üÜ¡�¢ ùÂð

ü¨Àì ÀÞ½õ 9 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢
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ñ�Þä�

x ýùÂð ý�Þä

Uncle(x)
1 if parent[x] = right[parent[parent[x]]]
2 then return left[parent[parent[x]]]
3 else return right[parent[parent[x]]]

ü¨Àì ÀÞ½õ 10 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢
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(Rotation) ö�¤ø¢

éÁ� ø �¤¢ ���ÜÞä ¥� Àã� ù��¨ -ÃõÂì ´¡¤¢ «��¡ ü��þ¥�� ý�Â�

Right-Rotate(T,y)

Left-Rotate(T,x)x

y

α β

γ

-

�

x

yα

β γ

(α < x < β < y < γ) ¢ÂÚ³� ø ¢ÂÚµ¨�¤ ö�¤ø¢

ü¨Àì ÀÞ½õ 11 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢
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Left-Rotate(T, x)

ü¨Àì ÀÞ½õ 12 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢
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Left-Rotate(T, x)
1 y ← right[x]
2 right[x]← left[y]
3 if left[y] 6= null

4 then p[left[y]]← x

5 p[y]← p[x]
6 if p[x] = null

7 then Root[T ]← y

8 else if x = left[p[x]]
9 then left[p[x]]← y

10 else right[p[x]]← y

11 left[y]← x

12 p[x]← y

ü¨Àì ÀÞ½õ 13 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢
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!À��î Û� ��ß�Þû

?Àª�� �µª�¢ ÃõÂì ýùÂð ×þ Ûì�À� Àþ�� ùÂð 128 �� ù��¨ÃõÂì ´¡¤¢ ×þ �þ� (1

ü¨Àì ÀÞ½õ 14 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢
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.¢�ªüÞ÷ ùÂð 128 �� üóø ,Àª�� ù��¨ ô�Þ� À÷���üõ 2h+1 − 1 = 127 ö�� :�Ü�

ü¨Àì ÀÞ½õ 15 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

(40-254) �ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'
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.¢�ª ù��¨-ÃõÂì ´¡¤¢ �� À�û¢ ¤�Âì "ù��¨' ø "ÃõÂì' ý�û°Æ�Â� Âþ¥ ´¡¤¢ ý�Â� (2

ü¨Àì ÀÞ½õ 16 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢
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1

1

1

1

1

ü¨Àì ÀÞ½õ 17 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢
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1

1

1

1

1

2

ü¨Àì ÀÞ½õ 18 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢
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1

1

1

1
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2
ü¨Àì ÀÞ½õ 19 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢
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´¡¤¢ ÀþÀ� ý�Èþ¤ ,�Èþ¤ ²c � À÷¥Âê �� À�û¢ Â��ç� ý¤�Ï �¤ ´¡¤¢ ö�¤ø¢ ×þ �� (3

´¡¤¢ ýÃ�õ�Ù÷¤ �� ö���üõ �þ� .À��î Ý¨¤ �¤ Çþ�û°Æ�Â� �� Û¬�� ´¡¤¢ .¢�ª

.À��î ����� �¤ ¢�¡ ���� ?¢Âî ù��¨-ÃõÂì �¤

x

y

ü¨Àì ÀÞ½õ 20 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢
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Right-Rotate(T, y)

x

y

ü¨Àì ÀÞ½õ 21 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢
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y

x

ü¨Àì ÀÞ½õ 22 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢
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y

x

ü¨Àì ÀÞ½õ 23 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢
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:´¨� ùÀª ù¢�¢ Âþ¥ ý��ø´Æ� üþø¢ø¢ ´¡¤¢ (4

1
/ \
a 2

/ \
b 3

/ \
c 4

/ \
d 5

/ \
e f

?À��þüõ Û�ÜÖ� 3 �� 5 ¥� �¤ ´¡¤¢ á�Ô�¤� üþ�ûö�¤ø¢ �� ��

ü¨Àì ÀÞ½õ 24 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢
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Left-Rotate(T,3)
1 1

/ \ / \
a 2 a 2

/ \ / \
b 3 b 4

/ \ / \
c 4 3 5

/ \ / \ / \
d 5 c d e f

/ \
e f

ü¨Àì ÀÞ½õ 25 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

(40-254) �ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'

&

$

%

Left-Rotate(T,1)

1 2
/ \ / \

a 2 1 4
/ \ / \ / \

b 4 a b 3 5
/ \ / \ / \
3 5 c d e f

/ \ / \
c d e f

ü¨Àì ÀÞ½õ 26 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢
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ù��¨-ÃõÂì ´¡¤¢ ¤¢ x �¤¢

�¹µÆ� ü�ø¢ø¢ ´¡¤¢ ¤¢ �¤¢ (1

.À÷�õüõ ´��� �ûùÂð ��Üî ý�Â� �ûá�Ô�¤� -ù��¨ .Ý��îüõ ÃõÂì �¤ x (2

ö�þ��⇐= ´¨� ù��¨ x ¤À� (3

.Ýþø¤üõ y ô��� x ý�Þä å�Â¨ ��⇐= ´¨� ÃõÂì x ¤À� (4

ü¨Àì ÀÞ½õ 27 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

(40-254) �ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'
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:´ó�� �¨

.´¨� ÃõÂì y (a)

.´¨� ©¤À� ´¨�¤ À÷¥Âê x ø ´¨� ù��¨ y (b)

.´¨� ©¤À� ²� À÷¥Âê x ø ´¨� ù��¨ y (c)

ü¨Àì ÀÞ½õ 28 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢
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A
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B
α δ

β

ε

γ

x

y A

C

D

B
α δ

β

ε

γ

x

y

B

C

D

γ

α

δ

B

β

ε
x

C

y

A

D

γ

α

δ

β

ε
x

y

A

-

-

(a)

(b)

newc

newc

.RB-Insert ý�Â� ñø� ´ó��

ü¨Àì ÀÞ½õ 29 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢
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A

C

B

δ

α

y

B

β

C

γ

x A

δ

α

y

β

γ
x

A

B

C

β δγα

x

- -

Right-Rotate(T,p[p[x]])

Case 3
Left-Rotate(T,p[x])

Case 2
.RB-Insert ý�Â� ô�¨ ø ôø¢ ý�û´ó��

ü¨Àì ÀÞ½õ 30 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢
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?

14

Case 1

5 8

11

x

2

4

1 7 15

y

ü¨Àì ÀÞ½õ 31 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢
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y

2

Case 2

1

ü¨Àì ÀÞ½õ 32 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢
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Case 3

1

ü¨Àì ÀÞ½õ 33 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢
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RB-Insert(T, x)
1 Tree-Insert(T, x)
2 color[x]← Red
3 while x 6= root[T ] and color[p[x]] = Red
4 do if p[x] = left[p[p[x]]]
5 then y ← right[p[p[x]]]
6 if color[y] = Red
7 then color[p[x]]← Black .... case 1
8 color[y]← Black .... case 1
9 color[p[p[x]]]← Red .... case 1

10 x← p[p[x]] .... case 1
11 else if x = right[p[x]]
12 then x← p[x] .... case 2
13 Left-Rotate(T, x) .... case 2
14 color[p[x]]← Black .... case 3
15 color[p[p[x]]]← Red .... case 3
16 Right-rotate(T, p[p[x]]) .... case 3
17 else (same as then clause

with “right” and “left” exchanged)
18 color[root[T ]]← Black

ü¨Àì ÀÞ½õ 34 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢
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!ßþÂÞ�

.À��î Ý¨¤ �¤ §¤¢ ý�Àµ�� ñ�·õ ¤¢ 36 À�Üî �� ýÂÊ�ä �¤¢ ¥� Û¬�� ´¡¤¢ (1

´¡¤¢ ×þ ¤¢ �¤ 8 ø 19 ,12 ,31 ,38 ,41 °��Â�� � �¤¢ ¥� Û¬�� ù��¨-ÃõÂì ´¡¤¢ (2

.À��î Ý¨¤ �¤ üú�

ü¨Àì ÀÞ½õ 35 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

(40-254) �ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'
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éÁ�

ü¨Àì ÀÞ½õ 36 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢
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RB-Delete(T, z)
1 if left[z] = nil[T ] or right[z] = nil[T ]
2 then y ← z
3 else y ← Tree-Successor(z)
4 if left[y] <> nil[T ]
5 then x← left[y]
6 else x← right[y]
7 p[x]← p[y]
8 if p[y] = nil[T ]
9 then root[T ]← x

10 else if y = left[p[y]]
11 then left[p[y]]← x
12 else right[p[y]]← x
13 if y 6= z
14 then key[z]← key[y]
15 if y has other fields, copy them too
16 if color[y] = Black
17 then RB-Delete-Fixup(T, x)
18 return y

ü¨Àì ÀÞ½õ 37 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢
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ü¨Àì ÀÞ½õ 38 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢
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A

B

D

βα

δ

E

εγ

x w

D

E

ζ

βα

ε

δγζ

new w

Case 1

(a)

B

x

c

C

D

β

B

C

α

A

δ

E

εγ

x w

B

D

βα

δ

-

ζ

Case 4

(b)

E

ε

C

γ

new x c

ζ

C

A

-

A

A

B c

D

βα

δ

E

εγ

x w

B

Dβα

A

δζ

B

Case 3

(c) C

ε

C
γ

x

c

ζ
c

A

-

E

D

βα

δ

C

εγ

x w

ζ

Case 4

(d)

E

-
D

E

ζ

βα

ε

δγ

c′

xB

CA

c

new w

c′
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RB-Delete-Fixup(T, x)
1 while x 6= root[T ] and color[x] = Black
2 do if x = left[p[x]]
3 then w← right[p[x]]
4 if color[w] = Red
5 then color[w]← Black .... Case 1
6 color[p[x]]← Red .... Case 1
7 Left-Rotate (T, p[x]) .... Case 1
8 w ← right[p[x]] .... Case 1
9 if color[left[w]] = Black and color[right[w]] = Black

10 then color[w]← Red .... Case 2
11 x← p[x] .... Case 2
12 else if color[right[w]] = Black
13 then color[left[w]]← Black .... Case 3
14 color[w]← Red .... Case 3
15 Right-Rotate(T,w) .... Case 3
16 w ← right[p[x]] .... Case 3
17 color[w]← color[p[x]] .... Case 4
18 color[p[x]]← Black .... Case 4

ü¨Àì ÀÞ½õ 40 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢
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19 color[right[w]]← Black .... Case
4
20 Left-Rotate (T, p[x]) .... Case 4
21 x← root[T ] .... Case 4
22 else (same as then with right and left ex-

changes)
23 color[x]← Black
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ù��¨-ÃõÂì ´¡¤¢ ý�û©ÂµÆð

O(lg n) �� ý¤�õ� ý�±�Âõ ø éÁ� ,�¤¢ ñ�Þä� :ý¤�õ� ý�±�Âõ ´¡¤¢ •

O(lg n) ¤¢ �ûù¥�� ü÷�ª��Ýû ö¢Âî�À�� ø ù¥�� éÁ� ø �¤¢ :ù¥�� ´¡¤¢ •
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ý¤�õ� ý�±�Âõ ´¡¤¢
26

20

41
7

47
1

38
3

17

12

30
5

35
1

39
1

21
4

24
1

19
2

14
7

16
2

10
4

12
1

7
2

28
1

20
1

key
size

14
1

3
1
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ù��¨-ÃõÂì ´¡¤¢ ¤¢ ��Â��ç�

size[x] ý�Ôó�õ

size[x] = size[left[x]] + size[right[x]] + 1

¢�ª Àõ�¥ø¤ Â¬��ä �¤¢ ø éÁ� ¤¢ Àþ�� �Ôó�b õ ßþ� ¤�ÀÖõ
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ùÀªù¢�¢ ý�±�Âõ �� ÂÊ�ä ö¢Âî�À��

OS-Select(x, i)
1 r ← size[left[x]] + 1
2 if i = r

3 then return x

4 else if i < r

5 then return OS-Select(left[x], i)

6 else OS-Select(right[x], i− r)
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ÂÊ�ä ×þ ý�±�Âõ ö¢Âî�À��

OS-Rank(T, x)
1 r ← size[left[x]] + 1
2 y ← x

3 while y 6= root[T ]
4 do if y = right[p[y]]
5 then r ← r + size[left[p[y]]] + 1
6 y ← p[y]
7 return r

ü¨Àì ÀÞ½õ 46 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢
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éÁ� ø �¤¢ ¤¢ �ûù¥�À÷� ´ª�¢�Ú÷

À��ø ×þ Â¬��ä ý�Þû ýù¥�À÷� � � �¤¢ Û½õ ö¢Âî �À� � Â�Æõ ¤¢ ý¢�ä �¤¢ ¤¢ •

.Ý��îüõ �ê�®�

.Ý��îüõ Ýî À��ø ×þ Â�Æõ ßþ� Â¬��ä ý�ûù¥�À÷� ¥� éÁ� ¤¢ •
.Àû¢ Â��ç� üµ¨¤¢�� �¤ �ûù¥�À÷� ö�¤ø¢ ÛÞä �î Ý��î ß�ÞÌ� Àþ�� •

ü¨Àì ÀÞ½õ 47 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢
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ö�¤ø¢ ÛÞä ¤¢ �û´¡¤¢Âþ¥ ý�ûù¥�À÷� ý�±¨�½õ

93
19

42
11

Right-Rotate(T,y)

�
Left-Rotate(T,x)

6

-

4

7 6

4 7

42
19

93
12

y

y

x

x

()
1 size[y]← size[x]
2 size[x]← size[left[x]] + size[right[x]]
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ù¥�� ´¡¤¢ :Àã� ©ÂµÆð

?´Æ�� ù¥��

[t1, t2] �� ø t1 ≤ t2 �î ´¨� t2 ø t1 üÖ�Ö� ¢�Àä� ¥� °�Âõ �ø¥ ×þ �µÆ� ýù¥�� ×þ •

.¢�ªüõ ù¢�¢ Çþ�Þ÷

.´¨� {t ∈ R : t1 ≤ t ≤ t2} üÖ�Ö� ¢�Àä� ý�Þû Ûõ�ª [t1, t2] ýù¥�� ×þ •

.´Æ�÷ üþ�úµ÷� ý�û�ÎÖ÷ ¥� üØþ �þ ø¢ Âû Ûõ�ª °��Â��� "¥���Þ�÷' �þ ø "¥��' ýù¥�� ×þ •

ö¢Âî�À�� ø éÁ� ,�¤¢ ñ�Þä� ö��µ� ø À�ª�� ù¥�� ö� Â¬��ä �î ´¨� ý¤�µ¡�¨ù¢�¢ éÀû

ý¢ø¤ø ýù¥�� ×þ ö�ª��Ýû ýù¥��

ü¨Àì ÀÞ½õ 49 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢
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�ûù¥�� ü÷�ª��Ýû ý�û´ó��
-

i

i′ i

-

i ii′

i′ i′

(a)

i

(b) (c)

-

i′ ii′

.ö�ª��Ýû�÷ ý�û´ó�� (c) ø (b) .i′ ø i ý�ûù¥�� ü÷�ª��Ýû ý�Â� ´ó�� ¤�ú� (a)
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Ýû�� ´±Æ÷ ù¥�� ø¢ ý�û´ó��

ý�ÎÖ÷ �¤ high[i] = t2 ø üþ�Àµ�� ý�ÎÖ÷ �¤ low[i] = t1 ,i = [t1, t2] ýù¥�� ×þ ý�Â� •

.Ý�õ�÷üõ ù¥�� üþ�úµ÷�

:À÷¤�¢ �¤ Âþ¥ ÓÜµ¿õ ´ó�� �¨ Ýû�� ´±Æ÷ i′ ø i ýù¥�� ø¢ •

À÷¤�¢ ü÷�ª��Ýû i′ ø i (1

high[i] < low[i′] (2

high[i′] < low[i] (3

ü¨Àì ÀÞ½õ 51 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢
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ù¥�� ´¡¤¢ ¤�µ¡�¨ù¢�¢

ù¥�� ´¡¤¢ : T •

.´¨� x ¤¢ ¢���õ ýù¥�� int[x] �î ´¨� ö� ¥� ÂÊ�ä ×þ : x •

ý¢ø¤ø ýù¥�� ×þ : i •

ü¨Àì ÀÞ½õ 52 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢



(40-254) �ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'

&

$

%

ù¥�� ´¡¤¢ ýø¤ Â� ñ�Þä�

Interval-Insert(T,x)

T ýù¥�� ´¡¤¢ ¤¢ x ýù¥�� �¤¢

Interval-Delete(T, x)

T ýù¥�� ´¡¤¢ ¥� x ýù¥�� éÁ�

Interval-Search(T, i)

i ýù¥� � � � ,int[x] ,ö� ýù¥� � � î À ÷�¢Â ðü õ ¥� � �¤ T ¥� x ÂÊ � ä × þ � � Â ðù¤� ª�

.À÷�¢Âðüõ ¥�� null ,Àª�±÷ ´¡¤¢ ¤¢ ýÂÊ�ä ß���ßþ� Âð� .¢¤�¢ ü÷�ª��Ýû

ü¨Àì ÀÞ½õ 53 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢
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ù¥�� ´¡¤¢ ý¥�¨ù¢���

.À�µÆû ù¥�� ö� Â¬��ä �î ù��¨-ÃõÂì ´¡¤¢ •

.´¨� (low[int[x]] �þ ø) int[x] áøÂª ý�ÎÖ÷ x ýù¥�� ×þ À�Üî •

ý��� À� ÝÞþÃð�õ ýùÀ�û¢ö�È÷ �î ¢¤�¢ �¤ max[x] ý�Ôó�õ ´¡¤¢ ¤¢ x ùÂð Âû •

.À÷¤�¢ ¤�Âì x ý�Èþ¤ �� ´¡¤¢ Âþ¥ ¤¢ �î ´¨� üþ�ûù¥�� ý��Üî
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[16,21]

30

-

[15,23]

23

0 5 10 15 20 25 30

5

[8,9]

23

0 3

[23,30]

30

[17,19]

20

8

6 10

98

15 23

2116
17 19

19

[26,26]

26

[5,8]

10

[19,20]

20

[6,10

10

[0,3]

3

20

25 30

26 26

int

max

(a)

(b)
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�ûù¥�� éÁ� ø �¤¢

.¢�ªüõ ô�¹÷� ù��¨-ÃõÂì ´¡¤¢ À�÷�õ éÁ� ø �¤¢ ñ�Þä� •

.¢Âî ´±� ø �±¨�½õ ö���üõ �¤ Â¬��ä max ý�Ôó�b õ ý¤�õ� ý�±�Âõ ´¡¤¢ À�÷�õ •

.¢Âî �±¨�½õ üµ¨¤¢�� �Ôó�b õ ßþ� �î ¢�ªüõ ��¬� ý¤�Ï Ýû ö�¤ø¢ ÛÞä •
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ö�ª��Ýû ýù¥�� ö¢Âî �À��

Interval-Search(T , i)
1 x← root[T ]
2 while x 6= null and i does not overlap int[x]
3 do if left[x] 6= null and max[left[x]] ≥ low[i]
4 then x← left[x]
5 else x← right[x]
6 return x
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?´¨� ´¨¤¢ �Â�

,Interval-Search(T, i) Ýµþ¤�Úó� ¤¢ while ý�ÖÜ� ¤�ÂØ� Âû ¤¢ .��Ìì

Ûõ�ª x ²�´¡¤¢ Âþ¥ �þ ,¢øÂ� x ²� À÷¥Âê �� ��ø´Æ� ø ¢�ª �Â�� 4 ÂÎ¨ Âð� (1

¢��ø x ´¨�¤ ´¡¤¢ Âþ¥ ¤¢ ý�ù¥� � º�û � þ ´¨� ö�ª��Ýû i � � �î ´¨� ý�ù¥� �

,Àª�� �µª�¢ ü÷�ª��Ýû i �� �î ¢¤�À÷

Â þ¥ ¤¢ ý�ù¥� � º � û ,¢øÂ � x ´¨�¤ À ÷¥Â ê � � ��ø´Æ� ø ¢�ª �Â�� 5 ÂÎ¨ Âð� (2

.Àª�� �µª�¢ ü÷�ª��Ýû i �� �î ¢¤�À÷ ¢��ø x ²� ´¡¤¢

ü¨Àì ÀÞ½õ 59 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢
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!À��î Û� ��ß�Þû

�¤�¬� � �¤ ùÀ ªù¢�¢ ý� �ø´Æ� ü þø¢ø¢ ´¡¤¢ × þ ö�� �ü õ �¤�¬ � � ¤¢ (1

?¢¤ø� ¤¢ ù��¨-ÃõÂì

¤Àì�� h á�Ô�¤�ù��¨ �� "ù��¨-ÃõÂì' ´¡¤¢ ×þ üÜ¡�¢ Â¬��ä ¢�Àã� Â·î�À� ø Ûì�À� (2

?´¨�

?À�îüõ ¤�î �÷�Ú� ýÀã�ø¢ ýù¥�� ´¡¤¢ (3

ü¨Àì ÀÞ½õ 60 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢
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ü� ø 2-3 ´¡¤¢
19

19 -5 - 8 12

2 5 7 8
7 16

12 16
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:á�Ô�¤�

dlog3 ne ≤ h ≤ dlog2 ne

type
elementtype = record

key: real;
{other fields}

end;
notetypes = (leaf,interior);
TwoThreeNode = record

case kind: nodetype of
leaf : (element : elementtype);
interior : (firstchild,secondchild,thirdchild:^twotreenode;

lowofsecond,lowoffirst:real;)
end;
SET = ^TwoThreeNode;
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19

19 -5 - 8 12

2 5 7 8
7 16

12 16

18

18 19

19

5 - 8 12

2 5 7 8
7 16

12 16

x = 18 �¤¢ ¥� Û¬�� ´¡¤¢
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2 5 7 8 10 12 16 18 19

5 - 8 - 12 - 18 19

(Óó�)(�)

7 -

7 -

7 -

2 5 7 8 10 12 16 18 19

5 - 8 - 12 - 18 19

7 -

x = 10 �¤¢ ¥� Û¬�� ´¡¤¢
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2 5 8 12 16 18 19

5 8

12 18

2 5 8 12 16 18 19

5 8

7 -

16 - 19 -

18 -

(�)
12 -

*

2 5 7 8 12 16 16 18

5 - 8 - 12 - 18 -

7 -

(Óó�)

16 - 19 -

(�)

7 -

12 -

7 Å³¨ ø 10 éÁ� ¥� Û¬�� ´¡¤¢

ü¨Àì ÀÞ½õ 65 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

(40-254) �ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'

&

$

%

"ü�' ´¡¤¢

10 12 14

? ?

16 18 20 22 24 26 28 30 32 34 36 38 40 424 6 8

? ? ? ? ? ? ? ?

18

1210 22 28 34 38

.k = 3 ø 5 ý�±�Âõ ¥� ü� ´¡¤¢ ×þ
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2-3 ´¡¤¢ Â� ü�µ±õ ý¥�¨ù¢���

ý�ûÂµõ�¤�� ø �ûüðÄþø �� üþ��m ý��ø´Æ� ´¡¤¢ ×þ m ý�±�Âõ ¥� ü� ´¡¤¢ ×þ

:´¨� Âþ¥

.¢¤�¢ À÷¥Âê ø¢ Ûì�À� �þ ø ´¨� ïÂ� �þ ,�Èþ¤ (1

.¢¤�¢ À÷¥Âê m Â·î�À� ø ⌈
m

2

⌉ Ûì�À� ,�ûïÂ� ø �Èþ¤ Ã¹� üûÂð Âû (2

(×Æþ¢ í�Ø� §¤¢�) Âðù¤�ª� m ø À�Üî m− 1 Â·î�À� ý�¤�¢ üÜ¡�¢ ýùÂð ×þ (3

´¡¤¢ Â þ¥ ß � õ� i � � Â ðù¤� ª� pi � î ´¨� (p1, k2, p2, k3, p4, · · · , km, pm) ôÂ ê ¥�

Ã � ÷ ø .´ ¨� ô� i ´¡¤¢Â þ¥ À � Ü î ß þÂ �× �� î ki ø (¢� �ø ¯Â ª� �) ùÂ ð ö�

.k2 < k3 < · · · < km

ü¨Àì ÀÞ½õ 67 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢
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°��Â��� ïÂ� Âû ¤¢ ùÀªùÂ�¡£ ý�û¢¤�î¤ ø À÷¤�¢ ¤�Âì ¼Î¨ ×þ ¤¢ �Þû �ûïÂ� (4

.À÷¤�¢ ¤�Âì �ûïÂ� ¤¢ ´¨�¤��²� ¥� ö�ªÀ�Üî

.¢Â�ðüõ ¤�Âì ïÂ� Âû ¤¢ ¢¤�î¤ ¢Àä k Â·î�À� �� ×þ ¥� ,�û¢¤�î¤ ýù¥�À÷��� �µÆ� (5

.´¨� 3 �±�Âõ ¥� ü� ´¡¤¢ ×þ 2-3 ´¡¤¢ ×þ :����
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ýù¥�À÷��� ïÂ� Âû ø üÜ¡�¢ ýùÂð Âû �î À÷�ªüõ ß��ã� ý¤�Ï �f�Þãõ k ø m Âþ¢�Öõ

.À÷��¡ üÜ¬� ý�Ñê�� �� �¤ ö� ü¨¤´¨¢ ¤��×þ �� ö��µ� ø Àª�� ×Æþ¢ ¥� í�Ü� ×þ

.À�µÆû ×Æþ¢ ýø¤ Â� í�Ü� §¤¢� ´¡¤¢ ßþ� ¤¢ �ûÂðù¤�ª� ß���Ýû
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23 �¤¢ ¥� Å�

10 12 242614 283032 3436 3840422223

1210 22 24 34 38

16 1820
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? �

� ? ? ? ? ? ? ? N

?
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10 éÁ� ¥� Å�

2223

12 18 22 24 34 38
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Û�Ü½�
ÂÊ�ä n Ûõ�ª m ý�±�Âõ ¥� ü� ´¡¤¢ •

´¨¤¢ ´¡���Øþ âþ¥�� ý�Â� b = k/2 ß�Þ¿�) ,ÂÊ�ä b Í¨�µõ ¤�Ï�� ïÂ� Âû •
dn/be Â��Â� �ûïÂ� ¢�Àã� �¤�¬ö� ¤¢ ,(´¨�

À÷¥Âê ¢Àä ⌈
m

2

⌉ (�Èþ¤ Ã���) üÜ¡�¢ ý�ûùÂð �î ´¨� üµìø ´¡¤¢ á�Ô�¤� ßþÂ�Ç�� •

.Àª�� �µª�¢ À÷¥Âê ø¢ �Èþ¤ ø

� � ¤�Ïß �Þû ø À� 4dn/be/m2 ø ¤À � 2dn/be/m ¢øÀ� �ûïÂ � ,�¤�¬ßþ� ¤¢ •

.¢¤�¢ Â����
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Ý þ¤�¢ ,À ª� � � ûïÂ � ø � È þ¤ ß � � Â � Æ õ ¤¢ ¢� �� õ ý� ûùÂ ð ¢�À ã � j Â ð� •

1 ¥� Â�Ýî �Èþ¤ ö�À÷¥Âê ¢�Àã� �¤�¬ßþ� Â�è ¤¢ �î �Â� 2j−1dn/be/mj−1 ≥ 1

.¢�� Àû��¡

j ≤ 1+ logm/2dn/be �þ ø dn/be ≥ (m/2)j−1 ßþ�Â���� •

.j ≤ 3.5�¤�¬ö� ¤¢ ,m = 100 ø b = 10 ,n = 106 Âð� �f ·õ •

j + 1 Â·î�À� �¤¢ ø ¤�� j Â��Â� Â·î�À� éÁ� ø ,��ø´Æ� ñ�Þä� �î ´¨� ßªø¤ •
.¢¤�¢ ô¥� ×Æþ¢ �� ü¨¤´¨¢ ¤��

ü¨Àì ÀÞ½õ 74 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢

(40-254) �ûÝµþ¤�Úó� ü÷�±õ ø �û¤�µ¡�¨ù¢�¢'

&

$

%

(Optimal BST) ���ú� ý��ø´Æ� üþø¢ø¢ ´¡¤¢

Â¬� �ä ßþ� ý�Â � ��ø´Æ� ñ�Þ µ�� ø a1 < a2 < · · · < a7 ÂÊ�ä 7 Ûõ�ª ´¡¤¢

Àª�� 6
24

3
24

, 5
24

, 4
24

, 3
24

, 1
24

, 2
24

Â��Â� °��Â���

a1
a2

a4
a3

a6

a5 a7

ö�õ¥ Í¨�µõ �� ö¥��µõ ´¡¤¢

48
24

ý��ø´Æ�

a1

a2

a4

a5

a3

a7

a6

ö�õ¥ Í¨�µõ �� ö¥��µõ�÷ ´¡¤¢

31
24

ý��ø´Æ�
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�û¢�Þ÷ ñøÀ� ,�÷�¡��µî :�ûñ�·õ

begin

and

if

else

then
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üÜî ´ó�� ¤¢ �ÜÿÆõ

ü�¤�¡ ø üÜ¡�¢ ÂÊ�ä :(bi ø ai) Õê�õ�÷ ø Õê�õ ý��ø´Æ�

b0 < a1 < b2 < · · · < ai−1 < bi < ai < · · · < bn−1 < an < bn

n + 1 Â��Â� ÂÊ�ä n � � �¹µÆ� üþø¢ø¢ ´¡¤¢ ×þ ý�Â� ,ü�¤�¡ Â¬��ä ¢�Àã� .Ýó
.´¨�
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�ÜÿÆõ ý¢ø¤ø Õ�ì¢ ÓþÂã�

´¡¤¢ Â¬��ä a1 < a2 < · · · < an /

(i = 1..n) ai ý�Â� Õê�õ ��ø´Æ� ñ�Þµ�� pi /

(i = 1..n− 1) ai < bi < ai+1 Âð� ,bi ý�Â� Õê�õ�÷ ý��ø´Æ� ñ�Þµ�� qi /

b0 < a1 ý�Â� Õê�õ�÷ ý��ø´Æ� ñ�Þµ�� q0 /

an < bn ý�Â� Õê�õ�÷ ý��ø´Æ� ñ�Þµ�� qn /
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�ÜÿÆõ ü�øÂ¡

ö�õ¥ Í¨�µõ �î Àþ¥�Æ� ���ú� ý��ø´Æ� üþø¢ø¢ ´¡¤¢ ×þ �û qi ø �û pi ßµª�¢ ��

¢�ª ���Þî ö� ¤¢ ( Õê�õ �÷ �þ Õê�õ¥� Ýä�) ��ø´Æ�

¤�ÀÖõ ßþ�

n∑

i=1

pi(1+ depth(ai)) +
n∑

i=0

qi(depth(bi))

n∑

i=1

pi +
n∑

i=0

qi = 1 �î
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�ÜÿÆõÂþ¥ ÓþÂã�

Tij ý�ÜÿÆõ Âþ¥ •
qi, pi+1, qi+1, . . . , pj, qj ý¢ø¤ø �� ai+1 < · · · < aj ý�Â� OBST ´¡¤¢

.´¨� üÜ¬� ý�ÜÿÆõ T0n

Tij ý��þÃû : Cij •

Cij =
j∑

r=i+1

pr[depht(ar) + 1] +
j∑

r=0

qr[depth(br)]
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.Àª�� Tij ý�Èþ¤ ak Âð� Cij : C(k)
ij •

:Tij ¤¢ qi ø pi ý�ûñ�Þµ�� á�Þ¹õ Â��Â� ,Tij ´¡¤¢ ö¥ø : wij •

wij = qi +
j∑

r=i+1

(pr + qr)

Tij ý�Èþ¤ rij •
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ai+1 < · · · < aj ý�Â� Tij ´¡¤¢ Âþ¥

ak

Tij

Tk,jTi,k−1

i < k ≤ j
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Tij ý�ÜÿÆõ Âþ¥ Û�

:Ýþ¤�¢ ,Àª�� �Èþ¤ (i < k ≤ j ý�Â�) ak Âð�

C
(k)
ij = (Ci,k−1 + wi,k−1) + (Ckj + wkj) + pk

= Ci,k−1 + Ckj + wij

:Ýþ¤�¢ ø

Cij = min
i<k≤j

C
(k)
ij

cii = 0 ø wii = qi ⇐= Ýþ¤�¢ Tii ý�Â� áøÂª ¤¢
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Ýµþ¤�Úó�

OBST(p1, . . . , pn, q0, . . . , qn)
1 for i← 0 to n

2 do wii ← qi

3 cii ← 0
4 for l ← 1 to n

5 do for i← 0 to n− l

6 do j ← i + l

7 wij ← wi,j−1 + pj + qj

8 cij ← min
i<k≤j

{ci,k−1 + ckj + wij}
9 rij ← the k for which above is mininimum
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Û�Ü½�

.´¨� Θ(n3) ¥� ë�ê Ýµþ¤�Úó�
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ñ�·õ

n = 4

a1 < a2 < a3 < a4

p1 = 1
4

p2 = 1
8

p3 = p4 = 1
16

q0 = 1
8

q1 = 3
16

q2 = q3 = q4 = 1
16
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�ûñøÀ�

:Àþ�üõ Âþ¥ ñøÀ� ¤¢ ùÀª�µÔð Ýµþ¤�Úó� ÓÜµ¿õ Û��Âõ
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0 c00 = 0 c01 = 9 c02 = 18 c03 = 25 c04 = 33

w00 = 2 w01 = 9 w02 = 12 w03 = 14 w04 = 16

r01 = a1 r02 = a1 r03 = a1 r04 = a2

1 c11 = 0 c12 = 6 c13 = 11 c14 = 18

w11 = 3 w12 = 6 w13 = 8 w14 = 10

r12 = a2 r13 = a2 r14 = a2

2 c22 = 0 c23 = 3 c24 = 8

w22 = 1 w23 = 3 w24 = 5

r23 = a3 r24 = a4

3 c33 = 0 c34 = 3

w33 = 1 w34 = 3

r14 = a4

4 c44 = 0

w44 = 1
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ñ�·õ ´¡¤¢

T01

a1

T04

a2

T24

a4

T23

a3

ü¨Àì ÀÞ½õ 89 Â���³õ�î ü¨À�úõ ýùÀØÈ÷�¢


