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Extension of Fuzzy Set

Extension by Relation

Definition (Extension of fuzzy set) Let 4 and B be fuzzy sets and R
denote the relation from A4 to B. This relation can be expressed by a
function 1,
xeAyeB
y=fx) or x=f"(y)
Here we used the term “function” without considering the strict

condition for being a function. Then we can obtain make fuzzy set B' in B
by R and 4.

fory € B,

,UI;'(_\‘_] = Max [/{ I(\)] if f l(.‘-) #J .

xef ' (y)
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Example 3.11 Let fuzzy set 4 be "the set of people with an infectious
disease" and the crisp set B be "the set of people having been in contact
with the infected people". The contact relation is given by R in Fig 3.18

A = {(a;, 0.4), (a3, 0.5), (a3, 0.9), (a4, 0.6)}

B = {by, by, b}

0.4 a, - b,
0.5 a;

b,
0.9 ay #
0.6 a,» by

Fig. 3.18. Extension of a fuzzy relation

For example, by A, the possibility of person a, is 0.4, and by relation R,
a, has been in contact with . With such a set 4 and relation R, the
infectious set B' in B can be obtained as follows :

First for b,
-1
/ (b1) = {(al, 0.4), (a3, 0.9)}, Max[0.4,0.9]=0.9
= uy (b))=09
Now for by,
el
I (b2)= {(a2, 0.5), (a4, 0.6)}, Max [0.5,0.6] = 0.6
= g (b)) =0.6
Similarly for b,,
S (03) = {(a, 0.6)}
= Up (b‘,) = 06

Arranging all,

B' = {(b,,0.9), (bs, 0.6), (b3, 0.6)}, It is the result of inference. m)

2/13/2011
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3.4.2 Extension Principle

Definition (Extension principle) We can generalize the pre-explained
extension of fuzzy set. Let X be Cartesian product of universal set X = X x
Xy x...xX,and 4y, A, ... , A, be r fuzzy sets in the universal set.
Cartesian product of fuzzy sets 4, 4,, ... , A, yields a fuzzy set 4, x 4,
X ... x A, defined as
Ha xa,x.xa (D1 XX % oxx. )= Min [ gy (x1), ..., pg(x) ]

Let function f be from space X'to ¥,
Ao Xy) 1 XESF
Then fuzzy set B in Y can be obtained by function f and fuzzy sets A,
A, ..., A, as follows:

0,if f(y)=2

1,(y)=

2 H’}/]f’x - )[M in (ﬂ,gl (5 b tt, (. ))] , otherwise

Here, 1'(y) is the inverse image of y. z5(y) is the membership of y = (x,, ...,

x,) whose membership function is f4s x4 « .. x4 (X1, s X;). O

If fis a one-to-one correspondenée functién, e (V) = w4 (' (), when
f'n=2.

3.4.3 Extension by Fuzzy Relation

Definition (Extension of fuzzy relation) For given fuzzy set 4, crisp set B
and fuzzy relation R < A4 x B, there might be a mapping function
expressing the fuzzy relation R. Membership function of fuzzy set B' in B
is defined as follows :

Forxe A,y e B,and B’ c B
#p (v) = Max[Min (4 (x), g (x,y))] O

x € fl(y)

2/13/2011
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Example 3.12 Fig 3.19 shows a further generalization of the example in
the previous section. The fuzzy set A stands for the infectious patients, and
the set B for the people who have been in contact with those patients. The
contact degree is given by the relation R. To determine the fuzzy set B', we
need a process of inference. In this inference, note that Max-Min operation

is used just as in the composition of two fuzzy relations.

0.4 ae—08

0.5 a,

Fig. 3.19. Extension by fuzzy relation

The following shows examples of calculation for the membership of B’.

For b,

Min [.U.; (a]), Hr ((1’], b;)] = Min [04, 08] =04
Min [,l{.; (a3), ur (as, h;)] = Min [09, 03] =0.3

Max [0.4, 0.3] = 0.4

For b,

Min [y (a2), g (a2, b2)] = Min [0.5,0.2] =0.2
Min [z, (as), pr (a4, £2)] = Min [0.6, 0.7] = 0.6

Max [0.2, 0.6] = 0.6

For b,

= up (b))=04

= pp (b2) = 0.6

Max Min [z, (as), yg (as, b3)] = Max Min [0.6, 0.4] = 0.4

= up (b3)=04

So fuzzy set B' obtained by fuzzy set 4 and fuzzy relation R is,

B'= {(b,, 0.4), (b, 0.6), (b3, 0.4)}

O
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3.4.4 Fuzzy Distance between Fuzzy Sets

Definition (pseudo-metric distance) If 4 is a mapping function from
space X to % ' (positive real numbers) and holds the following properties,
it is called pseudo-metric distance

i) dx,x)=0,VxekX

ll) d(.Y|, .Tg) = d(xp_, .\’[), \vJ X1, X2 € X

1) d(x, x3) £d(x), x2) + d(x2, X3), V x1, X2, x3 € X O

[f the following condition (4) is added to the pseudo-metric distance, it
becomes a metric distance.
iv) if d(x,, x;)=0, then x, = x,.

Definition (Distance between fuzzy sets) In space X, pseudo-metric
distance d(A4, B) between fuzzy sets 4 and B can be defined by extension
principle. The distance d(A, B) is given as a fuzzy set.

V &€ B, ps, n(9) = Max[Min (uia), (b)) O

o=d(a, b)

Example 3.14 (Fig 3.20) shows the fuzzy distance between the fuzzy sets
A = {1, 0.5), (2, 1), (3, 0.3)} and B = {(2, 0.4), (3, 04), (4, 1)}. (Table
3.2) shows the calculation procedure for d(A4,B) from 4 and B.

Table 3.2. Calculation of fuzzy set d(A,B)

de d(A,B) acA beB psa ps(b) Min Max, u(d),

SRS d(A, B)
0 2 2 1.0 04 04 0.4
3 3 0.3 04 03
1 I 2 0.5 04 04 0.4
2 3 1.0 04 04
3 2 0.3 04 03
3 4 0.3 1.0 03
2 1 3 0.5 04 04 1.0
2 4 1.0 1.0 1.0
3 1 4 0.5 10 D5 0.5
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(a) Fuzzy sets 4 and B

Fig. 3.20. Fuzzy distance set

0.5

04

A, B)

0 1 2 3 4

(b) Fuzzy set d(A, B)
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