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6.1.1 Function with Fuzzy Constraint

Definition (Function with fuzzy constraint) Let X and Y be crisp sets,
and f be a crisp function. 4 and B are fuzzy sets defined on universal
sets X and Y respectively. Then the function satisfying the condition

Ha(x) < up(fix)) is called a function with constraints on fuzzy domain A and
fuzzy range B.

Example 6.2 Consider two fuzzy sets,
A=1{(1,0.5),(2,0.8)}, B=1{(2,0.7),(4,0.9)}
and a function
y=fix) =2x, for xed, yeb.
We see the function fsatisfies the condition, z,(x) < up(y).

6.1.2 Propagation of Fuzziness by Crisp Function

Definition (Fuzzy extension function) Fuzzy extension function propaga-
tetes the ambiguity of independent variables to dependent variables.
when f is a crisp function from X to Y, the fuzzy extension function f
defines the image f(X) of fuzzy set X . That is, the extension principle
is applied(see section 3.4).
-max pz(x), if ()=
Hrm(y) =0
if fn=¢
where, s-'(,)is inverse image of y.
In this section, we use the sign ~ for the emphasis of fuzzy variable.
Example 6.4 There is a crisp function,
f(x)=3%+1
where its domain is 4 = {(0, 0.9), (1, 0.8), (2, 0.7), (3, 0.6), (4, 0.5)}
and its range is B=[ 0, 20 ]
The independent variables have ambiguity and the fuzziness is propaga-
ted to the crisp set B. Then, we can obtain a fuzzy set B’ in B

B’ = {(1,0.9), (4, 0.8), (7, 0.7), (10, 0.6), (13, 0.5)}.
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6.1.3 Fuzzifying Function of Crisp Variable

Fuzzifying function of crisp variable is a function which produces image
of crisp domain in a fuzzy set.

Definition (Single fuzzifying fuction) Fuzzifying function from X to Y is
the mapping of X in fuzzy power set P(Y).

f:X->B¥) o

That is to say, the fuzzifying function is a mapping from domain to
fuzzy set of range. Fuzzifying function and the fuzzy relation coincides
with each other in the mathematical manner. So to speak, fuzzifying
function can be interpreted as fuzzy relation R defined as following:
Y(x,y)e X' xY
pﬂ\-l(y):uﬁ('r’y)

Example 6.5 Consider two crisp sets 4 = {2, 3,4} and B= {2, 3,4, 6, 8, 9,
12}

A fuzzifying function f maps the elemets in 4 to power set P(B) in
the following manner.

f@)=B, f(B)=B; f(4)=5;
where IB(B) = {B;. B_a. B_;}

B,= {(2, 0.5), (4, 1), (6. 0.5)} B,= {(3. 0.5), (6,1), (9, 0.5), B;={(4,
0.5), (8, 1), (12, 0.5)}

If we look at the mapping in detail, we can see the relationship as shown
in (Fig 6.1)
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Definition (Fuzzy bunch of functions) Fuzzy bunch of crisp functions
from X'to Y is defined with fuzzy set of crisp function f; (i =1, ..., n) and it
is denoted as
f={Uimz (D) fi: X > Yiien)
fi=f(x), vxex o
This function produces fuzzy set as its outcome.

Example 6.6 In the case of crisp sets f}, /> and f;, the bunch will be,
for example,

X=1{1,2,3}
f =1, 04), (£, 0.7), (£, 0.5)}
) =x fH)=x, Ax)=-x+]
By /i, weget 7 ={(1,0.4),(2,04),(3,0.4)}
By fa £, =1{(1,0.7), (4,0.7), (9, 0.7)}
BY 5 £ =1(0,0.5), (-1, 0.5), (-2, 0.5)}
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then, we can summarize the outputs as follows :
f =1(1,0.4),(1,0.7), (0, 0.5)} = {(0, 0.5), (1, 0.7)}
@ =1{(2,04),(4,0.7), (-1, 0.5)} = {(-1, 0.5), (2, 0.4), (4, 0.7)}
73) =1{(3,04),(9,0.7), (-2, 0.5)} = {(-2, 0.5), (3, 0.4), (9, 0.7)}

6.2.1 Maximizing and Minimizing Set

Definition (Maximizing set) Let f be the function having real values in

X and the highest and the lowest value of f be sup(f) and inf(f)

respectively. At this time, the maximizing set M is defined as a fuzzy set.
f(x)_lnf(f) O

sup(f)—inf(f)

That is, the maximizing set M is a fuzzy set and defined by the
possibility of x to make the maximum value sup(f). The possibility of x to
be in the range of M is defined from the relative normalized position in the
interval [inf(f), sup(f)]. Here the interval [inf(f), sup(f)] denotes the
possible range of f{x) to have some values. Minimizing set of fis defined
as the maximizing set of —.

Vxe X, My (x)=

Example 6.8 Let’s have a look at f{x) of (Fig 6.3.) The interval of values is
as follows :
[inf(/), sup(H] =[10,20], 1 <x <10

and when x = 5, flx) = 15. Then the possibility of x = 5 to be in the
maximizing set M is calculated as follows :

A5)=(15-10)/(20-10)=5/10=0.5
also if when x =8, f{x) =19,

d8)=(19-10)/(20-10)=9/10=0.9
dx) denotes the possibility of x to make maximum value of /. Here, we
might say that two independent variables x =5 and x = 8 make the maxi-
mum value of f{x) =20 with the possibilities 0.5 and 0.9, respectively ©

sup(f) o

1]

inf{n o

1<x<10
10 < fx) < 20
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6.2.2 Maximum Value of Crisp Function

(1) Crisp Domain

Assume x, is the independent variable which makes function f be the
maximum value in crisp domain D. We might utilize the maximizing set M
to find the value x; .That is, x, shall be the element that enables ,(x) to be
the maximum value.

My (xy) = n‘]j},xﬂu(x)

tdx) is the membership function of maximizing set. At this time,
maximum value of f'will be f{xg). t1dx¢) can be written as in the following,
denoting domain D as a crisp set.

!”H(xl)) = IFB}X ,U,,,(X]

= maxmin[,, (x), 11, (x)]

Example 6.10 There is a function (F.g. 6.5) and its domain.
fix)=cosx, xeD=[0, 2r]
cosx — inf{cos x) cosx—(-1) 1
= =—COSX+—
sup(cos x) —inf(cos x) 1-(-1) 2

My (x) =

uy(x)=1 for 0<x<27z,
=( otherwise
Maximum value f{x,) is obtained at x,

where
iy (xg) = Max Min[p,,(x), t1,,(x)]
i (Q/fgm Hy(X),
= 1 when x = 0 and 27
Therefore, the maximum value
flxo)) = 1 isobtainedwhen x, = 0 and 27 0
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Maximum Value of Crisp Function

2- Fuzzy Domain

Now getting the maximum value f{x,) when domain is expressed in fuzzy
set. To make f be the maximum value by x,, following two conditions
should be met.

— Set y{x) as maximum
— Set up(x) as maximum

For arbitrary element x, corresponding to the maximum f; it is necessary

to satisfy the above two conditions on (x) and p(x). The possibility of

x) to make the maxim value of fis determined by the minimum of Ax;)
and pp(x;), that is,
Min[gdx), gol(xi)].
Therefore, the point x, which enables the function fto be the maximum
is defined as follows.
ﬂ‘_fz\.'.\ﬂ'ﬁ.'{y W), 12, ()] = pa(x,)
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At this time, the maximum value is f{xo). Here udx) is membership
function of maximizing set and up(x) is that of fuzzy domain(Fig 6.6).
Comparing x; with x; in the figure, x; enables fto be maximum rather than
Xp.

Sx1) > flxg) or tpdxi) > piadxo)
but since zp(x,) is very much smaller than gp(xp), Axo) is selected as the
maximum value.

A

fxa)
|

T Xi »

Fig. 6.6. Maximum value as scalar

Example 6.11 There are a function and a fuzzy domain(Fig 6.7).
f(x)=-x+2,xeD

#slxy=x* for 0£x<1
=( otherwise

We can get the maximizing function.
-x+2-1

Hy(x) = _—:’_T_ =-x+1

From the following equation,

Hy (%) = MaxMin[g,, (x), up(x)]
the point xy is obtained when
My (x)=pu,(x) for 0<x<1

-

—y+l=x".  x2=06

1.4 x,=0.6

~ . x =
Therefore, we have the maximum value I (%) when

2/18/2011



A
2
fix)
fxo) L
l =1
Hyfx)
Hp(x)
{ >
0 X 1

Fig. 6.7. Maximum value of example fix) = -x+2 with fuzzy domain

Example 6.12 We have a crisp function f and its fuzzy domain D. Let’s
find the maximum value of f'with D.

f(x)=cosx, xeD

Hp(x) = Min [].-‘L] for 0<x<2x
T

=0 otherwise
1
My (X) = 5 cos x + —

In (Fig 6.8.)
Max Min [g,,(x), u,(x)] is obtained when x =27

then f(x,)=1

Hirfx)

T T »

2T

Fig. 6.8. Maximum value f{x) = cos(x) with fuzzy domain
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Integration and Differenciation of Fuzzy Function

Integration

(1) Integration of fuzzifying function in crisp interval

Definition (Integration of fuzzying function) In non-fuzzy interval [a, b]
e R, let the fuzzifying function have fuzzy value f(x) for x € [a, b].
Integration J(a,b) of the fuzzifying function in [a, b] is defined as

follows:
]

b
I(a,b)={( I_fu (x)dx+ [ £ (x)dx, @)|e€[0,1]}

a

Here s and s are a-cut functions of f(x). Note that the plus
sign(+) in the above formula is to express enumeration in fuzzy set but not
addition. Therefore, the total integration is obtained by aggregating
integrations of each a-cut function.

If we apply the a-cut operation to the fuzzifying function, we can get
f+ or s whichare «-cutfunctions. We can calculate the integration of

each function :

" ] £ b
I, = [f,(0)de and T = [£ (x)d

Now we can say that the possibility of 7~ or 7' to be a member of

total integration 7(a,b) is a. Recall the principle in calculating the fuzzy
cardinality in sec 1.5.5.

2/18/2011

10



Example 6.13 There is a fuzzy bunch of functions and we want to get
integration in [1, 2](Fig 6.9).
f =1{(/,04), (£, 0.7), (5, 0.4)}
X =[1,2]
[i®=x, flx)=x, fix)=x+]

i) Integration at o= 10.7,
F = ja=z
’ 1 7

I,(1,2) = |x’dx =—x]} =—
=(1,2) Jr 13 3 > i 3
The integration result is 7 with possibility 0.7

Therefore ,

W

~
-
(3%]
—
I
—_

ii) & = 0.4, there are two functions
= fix) = x
o=l iy = x+]
. 3

’ P
I'(1,2) = [xdx==X"F ==
II 2 2

_  TUPTTIOR . PR .
1(1,2)= lj'(.\+1)d.175.x +xf =2

The integration results are 3 with possibility 0.4 and 5 with 0.4.

2 Z

then, (.2 =G, 04, 0.4)

Finally, we have the total integration.

~ i 3 5
I(1,2)={=,07: (=,04) (=,04)} O
(1,2) {(3 ) {2 ) (2 i

2/18/2011
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Fig. 6.9. Integration of fuzzy function with crisp interval

(2) Integration crisp function in fuzzy interval

In this part, we shall deal with the integration of non-fuzzy function in
fuzzy interval [4, B] of which the boundaries are determined by two fuzzy
sets A and B.(Fig 6.10)

3

Fig. 6.10. Fuzzy interval

Definition (Integration in fuzzy interval) Integration /(4, B) of non-
fuzzy function fin fuzzy interval [4, B] is defined as,

/unu,ha(z)= M?r M"[ﬂ.-l(-r)wﬂﬂ(x)]

:='[‘ f(u)du

2/18/2011

12



Example 6.14 Following shows the integration of function fix) = 2 in
fuzzy interval [4, B].
A=1{4,.8),(5,1),(6, .4)}
B={(6,.7),(7,1), (8 .2)}
fix)=2,x €[4, 8]

B

I(4,B)= ij(x)afx = [2dx

A
Like (Table 7.1.), we shall get the integration value /(A, B).
I(4,B)={(0,.4),(2,.7),(4,1), (6, .8), (8, .2)}

For instance, integrating in [6, 6], we get 0 as the integration value. The
possibility of this case is 0.4. And in the interval of [5, 6] and [6, 7], we get
the integration value 2 whose possibilities are 0.7 and 0.4 . So the
possibility for the integration value to be 2 is max[0.7, 0.4] = 0.7. o

Table 6.1. Fuzzy Integration

[a, b] f:a:r min[pa(a), pg(b)]
4, 6] 4 7

[4,7] 6 8

[4, 8] 8 2

[5, 6] 2 J

(5,71 4 1.0

(5, 8] 6 2

[6, 6] 0 4

(6, 7] 2 4

(6, 8] 4 3

2/18/2011
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Differentiation

(1) Differentiation of crisp function on fuzzy points

Definition (Differentiation at fuzzy point) By the extension principle,
differentiation  f”(A4) of non-fuzzy function f at fuzzy point or fuzzy set
A is defined as

Hey(¥)= A’[(}L\'ﬂﬂx} Q

3 at

Example 6.15 For example, when differentiating function flx) = x
fuzzy point A4,
A={(-1,04), (0, 1), (1, 0.6)}
from  f(x)=3x",
f(4)=1{(3,0.4), (0, 1), (3, 0.6)}
{(0, 1), (3, 0.6)} =

Example 6.16 There is a fuzzifying fuction
7= 1{(h, 0.4), (12, 0.7), (53, 0.4)}
fi)=x, fE)=x, fx)=x+]

First, we have

=1 f®=2x, f£x)=3%
£ 0.5)=1 when o =04
£0.5)=1 when o =0.7
£(0.5)=0.75 when o =04

C {(1,0.4), (1,0.7), (0.75, 0.4)}
dx

(xy)

{(1,0.7), (0.75,0.4)} o
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