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(Finite Differences)
(Finite Volume)
(Finite Elements)
(Boundary Elements)
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(discretization)
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. ( Multidimentional) (Nonlinear)
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( Convection — Diffusion PDE )
(Convection — Diffusion PDE ) -
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( Momentum Transport ) (Mass Transport )
( Notron ( Energy or Heat Transfer )

Transport )
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:.Upwind

£t = g =l = g ) alrn -2+ 1) u>o (u>0)
f,+uf, =df . + (%qu — %uzAtjfxx
At s Ax O(At,Ax)
G =[1-(c+2d)|+(c+2d)cos@ —Isin@
c c+2d [1-(c+2d),0]
FTCS

c“<c +2d<1

(% uAx(1-c)]+ d} fo= Kl - %c Re) + %Re}aq‘xx

FTCS ( %Re ) Upwind
. Re>2



( Dufort — Frankel Method ) —
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D N T R e Ve L
2A - 2Ax Ax®

(1 + 2d)fin+1 = _c(fi:ll o J{ifl )+ (l o 2d)fin_1 T Zd(fiZI + fifl )
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f+uf. =of —(uza 2;2 fox + O(sz,Atz)

At s Ax
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f+0(At2)

f}’l+
n | )i
l =

At

}+ O(At)
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: Lax — Wendroff

fn fn+1

' Lax — Wendroff
Lax — Wendroff

Juli
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' Mac — Cormack
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( System of Hyperbolic PDE )
( Higher Order Hyperbolic PDE)

( )

2
Jo=a fq

f,+ag. =o

g +af,=o
F+A4F =o



1

o

dt dx o o

o

f,+ag. =o
g +taf,=o

df = f,dt+ f.dx
dg =g, dt+ g dx

o o0 da

a I o

Ji
I
g,

o dx dt_

dx

Ex ]

—==aqa

dt
X

fg
-
df
| dy

( Characteristic Method )

dg df



df = fdt+ f.dx = ( +%f;)dz

df =(f, +af.)dt @_a )
dg = (g, +ag, )dt a

df:(f,—afx)dt @__

dg = (g, —ag, )t P S
(f+af.)+(g,+ag,)=0
Pﬂ-afx)—(gt—agx):o

dg df

[df+dg:0] %:a &g M

[df—dgzo] @:_a G

dt



x=x,*a(t-t,)

(x,t) g f
frg=/,+tg, =R+ %”’ A
f_g:ﬁ)_gozR_ %:_a é';jj
g f
( Reiman — SR
o E:+a
( ( Right Running )
a=a(x,11,g)

(

xzxoijadt

(Xo585)

go b fo
Variable )

dt
X

Left Running )



d(f+g)=o -
dx
d(f-g)=o P
R"+aR’ =
TR 7O R +AR.
R —aR_=o
A{
R .R"
9 4%,
ot Oox

A=A(¢,x1)

R-=f-gR+=f+g

(X,0)



X, X500 X, A AuAy s,
P:{xl’x2’ ’xn} A P
dp = Pd¥Y
Pa—yj+A Pa—T:O
0 Ox
9 papl oy
ot o _ _ A=P'4P
A
85”+ oY Y Ao /12.
ot ox = .
L /In_
75 2 ) ot _,
ot Ox
X A, G
@ (%)

Totally Hyperbolic )



%-FA%:O

ot ox
A
Ax = Ax
( Matrix Identity )
[A - /Il]x =0
X
det‘A—/U‘ =0
-4 a >
det =0 =>A=a =,=%a
a -
/12
Ax, = Ax,

Ax, = A,x,
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df +dg =0 =
df —dg =0 d—Xz—a
_ xt
n+1 (,n+1)
n
LN
b i+1 X, =xa+a(t””—t”)=xa+a4\t
X =xb—a(t"”—t”)=xb—aAt

f.n—i-l +g;1+1 :fa +ga

1

f.n—i-l _g;ﬁrl — fb _gb

1

Y —4q ¢ s

(f.+f,)+(g.~g,)

/
n+1 ——
e =3 d,
n+l 1 1 dn -
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f,+ag. =o
g +af. =o
el o]
a o g
zn+l_F;'n | iZl_Enl —0
At 2Ax

AA
En+1 _En__—t( i:‘l-l_ tzl)

2 Ax

FTCS

( n+ n c n n
f/' 1:f/' _5(gi+l_g/—l)

n+ n C . .n n
g, ' = g _E(f/#l _f/'—l)

FTCS

FTCS
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Frt = pr _ﬁﬂ(e"" —e? )F — {i_gglsme} F

1 Icsind
G= ,
= {- Icsin@ 1 }

det(_?— I‘:o

1-1 -Ilcsin@

-Ilcsin@ 1-1

(1-A)Y +c’Sin’0=0= A =1+1cSin6

W = (1 + czSinzé?)%

Factor Amplification



. Upwind
Upwind

f,+uf, =0

f,+ag. =o
g +af =o

Upwind

+ +
R +aR =o

R —aR_=o

t

(F+g)ra(f "+ ), =

(f-g)—a(f -g ). =o

a a ﬁ’gt

/i +3(fx+ —f;)+3(g;§ +g.)=0

gz+%(f§+f;)+%(gi—g;)=0 Upwind
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Amplification Mtrix
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:( Boundary Conditions )

f,tuf. =o 0<x<L
X (u<o) (u>0)
t —
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. =2 I, »
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£ f=a0 I,

\ f:f_R VN
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u, >0

u, <0

u, <0

u, >0
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( Subsonic ( Supersonic )

¢ = Jah

(u—c utc

)

critical )

)



bolas olass
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(Inflow Boundanry)
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(Outflow Boundary)
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( Flux-Vector-Splitting Method )

upwind
( Flux-Vector-Splitting Method )

f,+ag =0
g +af. =0 Fordr =0
( Conser vative Form )
oF OE_, E = {ag } ( Flux-Vector )
ot Ox af

S A

A=S57"4S A=SAS™!

upwind
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(Staggered Grid)




(Mass Flux)

:(Poisson Equation for Pressure)

ou +8(u)2 +8(uv) _—oP
ot ox oy ox

2
8v+8(uv)+6(v ):—8P+VVZV

ot  Ox oy oy

+ Wl

2 2 2 2 2 2 2
vip_ Ol(W) 0(uv) (v )_8D+V[8D 6Dj
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:(Marker and Cell)MAC
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(Forcing Term) . D"
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:(Pressure Corection Methods)

oV 1 _,
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ot (V) p Re
VYV =0
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At Re
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(Semi-Implicit Method for Pressure Linked Equation) SIMPLE
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Compressible NS Equations:
¢
f'“ + NV - lpt)= ()
(M
5. ) _
?If‘fh’l-f-rr |'Utf{:_v1”‘f'v | 7T
z
— F _}
T=q [l\_'f +Veh) -2V F[]

-The advection term is non-linear

-The mass and momentum equations are coupled (via the velocity)

-The pressure appears only as a source term in the momentum equation

-No evolution equation for the pressure

-There are four equations and five unknowns ( p, V, p)

- Pressure can be related to density and velocity in compressible and
incompressible flow respectively



Solution of NS equations:

-Pressure-velocity coupling Method(unsteady problems)

- EXPLICIT scheme
- IMPLICIT scheme

-Pressure correction schemes (steady problems)
-SIMPLE
-SIMPLEC
-PISO



Fvnlicit cchaeame for NS anaiiatinnc
I—I\I-III\;IL DWW INGTTING TV WY \—\1UULIUI 1IJ
o d (pu;) O (pujuj) 07 op op
Semi-discrete form of the NS o oz tom dm T im
L. . . . RLiE ; AN 1l f?;.“ "
Explicit time integration (pui)™ " = (pui)” = At (”f ~ oz, )
- n+1
The n+1 velocity field is NOT divergence free 2P
.r“}_f',
Take the divergence of the momentum
0 ] o . 0 op "
= (puy)"t = = A T
o (i) or; \Pii) f{'i.;'; ‘[ f O )
Elliptic equation for the pressure % (1 ) ;" 1
oy o.r; 0.r;



Explicit pressure-based scheme for NS equations

'

Velocity field (divergence free) available at time n

l

Compute H"

|

Solve the Poisson equation for the pressure p”

l

Compute the new velocity field w7




Implicit scheme for NS equations

T ) ) o (pu; 0T; 0 )

-Semi-discrete form of the NS : {fr:;” e 4 P g P

¢ 0. o O 00
-Implicit time integration (o)™ — (pus) — A (“”. - # ')

. - F e it .
-Take the divergence of the momentum 0 ( op ) A TIae
A A or; !
LY

The equations are coupled and non-linear



Steady state solution of N-S equations:

. Ju;  Owiug ) du 1 dp
Mom. Equations e L (i B
{jf {j.f‘j {J.f‘j {j.!‘J Q2 EJJ'.!-
.y = ~ f i': (¥ ¥ )”
— — — — — ) T —
Reference Quantities ¢ = 7 =7 i = 77 P=
. . .-j - '_-j : ¥ l J_j '_} : J_} )
Non dimensional Eqn gpoi Tt - 9 (T} 9P
o dx; Re dx; \ Ox; dr;



Implicit scheme for steady NS equations

Compute an intermediate velocity field ap(ui)b = Z ar(u’ - ni)y — li |

(eqns are STILL non-linear) 7 p o
Define a velocity and a pressure correction { "=t
prttt =" 4y
Using the definition and combining
-l fi‘“ n+1

f I 0 T

{ aplu; |}§,+1 — Zn;[ u:""l M) — ——

_ " . 1 fhﬁ‘[,']l n
”P':”;,'P:ZH_{':_HE ‘Hll_f— J{—Jr
f ?



Derive an equation for u’

Taking the divergence...

i " l f:.\‘ )F
apl(u;)p = Z agll u:""l —ul) - nglf — it i

_f ’(_J i'g‘.f'l,'
AR O
(ui)p = (W) — —=——
ap por;
i) ) o
— ()3 =0 = —(ui)p + —(ui)p
i)y —(ui) , I
').rg Ir_x,.f i oy
) o . b~ ) 1 1dp !
0= —_— | U;‘_.l'f) + -_— [_”;’ | — = s
ar; O.r; or; \ap por;

We obtain a Poisson system for the pressure correction...
Solving it and computing a gradient:

o1 Lap!
\uj)lp = () — =——=———
dp p -‘5‘«'.!.E

And also the pressure at the next level p'tt =p" +p

5 +
So we can update u —u +u

]



Implicit pressure-based scheme for NS equations [‘“‘\l“\“ll }1|'
SIMPLE: Semi-Implicit ' ethod for Pressure-Linked Fquations

Velocity field (divergence free) available at time n

.

Compute intermediate velocities u*

’

Solve the Poisson equation for the pressure correction p’
Neglecting the »™® term

'

Solve the velocity correction equation for u'
Neglecting the ©* ' term

v

Compute the new velocity #"*! and pressure p™*/ fields




Implicit pressure-based scheme for NS equations (PISO)

PISCY: Pressure Implicit with Splitting Operators

Velocity field (divergence free) available at time n

v

Compute intermediate velocities #™ and p’ as in SIMPLE

4

Solve the Poisson equation for the pressure correction p™+4’
1*’ is obtained from u™

I

Solve the velocity correction equation for ™+
1™ " 18 obtained from u ™

Compute the new velocity 4"*! and pressure p"*/ fields




