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Math vs. Math Econ

3510 50 315 slasdl yo a5 8yls AT L5y 5l gl o Lol slasdl @

w)i S ey g0 BB o3ludl o eges LSy o Ja

3le ST Lok Sl solaidl slas g5 o e ©®

15/11/88



Math and Econ |
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Math and Econ II
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Math and Econ Il
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Why Do we Study Linear Systems?
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Input-Output Model
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Input-Output Model Il
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Linear System of Equations
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Alternative Methods of Solutions

Sl gy
38 i gy- 2

2l vgy-3

Xyt 3x, =7 (aSla)1 b
Xl — Xh = 1

Xy = 0.4 Xy - 0.3 X3 = 130
{ =0.2xy + 0.88xy = U.14x3 = 74 (i) 2 Jle
\—{Lle 0.2 xy = 0.95x; = 95,
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Addition and Multiplications

e Matrix Addition

ap  ccc ap by o by
. : -+ I .
. ajj : . bij ;

ﬂkl "R % akﬂ bkl " bkﬂ

an + by ay, + by,
- ' aij + by ‘
ag T by e i T bin
« Scalar Multiplication
{11 e n Fan B rdy;
F ﬂ,‘j — f‘ﬂ;j
Qi1 ° " g Faegy 0 Fdpy
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Matrix Products

number of columns of A = number of rows of B.
a b A B adA + bC  afi + bi)
(c d (C D): cA +dC ocB +db .
> f | eA + fC  eB + fD

It A,=laj,] and B, =[by]

ABkn = |:Zaihbhj:|
h=1
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2 31 4 __% 3
0 -1 2 )| o,
506 07\ |

2x2+3x-1+1x0+4x1 2x3+3x0+1x1+4x1 )
0*2+(-1*-1)+2*0+1*1 0*3+(-1*0)+2*1+1*1

 9*2+(0*-1)+6*0+0*1 5*3+0*0+6*1=0*1

(5 11)
2 3
(10 21
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0=[O 0 and 0=[0 00

2x2 L0 O 2x3 L0 0 O
({J 0 0
0 0 0
0=1. .
N0 0 0
A + 0 = 0 + A = A
(mXn) (mXn) (mXn) (mXn) (mXn)
A 0 = 0 and 0 A = 0
(mXn) (nXp) (mXp) (gXm) (mXn)  (gXn)
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ldentity Matrix

* |dentity Matrix Is defined as

f1 0 --- 0
o 1 -+ 0
F=1. . T
Kﬁ o --- 1
e As we expect
IA=Al=A

A I B =(AI)B= A4 B

(mXn) (nXn) (nXp) (mXn) (nXp)
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Matrix Algebra

A+B)+C =4+ (B+C() Sy Syl
(ABYC = A(BC),

> 33 el

A+B=HR8+A, &
S 33 & Jg

AB + BA

= + " s
A(B + C) = AB + AC, e

(A + B)C = AC + BC.
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Transpose of a Matrix

e Transpose of a Matrix can be defined as
T T
A :{aij} = A :{aij} :{aji}

e For example

ay; dyx dig )T _ @ du
(ﬂ21 PR = | d12 dx |.
dy3 a3
* Some Properties
(A+B) =A" + B,
(A —BY =4" - B,
@’y =a,
(rA)T = rA’,
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Transpose Il

e An Important theorem
(AB)! = B'A"

e First show that this Is true for

(1 2 o -1
A_[3 4]3““ [6 7]

* Prove the theorem for general case
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Linear Equations in Matrix Form

e Consider

(ax, + 0 X, = b
x| + - T dax, = b
i
L @1 x) + o T ap Xy = by
 \We can write
Ax = b,
e Where
75 R /5 I X1 b
A=1 a;j | o x=1 - and b =
) SRR /.3 Xy bk
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Special Matrices |

Square Matrix.
Column Matrix.

Row Matrix.

Diagonal Matrix.

k = n, that is, equal number of rows and columns,
n = 1, that is, one column. For example,

a
(b) and (0)
1
C
k = 1, that is, one row. For example,
(2 1 0) and (2 3).

k = nand a; = 0 fori # j, that is, a square
matrix in which all nondiagonal entries are 0. For

example,
0 1 0 O
(:f; b) and {0 2 0]
¢ 0 3
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Special Matrices Il

Upper-Triangular Matrix. a; = 0if i > j, that is, a matrix (usually square)
in which all entries below the diagonal are ). For
example,

b 1 2 3
(E d) and 0 4 5.
0 0 6

Lower-Triangular Matrix. ¢; = 0if i < j, that is, a matrix (usually square)
in which all entries above the diagonal are (. For
example,

) 1 0 0
(‘;d)and 23 0.
45 6
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Special Matrices Il

Symmetric Matrix, AT = A, thatis, a; = aj; torall , j. These matrices

are necessarily square. For example,

\ 1 2 3
(g d) and (245).
35 6

Idempotent Matrix. A square matrix B for which B - B = B, such as

B=1or
5 -3
4 —4)
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Inverse Matrix

A-lis inverse of a square Matrix A if
AA1=A1A =

Theorem: There Is at most one Inverse for every
square matrix:
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Properties of Inverse Matrix

e Theorem
iet A and B be square invertible matrices. Then,

@@ =4
() (ADY L =AY,
(c) AB is invertible, and (AB) ' = B 'A7".
e Theorem:
If A 15 invertible:

(@} A™ 1s invertible for any integer mand (A") ! = (A 1)y" = A~ ™
(b) for any integers r and s, A”A* = A", and
(c) for any scalar» #* 0, rA is invertible and (rA)~! = (1/1) A",
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Matrix Solution of Linear Equations

 Remember we can write:
Ax =D
A1AXx = Alb
(A1A)X = Alb
IXx = Alb
X =A1b
How do we know If a matrix has an inverse
and how to obtain It?
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Determinants |

e Letabelx1 matrix
aisinvertibleif a=#0

11 (12

“): IS a 2x2

a1 2

c1f 4=

A Is invertible if
aj;d — apaz F 0.

det (a“ “12 ) = {1 dE[(Hgg) — ap> det{az)

ay axp

15/11/88



Determinants I

Definition Let A be an n X n matrix. Let A;; be the (7 — 1) X (# — 1) submatrix
obtained by deleting row i and column j from A. Then, the scalar

ij = d'E'J,A;'J‘
is called the (i, j)th minor of A and the scalar
Cij = (—1)"'My

is called the (i, ))th cofactor of A

detA = ﬂ“C“ + ﬂlgclg + e+ ﬂlncln

=a My —aaM; + o+ (-1 a, M,
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Determinants Il

det

213
EI’J:J,

et

@33

@) -det(

a2
37

373
a33

= a;Cyy +apCz + a13C13

= ay My — aMyz + asMis

)_ﬂlg 'dﬁt(

+ a3 dﬂt(

{3z ﬂza)
@31 a3

{71 ﬂzz)
a3 32
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Properties of Determinants |

 Theorem 1: Determinant of a diagonal, upper
and lower triangular matrix Is the product of its
diagonal entries.

i () U
det b (i 1 = LI]ICl] + 0 - CIE + 0 - C]_‘-;

i) €3x diy

[ R

(s 0

— Hlldﬂt(

) — Uty
32 d3;3

o Corollary The determunant of the # > n 1dentity matrix 7 is +1,
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Properties of Determinants Il

e 2 If one forms the matrix B by interchanging two rows (or two columns)

thendetB = — detA

e 3 [f matrix A has an ali-zero row (or column}, then detA = 0.

If two rows (or columns) of A are equal, detd = 0.

Form matrix B by multiplying each entry in row (column) i of matrix
A by the scalar r, then detB = r - det A.
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Properties of Determinants lll

e 6 LetAandB ben X nmatrices which differ only in their ith row. Let

C be the matrix whose ith row 18 the matrix sum of the ith rows of A and of B and
whose other rows are the same as those of A and B. Then,

det C = detA + detB.

e 7 A square matrix A is nonsingular if and only if detA is

NONZEro
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Properties of Determinants IV

e 8 For any n X n matrix A, detA = detA’.

e 9 For arbitrary n X » matrices A and B,

detAB = detA - det B,

e 10 If A is invertible, detA ™' = 1/detA.
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Adjoint Matrix

o Matrix AdjA is defined as
AdJA :{Cij}T :{_1i+j Mij}T

e Theorem For any n X n matrix A, A - adjA = detA - I; that 1s

det A 0 e 0
(fin ﬂ—m) (An Anl) ( eU detA --- 0 )
dy) " Apn A 0 Am \ 0 0 . dEtA)
* Therefore If A is nonsingular, A™' = = - adjA
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Cramer Rule

(Cramer’s rule) the unique solution x = (x, -+, x,) of the n X 2
system Ax = b s

_detd

X, = , for i=1,....n,
det A

where B, is the matrix A with the right-hand side b replacing the ith
column of A.
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Cramer Rule Il

apX) +dpxs T apx = h
aa Xy + gty +oang = b

A3 X)] T Azaxs T a3k = bﬁ'

by apn aps ay b oan apn aiz by
b azx axn ay by an ay; axn b
X = by a3 ay oy, = by ay3 = 191 an b
a1 d12 3 a4 a2 dap 11 412 di13
{21 G222 4xn dzy dyp ap az) Qi a4
431 ad32  d33 t3; d3zz d33 d31 4z ap
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X, — XxXy3— X3=
[0x, — 2x, + x; =8
b6x, + 3x, — 2x3;=17
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Applications: Input-Output Model

X, =a, X +a,pX, o+, X, +by

In“*n

2n“tn

X, =8y X, +8,X, +..+8,, X, +D,

(X =8 X +3,X, +o+3,, X, +D,

X, dyy ... Ay, b,

15/11/88



Input-Output I

e \We can write
X=Ax+b
IX-AX=b=(lI-A)Xx=Db

x=(1-A)"b

« Theorem Let A bean n X 7 matrix with the properties that each entry

is nonnegatrve and the sum of the entries in cach column is less than 1. Then,
(! — A)~! exists and contains only nonnegative entries.
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Input-Output Il

Sector Examples
FN. Final nonmectal Leather goods, furniture, foods
FM, Final metal Construction mach’ry, household apphances
BM. Basic metal Mining, machine shop products
BN, Basic nonmctal Glass, wood, textile, and livestock products
E, Energy Coal, petroleum, ¢lectricity, gas
S, SETVICES Govt. services, transportation, real estate
FN FM BM BN E 3
FN 0.170 0.004 0.000 (0.029 0.000 0.008 $ 99,640
FM 0.003 0.295 0.018 0.002 0.004 0.016 75,548
BM 0.025 0.173 ().460 0.007 0.011 0.007 14,444
BN (.348 0.037 0.021 0.403 (L1 0.048 33,501
E 0.007 0.001 0.039 0.025 ().358 0.025 23,527
S 0.120 0.074 0.104 0.123 0.173 0.234 203,985
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Input-Output IV

x=(1-A)"b

(1.234 0.014 0.006 0.064 0007 {}.[}18\ ( 99,640\ (131,161\

0017 1436 0,057 0.012 0020 0032 )| 75548 120,324
0071 0.465 1877 0019 0045 0031 || 14444 | 79104
0,751 0.134 0.100 1740 0.066 0.124 33,501 - | 178,938
0.060 0.045 0.130 0.082 1578 0.059 l 23,527 66,703
\0.339 0236 0307 0312 0376 1349/ \263985/)  \4263542/
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a,, a, ap;| [02 03 0.2
A=|ay ay ay|=104 01 02
a; ayp ap| (0.1 03 0.2
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What 15 the inverse of the n X n diagonal matrix

d 0 0 --- 0
D=1 . .
¢ o 0 - d,

&S sls olad Q‘g)’wo ®

.

inverse of an n > n upper-tnangular matrix I/ is upper-triangular.
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e Suppose X isan N by K matrix and (XTX)?
exists. Define M=[1-X (XTX)1X]

* What should the Dimension of M be

e Show MX=0

e Show M Is idempotent

e Suppose e=Y-Xb and b= (XTX)1XT"Y then
eTe=YTMY=ETME where E=Y-XB

15/11/88



_ AN A )
A (AEI Az
where 4, and A.> are square submalirices.

a) Show that

A 0
dEl( {;] Al'g) - dﬂlﬂll : dﬂtﬂgg.

b) Show that

A Ay _ Apn Y _ ]
dEt( 0 Azz) dEt(Azl Azz) = detAy - det.d>a,

c) Suppose that A»» is nonsingular. Show that

(AJ] Au — Ail _AIZAEEIA?I AIE . -r l}
Ay Ao, 0 Ass A AL )

e aa

d) Conclude that if A-» is nonsingular,

del(A“ A'f) — det(Ay, — ApARAa) - det Ao,

AE] AEZ
15/11/88



Linear Dependence

» A et of vectors {v1,...,vm} are called linearly dependent if
there is a set of numbers {x1,....,xm} such that

Zm:xivi =0
=1

As an example see that

o= 3] ea= [ g ana o= [¢]

3v, —2v, —v3=0
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Rank of a Matrix

e Maximum number of linear independent
columns in a Matrix

or

Maximum order of a non-vanishing
determinant that can be constructed from the
rows and columns of a matrix. Rank is a
unigue number
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* Find the rank of following matrix

w N

w w O
=
N
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Homogenous System of Equations

Suppose Aisamby nmatrix,xisnbylandOismby1l
vector and we have following system of equations

AxX =0

If m < n the system has infinitely many solution
If m>=n or
the system has solution [x=0] If Rank(A)=n
Infinitely many solution if Rank(A)<n
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2x1-3x2=0

2x1-3x2=0
Xx1-x2=0

2x1-2x2=0
Xx1-x2=0
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Non-Homogenous Systems

Suppose A isa m by n matrix, X isn by 1 and b is m by
1 vector and we have following system of equations

Ax=D

If m<n
and Rank (A)= Rank (A|b) the system has infinitely many solution
and Rank (A) not equal Rank (A|b) the system has no solution

If m>=nor
one unigque solution if Rank (A)=n
infinitely many solution if Rank (A)< n and Rank (A)= Rank (A|b)
No solution if Rank (A)< n and Rank (A) not equal Rank (A|b)
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X1-x2=2

X1-x2=2
X1+x2=4

X1-x2=2
X1+x2=4
X1-x2=5
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Example: Portfolio Choice

e Suppose X={X;,X,,...,Xa} such that x;+x,+...+x,=1
 There are S states of nature

* R, Is the return of asset I if state S occurs

* The return to portfolio x in state S is

o A portfolio Xx={X;,X,,...,X5} IS risk-less if

A A A
ZHHM — ZHz;-’i} - "= ZRSfi'ﬁ
Pl r—1 f— 1

ol slassl
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Portfolio Choice ll

e A state S"is insurable if there is a portfolio Xx={X;,X,,...,Xx}
has positive return if state S” occurs and zero otherwise

A
ZR.S”EIIE -2 ﬂ
i=1
A
ZRﬂ-xi =0 forall s # &
i=1
For portfolio x, the return to each state is given by

R]_]I] + e +RL¢,IA :Rl

Hey x1 = + Rgq x4 = Hg.
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Portfolio Choice lll

Theorem 28.1 Consider an asset market with A assets, S states of nature,
and state return matrix R as in (4).

(@) There is ariskless portfolio ifand only if 1 = (1, ..., 1) is in the column
space of R, that is, if and only if Rx = 1 has a solution. In particular
it rank R = §, there is a riskléss portfolio.,

(b) State j is insurable if and only if ¢; is in the column space of . that is,
if and only if Rx = e; has a solution,

(¢) Every state is insurable if and only if R has rank S.

x

15/11/88



	Math Econ
	Economics and Math
	Math vs. Math Econ
	Math and Econ I
	Math and Econ II
	Math and Econ III
	Why Do we Study Linear Systems?
	Input-Output Model
	Input-Output Model II
	IS-LM
	Linear System of Equations
	Alternative Methods of Solutions
	Matrices
	Addition and Multiplications
	Matrix Products
	Examples
	Zero Matrix
	Identity Matrix
	Matrix Algebra
	Transpose of a Matrix
	Transpose II
	Linear Equations in Matrix Form
	Special Matrices I
	Special Matrices II
	Special Matrices III
	Inverse Matrix
	Properties of Inverse Matrix
	Matrix Solution of Linear Equations
	Determinants I
	Determinants II
	Determinants III
	Example
	Properties of Determinants I
	Properties of Determinants II
	Properties of Determinants III
	Properties of Determinants IV
	Adjoint Matrix
	Example
	Cramer Rule
	Cramer Rule II
	Examples
	Applications: Input-Output Model
	Input-Output II
	Input-Output III
	Input-Output IV
	Examples
	Examples
	Examples 
	Examples 
	Linear Dependence
	Rank of a Matrix
	Examples
	Homogenous System of Equations
	Examples
	Non-Homogenous Systems
	Examples
	Example: Portfolio Choice
	Portfolio Choice II
	Portfolio Choice III

