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Chapter 1 : Rings and Ideals

1.1.

1.2.

Show that the sum of a nilpotent element and a unit is a unit.

If x is nilpotent, then 1 — z is a unit with inverse Y .o x’. So if u is a unit and z is nilpotent, then

v=1—(—u"tx) is a unit since —u

—ly is nilpotent. Hence, u + x = wv is a unit as well.

Let A be a ring with f =ao+ a1z + -+ ap,z™ in Afz].

a.

Show that f is a unit iff ag is a unit and a4, ...,a, are nilpotent.

If aq,...,a, are nilpotent in A, then ajz,...,a,z" are nilpotent in A[z]. Since the sum of nilpotent
elements is nilpotent, ayx + - - - + a,z™ is nilpotent. So f = ap + (a1 + - - - + a,z™) is a unit when ag is
a unit by exercise 1.1.

Now suppose that f is a unit in A[z] and let g = by + byx + - - - + byz™ satisfy fg = 1. Then agby = 1,
and so ag is a unit in A[z]. Notice that a,b,, = 0, and suppose that 0 < r < m — 1 satisfies

aflbm,r =albpr_1="+=apby, =0
Notice that
m+n 7 m+n
0= fg= Z Zajbi,j Tt = Z cat
i=0 \ j=0 i=0

where we define a; = 0 for j > n and b; = 0 for j > m. This means that each ¢; = 0, and so

n
1 1 42
0= (l:;r Cm4n—r—1 = Zaja:;r bm+n7r717j = a:l+ bm—r—1
Jj=0
sincem+n—r—1—35>m—r for j <n—1. So by induction a™*1by = 0. Since by is a unit, we
conclude that a,, is nilpotent. This means that f — a,x™ is a unit since a,z" is nilpotent and f is a

unit. By induction, a1, ..., a, are all nilpotent.

. Show that f is nilpotent iff ag,...,a, are nilpotent.
Clearly f = ag + a1z + ... + a,z™ is nilpotent if ag,...,a, are nilpotent. Assume f is nilpotent and
that f™ = 0 for m € N. Then in particular (a,z™)™ = 0, and so a,z" is nilpotent. Thus, f — a,z" is

k

nilpotent. By induction, aix” is nilpotent for all k. This means that ag, ..., a, are nilpotent.

Show that f is zero-divisor iff bf = 0 for some b # 0.

If there is b # 0 for which bf = 0, then f is clearly a zero-divisor. So suppose f is a zero-divisor and
choose a nonzero g = by + b1z + - - - + by, 2™ of minimal degree for which fg = 0. Then in particular,
anbm = 0. Since ang- f = 0 and a,g = anby + -+ + anbpm_12™1, we conclude that a,g = 0 by
minimality. Hence, a,b; = 0 for all k. Suppose that

Gp—rbp = Qp_pi1bpy =+ =apby =0  forall k
Then as in part a we obtain the equation

m+n—r—1

0= § am—i—n—r—l—jbj = an—r—1bm
Jj=0



Again we conclude that a,—,—19 = 0. Hence, by induction a;b, = 0 for all j,k. Choose k so that
b=by #0. Then bf =0 with b # 0.

d. Prove that f,g are primitive iff fg is primitive.

Let h be any polynomial in A[x]. If h is not primitive then there is a maximal m in A containing the
coefficients of h. Let k be the residue field of m and consider the natural map 7 : A[z] — k[z]. Then
m(h) = 0. This condition is also sufficient for showing that & is not a primitive polynomial.

So if fg is not primitive, then w(fg) = 0 as above for some maximal m. But 7(fg) = n(f)n(g) and k[z]
is an integral domain so that 7(f) = 0 or w(g) = 0. In other words, either f is not primitive or g is not
primitive. The converse follows similarly.

1.3. Generalize the results of exercise 2 to Azy,...,z,] where r > 2.
Let f € Alz1,...,x,]. Use multi-index notation to write

f= g ozl where ol =gl gl
IENT

We can also write

n
f= Zgwi where g€ Alzq,...,2r—1]
i=0

b. Show that f is nilpotent iff each «a; is nilpotent.

Suppose that f is nilpotent. Then go,..., g, are nilpotent polynomials in A[z1,...,z,_1] by exercise
1.2. So by induction each a, is nilpotent. If each a; is nilpotent then each oy’ is nilpotent, so that f
is nilpotent.

a. Show that f is a unit iff the constant coefficient is a unit and each «; is nilpotent for |I| > 0.

Suppose that f is a unit. Then in Afz1,...,2z,—1] we know that go is a unit and ¢1,. .., g, are nilpotent.
So by part b we see that ay is nilpotent whenever I(r) > 0. By symmetry «; is nilpotent whenever
|I| > 0. The constant coefficient is clearly a unit. On the other hand, if the constant coefficient is a unit
and all other coefficients are nilpotent, then f is clearly a unit.

c. Show that f is a zero-divisor iff bf = 0 for some b # 0.

Let a be any ideal in Afzy,...,2,] and suppose ga = 0 for some non-zero g € Alzy,...,x,]. Since
Alzr, ..., mp] = Alzr, ..., 2p1][2n], exercise 1.2 allows us to assume that g € Afz1,...,2,-1]. Now given
f € a we can write f =) f;z!, where each f; € A[z1,...,2,-1]. Let b be the subset of A[z1,...,Zn_1]

consisting of all such f;, as f ranges across a. Then b is an ideal since a is an ideal, and gb = 0 since
g € Alzy,...,z,—1] by hypothesis. So by induction, there is b # 0 satisfying bb = 0, and hence ba = 0.
Now we apply this result to a = (f) to get the desired conclusion.

d. Show that f and g are primitive iff fg is primitive.

Let h be any polynomial in A[z1,...,z,]. If h is not primitive then there is a maximal m in A containing
the coefficients of h. Let k be the residue field of m and consider the natural map 7 : A[zy,..., 2] —



klx1,...,27]. Then m(h) =0 in k[xy,...,z,]. This condition is also sufficient for showing that h is not
a primitive polynomial.

So if fg is not primitive, then 7(fg) = 0 as above for some maximal m. But 7(fg) = n(f)m(g) and
klx1,...,2,] is an integral domain so that 7(f) = 0 or w(g) = 0. In other words, either f is not primitive
or g is not primitive. The converse is obvious.

1.4. Show that R(A[z]) = N(A[z]) for every ring A.
As with any ring 9(A[x]) C RR(A[x]). So suppose that f € R(A[z]). Then 1— fzisaunit. If f = ag+. .. +anz”

this means that 1 —agx — ... — ap,z™ ! is a unit, so that ag, ..., a, are nilpotent by exercise 1.2. By exercise
1.2 this means that f is nilpotent, and so f € M(A[z]). Hence R(A[x]) C M(Ax]), giving the desired result.

1.5. Let A be a ring with f =) a,z" in A[[z]].

a. Show thatf is a unit iff ay is a unit.

Suppose f is a unit. Then there is g(z) = > " b,a™ satisfying fg = 1. In particular, agby = 1, implying
that ag is a unit. Conversely, suppose that ag is a unit. We wish to find b,, for which fg = 1. This is
equivalent to finding b,, satisfying agbg = 1 and

n—1

aoby, + Z an_ib; =0 for n >0
1=0

So we define by = a, ' and
n—1
b, = —agl Z ap—;b; form >0
i=0
This constructively shows that f is a unit.

b. Show that each a; is nilpotent if f is nilpotent, and that the converse is false.

Suppose that f is nilpotent and choose n > 0 for which f* = 0. Then ag = 0. Hence aq is nilpotent, as
is f — ag. Now by induction we see that every a,, is nilpotent. The converse need not be true though.
We can define

A:Z4XZ8XZ:[6X---

and then let

a0 = (2,0,0,...) ay = (0,2,0,...)

Observe that a;jar = 0 for j # k, and so

[P =al +ala" +aja®™ +--- foralln >0

Obviously each ay is nilpotent, and yet f is not nilpotent. The problem here is that there is no IV for
which al¥ = 0 for all k. This issue does not occur when M(A) is a nilpotent ideal, as for instance when
A is Noetherian.



1.6.

1.7.

1.8.

1.9.

c. Show that f € R(A[[z]]) iff ap € R(A).

Assume ag € R(A) and suppose g € A[[z]] with constant coefficient by. Then there is h € A[[z]] satisfy-
ing 1 — fg =1—agbg + hz. Since 1 —apby is a unit in A, we see by part a that 1 — fg is a unit in A[[z]],
so that f € R(A[[z]]). On the other hand, if f € R(A[[z]]) and b € A, then 1 — fb is a unit in A[[z]].
Again by part a this means that 1 — apb is a unit in A, so that ag € R(A).

d. Show that the contraction of a maximal ideal m of A[[z]] is a maximal ideal of A, and that
m is generated by m° and =x.

By part ¢ we have () C R(A[z]) C m since 0 € R(A). Now if f =a+grisinmthena=f—grem
since ¢ € m, so that a € m N A. In other words, m is generated by m® and x.

Notice that m® = m N A, and that A/m¢ naturally embeds into A[[z]]/m via the map a + m®— a+m. I
claim that A/m¢ is a subfield of the field A[[z]]/m. So suppose that a + m® # m® and choose f € A[[z]]
for which (a+m)(f +m) =1+4m, so that af —1 € m. Write f = ag+ gz for some g € A[[z]] and observe
that af — 1 = aag — 1 + agr € m, implying that aag — 1 € m since x € m. So we see that aag — 1 € m€,
and hence a + m¢ has the inverse ag + m®. This means that A/m¢ is a subfield of A[[z]]/m, and hence
m¢ is a maximal ideal in A.

e. Show that every prime ideal p of A is the contraction of a prime ideal q of A[[z]].

Let q be the ideal in A[[x]] consisting of all Y axz* for which ag € p. If fg € q with f = > axz® and
g = Y bpz¥, then apby € pzz. Hence, ag € p or by € p, implying that f € q or g € q. So q is a prime
ideal in A[[z]] and p = AN g, so that p is the contraction of gq.

Let A be a ring such that every ideal not contained in 91(A) contains a nonzero nilpotent. Show
that 91(A) = R(A).

As always D1(A) C R(A). Now suppose that D(A) C R(A). By hypothesis, there is an idempotent e # 0 in
R(A). Now (1 —e)e =e —e? =0. Since e € R(A) we know that 1 — e is a unit in A, so that e = 0. But this
contradicts our choice of e, showing that M(A4) = R(A).

Let A be a ring such that every x € A satisfies 2" = z for some n > 1. Show that every prime
ideal p in A is maximal.

For z € A choose n > 1 satisfying 2" = . Then z(z"~! —1) =0 in A/p. Since A/p is an integral domain we
have Z = 0 or 2"~ ! = 1. In the second case Z is a unit in A/p since n > 1. This shows that A/p is a field, so
that p is in fact a maximal ideal.

Let A # 0 be a ring. Show that the set of prime ideals of A has minimal elements with respect
to inclusion.

Suppose that p, are prime ideals for o € I. Suppose further that I has a linear ordering < for which p, D pg
whenever a < 3. Define p = [,/ ba, and suppose that p is not prime. Then there are x,y for which xy € p,
and yet z,y ¢ p. Hence, there are «, § for which = ¢ p, and y & pg. But either &« < 8 or § < «, implying
that © & pg or y & p,. Either case leads to a contradiction as p, and pg are prime ideals containing xy. So p
is a prime ideal, contained in every p,. This means, by Zorn’s Lemma, that the set of prime ideals in A has
minimal elements.

Let a # (1) be an ideal in A. Show that a = r(a) if and only if a is the intersection of a collection
of prime ideals.



1.10.

1.11.

1.12.

1.13.

Suppose a = [; b is the intersection of prime ideals. Notice that we always have a C r(a). Now if z € r(a),
then 2™ € a for some n, and so " € p, for all a. Therefore, x € p, by the definition of prime ideals, implying
that x € a. Hence a = r(a). The converse is trivial.

Show that the following are equivalent for any ring A.

a. A has exactly one prime ideal.
b. Every element of A is either a unit or nilpotent.
c. A/M(A) is a field.

(a = b) Suppose that = € A is neither nilpotent nor invertible. Let m be a maximal ideal in A containing x.
Then 2M(A) € m. But m is a prime ideal, so that A has more than one prime ideal.

(b = ¢) By hypothesis z is a unit in A whenever x & 9(A). This shows that A/M(A) is a field.

(c = a) If A/N(A) is a field, then 91(A) is a maximal ideal. But D9(A) is contained in every prime ideal in
A, and prime ideals are proper by definition. So 9M(A) is the only prime ideal in A.

Prove the following about a Boolean ring A.

a. 2x =0 for every x € A.

Notice that 2z = (21)? = 42% = 42 = 22 + 2z, so that 2x = 0 for every x € A.

b. For every prime ideal p, A/p is a field with two elements.

If 2 ¢ p then from the equation (z +p)? = x + p we conclude that x +p = 1 +p. Hence, A/p is the field
with two elements. This means in particular that every prime ideal in A is maximal.

c. Every finitely generated ideal in A is principal.
Suppose z1,z2 € A and define y = x1 + 22 + z122. Notice that

T1Y = T1 + T1%2 + T1T2 = T1 + 22172 = 11

Similarly xoy = x2. This shows that

(y) = (z1,22) = (21) + (22)

The result now follows by induction.

Show that a local ring contains no idempotents # 0 or 1.

Suppose e € A is idempotent, so that e(1 —e) =0. If e 20 or 1, then e and 1 — e are nonunits. Since A is a
local ring, the nonunits form an ideal. But this means that e + (1 — e¢) = 1 is a nonunit, a contradiction.

Given a field K construct an algebraic closure of K.

Suppose that K is a field so that K[z] is factorial. Let ¥ consist of all irreducible polynomials in K[z]. Define
A to be the polynomial ring generated by indeterminates s over K, one for each f € X. Also define a to
be the ideal in A generated by f(xf) for f € ¥. Suppose that a = A. Then there are fi,...,f, € ¥ and
g1, -, 9n € A for which



1.14.

1.15.

glfl(xfl) + "'+gnfn(xfn) =1

Let K’ be a field containing K and roots a; of f;, noting that each f; is a non-constant polynomial. Letting
x5, = o; ylelds 0 = 1 in K’, an impossibility. Therefore, a is a proper ideal of A. Let m be a maximal ideal
in A containing a. Define K; = A/m. Then K; is an extension field of K. For g € K([z] let f € ¥ be an
irreducible factor of g. Then f(zy+ m) = f(x¢) + m = m, implying that f, and hence g, has a root in K.
Hence, every polynomial over K has a root in K;.

Now given the field K,,, choose an extension field K, 1 of K, so that every polynomial over K, has a root
in K, ;1. Proceed in this way to obtain K, for all n € N, and let L = U,~; K. Then L is an extension
field of K and every polynomial over 3 of degree m splits completely over K,,, and hence splits completely
over L. Finally, let L be the set of all elements in L that are algebraic over K. Then L is algebraic over K
and every monic polynomial over K can be written as g = zigl(g)(x — «;), where «; are the roots of ¢ in

L. But then each «; is algebraic over K and hence lies in L. So g has roots in L. This means that L is an
algebraic closure of K.

In a ring A, let ¥ be the set of all ideals in which every element is a zero-divisor. Show that ¥
has maximal elements and that every maximal element of ¥ is a prime ideal. Hence, the set D
of zero-divisors in A is a union of prime ideals.

It is clear by X is chain complete. Hence, Zorn’s Lemma tells us that ¥ has maximal elements. Suppose
that a € ¥ is not a prime ideal. Let x,y € A — a satisfy xy € a so that a C (a : z). If (a : z) ¢ ¥ then
there is z € (a : x) so that z is not a zero-divisor. I now claim that (a:z2) € . If w € (a: z) then wz € a,
so that vwz = 0 for some v # 0. Since z is not a zero-divisor vz # 0, and hence w is a zero-divisor. Thus
aC (a:z)€Xsince x € (a: z) —a. This means that a is not a maximal element in ¥. So maximal elements
in ¥ are indeed prime ideals.

Now if D is the set of zero-divisors in A and « € D then (z) C D, and hence (z) € X. It is clear from Zorn’s
Lemma that there is a maximal a € ¥ containing (), so that € a C D. This means that D is the union of
some of the prime ideals of A.

Suppose A is a ring and let Spec(A4) be the set of all prime ideals of A. For each F C A, let
V(E) C Spec(A) consist of all prime ideals containing F. Prove the following.

a. If a = (E) then V(E) =V (a) = V(r(a)).
Since F C a C r(a) we have

V(r(a)) € V(a) C V(E)

Suppose p € V(E) so that E C p. Then a = AE C Ap = p and r(a) C r(p) = p. So we have
V(r(a)) C V(E). We are finished.

b. V(0) = Spec(A4) and V(1) = 0.

Every prime ideal contains 0, and so V(0) = Spec(A). Also, no prime ideal equals all of A, by definition,
and so V(1) = 0.

c. If (E;)icr is a family of subsets of A then V(J E;) = JV(E;).

Any ideal contains | E; iff it contains each F;.



d. For ideals a, b we have V(anb) =V (ab) =V (a) UV (b).
By part a we have

V(anb) = V(r(anb)) = V(r(ab)) = V(ab)

Clearly anb C p whenever a C p or b C p. The converse holds since p is a prime ideal. So V(anb) =
V(a) UV (b).

1.16? Describe the following

a. Spec(Z)

It is not hard to see that Spec(Z) = {(0)} U{(p) : p > 1 prime}.
b. Spec(R)

Since R is a field, it has precisely one prime ideal, namely (0).
c. Spec(Clx])

Since C is a field, C[z] is a PID, and so its nonzero prime ideals are of the form (p) for some monic irre-
ducible polynomial p. The only monic polynomials that are irreducible over C are of the form p =z — ¢
for some ¢ € C. Of course, the zero ideal is prime as well.

d. Spec(R[z])

Since R is a field, R[z] is a PID, and so its nonzero prime ideals are of the form (p) for some monic
irreducible polynomial p. Since every odd polynomial has a root, no polynomial of odd degree at least

three is irreducible. Suppose p is a monic irreducible polynomial of even degree 2d > 2. In Clz| write

p(z) = Hfil(z — ;). Letting af be the complex conjugate of a;, we see that p(af) = p(a;)* = 0 since

p € Rlz]. This means that p = Hfil(z —aj). So there is 0 € ¥aq so that aj = a4(;) for every i. Since
p has no real roots, we cannot have (i) = i for any i. Also, o* ) = (4 SO that 02 = id, and hence o is

o(i
a product of 2-cycles. Thus

d d d

p(2) = [[: — a)(z — awiw) = [[ (= — @)z — af) = [[(z* — 2%e(0)= + |al?)

i=1 i=1 =1

Since each of these quadratics is in R[z], we see that p is reducible in R[], a contradiction. Consequently,
the irreducible elements in R[z] are of the form = — a and 2% + bx + ¢ where b? — 4¢ < 0. These elements
correspond bijectively with the non-zero prime ideals in R[z].

e. Spec(Z[X])

Notice that Z[z] is factorial. If p is an irreducible polynomial over Z then (p) is a prime ideal in Z[z].
Since Z[x] is an integral domain we see that (0) is a prime ideal in Z[x] as well. Suppose p is a non-zero
prime ideal in Z[z] that is not principal. Suppose p has the property that, given f, g € p, either (f) C (g)
or (¢g) C (f). From this I will derive a contradiction. Let f; € p and choose fo € p — (f1), making use
of the fact that p is not principal. Then (f1) € (f2). We can choose f3 € p — (f2). Then (f2) € (f3).
We proceed in this way to get a properly ascending sequence of ideals in p. This is impossible since
Hilbert’s Theorem tells us that Z[x] is Noetherian. Therefore, there are nonzero f, g € p with (f) Z (g)



and (g) € (f)-

We can consider f and g as elements of Q[z]. Suppose, for the sake of contradiction, that f = f'h and
g = ¢'h for some f’, ¢’ h € Q[x] with deg(h) > 1. We can write f' = af” with a € Q and f” € Z[x] so
that the coefficients of f” have no prime number in common. Similarly write ¢’ = bg” and h = ch/. We
see that f”, ¢, and h' are all primitive elements of Z[z]. Exercise 1.2 tells us that f”h’ and ¢”h’ are
primitive elements of Z[z]. But f = (ac)(f"’h’) so that ac € Z. Similarly, g = (bc)(g"”h') so that bc € Z.
This means that A’ is a common factor of f and g in Z[z]; our sought after contradiction. Therefore, f
and g have no common factor in Q[x].

Now Q[z] is a PID since Q is a field. So there are j, k € Q] satisfying jf + kg = 1. Clearing the
denominators in this equation we get a 0 # ¢ € Z such that (¢j)f + (ck)g = ¢, with ¢j, ck € Z[z]. This
means that (f,g) NZ # (0), and hence p NZ = (p) is a non-zero prime ideal in Z. But every nonzero
prime ideal of Z is a maximal ideal. Choose d € p — p Z[z].

1.17. For f € A let Xy = Spec(A) —V(f). Show that {X;: f € A} forms a basis of X = Spec(A).

Each X7 is clearly open. Now if X — V(F) is a general open set then

x-vE) =x-v(Jin)=x-Nvwn=Ux

fEE feEE feE

We conclude that {X;: f € X} is a basis for Spec(X).

a. Show that Xy N X, = Xy, for all f,g.

The equalities

X=V(fg) =X -V({(/)N(9) =X =V(()UV((g) = (X =V()N(X-V(g))

give us the result immediately.

b. Show that X; = () iff f is nilpotent.

X = 0 precisely when f is contained in every prime ideal in A. This occurs precisely when f is in the
nilradical of A, and hence precisely when f is nilpotent.

c. Show that X; = X iff f is a unit in A.

If f is a unit, then f is not contained in any prime ideal, and so Xy = X. If f is a nonunit, then f is
contained in some maximal ideal, and hence X # X.

d. Show that X; = X, iff r(f) =r(g).

If r(f) =r(g) then V(f) =V(r(f)) = V(r(g9)) = V(g) so that X; = X,. Suppose that Xy = X,. Then
every prime ideal containing f contains g, and vice versa. But r(f) is the intersection of all prime ideals
containing f, and similarly for g. So r(f) = r(g).

e. Show that Spec(A) is compact.



Suppose X = |JU, with each U, open, and write U, = UBeJa Xf, 5 Then X = (JXy, ,; so that
0 =NV (fa,3) = V(U fa,s). This means that {f, 3} generates A. So we can write 1 =) aq gfa,s with
cofinitely many of the aq,g non-zero. Working backwards, we see that X is the union of the Xy, , for
which aq,g # 0. So in turn, X is the union of finitely many U,. Thus, X is compact.

f. Show that each X, is compact.

Suppose that Xy C |JU, and write Uy = Uge ;. Xy, 5 Then X¢ CJ Xy, ;. This gives us V(U ga,p) €
V(f). Suppose a is the ideal generated by the g, . Then f € r(a), so that there is an equation
f™" =3 aap9a,p With cofinitely many of the a, g non-zero. Let g1,...,gn be the go g with aq g # 0.
Then V(U7 g:) C V(f™) = V(f) so that Xy C |J] X,,. It follows that X is the union of finitely many
U,. Thus, Xy is compact.

g. Show that an open subspace of X is compact if and only if it is the union of finitely many
of the basic open sets X;.

Clearly, the union of finitely many X is open and compact. So suppose U is compact and open. Then
since U is the union of some X, it is the union of finitely many X.

1.18. Show the following about X = Spec(A4).

a. The set {p} is closed iff p is a maximal ideal.

If p is a maximal ideal, then V(p) = {p}, and so {p} is closed. If {p} is closed then {p} = V(E) for some
E C A. Let m be a maximal ideal containing p so that m € V(E). Then m = p, so that p is a maximal
ideal.

b. Cl({p}) = V(p)

Notice that Cl(p) C V(p) since V (p) is a closed set containing p and Cl(p) is the intersection of all closed
sets containing p. Conversely, suppose that ¢ is a prime ideal not in Cl(p), and choose a neighborhood U
of g that does not intersect {p}. Then there is F C A for which X —U = V(E). Consequently, p € V(E)
and q € V(F). Since p contains E and ¢ does not, we conclude in particular that q does not contain p.
This means that g € V(p). So Cl(p) = V (p).

c. q € Cl({p}) if and only if p C q.
Obvious from part b.
d. X is a Ty space.

Suppose that p # q. If p € q then X — V(q) is an open set containing p but not containing q; otherwise
p Z q and hence X — V(p) is an open set containing q but not containing p.

1.19. Show that Spec(A) is an irreducible topological space iff 91(A) is a prime ideal in A.

Suppose that 91(A) is not a prime ideal. Then there are f,g € A for which fg € M(A) and yet f,g & J(A).
Since f and g are not nilpotent, we see that X; and X, are nonempty open sets. But Xy N X, = Xy, =0
since fg is nilpotent. Hence, Spec(A) is not irreducible.

Suppose that Spec(A) is not irreducible. Choose nonempty open U,V for which U NV = (). Then there are
f, g for which 0 # Xy CU and 0 # X, C V. So fg is nilpotent since Xy, = Xy N X, = (). But neither f nor
g is nilpotent. This means that 91(A) is not a prime ideal.
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1.20. Let X be a general topological space. Prove the following.

a. If Y is an irreducible subspace of X, then the closure Y of Y in X is irreducible.

Suppose U and V are open in X, and that U NY and V NY are nonempty. Choose € UNY. Since U
is a neighborhood of x, and since 2 € Y, we see that U intersects Y nontrivially. So UNY, and similarly
V' NY, are nonempty. Since Y is irreducible, U N'Y intersects ¥V N'Y nontrivially, and therefore U NY
intersects V NY nontrivially. Hence, Y is irreducible as well.

b. Every irreducible subspace of X is contained in a maximal irreducible subspace.

Suppose that X consists of all irreducible subspaces of X and that ¥ is partially ordered by inclusion.
Let C = {Y, : a € I} be an ascending chain in ¥. Define Y = J,; Ya, and suppose that U,V open
in X are such that U NY and V NY are nonempty. There are «, 3 for which U NY, and V NYj are
nonempty. We may assume that o < 3. Notice then that U N'Yg 2 U NY, is nonempty. Since Yj3
is irreducible, we conclude that U MYz and V N Yj intersect nontrivially. But then UNY and V NY
intersect nontrivially. That is, Y is irreducible. So by Zorn’s Lemma, ¥ has maximal elements. Thus,
every irreducible subspace of X is contained in a maximal irreducible subspace of X.

c. The maximal irreducible subspaces of X are closed and cover X. What are the irreducible
components of a Hausdorff space?

If Y is a maximal irreducible subspace of X, then Y = Y since Y is irreducible. In other words, Y is
closed. If € X, then {z} is irreducible, and so z is contained in some maximal irreducible subspace of
X. This means that X is covered by the irreducible components.

If X is a Hausdorff space and Y C X contains two distinct points x and y, then we can choose disjoint
open U and V for which x € U and y € V. Then UNY and V NY are nonempty disjoint open sets in
Y, implying that Y is not irreducible. So the irreducible components of a Hausdorff space are precisely
the one point sets.

d. The irreducible components of Spec(A) are of the form V(p) for some minimal prime ideal p.

Let p be a prime ideal and suppose f € A. Then XNV (p) # 0 if and only if f ¢ q for some prime ideal
q 2 p, and this occurs if and only if f ¢ p. Now assume that Xy NV (p) and X, NV (p) are nonempty
open subsets of V(p). Then f,g & p so that fg & p, and hence

peXpgNVip) = (X;NV(p)) N (X, NV(p))

This means that V(p) is an irreducible subspace of Spec(A4). Now any irreducible subspace of Spec(A)
is of the form V' (r(a)) for some ideal a. Suppose 7(a) is not prime. Then there are f,g & r(a) for which
fg € r(a). So there is p € V(a) not containing f and there is ¢ € V(a) not containing g. This means
that Xy NV (r(a)) and X, NV (r(a)) are nonempty. But X, N V(r(a)) = 0 since every prime ideal
containing r(a) contains fg. Hence, V(r(a)) is not irreducible. So the irreducible subspaces of X are
precisely of the form V(p) for some prime ideal p. Further, V(p) is maximal among all sets of the form
V(q), where q is prime, if and only if p is a minimal prime ideal. So we are done.

1.21. Let ¢ : A — B be a ring homomorphism, with X = Spec(4) and Y = Spec(B). Define ¢* : Y — X
by ¢*(q) = ¢~*(q). Prove the following.

a. If f € A then ¢* '(X;) = Y4(y) and so ¢* is continuous.
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Notice that ¢*~'(X) consists of all q € Y for which f & $~'(q). Also, Yy4(s) consists of all g € Y for
which ¢(f) & q. But ¢(f) € q if and only if f € ¢~'(q), and so ¢* 1 (X}) = Yy4(#)- In turn, this implies
that ¢* is continuous since {Xf|f € A} is a basis of X and ¢* ' (X}) is open for every f € A.

b. If a is an ideal in A and then ¢* ' (V(a)) = V(a®).

The following long chain of equalities

¢* 1 (V(a)) = ¢" 1 (V(Usea{z}))
= 6" (NeeaV (@)
= Nread” ™ (V(2))
= Meead™ (X — Xa)
= MeealV — ¢ (Xo)]
= NzealY — Yy(a)]
= NzeaV (9(2))
=V(¢(a))
=V (a%)

gives us the desired result.

c. If b is an ideal in B then Cl(¢*(V(b))) = V (b°).
Any p € ¢*(V (b)) is of the form q° for some q 2 b. Then p D b, so that ¢*(V (b)) C V(b¢), and hence

Cl(¢™(V(b))) € CL(V (b%)) = V(b°)

On the other hand, suppose p € V(b°) and that X is a basic open set in X containing p. Then b® C p
and f & p so that f & r(b°) = r(b)°. Hence, ¢(f) ¢ r(b), implying the existence of a prime ideal
q € V(b) for which ¢(f) € q. Then f & ¢*(q) and so ¢*(q) € X¢. This means that ¢*(V (b)) N Xy # 0,
so that p € Cl(¢*(V(b))). Thus Cl(¢*(V(b))) = V(b°).

d. If ¢ is surjective then ¢* is a homeomorphism of Y onto the closed subset V (Ker(¢)) of X.
In particular, Spec(A) and Spec(A/M(A)) are naturally isomorphic.

If g € Y, then ¢*(q) contains Ker(¢). If p € V(Ker(¢)) then p/ Ker(¢) is isomorphic with a prime ideal
q of Y, under the isomorphism ¢ : A/ Ker(¢) — B. Thus, p = ¢*(q) so that ¢* maps Y onto V (Ker(¢)).
Now if ¢*(p) = ¢*(q), then ¢~1(p) = ¢»1(q), and so p = q since ¢ is surjective. So ¢* is injective. We
already know by part a that ¢* is continuous. To show that ¢* is a homeomorphism it suffices to show
that ¢! is continuous. To do this, it suffices to show that ¢* is a closed map. By part ¢ we know that
¢*(V (b)) C V(b°) for any ideal b in Y. If p € V(b°) then ¢(p) D #(b°) = b by surjectivity of ¢, and
¢(p) € Y. But then p = ¢*(¢(p)) € ¢*(V(b)). So ¢*(V (b)) = V(b¢) = Cl(¢*(V(b))) by part c. Hence,
¢* is indeed a closed map. So ¢* is a homeomorphism between Y and V (Ker(¢)).

Finally, the natural homomorphism A — A/91(A) is surjective with kernel 91(A). Therefore, Spec(A/9(A)
is homeomorphic with V(91(A4)) = Spec(A).

e. The image ¢*(Y) of Y is dense in X if and only if Ker(¢) C DM(A).
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Notice that Cl(¢*(Y)) = Cl(¢*(V(0))) = V(0°) = V(Ker(¢)). Consequently, $*(Y) is dense in X if and
only if V(Ker ¢) = X, and this occurs precisely when Ker(¢) C 9(A), and in particular when ¢ is 1-1.

f. Let ¢ : B — C be another ring homomorphism. Show that (¢ o ¢)* = ¢* o y*.
We have (0 ¢)*(t) = (Yo ) L(r) = ¢~ L (b7 1(x)) = ¢*(0*(v)) for every t € Spec(C).

g. Let A be an integral domain with only one nonzero prime ideal p, and suppose that K is
the field of fractions of A. Define B = (A/p) x K and let ¢ : A — B by ¢(z) = (Z,z). Show
that ¢* is bijective but not a homeomorphism.

First, A/p is a field since p is a maximal ideal in A. Now let g1 consist of all (Z,0) € B and let g2 consist
of all (0,z) € B. Then q; and gy are maximal ideals in B since B/q; = K and B/qs = A/p. If q is
another prime ideal of B, then q1q2 = 0 is contained in ¢, and so q; € q or g2 € q. So q1 and qo are
the only prime ideals of B. Hence, Spec(A4) = {0,p} and Spec(B) = {q1,q2} are two-point spaces. It is
easy to see that ¢*(q1) = 0 and ¢*(q2) = p, so that ¢* is a bijection. But ¢* is not a homeomorphism.
After all, Spec(B) is Hausdorfl since all prime ideals are maximal, but Spec(A) is not Hausdorff since 0
is a non-maximal prime ideal.

1.22. Suppose that A;,..., A, are rings and A = H;;l A;. Show that Spec(A) is the disjoint union of
open (and closed) subspaces X;, where X; is canonically homeomorphic with Spec(4;).

Let m; : A — Aj and i; : Aj — A be the canonical maps. If q is a prime ideal in A;, then 7rj_1(q) is a prime
ideal in A. Conversely, suppose p is a prime ideal in A. Define e; = i;(14;) so that Ylej =14 and ejer, =0
if j # k. Some e;- & p since p # A. For j # j* we have ejej~ = 0 € p so that e; € p. From this we see that
p= 7rj_*1(q) for some ideal q in A;«, and it is easy to see that q is a prime ideal in A;-

Therefore, Spec(A) is the disjoint union of the subsets X;, where X; is the set of all w{l(q), where q is a
prime ideal in A;. Notice that each X; is closed since X; = V(w{l(O)). This also shows that each X; is
open since X; = (,; Xj. Since m; is surjective, exercise 1.22 tells us that 7 : Spec(A;) — Spec(A) is
a homeomorphism of Spec(4;) onto V(Ker(r;)) = V(7rj_1(0)) = X;. In particular, X; and Spec(4;) are
canonically homeomorphic.

Conversely, prove that the following are equivalent for any ring A. Deduce that the spectrum
of a local ring is always connected.

a. X = Spec(A) is disconnected.
b. A= Ay x Ay where A; and A; are nonzero rings.

c. A has an idempotent e # 0, 1.

(a = ¢) We can write X = V(a)[JV(b) where a and b are ideals in A. Then V(anb) = V(a) UV(b) = X
implying that anb C N(A). Also, § = V(a) NV (b) = V(aUb), implying that A = (a U b), and hence
A =a+b. Now write 1 = a+ b with a € a and b € b. Notice that ab € anb C 9(A) so that
(ab)™ = 0 for some n > 0. Now 1 = (a+ b)" = a”™ + b" + abx for some x € A. Since abxr € N(A)
we conclude that a™ + b™ is a unit in A. Let u be the inverse of a™ + b™ and notice that ua™b™ = 0
so that ua™ = ua™(u(a™ + ")) = (ua™)? and similarly ub® = (ub™)?. If ua™ = 0 then a” = 0 and
1 = b(b~! + ax) € b, which is not possible since V(b) # (). So ua™ and ub™ are nonzero. On the other
hand, if 1 = ua™ = ub™ then 1 = u(a™ + b"™) = 2 so that 1 = 0. Hence, one of ua™, ub" is a nontrivial
idempotent.

(b= a) We already know that X = X; ][] X2 where X; = Spec(4;) is a non-empty open subset of X, since
A; #0. So X is disconnected.
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(b= ¢) Take e =(0,1) or e = (1,0).

(¢ = b) Define non-zero subrings of A by A; = (e) and As = (1—e). Then A = A; + A, since a = ae+a(1—e) for

any a € A. If x € A1 N As, then & = ae and = = b(1 —e) for some a and b. But ae = aee = b(1 —e)e =0,
and so x = 0. Therefore, A = A; x A,.

Exercise 1.12 shows that a local ring A has no idempotent e # 0 or 1, so that Spec(A) is always connected
by the above.

1.23. Let A be a Boolean ring. Prove the following.

a.

For each f € A, the set X is open and closed in Spec(A).

By definition, Xy = V(f)° is open. If p is a prime ideal, then f € por 1 — f € p since f(1 — f) =0. It
follows from this that Xy = V(1 — f), so that X is closed in Spec(4).

I f,. fn€ Athen Xy U---UX; = Xy for some f € A.

Choose f, as in exercise 1.11, so that (f1,..., f») = (f). Then V(f) = V(U7 (f;)) =N} V(f;), implying
that Xf = U? ij.

. If Y is both open and closed, then Y = X for some f € A.

Since Y is closed in the compact space Spec(A), we see that Y itself is compact. Exercise 1.17 now says
that Y is the union of finitely many sets of the form X ;. We now apply part b.

. Spec(A) is a compact Hausdorff space.

Suppose that p,q are distinct prime ideals in X. We may suppose that there is f € p —q. Then
1—feq—psince f(1—f)=0. So Xi1_y and X are open sets containing p and q, respectively. These
sets are disjoint since X,y N Xy = X(1_5)y = Xo = (). Therefore, X is compact Hausdorff.

1.24. Show that every Boolean lattice becomes a Boolean ring, and that every Boolean ring becomes
a Boolean lattice. Deduce that Boolean lattices and Boolean rings are equivalent.

A lattice L is a partially ordered set such that, if a and b are in L, then there is an element a A b that is the
largest element in the non-empty set {c € L : ¢ < a and c¢ < b}, and there is an element a V b that is the
smallest element in the non-empty set {c € L: ¢ > a and ¢ > b}. We say that L is Boolean provided that
the following hold.

a.

There is a smallest element 0 in L, and a largest element 1.

b. For a,b,c € L we have aV (bA¢c) = (aVb) A(aVe)and also a A (bVe) = (aAb)V (aAc). In other

C.

words, we have distribution.

For each a there is a unique o’ such that a Aa’ =1 and a V o’ = 0.

Lets make a few observations about A and V. We first have

aN0=0 aVO=a aNl=a aVl=1

This implies that 0’ = 1 and 1’ = 0. Clearly a”’ = a. We also have

aANb=bAa aVb=bVa aNa=a aVa=a

We have the associativity relations
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(anb)hNe=an (bAc) (avb)Ve=aV (bVe)

We also have DeMorgan’s Laws

(anb) =d VvV (avb) =d ANV

To prove the first of DeMorgan’s Laws we note that

(@aNb)A (@ VY)=(aAbAd)V(@aANbAY)=0V0=0

and also

(aAb)V(d V)= (aVd V)N DV VY)=1A1=1

The first of Demorgan’s Laws now follows from the uniqueness in b. The second of DeMorgan’s Laws follows
very similarly. Now for a,b € L we define operations of addition and multiplication by

a+b=(anb)V(d Ab) and a-b=aAb

Notice that a+0 = (aA1)V(a’ A0) = aV0 = a so that 0 is the additive identity in L. Addition is commutative
since

b+a=bANd)V (' Na)
=0 ANa)V(bAd)
=(anb)V(d ANb)=a+Db

Every a € L has an additive inverse since a + a’ = (a Ad') V (¢’ Aa) = a Ad’ = 0 by definition of a'.
Lastly, addition is associative. This is tedious to check, so I will not include that calculation. Notice that
a-1=aAl = asothat 1 is the multiplicative identity. Clearly, multiplication is commutative and associative.
Lastly, multiplication distributes over addition since

a-c+b-c=(aNc)+ (bAc)
=({(anNc)ANDA))V ((anc) AbAc))

Summarizing, we see that L has a ring structure. L is a boolean ring since a - a = a A a = a. Now suppose
that A is a Boolean ring. Define an ordering on A by a < b if and only if @ = ab. Then < is reflexive since
a=a% Ifa<band b < athen a = ab = ba = b, so that < is anti-symmetric. If @ < b and b < ¢ then
a = ab = abc = ac so that a < ¢, and hence < is transitive. So A is partially ordered.

Now let a and b be arbitrary elements of A, and notice that a,b < a+b+ab since a(a+b+ab) = a+ab+ab=a
and b(a+b+ab) = ab+b+ab=>. If a < cand b < ¢, then a = ac and b = be, so that (a+b+ab)c = a+b+ab
and hence a + b+ ab < ¢. This means that {c € A : a,b < ¢} is a non-empty set with a + b+ ab as its smallest
element. So define a Vb= a+ b+ ab.

Again let a and b be arbitrary elements of A, and notice that ab < a and ab < b. If ¢ < a and ¢ < b,
then ¢ = ac and ¢ = be, so that (ab)e = ac = ¢ and hence ¢ < ab. This means that {c € A : ¢ < a,b} is a
non-empty set with ab as its largest element. So define a Vb = a + b+ ab. Now that A is seen to be a lattice,
I claim that A is a Boolean lattice. Notice that 0 < a < 1 for every a € L since 0 = a0 and a = al. We see
that V and A distribute over one another since
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VibAce)=a+(bAc)+albAc)

=a+ bc+ abe

= (a + 2ac) + (ab + be + abc) + (ab + 2abe)

=ala+c+ac)+bla+ c+ ac) + abla + ¢+ ac)

=(a+b+ab)(a+c+ ac)

=(aVb)(aVc)

=(aVb) A(aVec)
and similarly a A (bV ¢) = (a Ab)V (a Ac). Now define o/ = 1 —a so that a Aa’ = a(l —a) = 0 and
avVad =a+(1l—a)+a(l—a)=1. 1fbe Asatisfiecs0 =aAband 1 =aVb=a+b+ab=a+b, then
b=1—a=ad". Sod is unique. Thus, A is indeed a Boolean lattice.

Now suppose that we started with a Boolean lattice (L, <) and made it into a Boolean ring (L, +,-), then
made this ring into a new Boolean lattice (L, <). If a < b then ab=a Ab = qa, so that a < b. If a < b then
a=ab=aAb,sothat a < b. Hence, (L,<) and (L, <) are isomorphic Boolean lattices under the identity
mapid: L — L.

On the other hand, suppose we started with a ring (A, +,-) and made it into a Boolean lattice (A4, <),
then made this Boolean lattice into a new Boolean ring (A, +, x). Then a xb=aAb=a-b and

atb=(aAb)V(aND)
=(@n(1=0)V(1—-a)Abd)
=a(l-b)V(1—a)b
=a(l-b)+(1—-a)bh+a(l-0)(1—a)
=a-+0b

Therefore, (A,+,-) and (A, -+, x) are isomorphic rings Boolean rings under the identity map id : A — A.
Suppose f : A — B is a ring isomorphism of Boolean rings. Let (4, <) and (B, <) be the resulting Boolean
lattices. The bijection f is order-preserving since a < b implies that a = ab, and hence f(a) = f(a)f(b),
implying that f(a) < f(b). This means that the two resulting lattices are isomorphic.

On the other hand, if (L,<) and (L,<) are two Boolean lattices, isomorphic under f : L — L, then let
(L,+,-) and (L, +,) be the resulting Boolean rings. Notice that f~! : L — L is order-preserving as well.
It follows easily that f(a Ab) = f(a) A f(b) and f(a Vd) = f(a) Y f(b). So f(a+0b) = f(a) + f(b) and
f(ab) = f(a)f(b). In other words, (L,+,-) and (L, +,-) are isomorphic Boolean rings. Summarizing, there
is a bijective correspondence between (isomorphism classes of) Boolean rings and (isomorphism classes of)
Boolean lattices.

Deduce Stone’s Theorem, that every Boolean lattice is isomorphic to the lattice of open-and-
closed subsets of some compact Hausdorff topological space.

Suppose L is a Boolean lattice and make L into a Boolean ring A as in exercise 1.24. Then X = Spec(A) is a
compact Hausdorff space. Let .Z consist of all subsets of X that are both open and closed. We order .Z by
set-theoretic inclusion. % is clearly a partially ordered set. If Y)Y’ € £ then YUY, Y NY’ € ¥ so that &
is a lattice. The emptyset () is the smallest element in . and full space X is the largest element of .Z. Also,
if Y € Z then Y° is an open and closed subset of X, with Y NY°¢ =0 and Y UY° = X, with Y uniquely
determined by these equations. This means that £ is in fact a Boolean lattice. Exercise 1.23 tells us that
Y € Zif and only if Y = X for some f € L. So we have a surjective map ¢ : L — & given by ¢(f) = X;.
If f <gthen f = fgsothat X; = X;N X, and hence Xy C X,. This means that v is an order-preserving
map. On the other hand, if X; = X, then
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D=X1yNX;=X1yNXy=Xa_py

so that (1 — f)g € M(A). But then 0 = [(1 — f)g]™ for some n > 0 so that (1 — f)g = 0, and hence g = fg.
Similarly, f = fg and hence f = g. This shows that 1 is an isomorphism of lattices.

Let X be a compact Hausdorff space, let C(X) consists of all continuous real-valued functions
defined on X, and define X as the set of all maximal ideals in C(X). We have a map p: X — X
given by =z — m,, where m, consists of all f € C(X) that vanish at the point z. Prove the
following.

a. The map p is surjective.

Suppose that m is a maximal ideal in C'(X). Let V consist of all x € X such that f(z) = 0 when-
ever f € m. If V is nonempty and z € V, then m C m,, and so m = m, = u(x) by maximality.
So assume that V is empty. Then given x € X there is f € m for which f(z) # 0. By continuity,
there is a neighborhood U, of x on which f, is nonzero. These neighborhoods cover X since V = 0,
and so by compactness there are {x;}] so that X = (J{' U,,. Let f = > 7 f2, and notice that f is a
continuous function that is everywhere positive. But then f is a unit in C(X), having multiplicative
inverse 1/f, and so m = C(X); a contradiction. Therefore, V' is nonempty and m = u(z) for some z € V.

b. The map p is injective.

Recall that every compact Hausdorff space is normal. Let z,y be distinct points of X. Since {z} and
{y} are disjoint closed sets, we can apply Urysohn’s Lemma to deduce the existence of an f € C(X) for
which f(z) =0 and f(y) =1. Then f € m; and f ¢ m,. So m, # m,. This shows that x is injective.

c¢. The bijection p is a homeomorphism when X is given the subspace topology of Spec(C(X)).

Suppose f € C(X) and define Uy = f~'(R*) and Uy = {m € X : f ¢ m}. Every m € X is of the form
m,, for a unique z € X. So f € m if and only if f(x) = 0. It follows that u(Uy) = Uy.

Now Uy is open in X since f is continuous. So suppose that U C X is open and that z € U. By
normality there is a neighborhood V' of & such that C1(V) C U. By Urysohn’s Lemma there is f € C(X)
such that f(CI(V)) = {1} and f(X \U) = {0}. But then Uy C CI(V) C U. This shows that {Us} rcc(x)
is a basis for the topology on X.

Notice that ﬁf =XnN X7y is open in subspace topology. This also shows that {Uf}fGC(X) is a basis for
the topology of X since {Xs}rec(x) is a basis for the topology of Spec(X) by exercise 1.17.

Now the fact that p takes basis elements to basis elements shows that p is a homeomorphism. Conse-
quently, X and X are homeomorphic topological spaces.

1.27. Let k be an algebraically closed field and X an affine variety in k™. Show that there is a

natural bijection between the elements of X and the maximal ideals of P(X), where P(X)
klt1,...,t,]/I(X) is the coordinate ring of X.

Let x € X and consider the map k[t1,...,t,] — k given by f — f(x). That is, consider the map given by
evaluation at . This map is surjective since k[t1, .. ., t,] contains all of the constant functions. If f—g € I(X)
then f(x) = g(x) since x € X, and so the map k[t1,...,t,] — k induces a surjective map P(X) — k. The
kernel of this map is a maximal ideal, denoted by m,. We now have a map pu : X — Max(P(X)) given
by pu(z) = my. If my = my and © = (21,...,2,) while y = (y1,...,yn), then t; — z; € m, for every i as



1.287

17

t; — x; € m, for every i. But this means that y; — x; = 0 and so y; = x; for all 4, so that x = y. In
other words, p is injective. The less trivial part of this exercise is showing that p is surjective. So let m be

a maximal ideal in P(X). Then m = n/I(X) where n is a maximal ideal in k[t,...,t,] containing I(X).
Since k is algebraically closed, the Weak Nullstellensatz implies that n = (1 — a1,...,2, — a,) for some
a; € k. Suppose (ay,...,a,) € X. Since X is an affine variety, we can easily verify that z € X if and
only if f(x) = 0 for every f € I(X). So there is some f € I(X) for which f(a1,...,a,) # 0. Since every
g € n satisfies g(aq,...,a,) = 0, we see that f & n; a contradiction. Therefore, (a1,...,ay) € X and thus

m = u(ay,...,a,), showing that u is surjective. Hence, 4 is a bijection between X and Max(P(X)).

Let X and Y be affine varieties in k™ and k™. Show that there is a bijective correspondence ¥
between the regular mappings X — Y and the k-algebra homomorphisms P(Y) — P(X).

By definition, P(X) consists of all polynomial maps X — k. There is a natural multiplication on P(X) that
makes P(X) into a k-algebra. Suppose that ¢ : X — Y is a regular mapping and that n € P(Y) so that
no¢ € P(X). Then n+— no ¢ is a k-linear map P(Y) — P(X). If 5,0 € P(Y) then

((no¢)-(00¢))(x) =n(d)0(d(x)) = (n-0)(¢(x)) = ((n-0) ° d)(x)

This means that the map P(Y) — P(X) induced by ¢ is a k-algebra homomorphism. Now suppose that
¢’ induces the same k-algebra homomorphism P(Y) — P(X) as ¢. Let ; : Y — k be the ith coordinate
function on Y, so that n; o (¢ — ¢’) = 0 for all i. Then ¢(z) = ¢'(x) for all x € X. So ¥ is an injective map.
Now suppose that f: P(Y) — P(X) is a k-algebra homomorphism. Define f; : X — k by f; = f(n;) where
7; is ith coordinate function on Y, and let ¢ : X — k™ by ¢ = (f1,..., fmn)-
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Chapter 2 : Modules

2.1.

2.2.

2.3.

2.4.

Show that Z,, ®z Z,, is the zero ring if ged(m,n) = 1.
Choose integers s and ¢ for which sm + tn = 1. Then the identity element of Z,, ®z Z,, satisfies

Mm@ [Un = [sm +tn]m @ [1n = [tn]m @ 1], =tn - [1],, @ [1], = [ @ tn - [1],, =0
Therefore our whole ring Z,, ®z Z, = 0.
Let A be a ring with ideal a and A-module M. Show that A/a®4 M = M/aM.

Tensoring the short exact sequence of A-modules

0 a—5A—"5A/a 0
with M yields the exact sequence of A-modules

a®AMﬂ>A®AML®1>A/a®AM—>O

Since the map f: A® M — M given by f(a ® m) = am is an isomorphism of A-modules, we can define
g=(m®1)oft: M- A/a® M. Then Im(g) = Im(r ® 1) = A/a® M and Ker(g) = f(Ker(r ® 1)) =
f(Im(j ® 1)) = aM. So we have an isomorphism g : M/aM — A/a® M of A-modules.

Let (A,m, k) be a local ring. Show that, if M and N are finitely generated A-modules satisfying
M®4 N=0,then M =0or N =0.

For every A-module P define a k-vector space P, = k ®4 P. Then P, and P/mP are isomorphic by exercise
2.2. Now suppose that M and N are finitely generated A-modules for which M®N = 0, so that (M QN), = 0.
Then

M@, Ny = (M @4 k)Qk (N®ak
2 M®s(kQr (N®ak)
2 M®a(kor (k®aN)
2M@a((kork)®a N

—_ — — —

%’(M@A ]\f)/C

Therefore My, ®i N = 0. Since My and Nj are k-vector spaces, we see that My = 0 or N, = 0. So either
mM = M or mN = N. By Nakayama’s lemma, either M =0 or N = 0.

Suppose M; are A-modules and let M = ), M;. Prove that M is flat iff each 1/; is flat.

I claim that, for every A-module N, the A-modules N @ @ M; and (N ® M;) are isomorphic. Define
¢: NxM— PN ® M) by é(n,(z;)) = (n®x;). Then ¢ is A-bilinear and so induces a homomorphism
O:NoM — @P(N ® M,;) for which (n ® (x;)) = (n ® x;). Suppose now that j; : M; — M corresponds to
canonical injection. The map n ® z; — n ® j;(x;) is a homomorphism of N ® M; into N ® M. Consequently,
U:PIN®M;)— N®M by ¥((n; ® z;)) =>.n; ® ji(x;) is a homomorphism. It is easy to show that ®

and U are inverse to one another, and so are isomorphisms.

Suppose now that f : N’ — N is injective and consider the mapping f ® 1: N'®@ M — N ® M. As above,
N’ ® M is isomorphic with (N’ ® M;) under V', and (N ® M;) is isomorphic with N ® M under ®.
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Therefore, f ® 1 is injective if and only if the induced map g = ® o (f ® 137) o ¥’ from (N’ ® M;) to
P(N ® M,) is injective.

No@, Mo L2 No@, M,

T\I/’ lcb
D, (N @ M,) —L— @, (N M,)

Notice that g((ne ®x4)) = (f(na) ®x4). Put differently g = (f ® 1,) where 1, is identity on M,. Therefore,
g is injective if and only if each of its coordinate functions f ® 1, is injective. Hence, M is flat if and only if
each M, is flat.

Prove that A[z] is a flat A-module for every ring A.

Let M; be the A-submodule of A[z] generated by z*. Then M; = Az’ = A so that M; is flat. Consequently,
Alz] is a flat A-module since Alz] = @, M;.

For any A-module M, let M[z] denote the set of all polynomials in z with coefficients in M.
Then M[z] is an A[z]-module. Show that M[z] = A[z] ® 4 M as A[z]-modules.

It is clear that as A-modules A[z] = @77, Az*. Therefore, we have the isomorphism of A-modules

Alx] @4 M = @(Axi ®a4 M) = @Mxi = M]|z]
i=0 i=0

Here the isomorphism @ is given by 0(>_ a;2? @ m) = > (a;m)x?. All we have to do now is verify that 6 is
Alz]-linear. Omitting indices we compute

o(> atwi- (Y aw@m)) =o((Dalwi- Y ain’) @m)
=0( ey, wm)
=X (Laddim)er
=Y aa' -y (a;m)a’
=S aat0( Y i @ m)

Hence, 6 is an isomorphism of A[z]-modules.

Let p be a prime ideal in A and show that p[z] is a prime ideal in A[z]. If m is a maximal ideal
in A, must m[z] be a maximal ideal in A[z]?

Is m: A — A/p denotes the natural map, then 7 induces a map Alzx] — (A/p)[z] given by > apa*
> 7(ay)z®. This map is surjective and has kernel p[z]. So A[z]/p[z] = (A/p)[x]. But (A/p)[x] is an integral
domain since A/p is an integral domain. So p[z] is a prime ideal in A[x]. If m is a maximal ideal in A, then
Alz]/mlz] & (A/m)[z] with A/m a non-zero field. So (A/m)[z] is not a field, implying that m[z] is not a
maximal ideal in Afz].

Suppose that M and N are flat A-modules. Show that M ® 4 N is a flat A-module.

Let Sy be an exact sequence. We may tensor Sy with M to get an exact sequence S1, and we may tensor
S1 with N to get an exact sequence S;. But the tensor product is associative, and so the sequence S, is



2.9.

2.10.

2.11.

2.12.

20

the same one as would have been obtained had we tensored Sy with M ® 4 N. This shows that M ® 4 N is flat.

Let B be a flat A-algebra and N a flat B-module. Show that N is a flat A-module.

Let Sg be an exact sequence of A-modules. We may tensor Sy with B to get an exact sequence S of A-
modules. This is an exact sequence of B-modules, since B is an (A, B)-bimodule. Tensoring this sequence
with N yields an exact sequence So of B-modules. Also, Sy is an exact sequence of A-modules. So N is a
flat A-module.

Suppose we have the short exact sequence of A-modules

0 M 0

with M’ and M” finitely generated. Show that M is finitely generated as well.

Suppose that M’ is generated by {x;} and M" is generated by {z;}. Clearly Im(f) is generated by {f(x;)}.
Since g is surjective, there are y; € M for which g(y;) = z;. Let N be the submodule of M generated by
{yi}, so that g(N) = M". So for y € M there is y’ € N with g(y) = g(¢'), and hence y =y’ + (y — ') where
y—1y € Ker(g) = Im(f). We conclude that M is generated by {f(z;)} U{y;}.

Let A be a ring with the ideal a C R(A). Suppose M is an A-module and N is a finitely generated
A-module, with u : M — N a homomorphism. Show that u is surjective provided the induced
homomorphism @ : M/aM — N/aN is surjective.

We define @ by @(m) = u(m). We have the commutative diagram

a®@m—a®u(m)

Ala® M Ala® N
a®m}—>a'rnl J{a@’m—mn
M/aM m—u(m) N/aN

Define L = N/Im(u). We have an exact sequence M — N — L — 0. We can tensor this with A/a to get an
exact sequence. Using the canonical isomorphism above we get the exact sequence

M/aM —— N/aN —— L/aL ——0

But @ is surjective so that 7 is the zero map, and hence L/aL = 0. Nakayama’s lemma yields L = 0. In other
words, u is surjective, as claimed.

Suppose A is a nonzero ring. Show that m = n if A™ and A™ are isomorphic A-modules. Show
that m > n if A" is a homomorphic image of A™. Must m < n if there is an injective homomor-
phism A™ — A" of A-modules?

Let m be a maximal ideal in A with residue field k = A/m. If ¢ : A™ — A™ is an isomorphism of A-modules,
then 1® ¢ : k®4 A™ — k ®4 A™ is an isomorphism of A-modules, and so is an isomorphism of k-vector
spaces. These vector spaces have dimension m and n, respectively. We conclude that m = n. We prove
similarly that m > n if there is a surjection A™ — A" and that m < n if there is an injection A™ — A",

Let M be a finitely generated A-module and ¢ : M — A" a surjective A-module homomorphism.
Show that Ker(¢) is finitely generated.
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Let A™ be free on {ey,...,e,}, and choose u; € M so that ¢(u;) = e;. Then for x € M there are a; € A
satisfying ¢(z) = ¢(>_] aiu;), and hence z — >} a;u; € Ker(¢). So if we let N be the submodule of M
generated by {u;}, then M = N +Ker(¢). Obviously NNKer(¢) = 0 since 0 = ¢(>_7 a;u;) = Y 1 a;e; implies
that each a; = 0, and hence Y} a;u; = 0. Therefore, M = N @ Ker(¢). Now Ker(¢) is isomorphic with
M/N, so that Ker(¢) is finitely generated.

Let f: A — B be a ring homomorphism, and let N be a B-module. Regarding N as an A-module
by restriction of scalars, form the B-module Ny = B®4 N. Define g: N — Ng by g(n) = 1®n.
Show that ¢ is an injective homomorphism and that g(NNV) is a direct summand of Ng.

In general, the map M — Mp need not be injective. So we are proving that it is injective in the special case
where A acts on M by restriction of scalars. Now (presumably) the action of B on Npg is given by

Vo(ben)=bban

Of course the action of A on N is given by a.n = f(a)-n. Define p’ : Bx N — N by p'(b,n) = b-n. Obviously
p’ is additive in both variables. Also, p’ is A-bilinear since

p'(a.b,n) =p'(f(a)b,n) = f(a)b-n = f(a) (b-n) =a.(b-n) = a.p'(b,n)
p'(byan)=>b-(an)=>b-(f(a)-n)= f(a)-(b-n)=a.(b-n)=a.p (bn)

So there is a unique A-linear map p : B®4 N — N satisfying p(b® n) = b- n. Since p is A-linear we see
that p is a A-submodule of Np, and since g is A-linear, we see that Im(g) is an A-submodule of Ng. Now ¢
is injective since po g = 1. If y € Im(g) NKer(p) with y = g(x) then x = p(g(x)) = p(y) = 0, so that y = 0.
In other words, Im(g) N Ker(p) = 0. On the other hand, for x € Ng

x=g(p(x))+ (z — g(p(x)))

where g(p(x)) € Im(g) and x — g(p(z)) € Ker(p) since

p(z —g(p(x))) = p(z) — p(g(p(z))) =0

Therefore, Ng = Im(g) ® Ker(p) as an A-module. On the other hand, if we define the action of B on Ng by
b -(b®@n)=b®V -n then p and g are both B-linear so that Ng = Im(g) ® Ker(p) as a B-module.

Use the notation of exercise 14 to show the following.

a. Every element in M is of the form p;(z;) for some j € I.

The general element of M is of the form ), . x; + C, where z; € M; and F is a finite subset of I.
Choose j € I so that i < j whenever i € F'. By definition of C' we have ), x; +C = . p pij(2:) +C.
But ), ppij(x;) € M since each p;; : My — Mj. So elements in M are of the form z; + C' = p;(z;)
for some j € I and x; € M;.

b. If p;(x;) = 0 then p;(z;) =0 for some [ > i.

Notice that x; € C since u;(z;) = 0. So write
2=y > (@ — pir(Tse))
JEl k>3

Where z;, € M; equals 0 for all but finitely many j, k. We can choose [ > i so that z;, =0if j > or
k> 1. T claim that p;(x;) = 0. Now we play with indices to get
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(=) = par(—=z4)) + 24
(=) = pa(—:) + > > @ik — pir(zsn))

§<l j<k<

1227) (Cvi)

| /IL
(]

(9591@ - /ij(x;‘k))

o

A
.
IN
=
A

|
(]

(@5 = @500) + (i) = s

o

A
.
IN
=
A

[
(]

[(x;k - le(x;'k)) + (ﬂkl(ﬂjk(x;k)) - ujk(xgk))}

o

A
.
IN
x>
A

|
(]

(wé’k — Hji ($§’k))

§<U j<k<I

_ 7 } : "
Jj<li J<k<l J<k<l

_ " i

=D (@ — pu(ei")
Jj<l

'~
.3
I

1(25)) + (2] = pu(25"))

|
5

8

x

<
A

=)@ = pu(af")
i<l

<
A

since py; is the identity. Since this identity holds in @j M, we see that z7’ = 0 for all j < [. This
implies that p;;(x;) = 0, as desired.

Suppose that IV is an A-module paired with A-module homomorphisms «; : M; — N, indexed by I, with
the property that a; = a; o p;; whenever i < j. Define a A-module homomorphism ¢ : ,.; M; — N by
o> xi) = > ay(z;). Notice that ¢(x; — pij(zi)) = au(xi) — o (pij(z;)) = 0 for every j > 4, and of course
d(x; — pii(zi)) = #(0) = 0. So ¢ is identically zero on the submodule generated by {z; — p;(z;) : j > i}
This means that ¢ induces an A-module homomorphism ¢ on lim M; for which > +C) = > a(w).

Obviously ® o p; = «; for all 4 € I. If ' were a homomorphism on M for which ® o u; = «;, then we would
have @' (3" 2;+C) = > @' (i (x;)) = Y. (i) = (> x; = C), so that " = &. Therefore, M has the desired
universal mapping property.

Suppose that M is an A-module and v; : M; — M are A-module homomorphisms for which v; = v; o
wi; whenever j > i. Suppose also that whenever N is an A-module and «; : M; — N are A-module
homomorphisms for which a; = o o u;; for every j > ¢, then there is a unique A-module homomorphism
W : M — N such that ¥ ov; = «; holds for every 7 € I. It is easy to show that M and thMl are isomorphic

as A-modules. After all, choose ¥ : M — lim M; so that ¥ ov; = u; for every i. Also, choose ® : lim M; — M
so that ®oyu; = v; for every i. Then oW : M — M is an A-module homomorphism for which (Po¥)ovy; = v;.

But ijs is another map from M to M with this property. So by uniqueness ® o ¥ = ¢,;. Similarly ¥ o ® is
identity on lim M;. Therefore, ® and ¥ are inverse isomorphisms.

Let (M;);cr be a family of submodules of an A-module, such that for every i,j there is k for which
M; + M; C M. Define 1 < j if M; C M;, and in this case let 1;; correspond to inclusion. Notice that
I is a directed set under this ordering. So we may speak of lim M;.

Consider the submodule | J M;. Let N be an A-module and «; : M; — N an A-module homomorphism for
which «; = «; o p1;; whenever i < j. Define a : |JM; — N by a(z) = «;(z), where z € M;. If € M; and
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x € M, then choose k for which ¢ < k and j < k. Then ai(z) = a;(z) and agx(x) = a;(z) since pi and
i; correspond to inclusion. Therefore, « is a well-defined map. It is an A-module homomorphism for which

aou; = ;. It is also the unique A-module homomorphism with this property. Therefore, | J M; is isomorphic
with lim M;. It is easy to see that [JM; = > M.

Suppose M is an arbitrary A-module. Let F consist of all finitely generated submodules of M. If M; and M,
are finitely generated then so is M7 + Ms. So we can consider the direct limit of the elements of F. Also, if
x € M then Ax € F. Consequently M equals the union of all the finitely generated submodules of M. The
previous paragraph shows that M is isomorphic with the direct limit of its finitely generated submodules.

Let M = (M;, ;) and N = (N, v45) be direct systems of A-modules over the same directed set I. Suppose
that ¢; : M; — N; are A-module homomorphisms such that ¢; o p;; = v o ¢; whenever ¢ < j. Let M and
N be the direct limits of M and N, with associated homomorphisms p; and v;. Define a; : M; — N by
o; = v; 0o ¢;. Notice that o o ps; = vjovs 09 = v;0¢; = a; whenever ¢ < j. By exercise 17 there is
an A-module homomorphism ¢ : M — N for which ¢ o u; = a; = v; o ¢; for every i. So ¢ is the desired
homomorphism. By exercise 16 we see that ® is the unique A-module homomorphism with this property.

The sequence M — N — P of direct systems over the same directed set I is said to be exact provided that
the corresponding sequence of modules and module homomorphisms is exact for every ¢ € I. Let M, N, P
be the direct limits of these directed systems and let ¢ : M — N and ¢ : N — P be the homomorphisms
induced by the homomorphisms of the directed systems. For all i < j we have the commutative diagram

M —2 Y P
" Tw e
M~ N, B P
is Tm Téu
M, —% Yi L p,
Suppose that = € M. Choose j and z; € M; for which & = pj(z;). Then ¥(d(x)) = ¥(d(1;(z;))) =
& (i ((x5))) = &;(0) = 0 since Im(¢;) = Ker(tp;). Thus Im(¢) C Ker(¥).

Suppose that ¥(y) = 0 where y € N. Choose i and y; € N; for which y = v;(y;). Then 0 = ¥ (v;(z;)) =
& (vi(y;)). But then there is j > ¢ for which &;;(¢;(y;)) = 0. Then v;(v;;(y;)) = 0, implying the existence
of x; € M; for which v;;(y;) = ¢;(z;). Now notice that y = v;(y;) = v;(vi(y:)) = v;(9j(z;)) = o(pi(z;)).
Thus Ker(y)) C Im(¢)) and hence Ker(¢) = Im(¢)). We conclude that M — N — P is an exact sequence.

Let M be a directed system of A-modules and N an A-module. {(M; ® N,u;; ®1):i € I} is a
directed system of A-modules; let P be its direct limit with associated homomorphisms v;. For
each i € I we have a homomorphism p; ®1: M; @ N - M @ N. Clearly p; ® 1 = (p1; ® 1) o (i @ 1).
So there is a unique homomorphism ¢ : P —- M ® N satisfying v oy; = y; ® 1. Show v is an
isomorphism.

Assume (m,n) € M x N and write m = p;(m;). Define g(m,n) = v;(m; ® n). I claim that g is well-
defined. So suppose that p;(m;) = p;j(m;) with j > 4. Then p;(m;) = p;(pij(m;)) so that

Let (A;,a;;) be a directed system of Z-modules so that each A; is a ring and each «;; is a ring
homomorphism. Show that A = lim A; inherits a ring structure so that each associated homo-

morphism «; is a ring homomorphism. In case A =0, show that some A; = 0.

Let ¢ and n be elements of A. We can write { = p;(x) and n = p;(y). Choose k > 4,j and notice that
€ = pr(pin(z)) and n = pr(;k(y)). Define Exn = pup (pir(x ) k(1Y) clalm that this defines a multiplication
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of A that makes A into a ring and each y; into a ring homomorphism. The hardest part of this is to show
that & % n is actually well-defined. Suppose first that [ > 4,7 and m > [, k. Then

ﬂm(ﬂkm(ﬂjk( ):u]k( )

m (ke (pin (2 ))Nkm(ﬂjk( )
m (Him (T) jm (Y))

m (ttim (it () i (111 ()
m (R (50(2) p51(y)))

l(.ujl x)ﬂll(y))

fk (e () ik (y))

Il
‘Et’;’;t

This shows that & x7 is independent of k. Now suppose that § = p;/(2) and n = p;/(y'). Choose k > 4,7, j, j'
and observe that
pur (i () — par(2')) = 0 and (ki (y) — pyen(y’)) = 0

By exercise 15 part b we can choose | > k for which

pot (pik () — (")) = 0 and g (pje(y) — pjoe(y’)) = 0

But this means that p;(x) = (') and pji(y) = i (y'). Hence

pa (i (@) () = pa(peara (2" ) i (y'))

This shows that &7 is well-defined. It is clear that the multiplication is associative, commutative, and unital.
Lastly, multiplication distributes over addition : suppose ¢, 7, k < m and notice that

(i () + 115 (y)) * b (2) = (o (i (%)) + pom (pjm (Y))) * e (2)

= fom (pim () + pin(y)) * e (2)

=t ((fim (%) + 51 (y)) ke (2))

= fm (Rim (%) e (2)) + tm (gm (Y) e (2))
= pi (@) * pr(2) + p15(y) * pue(2)

Further, each p; is a ring homomorphism since

i) x i (y) = pi(pia () pii (y)) = pi(zy)

So A is indeed a ring and each pu; is a map of rings. Now suppose that A = 0. Let the zero and identity
elements in A; be represented by 0; and 1, respectively. Since a;(1;) = 04, exercise 15 part b tells us that
there is j > 4 for which 0; = ;;(1;) = 1;. This forces A; = 0.

Suppose (4;,qa;;) is a directed system of rings and let 9; be the nilradical of A;. Show that
lim ON; is the nilradical of lim A;.

Lets work in the general setting for the moment. Assume that (M;, p1;;) is a direct system of A-modules, with
direct limit M and maps p; : M; — M. Suppose that for each ¢ € I there is a submodule N; of M;, and that
wij (Vi) € Nj. Then (N;, p;5|N;) is a direct system as well. Let N be the direct limit with maps v; : N; — N.
Now we have a commutative diagram
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By exercise 16 there is a unique a : N — M that makes the diagram commute with ? = «. Notice that
afz+C") =x+ C if we construct N = @ N;/C’ and M = @ N;/C as in exercise 14. This means that there
is a natural way of considering N as a submodule of M. Now lets return to the specific case given in the
problem statement. It is clear that 91(M;) is a Z-submodule of A; and that p;;(91(A4;)) € N(A;) for i < j
since ji;; is a ring homomorphism. Write

N =1lm0N(4;) = P N(A:)/C" and A=limA; = P A;/C

as in exercise 14. Let v; : M(A;) — N and p; : A; — A be the natural maps and let a : N — A as above.
Giving N the obvious ring structure I claim that « is a ring homomorphism and that 9(A) = «(N). So
suppose that v;(z),v;(y) € N and that k > ¢,j. Then

a(vi(z)) * a(v;(y)) = pi(x) * p;(y)

Consequently, « is a ring homomorphism. Now every element of N is of the form v;(x) for some z € N;.
So every element of N is nilpotent (since every element of N; is nilpotent by definition). Since « is a ring
homomorphism we conclude that «(N) C A. On the other hand suppose that p;(x) € 9(A). Then p;(z)™ =0
for some n > 0, so that p;(z") = 0. There is some j > ¢ satisfying p;;(z™) = 0; implying that p,;;(z) € N;.
This means that p;(z) = p;(1i;(x)) = a(v;(pi;(x))) € a(N). Thus, a(N) = N(A) as claimed. This has can
be written more suggestively as

Let B) be a collection of A-algebras for A € A. When J is a finite subset of A, let B; denote the
tensor product of the B) for A € J. Then Bj is an A-algebra and if J C J’ are finite sets, then
there is a canonical map B; — Bj.. Let B denote the direct limit of the B; as J ranges over
the finite subsets of A. Show that B has an A-algebra structure for which the maps B; — B are
A-algebra homomorphisms.

Suppose J is a finite subset with n elements Ay, ..., A,. Then the A-algebra structure of A on By = @), By,
is given by

a (b ® - ®@by) =ab @b @ - by

If J C J' are finite, then let py; : By — By be the obvious inclusion map. Notice that {J C A : J is finite}
is a directed set under inclusion, and that wyj» = pj g o pyy whenever J C J' C J”. Clearly py; = id.
This means that we can define the direct limit B and the maps u; : By — B. Moreover, B has a natural
ring structure so that each py is a ring homomorphism. Now suppose that f) : A — B gives the A-algebra
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structure of By. Define f : A — B by f = pyof) for any A € A. This is well-defined: let J; = {\1}, Jo = {A2},

and J = {A1, A\2}. Then

1® fx;(a))
,quJ(fAz (a)))

I
T ® FE E T
<

So B has a natural A-algebra structure. Lastly, each p; is a map of A-algebras since we have (for each \) the

commutative diagram

2.24. Let M an A-module and show that TFAE

a. M is flat.
b. Torf(M7 N) =0 for every A-module N and every n > 0.
c. Tor{!(M,N) =0 for every A-module N.

(a = b) Take a projective resolution P —= 3 N of N. Since M is flat, P ®4 M is exact in degree n, for n > 0.
But Tor? (M, N) is defined as the nth homology group of P ®4 M, so that Tor? (M, N) = 0 for n > 0.

(b=¢) OXK.

(¢ = a) Assume that we have an exact sequence

0 N’ N N

Then we have the exact sequence

Tor!(M,N") —— M@N' —— M N —— M@ N" ——0

But Tor{!(M, N”) = 0 so that we have the exact sequence

0— MQIN — MIN — M QN"'"——0

This shows that M is a flat A-module.

2.25. Suppose we have an exact sequence of A-modules

0 N’ N N

with N’ flat. Show that N’ is flat iff NV is flat.

Let M be an A-module. Since N is flat, we can take a projective resolution of M, and argue as above to get
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Torj (M, N") = Tor{!(M, N") = 0

So we have the short exact sequence

0 — Tor{ (M, N') — Tori (M, N) —— 0

Now Tor{!(M, N’) = 0 if and only if Tor{!(M, N) = 0. Since this holds for every A-module M, we are done.
I have used here the fact that in computing Tor we can take a projective resolution in either variable. This
seemed like a reasonably elementary fact to assume.

Let N be an A-module. Show that N is flat if and only if Tor{'(4/a, N) = 0 whenever a is a
finitely generated ideal in A.

We already know that Tor; (A/a, N) = 0 when N is flat. We prove the converse through a series of reductions.
So suppose that Tor; (M, N) = 0 whenever M is a finitely generated A-module. Let f : M’ — M be injective
with M and M’ finitely generated A-modules. Then we have the short exact sequence

0—— M — M —T M/f(M') ——0

So we have the exact sequence

Tory (M/f(M"),N) —— M’ @, N 224 M@, N

But M/f(M’) is finitely generated so that Tory(M/f(M’), N) = 0. This means that f ® id is injective.
Proposition 2.19 now tells us that N is flat. Now suppose that Tor; (M, N) = 0 whenever M is generated by
a single element, and let M be an arbitrary finitely generated A-module. Assume x1,...,x, generate M and
let M’ be the submodule of M generated by z1,...,z,_1. We have the short exact sequence

0 M’ M M/M' ——0

This yields the exact sequence

Tory(M', N) —— Tory (M, N) —— Tor; (M /M’,N)

But M/M’ is generated by a single element so that Tor;(M/M’', N) = 0. By induction on n we see that
Tor;(M', N) = 0. Hence Tory(M,N) = 0. Now assume that Tor;(A/a, N) = 0 whenever a is any ideal
in A. If M is an A-module generated by the element x, then M and A/ Ann(z) are isomorphic, so that
Tory(M,N) = Tor;(A/ Ann(z), N) = 0. Now suppose that Tor;(A/a, N) = 0 whenever a is a finitely
generated ideal in A. Let b be an arbitrary ideal in A. If a is a finitely generated ideal of A contained in b,
then we have the short exact sequence

0 a A Ala 0

From this we get the long exact sequence

Tori(A/a,N) ——a@a N —— A@s N —— Ala@s N —— 0

Since Tory(A/a, N) = 0, we conclude that the map a ® 4 N — A ®y4 N is injective. Analysing the proof to
Proposition 2.19, we see that more is proved than is stated. In particular, it is demonstrated that b®4 N —
A ®4 N is injective since a ®4 N — A ®4 N is injective for every finitely generated ideal a contained in b.
So from the short exact sequence
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0 b A A/b 0

we get the long exact sequence

Tor1 (A, N) — Tory (A/b,N) —— b @4 N —— A@s N —— A/b @4 N —— 0

with Tor; (A, N) = 0 since A = A/0 with 0 a finitely generated ideal, and the map b®4 N — A®4 N
injective. These two observations imply that Tor;(A/b, N) = 0. Summarizing, we have shown that N is flat
provided Torq(A/a, N) = 0 whenever a is a finitely generated ideal in A.

2.27. Show that the following conditions are equivalent for a ring A

a.
b.

C.

(a = b)

(b= ¢

(¢ = a)

A is absolutely flat (i.e. every A-module is flat).
Every principal ideal in A is idempotent.

Every finitely generated ideal in A is a direct summand of A.

Let (z) be a principal ideal in A so that A/(x) is a flat A-module. Then from the inclusion (x) — A we get
an inclusion (z)®4 A/(z) — A®4 A/(z). But this map is the zero map since r®1 +— 2®1 = 1®z-1 = 0.
Hence () ®4 A/(x) = 0, so that (z)/(z?) = A/(z) ®4 (x) = 0 by exercise 2.2. This shows that
() = (22?) = (z)?, as desired.

Let a be a finitely generated ideal in A and write a = (z1,...,2,). For each ¢ there is a; € A for which
T; = ai:vzg. But then e; = q;x; satisfies ef = ai(aixf) = a;x; = e;. That is, each e; is idempotent and
(e;) = (x;). Now (1,...,2n) = (z1)+- -+ (zn) = (e1)+-- -+ (en) = (e1,...,€,). In general, if e and f
are idempotent elements then (e+ f —ef) C (e, f), and also (e, f) C (e+ f —ef) since e = e(e + f —ef)
and f = f(e+ f —ef). Hence, (e, f) = (e+ f —ef). By induction on n there is an idempotent element
e* for which (eq,...,e,) = (e*). Finally, A = (e*) + (1 — e*) for every idempotent element e*, as was
shown in exercise 1.22, or as can be seen directly.

Let M be an A-module and suppose a is a finitely generated ideal of A. Choose an ideal b of A so that
A =a®b. Then in particular b is a projective A-module. Thus Tor{*(A4/a, M) = Tori!(b, M) = 0. So
M is flat by exercise 1.26. Hence, A is an absolutely flat ring.

2.28. Establish the following.

Every Boolean ring A is absolutely flat.

2

If () is a principal ideal in A, then (x)? = (22?) = (x) since x?

= x. So A is absolutely flat by exercise 1.27.

The ring A is absolutely flat if, for every = € A, there is n > 1 for which z" = .

Let (z) be an arbitrary principal ideal in A. Write 2™ = z for some n > 1. Then (z") = (z). But
(z™) C (2?) C () since n > 2. We conclude that (z) = (22) = (x)? so that A is absolutely flat.

If A is absolutely flat and f: A — B is surjective, then B is absolutely flat.

A principal ideal of B has the form (f(a)) for some a € A. Clearly (f(a))? C (f(a)). On the other hand,
if bf(a) is an arbitrary element of (f(a)) and choose @ € A satisfying a = aa?. Such an @ exists since
f

(a?) = (a). Then bf(a) = bf(a)f(a)? € (f(a))?. Hence, (f(a)) = (f(a))? so that B is absolutely flat.
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If a local ring A is absolutely flat, then A is a field.

Since A is absolutely flat, every principal ideal is generated by an idempotent element, as demonstrated
in the course of establishing exercise 2.27. But in a nonzero local ring, there are precisely two idempo-
tents, namely 0 and 1. So the only principal ideals in A are 0 and A, implying that A is a field.

If A is an absolutely flat ring and « € A, then z is a zero-divisor or z is a unit.

Choose a € A for which = az?. Then z(ax — 1) = 0. If az — 1 = 0, then x is a unit. Otherwise,
ax — 1 # 0, and hence z is a zero-divisor.
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Chapter 3 : Rings and Modules of Fractions

3.1

3.2.

3.3.

3.4.

Let M be a finitely generated A-module and S a multiplicatively closed subset of A. Show that
S~IM =0 iff sM = 0 for some s.

Suppose 1, ..., %, generate M. If ST1M = 0 then s;z; = 0 for some s; € S. Defining s = s; - - - 5,, yields an
element s € S such that sz; = 0 for each i, and hence sM = 0. The converse is obvious.

Let a be an ideal in A and let S =1+ a. Show that S~!'a C R(S7'A).
Clearly S is a multiplicatively closed subset of A since

(1+a)(l+d)=1+(a+d +ad)El+a
We also have S~'a C R(S1A) since

a x  l+4as+az+aaz — a1z 1+ay

1— . =
l+ay 14as (1+a2)(1+a3) (1+a2)(1+ a3)

is a unit in S7'A for all a1, as,a3 € a and € A.
Use this result and Nakayama’s Lemma to give a different proof of Proposition 2.5

Now suppose that M is a finitely generated A-module for which aM = M with a C R(A). Then (S~ ta)(S™1M) =
S—IM where again S = 1+ a. After all, given m/s € S™'M there is a € a and m’ € M for which am’ = m,
implying that (a/1)(m’/s) = m/s, and hence showing that S™1M C (S~ta)(S~1M). Since S~1a C R(S71A)
and since S~'M is a finitely generated S—!A-module, Nakayama’s Lemma yields S~'M = 0. By exercise 3.1
there is a € a satisfying (1 +a)M = 0.

Let A be a ring with multiplicatively closed subsets S and 7. Define U to be the image of T in
S—1A. Show that (ST)"'A and U~1(S~!A) are isomorphic rings.

Notice that ST is a multiplicatively closed subset of A. Now we apply the universal mapping property for
the ring of fractions three times.

Define a map from A to (ST)"'A by a +— a/1. Since this is a homomorphism and since the image s/1 of
s in S has the inverse 1/s, we conclude that there is a homomorphism from S~1A to (ST)~'A sending a/s
to a/s. But this map sends t/s to t/s, which has inverse s/t in (ST)"!'A. So there is a homomorphism
F:UY(S71A) — (ST) A satisfying F((a/s)/(t/s')) = as’/st.

Similarly, the map from A into U~!(S~1A) given by a — (a/1)/(1/1) is such that the image (st/1)/(1/1) of
st has inverse (1/s)/(t/1). So there is a homomorphism G : (ST)"'A — U~1(S~1A) satisfying G(a/st) =
(a/s)/(t/1).

It is straightforward to check that F oG is the identity map for (ST)~!'A and that G o F is the identity map
for U=1(S~1A). So F and G are isomorphisms, and hence U~1(S71A) and (ST)~!A are isomorphic rings.

Let f: A — B be a ring homomorphism, suppose that S is a multiplicatively closed subset of A,
and define T' = f(S). Show that S~!B and T~ !B are isomorphic as S~!A-modules.

First, it is clear that T is a multiplicatively closed subset of B since 1 = f(1) and f(s)f(s") = f(ss’). We
make T~ !B into an S~! A-module by defining a/s-b/f(s') = f(a)b/f(s)f(s"). Now define ® : S~'B — T-'B
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®(b/s) = b/f(s). 1 claim that ® is an isomorphism. First, suppose that b/s = /s’ in S~'B. Then for
some s” € S we have

0= (s b—s5-¥) = () I )b — F(S))
so that b/ f(s) = b'/f(s') in T~'B. Hence, ® is well-defined. Notice that

D(b/s+V)s)=D((s" b+ s-V)/ss)
o((

= O((f(s )b+ f(s)V)/s5)
= (f(sHb+ f(s)b)/ f(s5)
= (f(+ F()6)/ f(s)f ()

=b/f(s) +V'/f(5)
=®(b/s)+®(V'/s)

We also have the relation

O(a/s-b/s") = ®(f(a)b/ss') = f(a)b/ f(ss') = f(a)b/f(s)f(s") = a/s-b/f(s') = a/s - D(b/s')

So @ is a homomorphism of S~!A-modules. Clearly ® is surjective. Now if ®(b/s) = ®(¥'/s’) then for some
t € T we have

t(f(s")b— f(s)b) =0

Choose s” € S satisfying t = f(s”). Then

s (s b—s-b)=

This means that b/s = b'/s" in S71A. So ® is injective as well. Thus, ® is an isomorphism of S~!A-modules,
as claimed.

Suppose that for each prime ideal p, the ring A, has no nilpotent element # 0. Show that A
has no nilpotent element # 0.

For every prime ideal p we have 9(A), = N(A4,) = 0, so that N(A) = 0.
Must A be an integral domain if A, is an integral domain for every prime ideal p?

Let A =k x k where k is an field. Obviously A is not an integral domain. From exercise 1.23 we know that
p =0 xkand q =k x 0 are the prime ideals of A. Since (1,0) € A —p and (1,0)p = 0 we see that p, = 0.
But p, is a prime ideal in A, so that A, is an integral domain. Similarly, A, is an integral domain as well.
Thus, the property of being an integral domain is not a local property.

Let A be a nonzero ring and let ¥ be the set of all multiplicatively closed subsets S of A for
which 0 € S. Show that ¥ has maximal elements and that S € ¥ is maximal if and only if A — S
is a minimal prime ideal of A.

That ¥ has maximal elements follows from a straightforward application of Zorn’s Lemma since ¥ is chain
complete. Now suppose that S € ¥ is maximal. Since 0 ¢ S we know that 1/1 # 0/1 in S™1A. So S™1A
is a nonzero ring, and hence has a maximal ideal, which is of course a prime ideal. But this prime ideal
corresponds to a prime ideal p in A that does not meet S. In other words, there is p for which S C A—p. But
A—pisin X, so that S = A—p by maximality. Further, if ¢ C p is a prime ideal, then A—p C A—qand A—q
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isin X, so that S = A—gq again by maximality. This means that p = g, so that p is a minimal prime ideal in A.

On the other hand, if p is a minimal prime ideal in A, then S = A — p is an element of 3. Choose a maximal
S" € ¥ for which S C 5’. By the above A — S’ is a minimal prime ideal in A. But A — 5’ C p, implying that
A — 8 = p, since p is minimal. So S = 5’, showing that A — p is a maximal element of ¥ whenever p is a
minimal prime ideal in A.

3.7. A multiplicatively closed subset S in A is called saturated if x and y are in S whenever zy is in
S. Prove the following.

a.

S is saturated iff A — S is a union of prime ideals of A.

Suppose that A —S = Jp is a union of prime ideals of A. If zy ¢ S then zy is in some p, implying that
rEporyep,sothat € Soryeg S. Ifxd Sory&S, then xy € S since A — S is a union of ideals.
So S is a saturated multiplicatively closed subset of A.

Now suppose S is a saturated multiplicatively closed subset of A. It suffices to show that every x € A— S
is contained in a prime ideal that does not intersect S. If # € A— S, then (z)NS = @ since S is saturated.
But then (2)¢ # (1) in S™'A, so that 2/1 is not a unit in S7'A and S~'A # 0. So there is a maximal
ideal m in S™'A containing /1. We can choose a prime ideal p that does not meet S and is such that
p¢ =m. Then z € p since p = m®. So A — S is indeed a union of prime ideals.

If S is any multiplicatively closed subset of A then there is a unique smallest saturated
multiplicatively closed subset S* of A containing S. S* is the complement in A of the union
of the prime ideals in A that do not intersect S.

Let X consist of all saturated multiplicatively closed subsets of A containing S. Then X # () since
A e X Let 8" =gy S, and notice that S* is the desired set. We can choose prime ideals po, s
so that A — 8" = (Jpa,s for each S’ € ¥. Then S* = A — g ey, UPa,s7- So clearly each p, s has
empty intersection with S. Further, if p is a prime ideal that does not meet S, then A —p € X, so that
p C A— S*. Hence, S* is the complement in A of the prime ideals that do not intersect S.

. Find S* if S =1+ a for some ideal a.

If p meets S then 1+ a € p for some a € a, and hence 1 € p + a. Conversely, if 1 € p+ a then p meets S.
Therefore S* = A — Up:1gp+a p. If m is a maximal ideal containing a, then m is a prime ideal satisfying
1 ¢ m+ a. Conversely, if p is a prime ideal satisfying 1 & p + a, then there is a maximal (and hence
prime) ideal m containing p + a, so that 1 ¢ m 4+ a. These two observations give us S* = A — [ J,,5, M-

3.8. Let S and T be multiplicatively closed subsets of A such that S C 7. Let ¢: S™'A — T-'A be
the obvious inclusion. Show that the following conditions are equivalent.

a. ¢ is bijective
b.
c.

d.

e.

For each t € T the element t/1 is a unit in S~!A.
For each ¢t € T there is x € A for which xt € S.
T is contained in the saturation of S.

Every prime ideal which meets T also meets S.

Notice that the map a — a/1 from A to T~'A is a homomorphism such that the image s/1 of s € S has
inverse 1/s (since s € T'). Thus, there is a unique homomorphism ¢ : S~*A — T—1A for which ¢(a/s) = a/s
whenever a € A and s € S.
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(a = b) As always, t/1 is a unit in T-'A. So if ¢ is bijective, then ¢ is a ring isomorphism, so that
t/1=¢"1(t/1) is a unit in S~ A.

(b = ¢) Choose a € A and s € S so that t/1-a/s = 1/1. Then s'(at — s) = 0 for some s’ € S. But then
(as")t =ss’ € S.

(¢ = d) For ¢t € T choose xz € A so that xt € S C S*. Then x € S* and ¢t € S*, and hence T' C S*.

(d = e) If p is a prime ideal in A that does not meet S, then p does not meet S* by exercise 3.7. Therefore,
p does not meet T'. So every prime ideal in A that meets T" also meets S.

(e = ¢) If b does not hold then (£) NS = @ for some ¢ € T. But then there is a prime ideal p containing (¢)
such that p NS = (). Since t € p NT we see that e does not hold.

(c = b) Let t € T and choose z € A satisfying 2t € S. Then t/1 has inverse x/xt in S~1A.

(b = a) Suppose that ¢(a/s) = ¢(a’/s’) in T~ A so that t(as’ — a’s) = 0 for some t € T. Choose z € A for
which ot € S. Then (2t)(as’ — a’s) = 0, so that a/s = a’/s’ in S7LA. In other words, ¢ is injective. Now let
t € T and choose a € A and s € S for which t/1-a/s = 1/1 in S7'A. Then s'(at — s) = 0 for some s’ € S.
But S C T so that 1/t = a/s in T~ A. In other words, 1/t = ¢(a/s) € Im(¢), so that ¢ is surjective. Thus,
¢ is a bijection.

For A # 0 let Sy consist of all regular elements of A. Show that S is a saturated mutliplicatively
closed subset of A and that every minimal prime ideal of A is contained in D = A—S,. The ring
SalA is called the total ring of fractions of A. Prove assertions a,b, and c below.

Suppose x € Sy or y € Sg. Then there is z # 0 such that xz = 0 or yz = 0. But then zyz = 0 so that
xy € Sp. On the other hand, if zy & Sy then there is z # 0 satisfying xyz = 0. If yz = 0 then y &€ Sy, and if
yz # 0 then = & Sy. Thus, S) is a saturated multiplicatively closed subset of A.

Now let p be a prime ideal in A and suppose that x € p is regular. We see that {2’y :y € A—p and i € N}
is a multiplicatively closed subset of A properly containing A — p. This subset of A does not contain 0 since
x is not a zero-divisor. Therefore, A — p is not maximal in 3, and hence p is not a minimal prime ideal. In
other words, every minimal prime ideal in A consists entirely of zero-divisors and so is contained in D. From
this it follows easily that D is the union of the minimal prime ideals in A.

a. Sy is the largest multiplicatively closed subset S of A so that the map A — S~!A4 is 1-1.

Suppose that a/1 = 0/1 in S;'A. Then az = 0 for some = € Sp. But x is not a zero-divisor, and so
a = 0. So the natural map is 1-1. Now assume that S is a multiplicatively closed subset of A with this
property. Suppose that z € S and a € A satisfy az = 0. Then a/1 = 0/1 in S~ A so that a = 0. In
other words z is a regular element, and so S C S.

b. Every element in S’JIA is a unit or a zero-divisor.

Suppose that x/y € Sy'A. If € Sy then z/y is a unit in S;'A with inverse y/x. If = ¢ Sy, then
there is z # 0 satisfying zz = 0, implying that (z/y)(z/1) = 0/1. Since z/1 # 0/1 we see that z/y is a
zero-divisor in Sy 1A. So we are done.
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c. If every element in A is a unit or a zero-divisor then the natural map f: A — So_lA is an
isomorphism.

We already know that f is injective. Now if € Sy then z is a unit. So f is surjective since a/x =
ar=1/(zx™!) = ax™'/1 = f(ax~!) fora € Aand x € Sp. Thus, f is bijective, and hence an isomorphism.

3.10. Show that S~'A is an absolutely flat ring if A is an absolutely flat ring.

Suppose that M is an S~*A-module. Let N = M, where we consider N as an A-module with a.m = a/1-m.
Then S™'N is an S~'A-module. I claim that S™'N and M are isomorphic as S~!'A-modules. Assuming
this, we see that N is a flat A-module since A is absolutely flat, and so S™'N is a flat S~'A-module. This
means that M is a flat S~'A-module, and so S™'A is absolutely flat. Now we finish the stickier part of this
exercise by defining f : ST'N — M by f(m/s) = 1/s-m. Notice first that f is additive since

fim/s+m'/s")y = f((s' m+sm')/ss') =1/ss" - (s'/1-m+s/1-m') = f(m/s)+ f(m'/s")

Further, f preserves the action of S~!A since

fla/s-m/t) = f(am/st) =1/st-am=1/st-a/l-m=a/s-1/t-m =a/s- f(m/t)

So f will be a homomorphism provided that f is well-defined. Suppose m/s = 0/1 in S™'N. Then t.m = 0
for some t € S, so that ¢/1-m = 0. But now m = 0 since t/1 is a unit in S~'A. Hence, f is well-defined and
thus is a homomorphism. Clearly f is surjective with f(m/1) = m. Lastly, suppose that f(m/s) = f(m'/s').
Then 1/s-m = 1/s' - m’ so that s'/1-m = s/1-m/, implying that 1.(s".m — s.m’) = 0. In other words,
m/s=m'/s" in ST'N. Consequently, f is an isomorphism of S~!A-modules.

Show that A is an absolutely flat ring if and only if A, is a field for every maximal m.

If A is absolutely flat and m is a maximal ideal in A, then A,, is absolutely flat by the above. But Ay is a
local ring so that Ay, is a field by exercise 2.28. So suppose that A, is a field whenever m is a maximal ideal
in A. Let M be an A-module so that M, is an A,-module. This means that M, is an Ay,-vector space. But
now M, is flat as an A,-module. Hence, M is flat as an A-module, implying that A is absolutely flat.

3.11. Let A be a ring. Show that the following are equivalent.

a. A/M(A) is absolutely flat.

b. Every prime ideal in A is a maximal ideal.
c. In Spec(A) every one point set is closed.

d. Spec(A) is Hausdorff.

(a = b) Let p be a prime ideal in A. Since M(A) C p we have a surjective homomorphism A/M(A) — A/p. In
other words, A/p is the homomorphic image of an absolutely flat ring, and so is an absolutely flat ring.
But then every non-unit in A/p is a zero-divisor by exercise 2.28. Since A/p is an integral domain, this
means that A/p is a field, and so p is a maximal ideal in A.

(b = a) A maximal ideal q in A/91(A) is of the form q = p/M(A) for some prime ideal p in A. Now A/MN(A) is a
reduced ring. Since localization commutes with taking the nilradical, we see that (4/91(A4)), is a reduced
ring as well. But Spec((4/M(A))y) = V(q) and V(q) = {q} since prime ideals in A/M(A) are maxi-
mal. So qq = 0, and hence (A/9(A))q is a field. Exercise 3.10 now implies that A/91(A) is absolutely flat.
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(b & ¢) If p is maximal then {p} = V(p) so that {p} is a closed set. If {p} is closed then {p} = V(FE) for some

E C A. Clearly p O E and no other prime ideal in A contains E. In particular, no prime ideal in A
strictly contains p. So p is a maximal ideal in A.

(d = ¢) This is elementary point-set topology.

(b = d) Suppose that p and q are distinct elements of Spec(A).

3.12.

If these conditions hold, show that Spec(A) is compact Hausdorff and totally disconnected.

It is always true that Spec(A) is compact, and by hypothesis Spec(A) is Hausdorff.

Let M be an A-module and A an integral domain. Show that the set of all x € M for which
Ann(z) # 0 forms an A-submodule of M, denoted T(M). An element xz € T(M) is called a torsion
element. Prove assertions a-d.

Suppose that z,y € T(M) and a,a’ # 0 satisfy ax = a’y = 0. Then aa’(x — y) = 0 and aa’ # 0 since A has
no zero-divisors. Therefore, x —y € T(M). Also, if a” # 0, then a”x € T(M) since a(a’z) = 0 and aa” # 0.
Therefore T'(M) is a submodule of M.

a. M/T(M) is torsion free.

Suppose that Z is a torsion element in M/T(M). Choose a # 0 for which 0 = aZ = @z, so that
ax € T(M). Then there is a’ # 0 for which a’axz = 0. But a’a # 0, and hence x € T(M), so that T = 0.

. f(T(M)) CT(N) if f: M — N is an A-module homomorphism.

If x € T(M) and a # 0 satisfies ax = 0, then af(x) = f(ax) = 0, so that f(z) € T(N).

. Suppose we have an exact sequence

0 ML g 0

of A-modules. Then we get a new exact sequence obtained by restricting f and ¢

0—— T(M) —L = T(v) —2 T(M")
This sequence is clearly exact at T'(M’). Suppose that m € T(M) and g(m) = 0. Choose m’ € M’ for
which f(m’) = m, and suppose a # 0 satisfies am = 0. Then 0 = am = af(m’) = f(am’). By injectivity
of f we conclude that am’ = 0, and hence m’ € T'(M’). This means that Ker(g|rary) € Im(f|pary)-
The oppositive inclusion follows from go f = 0. Therefore, the resulting sequence is exact at T (M), and
hence is exact.

. T(M) is the kernel of the A-module homomorphism z — 1® z of M into K ® 4 M, where K

is the field of fractions of A.

Let S = A — {0} so that K = S7'A. Recall that the mapping a/s ® m + am/s of ST'A®4 M into
S~1M is an isomorphism. So the kernel of the map M — K ® 4 M is precisely the kernel of the canonical
map M — S~1M given by o — x/1. Now z/1 = 0/1 in S~'M precisely when there is s € S for which
sz = 0. Since S = A — {0}, this occurs precisely when = € T'(M).
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3.13. Let A be an integral domain with a multiplicatively closed subset S, and let M be an A-module.
Show that T(S~'M) = S—YTM).

We may assume that 0 € S since otherwise S™'M = S™YTM) = 0. If m/s € T(S™'M), then there is
a/s' #0/1in S~'Asothat 0/1 = (a/s’)(m/s) = am/(ss’). But then there is s” € S for which s”am = 0. Now
s"a # 0 since s”,a # 0. So m € T(M), and hence m/s € S™(T'M). In other words, T(S™'M) C S~ (TM).

On the other hand, if m € T M then there is a # 0 for which am = 0. Then a/1 # 0/1 since 0 ¢ S. Since
(a/1)(m/s) = 0/1 for any s € S, we see that m/s € T(S~*M). In other words, S~*(TM) C T(S~'M).
Deduce that the following conditions are equivalent.

a. M is torsion free.
b. M, is torsion free for all prime ideals p.

c. M, is torsion free for all maximal ideals m.

(a = b) T(M,) = (T'M), by the above, and (T'M), = 0 when T'M = 0.
(b=1¢) OK.
(c = a) (TM)n =T(My) by the above, and T(My,) = 0 by hypothesis. Therefore TM = 0.

3.14. Let M be an A-module and a an ideal of A. Suppose that M,, =0 for all maximal ideals m D a.
Prove that M = alM.

If M # aM, then there is € M —aM. Define an ideal b = (aM : ). Thena C b C Asince 1 € b. So we can
choose a maximal m that contains b. By hypothesis M, = 0, and so /1 = 0/1 in My,. So thereisa € A—m
for which ax = 0. But 0 € aM so that a € b C m. This contradiction shows that M = aM, as claimed.

3.15. Let A be aring and let F' = A”. Show that every set of n generators of F' is a basis of F'. Deduce
that every set of generators of F' has at least n elements.

Suppose {x;}] generates F' and let {e;}} be the standard basis. Choose b;; and ¢;; in A for which

n n
zi =) bije e =) cijt;
=1 j=1

Define matrices B = (b;;) and C = (¢;;). Notice that

n n
§ § Cij ]kek—§ &7 § Czy ik
: k=1 =

Since {e1, ..., ey} is linearly independent we conclude that

n
> " cijbik = bik
Jj=1

This means that CB = I, so that det(C) det(B) = 1. But now det(B) is a unit in A, so that B (and hence
BT) is an invertible matrix. So suppose that > i, A\;z; = 0 for some \;. Then

n n

= Z Z /\ibijej = Zej . wa)\z
j=1 i=1

i=1 j=1



37

We see that each Z?zl bijA; = 0, so that BT) = 0. But now A = 0 since BT is invertible. This means that
{z;}7 is linearly independent set, and hence is a basis. Further, if F' is generated by m elements z1, ..., 2,
with m < n, then F is generated by the n elements {x1,...,2,,0,...,0} and this is a basis by the above; a
contradiction. So F is generated by no fewer than n elements.

3.16. Let f : A — B be a ring homomorphism and assume that B is flat as an A-algebra. Show that
the following are equivalent.

a.
b.

e o

(a=D)

(b=c¢)

(c=4d)

(d=e)

(e = a)

a®® = a for all ideals a in A.

f* : Spec(B) — Spec(A) is surjective.

For every maximal ideal m in A we have m® # (1).

If M is a nonzero A-module then Mpg is nonzero as well.

For every A-module M the natural map M — Mg is injective.

Assume that p € Spec(A). Then p is the contraction of a prime ideal in B by Proposition 3.16. This
means that p is in the image of f*. In particular p = f*(p®).

Since m is maximal and since f* is surjective we know that m = q¢ for some q € Spec(B). But then
mee = g = q° = m. So m® = (1) implies that m = m®® = B¢ = A, a contradiction.

Let 0 # 2 € M so that M’ = Az is a nonzero submodule of M. Then the sequence

0 M’ M M/M' ——0

is exact. Since B is flat as an A-module we have the exact sequence

0 Ml Mp (M/M") g —0
Since the map Mj — Mp is injective, Mp # 0 provided that My # 0. Now M’ = A/ Ann(z) where

Ann(z) # A since 1 € Ann(z). Choose a maximal ideal m containing Ann(z). Then Ann(z)¢ C m® C B.
Now Mp =2 A/ Ann(x) ®4 B = B/ Ann(z)°¢ # 0, as claimed.

Let M’ be the kernel of the natural map M — Mp given by z — 1 ® z. The sequence

0 M’ M Mp 0

is exact. Since B is flat as an A-module we have an exact sequence

0 M/B MB (MB)B*)()

Now the map Mp — (Mpg)g is injective by 2.13. So the image of the map My — Mp is trivial. Since
this map is injective, we see that My = 0, so that M’ = 0 by hypothesis. In other words, the natural
map M — Mp is injective.

Let a be an ideal in A. The natural map A/a — A/a® 4 B is injective by hypothesis. Suppose z € a¢¢ C A
so that f(z) =" f(a;)b; for some a; € a. Then in A/a®4 B we have

Il=z-1®1=1®z-1=1 f(z)

and from this we get

f®1=I®Zf(ai)bi=Zdi®bi=0

since each a; € a. By injectivity z = 0, so that = € a. Therefore a®® C a, and hence a = a®.
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3.17. Let f: A— B and g : B — C be ring homomorphisms. Suppose that go f is flat and g is faithfully

flat. Show that f is flat.

Let M — N be an injection of A-modules. Then we have the commutative diagram

M@y B———N®aB

r—r®1

r—r®1

(M®4B)@sC —— (N®4sB)®4sC

M®s(BRpC)—— N®4 (Beg(C)

M@pC————N®sC

where the last four vertical maps are natural isomorphisms, and the top two vertical maps are injections since
g is faithfully flat. Finally, horizontal map on the bottom row is injective since g o f is flat. This shows that
the horizontal map on the top row is injective as well. This means that f is flat.

3.18. Suppose f: A — B is a flat ring homomorphism. If q is a prime ideal in B let p = q°. Show that

f* : Spec(By) — Spec(A4,) is onto.

Since B is a flat A-module, we know that B, is a flat Ap-module. In fact, B, is a flat Ap-algebra since B,
has the obvious multiplicative structure. Since f(A —p) is a multiplicatively closed subset of B that does not
meet q, we see that By is a localization of By, so that B, is a flat By-algebra. Now exercise 2.8 tells us that
B, is a flat Ay-algebra. The only maximal ideal of A, is p, whose contraction to By is qq # By. It follows
that the map f : A, — By is faithfully flat, and so the induced map f* : Spec(By) — Spec(4,;) is onto.

3.19. Suppose M is an A-module and define Supp(M) = {p € Spec(A4) : M, # 0}. Show the following.

a. Supp(M) # 0 if M #0
If M, =0 for all p € Spec(A) then M = 0.

b. V(a) = Supp(4/a)

Notice that (A/a), = 0iff 1/1 =0/1 in (A/a),. This occurs precisely when there is 2 € A — p satisfying
0 = 21 = z. But this occurs precisely when (A — p) Na # (. This is equivalent to a ¢ p. Hence,

(A/a)y # 0 if and only if a C p.
c. Suppose we have an exact sequence

0 M’

and show that Supp(M) = Supp(M’) U Supp(M").

We have the exact sequence

M 0

M, )
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If M, = 0 then M, = 0 since f, is injective, and M} = 0 since g, is surjective. If My, = 0 and M =0
then 0 = Im(f,) and Ker(g,) = M, = 0, implying that M, = 0. Therefore M, # 0 iff M # 0 or
My’ # 0. This gives Supp(M) = Supp(M’) U Supp(M").

. If M =5 M, then Supp(M) = | Supp(M;).

Suppose that M, = 0 and that m;/s € (M;),. Since m;/s is zero in M, there is x ¢ p for which
xm; = 0. But then m;/s is zero in (M;),. In other words each (A;), = 0. Now suppose that each
(M;), = 0. If (D-m;)/s € My, then there are z; & p for which ;m; = 0, so that (J[[z;)>_ m; =0. In
other words M, = 0. So M, = 0 iff each (M;), = 0. This yields Supp(M) = |J Supp(M;).

. If M is finitely generated then Supp(M) = V(Ann(M)).

Since M is finitely generated (A — p)~'M = 0 iff zM = 0 for some z € A — p. This occurs iff
(A—p)NAnn(M) # 0, or equivalently iff Ann(M) € p. So M, # 0 iff Ann(M) C p.

. If M and N are finitely generated then Supp(M ®4 N) = Supp(M) N Supp(N).

Recall that (M ®4 N), and M, ®4, N, are isomorphic as Ay,-modules. Since M, N are finitely gen-
erated A-modules we see that M,, NV, are finitely generated A,-modules. So exercise 2.3 tells us that
M, ®4, N, =0 iff M, =0 or N, = 0.

. If M is finitely generated and a is an ideal in A, then Supp(M/aM) =V (a+ Ann(M)).

Since M is finitely generated, M/aM and A/a ® 4 M are isomorphic as A-modules by exercise 2.2.
Further, A/a is generated by the single element 1 4 a as an A-module. So

Supp(M/aM) = Supp(A/a @4 M)
= Supp(4/a) N Supp(M)
=V (a) NV (Ann(M))
=V(a+ Ann(M))

.If f: A — B is a ring homomorphism and if M is a finitely generated A-module, then

Supp(B @4 M) = f*~"(Supp(M)).

Since M is a finitely generated A-module we have Supp(M) = V(Ann(M)), and since Mp is a finitely
generated B-module we have Supp(Mp) = V(Ann(Mp)). So we need to prove that a prime ideal q in B
contains Ann(M3p) if and only if f~1(q) contains Ann(M). Suppose q 2 Ann(Mpg) and a € Ann(M) so
that a-m = 0 for every m € M. Then f(a) annihilates Mp since f(a)(b®@m) = f(a)b@m =a-b@m =
b@a-m =0 for all b€ B and m € M. By hypothesis, f(a) € q. This means that Ann(M) C f~1(q).
Now suppose that Ann(M) C f~1(q) and let b € Ann(Mp).

3.20. Let f: A — B be a ring homomorphism. Show the following.

a.

Every prime ideal in A is a contracted ideal < f* is onto.

Suppose p is a prime ideal in A. Proposition 1.17 and 3.16 yield: p is a contracted ideal in A iff p
satisfies p© = p iff p is the contraction of a prime ideal in B iff p lies in the image of f*.
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b. Every prime ideal in B is an extended ideal = f* is 1-1.

Assume that every prime ideal in B is an extended ideal. Suppose that f*(p) = f*(q), so that p° = g°.
Then p = p®® = q°® = q by Proposition 1.17. But this means that f* is 1-1.

c. Is the converse to part b true?

The converse to part b is false. Let j : Z — Z[i] be the natural inclusion map. If p is a prime
congruent to 3 modulo 4, then (p) is a prime ideal in Z[i]. If p is a prime congruent to 1 modulo 4, then
there are unique a,b > 0 such that a® + b*> = p, and (a + bi) is a prime ideal in Z[i]. Also, (1 +i) is a
prime ideal in Z[¢]. These are all of the prime ideals in Z[i]. Now the contraction of (p) equals (p), the
contraction of (a + bi) equals (a? + b?), and the contraction of (1 + ) equals (2). This means that j* is
an injective map. However, the extension of (2) and (p) are not prime ideals, for p a prime congruent to
1 modulo 4. Also, the extension of (p) equals (p), for p a prime congruent to 3 modulo 4. This means
that (1+ 4) and prime ideals of the form (a + bi) are not extended ideals in Z][].

3.21. Throughout, f : A — B is a ring homomorphism, X = Spec(A), Y = Spec(B), S is a multiplicatively
closed subset of A, and ¢4 : A — S~ !A is the canonical homomorphism. Establish the following
facts.

a. ¢* : Spec(S~tA) — X is a homeomorphism onto its image, which we denote by S~'X.

Notice that S~'X consists of all prime ideals in A that have empty intersection with S. Now every
ideal in S™!'A is an extended ideal so that ¢* is 1-1 by exercise 2.20. As always, ¢* is continuous. I
claim that ¢* is a closed map. Let a be an ideal in A and notice that

o*(V(S™'a)) = S7IX NV (a%)

After all, if p € ¢*(V(S™'a)) then pN S = 0 and S~'a C S~!p so that a®® C p*® = p. Conversely, if
peSTIXNV(a®) then pNS =0 and a = S 'a* C S~ !p. So ¢ is a homeomorphism onto its image.

b. Identify Spec(S~'A) with its image S~'X, and identify Spec(S~!'B) with its image S~'Y.
Then (S~!f)* is the restriction of f* to S~'Y, and S~'Y = f* (S~ X).

Notice that S™'B = f(S)™'B as in exercise 3.4 and that S™'f(a/s) = f(a)/f(s). So we have the
commutative diagram

A B
¢AJ \P)B
g1
sia—2 T Leap

This yields the commutative diagram

Spec(5-1B) — I gpec(s—14)

| |

Spec(B) Spec(A)

as desired. Now obviously S~'Y C f*~!(S~1X). So suppose that q € Y and f*(q) € S™'X. Then
f7lq is a prime ideal in A that has empty intersection with f(S). If x € q N f(S) with 2 = f(s)
then s € f~!(q) NS, which is not possible. So q N f(S) = 0, implying that ¢ € S~'Y. Hence

I
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Sy = f*71(S71X).

. Let a be an ideal in A and write b = Ba. Then f induces a map f : A/a — B/b. If Spec(A/a)
is identified with its image V' (a) in X and Spec(B/b) is identified with its image V' (b) in Y,
then f* is the restriction of f* to V(a).

We have the commutative diagram

Ala ——— B/b

This yields the commutative diagram

Spec(B/b) L) Spec(A/a)

-

Spec(B) —————  Spec(A4)
Now exercise 1.21 tells us that 7} maps Spec(B/b) homeomorphically onto V (Ker(rg)) = V(b), and
7% maps Spec(A/a) homeomorphically onto V(Ker(m4)) = V(a). We are done.
. Let p be a prime ideal in A and define S = A —p. Then the subspace f*fl(p) of Y is home-

omorphic with Spec(B,/p,B,) = Spec(k(p) ®4 B), where k(p) is the residue field of A,.

We use part ¢ with a = p, and b =py = p, By = (pB), to get the commutative diagram

Spec(By /pypBy) fp—> Spec(Ap /pp)
g |
Spec(B,) L Spec(A;)
| N
Spec(B) f* Spec(A)

Now Spec(B,/ppBy) is homeomorphic with V' ((pB),), which is homeomorphic with ¢%(V((pB),)). 1
claim that ¢%(V((pB),)) = f*~'(p), establishing the first result. So suppose that q € f*~'(p). Since
p € Im(¢%) we see that q € Im(¢%). Also, p = f~1(q), so that f(p) C q, and hence pB C q. But now
qp is a prime ideal in B, containing the ideal (pB),. Conversely, assume that q € ¢5(V ((pB)p)). Then
(pB)p C gy so that pB C gy = q, and hence f(p) C q. So we see that p C f~1(g). On the other hand, it
is trivial to check that f~1(q) C p since ¢ N f(A — p) = 0. So the claim is established. Now we have a
chain of isomorphisms between A,-modules
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By /ppBy = By/(pB)y
= (B/pB)y
=~ A, ®4 B/pB
= Ay ®a (A/p®a B)
= (A/p®a Ap) ®a B
= A, /pA, ®4 B
= Ap/pp ®a B
=k(p)®a B

Specifically, the map is given by

b/f(x) +ppByp — (1/x+py) @b

It is easy to see that this preserves the product structure of our rings. Consequently, Spec(B,/p,By) =
Spec(k(p) ®a B).

3.22. Let A be a ring and p a prime ideal in A. Show that the canonical image X, of Spec(4,) in
X = Spec(4) is equal to the intersection of all open neighborhoods of p in X.

As in 3.21, X, consists of all prime ideals in A that have empty intersection with S = A — p, that is,
the prime ideals contained in p. Suppose q € p, so that p € V(q). Then q ¢ X — V(q), even though X — V' (q)
is an open neighborhood of p in X. Conversely, if ¢ C p, then p € X — V(FE) implies that F ¢ p, and
consequently E ¢ q, so that g € X — V(E). So we are done.

3.237 Let A be a ring with X = Spec(A) and assume that U = Xy = A—V(f) for some f € A. Show the
following.

a. The ring A(U) := Ay is independent of f.

Suppose that Xy = X, so that f € r((g)) and g € 7((f)), as according to exercise 1.17. Then
f™ =ag and g™ = bf for some a,b € A and m,n > 0. Define

F:A; - A, by F(z/fP)=abl/g""
and define

G:Ay— Ay by G(z/g°) =zad?/fm?

Notice that

G(F(x/f") = G(xb"/g")
= G(abPa" [ f"P)
— xbpa"p/a"pg"p
= ab? /b7 7
=z/f?

Similarly, F(G(z/gP)) = z/gP. Thus, F and G are bijections and inverse to one another. Another
tedious calculation reveals that F' is additive since
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F(a/f* +a'/f1) = F((f'2 + ffa')/ f779)
= (f9z + fPa)ppta/gnpta)
= (fqa: + fpx/)bp+q/bp+qu+q
=a/ff +a'/f!
Clearly F and G respect the multiplication. Lastly, F' and G are well-defined: suppose z/f? = 0/11in Ay

so that f2x = 0 for some g. Then clearly b*b? %2z = 0, so that g"?xb? = 0, implying that zb?/g"P = 0/1
in A;. Hence, Ay and A, are isomorphic, as desired.

b. Suppose U’ = X, satisfies U’ C U. There is a natural homomorphism p: A(U) — A(U’) that
is independent of fg.

If U C U then V(f) C V(g), so that any prime ideal containing f contains g. This means that
g € r(f), so that ¢"™ = af for some m > 0 and some a € A. As in part a, we define a map

p:Ay— Ay by plx/f")=zad"/g""

This is a well-defined ring homomorphism. Now suppose Xy = Xy and X, = X,. Then we have
equations

(f)"=0bf (9") =cg (9" = df’

Define maps

F:X;—Xp by F(x/f")=uab"/f™

and

G:X,— Xy by Gz/g")=uac"/g""

we also need

Pl Xy — Xy by pla/f7)=ad /g

To say that p is independent of f and g is to say that p’ o F' = G o p. But p/(F(z/f")) = «b"d"" /¢g'?™"
and G(psq(x/f")) = za"c™" /g"™P". Using the equations above we see that

(brdnr)g/mpr _ (arcmr)g/an -0

So equality follows, showing that p is independent of f, g.
c. If U' = U then p =id.
This follows from part b.
d. If U” C U’ C U then p acts ’functorially’.
Write U"” = X3, U’ = Xy, U = Xy. We can write g™ = af and h™ = bg.

. If p € X then lim A(U) & A,.
e. Ifpe eanEHUl() P
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3.247

3.25. Let f: A— B and g: A — C be ring homomorphisms. Suppose h: A - B®4 C is defined by
hia) = f(a)®1 =1®g(a). Define X,Y,Z T to be the spectra of A, B,C, B®,4 C respectively. Show
that h*(T) = f*(Y)Ng*(2).

Let p € X and define k = k(p). We have a natural homeomorphism between hx~!(p) and Spec((B®4C)® k),
and also

(BRAC)QA k2 BRakesC
~“BRs(kerk)®asC
>~ BRa(kok (k®aC))
= B®a (ke (C®ak))
> (BRak)®r (C®ak)

Now p € h*(T) precisely when h*fl(p) # (. By the natural homeomorphism this occurs precisely when
Spec((B®4 C) ®4 k) # (. Now the spectrum of any ring is nonempty if and only if that ring is nonzero.
Since B ®4 k and C ® 4 k are vector spaces over k, we see that (B ®4 k) ® (C ®4 k) # 0 if and only if
B®ak+#0and C®4k # 0. Again, this occurs precisely when p € f*(Y) and p € ¢*(Z). So we are done.

3.26. Let (B,, gap) be a direct system of rings and B the direct limit. For each «a let f, : A — B, be
a ring homomorphism satisfying g.s o fo = f3 whenever a < 3. Then there is an induced map
f:A— B. Show that

f*(Spec(B)) = (] fa(Spec(Ba))

[e3%

Let p € Spec(A). Then p &€ f*(Spec(B)) precisely when f*(p) = 0. This occurs precisely when Spec(B ® 4
k(p)) = 0. As in exercise 25, this happens if and only if B ® 4 k(p) = 0. But we have the isomorphism

B®ak(p) = lim(Ba @4 k(p))

since the direct limit commutes with tensor products. So B ® 4 k(p) = 0 if and only if some B, ®4 k(p) = 0.
Again, this occurs precisely when p & fZ(Spec(B,)) for some a. So we are done.

3.277 Prove the following.

a. Let f,: A — B, be any family of A-algebras and let f: A — B be their tensor product over
A. Then

f*(Spec(B)) = (") f(Spec(Ba))

b. Let fo: A —
C.

d. The space X endowed with the constructible topology (denoted hereafter as X¢) is compact.
3.287 Prove the following results.

a. X, is open and closed in the constructible topology.

b. Let C’ denote the smallest topology on X for which the sets X, are both open and closed,
and let X denote the set X with this topology. Show that X~/ is Hausdorff.
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c. Deduce that the identity map X¢ — X is a homeomorphism. Hence, a subset E of X is
of the form f*(Spec(B)) for some f: A — B if and only if it is closed in C'.

d. X¢ is compact Hausdorff and totally disconnected.

3.29?7 Show that, for f : A — B, the map f* : Spec(B) — Spec(A4) is a continuous and closed mapping,
when Spec(A) and Spec(B) are given the constructible topology.

3.30? Show that the Zariski topology and the constructible topology on Spec(A) coincide iff A/M(A)
is absolutely flat.
If the two topologies coincide, then Spec(A) is Hausdorff in the Zariski topology, and so A/M(A) is absolutely
flat. Suppose then that A/91(A) is absolutely flat. Let f : A — B be a ring homomorphism so that
f*(Spec(A)) is closed in the constructible topology.
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Chapter 4 : Primary Decomposition

4.1.

4.2.

4.3.

4.4.

4.5.

If the ideal a has a primary decomposition in A, then Spec(A/a) has finitely many irreducible
components.

The minimal elements in the set of all prime ideals containing a is precisely the set of isolated primes belonging
to a in any primary decomposition of a. But the isolated primes belonging to a are uniquely determined, so
that there are finitely many minimal elements in the set of all prime ideals containing a. This means that
there are finitely many minimal prime ideals in A/a. Also, the irreducible components of Spec(A/a) are of the
form V (p), where p is a minimal prime ideal in A/a. So Spec(A/a) has finitely many irreducible components.

If a = r(a) then a has no embedded prime ideals.

Let X consist of all the prime ideals containing a, and let ¥’ C X consist of the minimal elements in . Then

a=r(a)=()p=[)>

peX pex’

Since a is decomposable, ¥/ is finite. By using proposition 1.11 we see that a has the minimal primary
decomposition

a=()p

pex’

But the first uniqueness theorem tells us that {p : p € 3’} is uniquely determined by a. We conclude that a
has no embedded prime ideals.

Every primary ideal in A is maximal if A is absolutely flat.

Let q be a p-primary ideal in A. If A is absolutely flat then so is A/9(A), since it is a homomorphic image
of A. This tells us that every prime ideal in A is maximal. In particular A, is a field. This means that (0) is
the only primary ideal in A,. Now the correspondence in Prop 4.8 tells us that q = p.

After all, if p’ N (A —p) = () with p’ a prime ideal, then p’ C p, so that p’ = p. So the p-primary ideals are in
a bijective correspondence with the primary ideals in A,. But there is only one primary ideal in A, and we
already know that p is a p-primary ideal since p is a maximal ideal. This forces us to conclude that q = p.

In the polynomial ring Z[t], the ideal m = (2,¢) is maximal and the ideal q = (4,¢) is m-primary,

but g is not a power of m.

m is a maximal ideal since Z[t]/m = Z is a field. Clearly ¢ C m C r(q). Since m is a prime ideal we have
m = r(q). Since m is maximal we conclude that ¢ is m-primary. Now (4,4¢,t?) = m? C q C m. The first
inclusion is strict since t € q —m?, and the second inclusion is strict since 2 € m —q. So q is not a power of m.

Let K be a field and A = Klz,y,z]. Write p; = (2,y),p2 = (z,2), and m = (z,y,z), so that
p; and p, are prime ideals, while m is maximal. Let a = p;p;. Show that a = p; Np,Nm? is a
minimal primary decomposition of a. Which components are isolated and which are embedded?

Notice that a = (22, 2y, 7z, yz) so that a C p; N pe Nm? by inspection. Suppose that p € p; N pe Nm?. Since
p € m? we can write

p = az? 4+ by? + ¢2® + dey + exz + fyz

where a,b,... € A. But ¢ = 0 since p € p; and b = 0 since p € p5. Hence
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p=ax’+dey+exz+ fyz €a

so that a = p; Npp Nm2. Now we know by proposition 4.2 that m? is a primary ideal, as are all prime ideals.
So a = p; Npo Nm? is a primary decomposition of a. It satisfies the first condition for minimality since
r(p;) = p; and r(m?) = m are all distinct. The second condition is satisfied since

22 € (paNm?) —py y? € (p1 Nm?) —py x € (pp Np2) —m?

Thus, the primary decomposition is indeed minimal. Lastly, p; and ps are the isolated components and m?
is the embedded component.

Let X be an infinite compact Hausdorff space and C(X) the ring of all real-valued continuous
functions on X. Is the zero ideal decomposable in this ring?

Let m, consist of all f € C(X) for which f(z) = 0. Then m, is a maximal ideal in X since C(X)/m, is
isomorphic with R under the map f+m, — f(z). If ¥, is the set of all prime ideals in C(X) contained in m,,
then m, € ¥, and so X, is nonempty. Let p, be a minimal element in ¥,. This exists by a straightforward
application of Zorn’s Lemma. If 0 is decomposable, then there are finitely many minimal prime ideals in
C(X), by proposition 4.6. So to show that 0 is not decomposable it suffices to show that p, # p,, whenever
x # 2'. Here we use the fact that X is infinite.

So assume that x # z’. Choose a neighborhood U of z not containing 2’. Notice that X is normal since it is
compact Hausdorff. Hence, there is a neighborhood V' of z so that CI(V') C U. By Urysohn’s Lemma there
is f € C(X) so that f =0 on CI(V) and f(z') = 1. Similarly, there is g € C(X) so that g =0 on X —V and
g(z) = 1. Then f € p, since fg =0 € p, and g & p,. Since [ & p,» we see that p, # p,/, as claimed.

If a is an ideal of the ring A, let a[z] consist of all polynomials in A[z] with coefficients in a.
Show the following.

a. The extension of a to A[x] equals a[z].
By definition a® = aA[z]. A moment’s worth of thought though shows that aA[z] = a[z].
b. If p is a prime ideal in A then p[z] is a prime ideal in Alx].

Define a ring homomorphism

Alz] — (A/p)[z] by Z ara® = Z(ak +p)z”

This is a surjective map with kernel plx]. So A[z]/p[z] is isomorphic with (A/p)[z]. But (4/p)[x] is an
integral domain since A/p is an integral domain. Therefore, p[x] is a prime ideal in A[x].

c. If q is p-primary in A then q[z] is p[z]-primary in A[z].

First A[x]/q[z] # 0 since 1 & q[z]. As above, A[x]/q[z] is isomorphic with (A/q)[z]. So if 3" axz* + g[z]
is a zero-divisor in A[z]/q[z], then Y (ay + q)a* is a zero-divisor in (A/q)[z]. Hence, there is b€ A — q
satisfying b3 (ay + q)z* = 0. This means that bay, € q for all k. So for every k there is n > 0 satisfying
a? € q. This means that a; + q is nilpotent in A/q, and hence Y (ax + q)2* is nilpotent in (A/q)[x]
as well. Consequently, > arx* + q[z] is nilpotent in A[x]/q[z]. So every zero-divisor in A[z]/q[z] is
nilpotent, implying that g[z] is primary.

Notice that >~ (ax +q)z* € (A/q)[z] is nilpotent iff each aj + q is nilpotent in A/q. This occurs precisely
when ay € p. So M((A4/q)[z]) = (p/q)[z], and hence N(A[z]/q[z]) = p[x]/g[x]. This means that
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r(alz]) = 7~ (N(A[2]/alz])) = 7~ (p[z]/alz]) = pla]

d. If a = (N}, 9; is a minimal primary decomposition in A then a[z] = (\_, g;[z] is a minimal
primary decomposition in Alz].

Notice that a[z] = a® C ] q% = ] qk[z]. On the other hand, if 3_ ayz® ¢ a[z], then some aj & a, and
s0 ay, & q; for some j. But then > aya® ¢ q;[z]. Therefore, a[z] = (] qx[z] is a primary decomposition
of a[z]. Notice that pi[z] # p;[z] whenever pj # p;. Also, qx[z] 2 (44 g;[x] would imply that

o=l 2 (akl) = Mol = o
i#k i#k ik
Thus, the primary decomposition for a[x] is minimal.
e. If p is a minimal prime ideal of a, then p[z] is a minimal prime ideal of a[z].
Obviously p[z] is a prime ideal contained in af[z]. So suppose that q is a prime ideal for which q C p[z].

Then q¢ C p and ¢° is a prime ideal, so that q° = p. But now p[z] = p¢ = q°® C q C p[z], and hence
q = p[x]. Thus, p[z] is a minimal prime ideal of a[z].

4.87 Let k be a field. Show that in k[z,...,z,] the ideals p; = (z1,...,z;) are prime and that all their

4.9.

powers are primary.

Write A,, = k[z1,...,x,]. Each p; is a prime ideal since A, /p; = A,,_; is an integral domain. Now since ()
is maximal in k[z], every power of (x) is primary in k[z]. So the result holds for A;. We proceed by induction
by assuming the result holds for A,,. Every power of p, 11 is primary in A, since p,,+1 is maximal in A, ;1.
If i < n+ 1 then every power of p; is primary in A, by induction.

In a ring A, let D(A) consist of all prime ideals p that satisfy the following condition: there is
a € A so that p is minimal in the set of prime ideals containing Ann(a). Show the following.

Notice that Ann(a) is a proper ideal in A for a # 0 (and A # 0) since 1 ¢ Ann(a). So there is a maximal ideal
containing Ann(a), implying that the set of all prime ideals containing Ann(a) is non-empty. If we order this
set by reverse inclusion, then it is clearly chain complete. So Zorn’s Lemma yields minimal elements.

a. z is a zero-divisor iff © € p for some p € D(A).

Suppose xy = 0 with y # 0. Then x € (0 : y) C p for some p € D(A). Conversely, suppose p € D(A).
We have to show that p consists of zero-divisors.

b. After identifications, D(S~1A4) = D(A) N Spec(S~1A).

Let p € D(A) N Spec(S~1A) so that p is a minimal element in the set of all prime ideals contain-
ing (0 : a) for some a € A, and pN S = (. Define a prime ideal ¢ = S~1'p in S~*A and notice
that (0 : a/1) € gq. Suppose (0 : a/1) € S~'t C q, with t a prime ideal in A that does not meet
S. Then (0 : a) € (0 : a/1)° C v C p so that v = p, and hence S~'v = q. It follows that q is
minimal in the set of prime ideals in S~™'A containing (0 : a/1), and hence q € D(S7'A). Thus
D(A)NSpec(S~1A) C D(S~1A). Conversely, suppose that g € D(S~1A) so that g is a minimal element
in the set of prime ideals in S~!A containing (0 : a/s). Write ¢ = S~!p with p a prime ideal in A that
does not meet S. Since (0: a/1) = (0:a/s) we have (0:a) C (0:a/1)° C p. Suppose (0:a) CtCp
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with v a prime ideal in A. Then v does not meet S, and hence (0 : a/1) C S~'v C q. After all, if
a/1-b/t = 0/1 so that abu = 0 for some u € S, then bu € (0 : a) C t, and hence b/t = bu/tu € S~ 1t.
Thus, S~'t = q, implying that v = p; showing that p is minimal in the set of all prime ideals containing
(0 : a). Therefore, g € D(A) N Spec(S~1A). Hence, D(S~*A) = D(A) N Spec(S~tA) after our identifi-
cations.

If the zero ideal has a primary decomposition, then D(A) is the set of all prime ideals
belonging to 0.

Suppose p is a prime ideal belonging to 0 so that p is a minimal element in the set of all prime ideals
containing 0 = (0 : 1). Then p is an element of D(A). Conversely, suppose p € D(A) and p is minimal
in the set of all prime ideals containing (0 : a).

4.10. For any prime p, let S,(0) = Ker(A — A,). Prove the following.

a.

We have the containment S,(0) C p.

If @ is in S, (0), then a/1 = 0 in A,. So there is s € A — p for which as = 0 € p. But then a € p since
s & p. Thus, S,(0) C p.

. 7(Sp(0)) = p if and only if p is a minimal prime ideal in A.

The prime ideals of A, are in a bijective correspondence with the prime ideals that don’t meet S = A—p.
That is, they correspond bijectively with prime ideals contained in p. When p is minimal, we see that
A, has precisely one prime ideal, namely p,. Hence, p, is the nilradical of A,. So if a € p then
(a/1)" =0 in A, for some n > 0, and therefore a” € S,(0). Hence p C r(S,(0)). On the other hand,

7(Sp(0)) C r(p) = p. Hence p = r(S,(0)).

Suppose that p is not minimal. Then there is prime q¢ C p. So by the correspondence in the above
paragraph, M(A,) € py. There is thus a € p for which (a/1)" # 0 in A, for any n > 0. This means that

a & r(Sp(0)), and so p # r(S,(0)).

If p’ C p are prime ideals, then S,(0) C S,/ (0).

If a € Sp(0) then as = 0 for some s € A —p C A —p’, and hence a € Sp/(0). Therefore S,(0) C S,/ (0).
The intersection (), 4 Sp(0) equals 0.

Suppose that = # 0 and notice that (0 : ) # (1). So there is a minimal p in the set of prime ideals
containing (0 : z). If z € Sy(0), then for some s € A — p we have sz = 0. This contradicts the equation
(0:z) C p. Therefore, x ¢ Sy(0); and hence (,cp(4)Sp(0) = 0.

4.11. If p is a minimal prime ideal in A, show that S,(0) is the smallest p-primary ideal. Let a be
the intersection of the ideals S,(0) as p runs through the minimal prime ideals in A. Show that
a C MN(A). Suppose that the zero ideal is decomposable. Prove that a = 0 iff every prime ideal
of 0 is isolated.

As above 7(S,(0)) = p whenever p is a minimal prime ideal in A. Now suppose that zy € S,(0) with
x & Sp(0). Choose s € A —p with szy = 0. Then sy € p (for otherwise z € 5,(0)), and so y € p = 7(5,(0)).
This means that y™ € S,(0) for some n > 0. Hence, S,(0) is p-primary.
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Now let q be any p-primary ideal, with p a minimal prime ideal. If x € S,(0) then 0 = sz € q for some
s€ A—p. If x € q then s™ € q for some n > 0. But this is impossible since A — p is multiplicatively closed.
Therefore S, (0) C q.

It is clear that a C 9(A) since we always have S, (0) C p and since 91(A) is the intersection of all the minimal
prime ideals in A.

Suppose that the zero ideal is decomposable and that a = 0. Then there are finitely many minimal prime
ideals p1,...,p, in A. Notice that 0 = a = ();_, S, (0) is a primary decomposition since each Sy, (0) is a
p;-primary ideal. From this we see that the prime ideals belonging to 0 are all isolated.

Suppose that the zero ideal is decomposable and that every prime ideal belonging to 0 is isolated. Write
0 =, q; and let p; = r(q;). Then each p; is a minimal prime ideal in A. Therefore S, (0) C q; so that
a=0.

Let S be a multiplicatively closed subset of A. For any ideal a, let S(a) denote the contraction
of S71la in A. The ideal S(a) is called the saturation of a with respect to S. Prove the following.

a. S(a) N S(b) = S(anb)

This follows directly from proposition 1.18.

This follows directly from proposition 1.18.

c. S(a) = (1) iff a meets S.
This follows directly from proposition 3.11.

d. 51(52(6)) = (Sng)(a)
Notice that S7.52 is a multiplicatively closed subset of A. Suppose z € S1(S2(a)) so that /1 = y/s; for
some y € S(a) and y/1 = a/sq for some a € A. Choose s}, sh with s} (xs1 —y) = 0 and sh(yse —a) = 0.
Then s]s5(s182x —a) = 8| 8285y — sisha = 0 so that 2/1 = a/s1$2 and hence x € (S51.52)(a). Conversely,

if /1 = a/s1s2 then 7777

e. If a is decomposable then the set of S(a) is finite.
Let A be a ring and p a prime ideal in A. Define the nth symbolic power p(™ of p by p(™) = S,(p").
Prove the following.

a. p(™ is a p-primary ideal.
Notice first that 7(S,(p™)) = Sp(r(p™)) = Sp(p) = p. Now 7((p™)p) = (r(p™))p = pp is the maximal ideal
in A, so that (p™), is primary in A,. This means that its contraction (i.e. p(™) is primary in A, and

hence is p-primary.

b. If p” has a primary decomposition, then p(") is its p-component.
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Suppose p" = ﬂf’;l q; is a minimal primary decomposition of p™, and write p; = r(q;). Assume that p;
does not meet A —p for 1 < i < n and that p; meets S —p for n < i < m. Then p(™) = Ni_,q; is a
primary decomposition of p(™. Now p = r(p(™) = Mi_;pi. But p; Cpfor 1 <i <mn,and p; # p, for
i # j. Therefore, n = 1 and p; = p. This means that q; = p("™. In other words, p(™ is the p-component
of a, as claimed.

c. If p(™p(™) has a primary decomposition, then p(™*+") is its p-primary component.

Let p(mp() = Mi~, q; be a minimal primary decomposition, and write p; = 7(q;). Assume that p; does
not meet A —p for 1 < i < n and that p; meets S —p for n < i < m. Then S,(p™p™) =N g,
so that (N, p; = 7(Sp(p™p™)) = Sy (r(p™p™)) = S,(p) = p. So again, n = 1 and p; = p. Us-
ing Proposition 1.18 we see that S, (p(™p(™) = p(m+7) S0 q; = p(™+t™) showing that p(™+™ is the
p-primary component of p(™)p(™)

d. p(™) = p™ if and only if p” is p-primary.

If p(") = p” then p” is p-primary by part a. Assume p” is p-primary so that p” = p” is a minimal
primary decomposition of p™, implying that p” = p(™ by part c.

Let a be a decomposable ideal in the ring A and let p be a maximal element in ¥ = {(a: ) : z € a}.
Show that p is a prime ideal belonging to a.

Let p = (a : x) be a maximal element in 3. Suppose ab € p and b € p, so that abxr € a and bx & a. Then
(a:z) C (a:bx) € X sothat (a:x) = (a: br) by maximality. Then a € (a: bx) = (a : z) = p. Therefore,
p is a prime ideal in A. Also, p = r(p) = r(a : z) is a prime ideal in the set {r(a : )|z € A}. Since a is a
decomposable ideal, the first uniqueness theorem tells us that p belongs to a.

Let a be a decomposable ideal, ¥ an isolated set of prime ideals belonging to a, and ¢x the
intersection of the corresponding primary components. Suppose f is an element of A such that,
if p belongs to a, then f € p if and only if p ¢ . Show that ¢ = Sy(a) = (a: f") for all large n.

If p belongs to A, then p meets Sy = {1, f, f2,...} if and only if p ¢ X. Therefore, S¢(a) = npmsf:(a q=(qx.
Now Sp(a) = a = o<, (a: f7) so that (a: ") C S¢(a) for all n.

Suppose A is a ring in which every proper ideal has a primary decomposition. Show that the
same holds for S—!A.

This follows from proposition 4.9 and the fact that every proper ideal in S~!A is of the form S~ 'a for some
proper ideal a in A.

Let A be a ring satisfying (L1) For every proper ideal a and every prime ideal p, there exists
x ¢ p such that S,(a) = (a: 2). Show that every proper ideal a in A is an intersection of (perhaps
infinitely many) primary ideals.

Let p1 be a minimal element in the set of all prime ideals containing a. Then q; = Sy, (a) is p1-primary. By
hypothesis, g1 = (a : z) for some z ¢ p;.

Show that every proper ideal in A has a primary decomposition if and only if A satisfies the
following two conditions.
L1. If a is a proper ideal and p is a prime ideal, then there exists = ¢ p such that S,(a) = (a: z).

L2. If a is a proper ideal and S; D S; D ... is a descending sequence of multiplicatively closed
subsets of A, then there exists an N such that S,(a) = Sy(a) for all n > N.
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Suppose that every proper ideal in A has a primary decomposition. Let a be a proper ideal in A, so that
a has a primary decomposition, and hence the saturations of a in A form a finite set by exercise 4.12. This
shows that L2 holds for a. Let p a prime ideal.

Show that every p-primary ideal contains S,(0). Suppose that A satisfies the following condition:
for every prime ideal p, the intersection of all p-primary ideals equals S,(0). Let p1,...,p, be
distinct non-minimal prime ideals in A. Show that there is an ideal a whose associated prime
ideals are py,...,py.

Suppose that p is a prime ideal in A. Let q be a p-primary ideal and suppose a € Sy(0). Then a/1 = 0/1 so
that ab = 0 for some b ¢ p. Since b™ ¢ q for any n > 0, we see that a € q. In other words, S, (0) C g, as claimed.

Now let p1,...,p, be distinct prime ideals in A, where A satisfies the hypothesis as in the problem state-
ment. If n = 1 then we can take a = p;. Suppose then that n > 1, and assume p,, is a maximal element in
{p1,...,Pn} By induction, there is an ideal b and a minimal primary decomposition b = q; N...Nq,—; with
each q; a p;-primary ideal. Suppose for the sake of contradiction that b C Sy, (0). Let p be a minimal prime
ideal in A contained in p,, so that Sy, (0) € S,(0) by exercise 4.10. Then p1N...Np,—1 =7(b) Cr(S,(0)) =p
so that p; C p for some ¢. By minimality, p; = p is a minimal prime ideal; a contradiction. Therefore,
b Z Sy, (0). Since Sy, (0) is the intersection of all p,-primary ideals in A, there is a p,,-primary ideal gy, such
that b € q,,. Now define a = bNq,. Obviously a = qy N...N¢q, is a primary decomposition of a. We know

that r(q;) = p; # p; = r(q;) for i # j, and that q, 2 ﬂ#n g; = b. Suppose then that q; 2 (1, q; for
1<i<n.

Taking radicals we see that (0, , p; NPy C p;. Either (0, , p; Cp; or pn, C p;. In the latter case, p, = p;
since p, is a maximal element in {p1,...,p,}. But p, # p;, so that (), ,p; C pi.

Let M be a fixed A-module with submodules N and N’. The radical rp;(N) of N in M is defined
to be the set of all x € A so that x9M C N for some g > 0. Establish the following.

a. ry(N)=r(N: M) =r(Ann(M/N))

It is clear that rp;(N) = r(N : M) so that rp(IN) is an ideal in A. We also know that (N : M) =
Ann((N + M)/N) = Aun(M/N) so that the last equality holds as well.

b. r(ra(N)) = rpy(N)
We have r(ry(N)) =r(r(N: M))=r(N: M) =ry(N).
c. rir(NON) =rpy(N)Nra (N

This follows from

uM(NAN)=r(NAN'": M)

r((N:M)N(N'": M))
r(N : M)ﬂr(N’ M)
ra(N) N (N')

d. 7y (N) = A if and only if N = M.

Since rpr(N) is an ideal, 7y (N) = Aiff 1 € rpy(N) iff M = N.
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e. (N + N Dr(rpy(N) 4+ ra(N))

Suppose that 2 € 7y (N) + 73 (N'). Write 2™ = y + 3 with yM C N and y"M C N’. Then
M@t N C yIM 4+ y'"M C N 4+ N’ so that z € ra (N + N).

4.21. Each a € A defines an endomorphism ¢, : M — M. a is called a zero-divisor if ¢, is not injective,
and a is called nilpotent if ¢, is nilpotent. A submodule Q # M is called primary if every
zero-divisor in M/Q is nilpotent. Prove the following.

a. If @ is primary in M then (Q : M) is a primary ideal.

Suppose that ab € (Q : M) with a € (Q : M). Choose x € M with az ¢ @Q so that the image of ax in
M/Q is nonzero. Then b(ax) € Q since abM C Q. Since @ is primary, we see that b9M C @ for some
g > 0. This means that b? € (Q : M). Therefore, (Q : M) is a primary ideal in A.

b. If Q1,...,Q, are p-primary in M then so is Q =] Q;.

We know that 7(Q) = (] r(Qi) = p. Suppose a € A satisfies az € Q for some z € M. If a?Q # Q
for any ¢, then a & r)(Q) = p. Since Q; is p-primary and ax € Q;, we conclude that x € Q;. Thus,
z € (N} Qi = Q. This means that Q is a primary ideal in A.

c. If Q is p-primary and z ¢ Q then (Q : z) is p-primary.

Suppose a € (Q : x) so ax € Q. Hence, a?M C Q for some ¢ > 0. This means that a € rp/(Q) = p. So
(Q: M) C(Q:z)Cyp, and hence r(Q : ) = p, after taking radicals. Now let ab € (Q : x). If a € p
then bz € Q. After all, a(bx) € Q and if bax ¢ @ then a € r(Q : M) = p since @ is a primary submodule.
Thus, either a € p =7(Q : x) or b € (Q : ). This means that (Q : x) is a p-primary ideal in A.

4.22. Let N be a submodule of M. We say that N is decomposable if N = ﬂf:l @); where each Q); is a
primary submodule of ). This decomposition is said to be minimal if 73;(Q;) # ry(Q;) for i # j
and if every i we have Q; 2 ﬂj# Q. Supposing N is a decomposable submodule, show that the

primes belonging to N are uniquely determined, and that they are the primes belonging to 0
in M/N.

Let N = (1, Q; be a minimal primary decomposition. For z € M

(Nix):(ﬂQiif):m(QiIT/)

Taking radicals yields

r(N:z)=(r(Qi:z)= () r(@Qi:z)= ) »s

where p; = rp(Q;). So if »(N : z) is a prime ideal, then (N : x) = p; for some i. Conversely, choose
x; € ﬂ#i Q; — Q; and notice that r(NV : ;) = p;. Therefore, the p; are precisely the prime ideals in the set of
all 7(INV : x) as « ranges over M. This means that the primes belonging to N are unique, defined independently
of the particular primary decomposition of a. Notice that N C Q; for each i, and so 0 = (] Q;/N is a primary
decomposition of 0 in M/N. This is clearly a minimal primary decomposition with ry;/x(Q:i/N) = rar(Qs).
So the primes belonging to N are precisely the primes belonging to 0 in M/N, by the uniqueness theorem
proved above.
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4.23. Prove analogues of Propositions 4.6 to 4.11.

Let N be a decomposable submodule of M, with minimal primary decomposition N = ((Q;. Write
p; = r(Q; : M) and notice that (N : M) = ((Q; : M) C (Q; : M) C p; for every i. Suppose p be a
prime ideal in A containing (N : M). Then p 2D (N : M) = Or(Q; : M) = (\p; so that p; C p for some
i. This means that the minimal elements in the set of all prime ideals containing (N : M) are precisely the
minimal elements in the set of prime ideals belonging to V.

Suppose that 0 is a decomposable submodule with minimal primary decomposition 0 = () Q; and p; = 73,(Q;).
Notice that a € A is a zero-divisor in M iff @ € (Jy4,cp Ann(z). The set D(M) of a € A that are zero-divisors
clearly satisfies r(D(M)) = D(M) so that D(M) = Up,epr (0 : ). From the work done in exercise 4.22,
we know that r(0 : ) = (1,40, pi, and hence 7(0 : z) C p; for some j, since x is assumed to be nonzero.
Therefore, D(M) C |J} pi;. We have |J] p; € D(M) since p; = r(0 : ) for some z # 0. Thus, we have the
equality J}' p; = D(M).

Let S be a multiplicatively closed subset of A. Suppose @ is a p-primary submodule of M. Assume p meets
S at s, so that s"M C @ for some n. Then S~1Q contains m/t = (s"m)/(s"t) for every m € M and t € S.
This means that S~'Q = S~'M. On the other hand, assume that pN.S = @. Then S~'Q is an S~ 'p-primary
submodule of S~'M. We have the canonical map f : M — S~'M that is a homomorphism of A-modules.

Then f~1(S71Q) = Q.

Let N be a decomposable submodule of M, with minimal primary decomposition N = ﬂ? Q;. Suppose S'is a
multiplicatively closed subset of A. Write p; = rp/(Q;) and assume that p; NS = @ for 1 < i < m, and that p;
meets S for m < i < n. By the above paragraph, S™'N = (] S71Q; = N]" S~ Q; is a primary decomposition
of STIN in S~'M. Since the p; are distinct, so are the S~'p; for 1 <i < m. If S71Q,, D MNi<icm STQ; =

_1(ﬂ19—<m Q;) then Q,, = (S71Q,)¢ 2 (S~ Micicm @) 2 Nicicm Qi- So STIN =N"S7'Q; is a
minimal primary decomposition. Contracting this, we get S(N) = (S7'N)¢ =N (S7'Q:)¢ = N}" Q. This
is a minimal primary decomposition of S(N) in M.

Let N be a decomposable submodule of M, with minimal primary decomposition N = () Q;. Suppose ¥ is
an isolated set of prime ideals belonging to N, where we write p; = ras(Q;) as usual. Define Qs =, o5 Q-
Clearly, S = A — U .ex is a multiplicatively closed subset of A. Then Qs = S(N) depends only on ¥, and
is independent of the minimal primary decomposition of N. In particular, the isolated components of N are
uniquely determined.
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Chapter 5 : Integral Dependence and Valuations

5.1. Let f: A — B be an integral homomorphism of rings. Show that f* is a closed map.

Let q be a prime ideal in B. I claim that f*(V(q)) = V(f*(q)). Clearly f*(V(q)) € V(f*(q)). Now if
p € V(f*(q)) then Ker(f) C f*(q) C p so that f(f*(q)) C f(p) is a chain of prime ideals in f(A). Observe
that qN f(A) = f(f~(q)) = f(f*(q)). Since B is integral over f(A), there is a prime ideal v in B containing
g with tN f(A) = f(p). Sop = f1(f(p)) = fL(xN f(A)) = f~1(r) = f*(r) with v € V(q). This means that
f* is a surjective map, and hence f*(V(q)) = V(f*(q)), showing that f* is a closed map.

5.2. Let A be a subring of B so that B is integral over A, and let f: A — ) be a homomorphism of
A into an algebraically closed field ). Show that f can be extended to a map B — ).

By a straightforward application of Zorn’s Lemma there is a subring C of B containing A so that f can
be extended to a map C' — € but such that f cannot be extended to a map defined on a subring of B prop-
erly containing C. So assume that C' # B so that we can derive a contradiction. If b € C then p(b) = 0 for
some monic p € C|x], where z is an indeterminate. Assume that p is chosen to have minimal degree, so that
p is an irreducible polynomial. Since () is algebraically closed, p has a root ¢ in Q. Now define f : C[z] —
by f(O"cix®) = 3 f(ci)€'. Then f is a ring homomorphism whose kernel contains (p). Hence, f induces a
ring homomorphism C[z]/(p) — Q given by 3" ¢;z + (p) — 3. f(c:)€. But C[b] and Clx]/(p) are isomorphic
rings, so that there is a ring homomorphism C[b] — Q given by > ¢;b® +— > f(c;)¢'. This map extends f to
the subring C[b] of B that properly contains C; a contradiction. Hence, f can indeed be extended to a map
B — Q.

5.3. Let f: B — B’ be a homomorphism of A-algebras, and let C' be an A-algebra. If f is integral,
prove that f ®1: B A — B’ ® C is integral.

Let b’ ® ¢ be a generator of B’ ® C. Tt suffices to show that & ® ¢ is integral over (f ® 1)(B ® C). Suppose b’
is a root of the polynomial p(z) = >, f(b;)z". Define a polynomial q(z) = Y7 (f ®1)(b; ® ¢"~*)z'. Then
g’ @c) =p') @ c" =0. So we are done.

5.4. Suppose A C B are rings with B integral over A. Let n be a maximal ideal of B and let m = ANn
be the corresponding maximal ideal of A. Must B, be integral over A7

Let k be a field and consider the subring k[z? — 1] of k[z]. Since the polynomial x — 1 is irreducible
over k, and since k[z] is a principal ideal domain, the ideal n = (2 — 1) is maximal in k[z]. Thus,
m=k[z? —1]Nn=(Lem.{2? — 1,2 — 1}) = (? — 1) is a maximal ideal in k[z? — 1].

Notice that = € k[z] is integral over k[x? — 1] since z is a root of the polynomial p(¢) = €2 — [(z? — 1) + 1].
Since the set of all elements integral over k[z? — 1] form a subring of k[z], and since z is integral over k[z? — 1],
we see that k[z] is indeed integral over k[z? — 1].

For the sake of deriving a contradiction, suppose k[x], is integral over k[z? —1]y. Then in particular, 1/(z+1)

is integral over k[z? — 1], since 2 + 1 € k[z] —n. This means that there are polynomials p1,...,p, € k[z% —1]
and polynomials ¢, ..., ¢, € k[z?> — 1] —m for which
(:Z? + 1)*” + (1} + 1)*(”*”@ NI (I+ 1),11771 + Po =0
Gqn—1 q1 do

Define ¢; =[] i U and q = H? q;- Clearing the denominators in the above equation yields

(x4 1)"podo + (x + )" 'p1gi + -+ ( + Dpp—1dn—1 +q=0

This shows that o + 1 divides ¢. Since ¢ € k[z? — 1], we can choose scalars 7, ..., 7, € k satisfying

g=ro+ri(x® = 1)+ +rp(e?—1)m
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Since x + 1 divides ¢ and z? — 1, we see that rp = 0, and so ¢ € m. But ¢ is the product of elements
q1,s---,qn € m, and so we have a contradiction. This contradiction shows us that 1/(z + 1) is not integral
over k[z? — 1],. Hence, k[z], is not integral over k[z? — 1]y,.

5.5. Let A C B be rings with B integral over A. Prove the following.

a. If x € A is a unit in B then z is a unit in A.

Since 27! € B we have an equation of the form

m—n —l—an_lm_"'H R +CL1.Z‘_1 _|_a0 _
with n > 0 and each a; € A. Then

7= —(apx" '+ ax" i+ ta,) €A

since x € A. That is, « is invertible in A.

b. R(A) = ANR(B).

If m is a maximal ideal in B then m N A is a maximal ideal in A. If n is a maximal ideal in A,
then n is a prime ideal in A, so that n = A N'm for some prime ideal m in B. But now m is a maximal
ideal in B. So

RA) =(Jm={mnA) =mNA=RB)NA

where the first intersection is taken over all maximal ideals in A and the last intersection is taken over
all maximal ideals in B.

5.6. Let By,..., B, be integral A-algebras. Show that B = [[_, B; is an integral A-algebra as well.

It suffices to assume n = 2. If B; is given the A-algebra structure induced by f; : A — B;, then B is
given the A-algebra structure induced by f: A — B with f(a) = (f1(a), f2(a)). Suppose (b1, bs) € B so that
by is integral over f;(A). Choose a monic polynomial

m—1

p(x) =a™ + Z fi(a;)xz®  such that p(by) =0
i=0

Then define a new monic polynomial with coefficients in f(A) by

m—1

Py =a"+ Y fla)e

=0

so that p’(b1,b2) = (0, b}) for some b}, € B. Choose a monic polynomial

n—1
q(z) = 2™ + Z f2(al)x®  such that q(by) =0
i=0

Then define a new monic polynomial with coefficients in f(A) by
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so that ¢'(0,b5) = (f(ag),0). Now define a monic polynomial r with coefficients in f(A) by the equation

r(z) = 2® + (—f(ap), — f(ap))x

so that r(f(ap),0) = (0,0). To summarize, (b1, bs) is integral over f(A)[(0,b5), (f(ag),0)], the element (0, b5)
is integral over f(A)[(f(ay),0)], and lastly (f(ag),0) is integral over f(A). Working backwards reveals that
(b1, by) is integral over f(A). Hence, By x Bs is integral over A.

Let A C B be rings so that B — A is closed under multiplication. Show that A is integrally closed
in B.

Let C' be the integral closure of A in B and suppose that A C C. Define

n = min{d : the irreducible polynomial of some = € C' — A has degree d}

Clearly n > 1. Suppose = € C' — A has the irreducible polynomial

" +az" M+ 4a, =0

Then by minimality 2" ' + a12" 2 +--- +a,_1 € A. But

r(x" P "+ ta, )= —a, €A
showing that B — A is not closed under multiplication.

Suppose A C B are rings and let C' be the integral closure of A in B. Let f,g be monic
polynomials in B[z] so that fg € C[z]. Show that f,g € C[z].

Suppose for the moment that there is a ring D containing B over which f and g split completely into linear
factors. Then we can write f = [[(x — a;) and g = [[(z — b;) for appropriate a;,b; in D. Notice that a;, b;
are roots of fg in D. Since fg is a monic polynomial in C[z], this means that the a;,b; are integral over C.
Now the coefficients of f and g are polynomials in terms of the a;,b;. So these coefficients are themselves
integral over C, and are hence integral over A. Since the coefficients of f and g lie in B, they are in C by
definition of C. In other words, f and g are in Clx].

So now it suffices to prove that for every ring B and every f € BJz], there is a ring D containing B over which
f splits completely into linear factors. Of course we proceed by induction on deg(f) > 0. Let D' = B[z]/(f),
and consider the natural map B — Blz] — Blz]/(f) = D’. This map is injective since f is monic and has
degree greater than 0. Hence, we can consider B as being a subring of D’, and we can consider f as being an
element of D’[x]. As such, f has the root z + (f). Denote this root by a. Notice that we can choose a monic
q € D'[z] satisfying f(x) = q(x)(z — a) and deg(q) = deg(f) — 1. By induction there is a ring D containing
D’ over which q splits completely into linear factors. Now B is a subring of D and f splits completely over
D into linear factors. So we are done.

Suppose A C B are rings with C the integral closure of A in B. Show that C[xz] is the integral
closure of Alx] in Blz].

Let cz™ € C[z] and suppose that ¢ is a root of the polynomial Y 7" ja;&* € A[¢]. Then ca™ is a root
of the polynomial Y i (a;z™"~"™)¢" € Afz][€] so that cz™ is integral over A[z]. Consequently, C[z] is con-
tained in the integral closure of A[z] in B[z]. Now suppose that f € Blz] is integral over A[z] and choose
4o, - - -, gm € Alx] satisfying



S+ gmaf" T i f+ g0 =0
Let r be an integer that is greater than m and every deg(g;). Define
[
Of course — f is a monic polynomial in B [x] of degree r and

‘We can rewrite this as

fm+hm71fm_l+"'+h1f+h0=0

for appropriate h; € Blz]. Observe that

O™+ hpr f"2 4+ hy) = ho

(FHa) ™+ gma(f+a)™ g (f+a") +g0=0
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But hg = 2™ + g 12" 4. L g1a” + go € Alz] C C[z] and deg(hg) = rm with leading coefficient equal

to 1. After all

deg(g;z™) = deg(g;) +ri<r(i+1)<rm for0<i<m—1

So h is a monic polynomial. This implies that

P by fP 724

is monic as well. Now exercise 5.8 tells us that —f € C[z]. Since 2" € C[z] we see that f € C[z]. So we are

done.

5.10. Consider the following conditions and show that « = b < c.

a. The map f* is closed.

b. The map f has the going-up property.

c. The map f*: Spec(B/q) — Spec(A/p) is onto whenever ¢ is a prime ideal in B and p = f*(q).

(a = b) Suppose that p1 C po is a chain of prime ideals in f(A) w t p1 = f(A) N qy, where ¢ is a prime ideal

in B. Then f~!(p2) € V(f*(a1)) since f*(q1) = f~(p1) € f~*(p2). Since f*(V(q1)) =

q1)) there

is a prime ideal qo in B containing q; such that f=!(ps) = f (q2) = f~1(f(A) N gz). This means that
p2 = f(A) Nga. Therefore, B and f(A) satisfy the conclusions of the going-up theorem, showing that f

has the going-up property.

(b= c¢) Let q be a prime ideal in B and write p = q°. We have to show that the map f* :

Via) = V(p) is

surjective. If p’ € V(p) then Ker(f) Cp C p’ so that f(p) C f(p’) is a chain of prime ideals in f(A) with
qN f(A) = f(p). Since f has the going-up property, there is a prime ideal g’ in B containing q so that

g N f(A) = f(p"). Now f*(q') = f~1(f(p’)) = p’. This means that f* is surjective.

(¢ =b) Let p be a prime ideal in f(A) so that f~1(p) is a prime ideal in A.

5.10’. Consider the following conditions and show that a = b < c.
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a. The map f* is open.
b. The map f has the going-down property.
c. The map f*: Spec(B,) — Spec(Ap) is onto whenever ¢ is a prime ideal in B and p = f*(q).

(a = b)
(b=¢)
(c=0)

5.11.

5.12.

Let f: A — B be a flat homomorphism of rings. Then f has the going-down property.

By exercise 3.18 we know that f* : Spec(By) — Spec(4,) is a closed map whenever q is a prime ideal of B
and p = q°. But now exercise 3.10 tells us that f has the going-down property.

Let G be a finite group of automorphisms of the ring A. Prove that A is integral over A“. Let S
be a multiplicatively closed subset of A such that ¢(S) = S for every o € G. Define S¢ = SN A°.
Show that the action of G on A extends to an action on S~!4, and that (S¢) 1A% = (S—1A4)%.

It is clear that A is a subring of A. Let a € A and consider

p(z) = [ (x—o(a))

oelG

Notice that p(a) = 0 since 1 induces the identity autmorphism on A. Label the elements of G as o1,...,0,
assuming that o is the identity map of A, and observe that p(z) = 2" —a;z" '+ - -+(=1)""ta,_12+(-1)"a,
where

a= Y oi(a)--0y(a)

<<,

It follows that 7(ay) = ay for any 7 € G. In other words, the coefficients of p are elements of AY. Conse-
quently, A is integral over A%,

Clearly S¢ = {s € S : o(s) = s for every o € G} is a multiplicatively closed subset of A. Now given ¢ € G
and a/s € ST A, define o(a/s) = o(a)/o(s). Suppose that a/s = a’/s’ in S~ A so that s”(as’ —a’s) = 0 for
some s” € S. Then o(s")(c(a)o(s') — o(a’)o(s)) and o(s”) € S so that o(a)/o(s) = o(a’)/o(s') in STLA.
This means that o extends to a well-defined map S™'A — S~!A. Clearly this extension is a surjective
homomorphism of rings. Now suppose that 0/1 = o(a/s) = o(a)/o(s) so that s'o(a) = 0 for some s’ € S.
Now ¢ (S) = S so that s’ = o(s”) for some s” € S, implying that o(s”a) = 0 and hence s”’a = 0. This means
that a/s = 0/1 in S~'A. In other words, o extends to an automorphism of S™1A. It is also clear that the
extension of the composition equals the composition of the extensions, so that G is a group of automorphisms
of ST1A.

Since the natural map A® — S~!A sends elements of S to units of S~' A, there is a map (S¢)"1 A% — S~ A
given by a/s + a/s. 1 claim that this map is injective. If a € A9 and s € S are such that a/s = 0/1 in
S~1A then ta = 0 for some t € S. In particular, ¢t ] ... o(t)a = 0 where ¢ [[ . o(t) € S¢. So a/s =0/1
in (S9)~1A%. This means that the map (S¢)"1A% — S~'A is injective. Clearly o(a/s) = a/s whenever
a € A% and s € S¢, and hence the image of (S¢)~'A% in S~1A is contained in (S~1A)%.

Now suppose that x = a/s € (S~1A)Y. Notice that a/s = as’/ss’ with s’ = [I540, 8. and that o(ss’) = ss’
for every o € G. We still have x = as’/ss’. Since

as'/ss' =x =o0(x) =o(as’)/o(ss") = a(as’)/ss
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there is, for every o € G, an element u, € S satisfying

ug(as'ss’ —o(as’)ss’) =0

Defining u = [] . 1o we see that

uss'(as’' — o(as’)) =0 for every 0 € G

Define v =[] o(u) so that

o#oq
uvss'(as' — o(as’)) =0 and uvss’ € S¢

Then o(as'uvss’) = as'uvss’ for all ¢ € G. This means that as'uvss’ € AY. Since

x = as'uvss’ Juvss'ss’

with as’'uvss’ € A9 and uvss’'ss’ € S¢ we conclude that z is in the image of the map (S¢)~1AY — S~1A.
So we have the desired isomorphism (S¢)~1A% = §—14,

In the situation above, let p be a prime ideal in A® and define P as the set of prime ideals in
A whose contraction is p. Show that G acts transitively on P. In particular, P is finite.

Suppose q € P and o € G so that o(q) is a prime ideal in A. It is easy to check that o(q) N A% = p. After
all, if a € o(q) N A® with a = o(a’) and @’ € q, then o’ = 0~ '(a) = a so that a € N A = p. Similarly, if
a€p=qn A% then a = o(a) so that a € o(q) N AY. This means that G acts on P.

Now let g1 and gz be elements in P. Suppose x € q; and consider y = [[ .o o(z). Clearly y € A% and
y € qi since 1g induces the identity automorphism of A. Therefore, y € q; N A€ = p C gy. Since g is a
prime ideal, we see that o(z) € g2 for some o € G. This means that q2 € U, 0(q1). Now o(q1) is a prime
ideal for each o € G, allowing us to conclude that g C o(q;) for some o € G. Since A is integral over A%
and o(q1) N A% = p = g2 N A®, we see by Corollary 5.9 that o(q1) = qo. In other words, G acts transitively
on P. Finally, P is a finite set since G is finite and acts transitively on P.

Let A be an integrally closed domain, K its field of fractions, and L a finite normal separable
extension of K. Let G be the Galois group of L over K, and let B be the integral closure of A
in L. Show that o(B) = B for every o € G, and that A = BY.

n—1

Suppose that b € B, let b satisfy the integral dependence relation b™ + > . a;b" = 0 where each a; € A,
and let 0 € G. Then o(b) satisfies the integral dependence relation o (b)" + 327" a;0(b)" = 0 since o fixes K
and A C K. This means that o(B) C B. Similarly, 0 ~!(B) C B so that B C ¢(B), and hence o(B) = B for
every 0 € G. Now A is clearly contained in B¢, and B¢ C LY = K. But elements in B¢ are integral over
A, and A is algebraically closed in K, implying that B¢ = A.

Let A be an integrally closed domain, K its field of fractions, L a finite extension field of K,
and B the integral closure of A in L. Show that, if p is any prime ideal in A, then the set of
prime ideals q in B that contract to p is finite.

Suppose for the moment that we can establish this result in the case that L/K is a separable extension or in
the case that L/K is a purely inseparable extension. We know from field theory that there is an intermediate
field K C J C L so that J/K is a finite separable extension and L/J is a finite purely inseparable extension.
Let C be the integral closure of A in J and notice that B is the integral closure of C' in L. So by hypothesis,
if p is any prime ideal in A then there are finitely many prime ideals in C' that contract to p, label these
d1i,---,qn- Again by hypothesis, for each i there are finitely many prime ideals in B that contract to g;.
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These are precisely the prime ideals of B that contract to p, and so finitely many prime ideals in B contract
to p, establishing the claim. So it suffices to tackle the problem in the two special cases.

So suppose first that L is a finite separable extension of K. If 1, ..., z, generate L over K, then let p1,...,p,
be the minimal polynomials of z; over K. Assuming L is embedded in its algebraic closure L, let L' be the
subfield of L generated by K and all of the roots of pi,...,p,. Then L’ is an extension of L, L’ is a finite
extension over K since each root of py,...,p, is algebraic over K, and L’ is a normal extension of K since it
is generated over K by roots of irreducible polynomials. Further, since L is a separable extension of K, we
know that each p; is a separable polynomial, and so L’ is separable over K as well. Now define G to be the
Galois group of L' over K so that L'® = K. Define B’ to be the integral closure of A in L’. Exercise 5.14
tells us that the set of prime ideals P of B’ lying over p is finite. By the Going Up Theorem, if there is a
prime ideal q in B that lies over p, then there is a prime ideal v in P that contracts to q. This means that
there are finitely many prime ideals in B that contract to p.

Now assume that L is a finite purely inseparable extension of A. Let q be a prime ideal of B that contracts
to A, where B is the integral closure of A in L. As we may assume that L # K we conclude that char(K) is
a prime p. If 2P" € p for some m > 0, then 2P" € q so that = € q. On the other hand, if € q then 2" € K
for some m > 0 since L/K is purely inseparable. But now #P" € K Nq = p. This means that q consists of
all z € L satisfying #P" € p for some m > 0. Hence, there is precisely one prime ideal of B lying over p. So
we are done.

Suppose k is an infinite field and A a finitely generated k-algebra. Show that there exist
Y1,.-.,Ys € A algebraically independent over k such that A is integral over k[yi,...,y.|.

Suppose A is generated by 1, ..., 2, as a k-algebra. Renumber the {x;} and choose r > 0 so that z1,...,z,
are algebraically independent and each z; is algebraic over k[z1,...,x,] for r < i < n. Proceed by induction
onn—r. If n —r =0 then there is nothing to show. So suppose n —r > 0 and choose a non-trivial algebraic
dependence relation f(z1,...,2,) = 0. Let F' be the homogeneous part of highest degree in f. Since k

is infinite, there exist A1,...,A,—1 € k such that p := F(A1,..., An—1,1) # 0. After all, F'(-,...,-,1) is a
non-zero polynomial in n — 1 variables, and so it cannot induce the zero function on k"' when k is infinite.
Now define x} = x; — \jzp, for 1 < i < n, and let A’ = k[z,..., 2], _;]. T claim that z, is integral over A’.

Let d = deg(F') and choose polynomials G; in n — 1 variables so that

d

F,.. 6) =Y &G, &)

Jj=0

Notice that each G; is a homogeneous polynomial of degree d — j. Now let &, = & — A&, and compute

d
F&,. &) =D 8G(E +Méns - Gy + Ancibn)
j=0

SH

= 5777. ligg_jGj()\lv CER )\nfl; 1) + HJ(SL s 75;717 gn)]
=0

d
= fgLF<)‘1a"'a)‘n—171) +Z§%H](§g_aa§;—l7§n)

=0

where each H; is a polynomial in the variables &1, ...,&),_,&, with degree strictly less than d — j in &,, and
with coefficients in k. Define a new polynomial F' by

d
F&) =€+ 2 S G H a6
'uj=0
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Then F is a monic polynomial in ¢ with coefficients in A’ and such that F(z,) = F(x1,...,%n_1,%,) = 0.
Therefore, x,, is indeed integral over A’. This means that A = k[z1,...,z,] = k[z],...,z},_;, z,] is integral
over A’. By the induction hypothesis, there are y1,...,ys € A’ algebraically independent over k such that A’
is integral over A'[y1,...,ys]. Now y1,...,ys € A are algebraically independent over k and A is integral over
Aly1,...,ys]. We are finished.

Suppose that k£ is an algebraically closed field and that X is an affine algebraic variety in k"
with coordinate ring A # 0. Show that there is a linear subspace L of dimension r in k" and a
linear mapping of £ onto L that maps X onto L.

Let k be algebraically closed. Show that, if a # (1) is an ideal in A = k[t1,...,t,], then V(a) # 0.
Deduce that every maximal ideal in A is of the form (¢; — aq,...,t, — a,) for some a; € k.

Let m be a maximal ideal in A containing a. Then A/m # 0 is a finitely generated k-algebra, since it is
generated by t1+m, ..., t,+m as a k-algebra. By Noether’s Normalization Lemma, there are y1,...,ys € A/m
algebraically independent over k such that A/m is integral over k[yi,...,ys|. But A/m is a field, so that
kly1,...,ys] is a field by Proposition 5.7. Since k[yi,...,ys] is a polynomial ring over k, we must have s =0
and kly1,...,ys) = k. So A/m is a finite algebraic extension of k. Since k is algebraically closed, we conclude
that A/m = k. More precisely, A/m is generated by 1 + m as a k-vector space. Now let a; be the unique
element in k satisfying a; +m = t; +m, so that t;, —a; € m. Thenn=(t; —ay,...,t, —a,) Cm. But A/n =k
so that n is a maximal ideal, and hence n = m. Now (ay,...,a,) € V(m) C V(a). In particular, this means
that V(a) # 0.

Let k& be a field and B a finitely generated k-algebra. Suppose B is a field. Show that B is a
finite algebra extension of k.

Assume B is generated by x1,...,x, as a k-algebra. If n = 1 and x; # 0, then xl_l = p(x1) where p is
some polynomial with coefficients in k, so that x1p(z1) = 1. If d = deg(p) then we can write xfﬂ as a
k-linear combination of {1,z1,...,2¢} so that B is finitely generated as a k-vetor space, and hence B is a

finite algebraic extension of k.

Therefore, assume that n > 1. Define an integral subdomain A = k[z1] of B, and K = k(z1) as the
field of fractions of A, contained in B since B is a field. Now B is a K-algebra generated by {za,...,2,}.
By induction, B is a finite algebraic extension of K. In particular, xo, ..., z, satisfy monic polynomial equa-
tions with coefficients in K. Coefficients in K are of the form a/b for a,b € A. Let f be the product of
the denominators of all these coefficients. Then the coefficients a/b are elements of Ay when we consider
ACA; C K CB. So xg,...,x, are integral over Af. Since B is an Aj-algebra generated by {z2,..., 2},
we see that B is integral over Ay, and hence that K is integral over Ay.

For the sake of deriving a contradiction, suppose that x; is trascendental over k. Then A is a Euclidean
domain since k is a field, and so A is a unique factorization domain. As such, A is integrally closed in K. By
5.12 this means that Ay is integrally closed in Ky = K. By the above, integral closure of Ay in K equals K,
implying that Ay = K. In other words, k[z]; = k(z) for some f € k[z]. This is impossible: let p € k[z] be
irreducible, then 1/p = g/ f™ for some n € N and some g € k[z] having no factor in common with f, implying
that p is a factor of f, and in particular implying that k[z] has finitely many irreducible elements. But an
adaptation of Euclid’s proof shows that k[z] has infinitely many irreducible elements.

Therefore, x1 is algebraic over k. As a result, K = k(x1) is a finite algebraic extension of k. As B is a
finite algebraic extension of K, we conclude that B is a finite algebraic extension of k, as claimed.

Deduce the result of exercise 17 from exercise 18.

Choose a maximal ideal m in A containing a. Notice that A/m is a finitely generated k-algebra, which is itself
a field. So A/m is a finite algebraic extension of k by Corollary 5.24. But k is algebraically closed, so that
A/m is generated by 1+ m as a k-vector space. Let a; be the unique element in k satisfying a; + m = ¢; + m,
so that t; —a; € m. Then n = (¢; —ay,...,t, —a,) € m. But A/n = k so that n is a maximal ideal, and
hence n = m. Now (ay,...,a,) € V(m) C V(a). In particular, this means that V(a) # 0.
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5.20. Let A be a subring of an integral domain B so that B is finitely generated over A. Show that

5.21.

there exists 0 # s € A and elements y;,...,y, € B algebraically independent over A such that B;
is integral over (B’),, where B’ = Alyi,...,yn].

Let F be the field of fractions of B, let S = A — {0}, and define K C F by K = S7'A so that K is
the field of fractions of A. Supposing that B is generated by {z1,..., 2, } as an A-algebra, we easily see that

S~1B is generated by {z1,...,2n} as a K-algebra. Hence, we can apply Noether’s Normalization Lemma
to deduce the existence of y1/s1,...,Yn/sn € S~ B algebraically independent over K and such that S~!B
is integral over K[y1/s1,...,Yn/Sn] = Kly1,...,Yn). If s is any element in S, then we have a commutative

diagram as below.

Now suppose p is some polyomial in n indeterminates with coefficients in A such that p(y1,...,yn) = 0.
We can write

p(fla"'agn) = Z aaf?(l) 53(") with Ao € A
a:{l,- ,n}—A
Define a polynomial p in n indeterminates with coefficients in K by
Ble.. &)= Y (aasi o samyerM L gal
a{l, ,n}—A

Then p(y1/81,- - Yn/Sn) = P(Y1,.--,Yn) = 0. Since y1/$1,...,Yn/Sn are algebraically independent over K,

we see that p = 0 and so aas‘f(l) 5% — 0 for all . But every s; € S = A — {0} so that each a, = 0.
This means that p = 0, and hence yi, ..., ¥y, are algebraically independent over A.
Now z1,..., 2z, satisfy integral dependence relations g¢;(z;) = 0 with coefficients from K[yi,...,ys]. De-

fine d; = deg(q;). Clearing denominators in all of the ¢; simultaneously gives us an s € S and polynomials r;
with coefficients from Alyi, ..., ys] so that zf +7i(2;)/s = 0 and deg(r;) < d; for every i. In particular, each

z; is integral over (B’);. Consequently, B, is integral over (B’) since By = (B')s[z1,. .., Zm]-
S-'B
/ \
Klyr, - yn] B,
\ /
K Alyr, - ynls B
Ay Yl Yn]

/\

™
A/

Let A and B be as in exercise 5.20. Show that there is 0 # s € A such that, if () is an algebraically
closed field and f: A — Q is a homomorphism satisfying f(s) # 0, then f can be extended to a
homomorphisms B — (.

We use the same notation as in exercise 2. Since y1,...,¥y, are algebraically independent over A, we have
an extension f : Aly1,...,yn] — Q induced by defining f(y;) = 0 for every i. Now f(s) is a unit in €2 since
f(s) # 0. By the Universal Mapping Property for Afy1,...,¥n]s, we have an extension f : Afy1,...,y,] — Q.
Since B; is integral over Alyi,...,yn]s and since Q is algebraically closed, exercise 5.2 tells us that we have
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an extension f : By — ). Now restriction yields a map f : B — () that is an extension of the original map
A— Q.

Let A and B be as in exercise 5.20. Show that the Jacobson radical R(B) of B equals zero if
R(A) =0.

Let 0 # v € B and notice that A is a subring of the integral domain B,. By exercise 5.21 there is 0 £ s € A
such that, if Q is an algebraically closed field and f : A — € is a homomorphism satisfying f(s) # 0, then f
can be extended to a homomorphism B — 2. Let m be a maximal ideal of A not containing s. This exists
since s € R(A) = 0. Write k = A/m and embed k in its algebraic closure Q. Then the composition of the
maps A — k — € is a homomorphism not sending s to 0. So we can extend this to a map g : B, — (.
Clearly g(v) # 0 since v = v/1 is a unit in B, with inverse 1/v. Hence, v ¢ Ker(g) N B.

5.23. Show that the following are equivalent for a ring A.

a. Each prime ideal in A is an intersection of maximal ideals.
b In each homomorphic image of A, the nilradical equals the Jacobson radical.

c. Each non-maximal prime ideal in A equals the intersection of the prime ideals that strictly
contain it.

(a = b) Let a be a proper ideal in A. Every prime ideal in A/a is of the form p/a where p is a prime ideal in A.

By hypothesis, p is an intersection of maximal ideals (containing p). These maximal ideals correspond
to maximal ideals in A/a. So every prime ideal in A/a is an intersection of maximal ideals. Hence, it
suffices to show that M(A) = R(A). As always N(A) C R(A). Now every prime ideal in A contains
MR(A) so that 9(A) D R(A), and therefore N(A) = R(A).

(a = ¢) Let p be a non-maximal prime ideal. By hypothesis, p is the intersection of all maximal ideals containing

p. But these ideals strictly contain p since p is not a maximal ideal. Therefore, p equals the intersection
of all prime ideals strictly containing p.

(b= c¢) Let p be a non-maximal prime ideal in A so that A/p is an integral domain that is not a field. Then

0 is not a maximal ideal in A/p. Since 0 = MN(A/p) = R(A/p) we see that 0 is the intersection of all
maximal ideals in A/p. This means that p is the intersection of all maximal ideals in A containing p,
and hence is the intersection of all the prime ideals in A strictly containing p.

(¢ = b) If b does not hold, then a does not hold, so that there is a prime ideal p that is properly contained in the

intersection I of all maximal ideals in A containing p. Choose f € I —p and notice that Ay # 0, since
1/1 =0/1 in Ay implies that f* = 0 € p for some n > 0. Also, p does not meet {1, f, f2,...} so that
pr # Ay. Let m be a maximal ideal in Ay containing py, so that m¢ is a prime ideal q in A containing
p. Observe that f € q implies that f/1 € m and hence m contains a unit in Ay. Thus, f € q. If g
were a maximal ideal, then f € ¢ since f € I, but this is not the case. Suppose that t O q is another
prime ideal in A not containing f, so that v does not meet {1, f, f%,...}, and hence Ay # vy D qf = m.
Then vy = m, and hence v = q. So if t is a prime ideal strictly containing g, then f € t. Hence, q is
not the intersection of the prime ideals in A strictly containing g, since this intersection contains f ¢ q.
Therefore, ¢ does not hold when b does not hold.

5.24. Let A be a Jacobson ring (as in exercise 5.23) and B an A-algebra. Show that if B is either

integral over A or finitely generated as an A-algebra, then B is a Jacobson ring as well.

Suppose that B is integral over A. Let p be a prime ideal in B so that A N p is a prime ideal in A.
For every maximal ideal q in A containing A N p, choose a maximal ideal v in B with ANt = q. Then

Anp = nAﬂpgq q= AmﬂAmpgqt so that

Suppose that B is finitely generated as an A-algebra. Let p be a prime ideal in B so that ¢ = ANyp is
a prime ideal in A, and A/q is a subring of the integral domain B/p. Then B/p is finitely generated over
A/q. Since A is a Jacobson ring, (A/q) = N(A/q) = 0. By exercise 5.22, R(B/p) = 0 as well, implying
that q is the intersection of all the maximal ideals in B containing q. Therefore, B is Jacobson.
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Show that A is a Jacobson ring if and only if every finitely generated A-algebra B which is a
field is finite over A.

Show that the following are equivalent for a ring A.
a. A is a Jacobson ring.

b The maximal ideals are very dense in Spec(A).

c. A singleton set in Spec(A) is closed if it’s locally closed.

(a=0)
(b= ¢
(¢ = a)

5.27.

9.28.

5.297

We say that the local ring (B,n) dominates the local ring (A,m) if AC B and m = ANn. Let K
be a field and let ¥ consist of all local rings (A, m) of K, partially ordered by the above relation.
Show that ¥ has maximal elements and that (4, m) is a maximal element of ¥ iff A is a valuation
ring of K.

Let C = {A, : a € I} be a chain in ¥. Define A = {J,c; Aa and m = |J,c; ma. As usual, A is a ring with
ideal m. If x € A\ m, then x € A, \ m, for some «, and so z is a unit in A,. But then z is a unit in A.
Thus, (A, m) is a local ring dominating each (A,, m,). Therefore, 3 is chain complete, and so ¥ has maximal
elements.

Suppose that (4,m) € ¥ is a maximal element. Let 2 be the algebraic closure of A/m and 7 : A — Q
the canonical map. Denote ¥’ as the set of all (B, f) with B a subring of K and f a map B — Q. We
order ¥/ in the obvious way. Choose (B, f) € ¥’ as a maximal element dominating (A4,7n). Then B is a local
ring with maximal ideal n = Ker(f). Now m = Ker(n) = AN Ker(f) = ANn so that (B,n) € ¥ dominates
(A,m). Therefore, A = B by maximality. Consequently, Theorem 5.21 tells us that A is a valuation ring of K.

Suppose (A, m) is a valuation ring of K strictly dominated by (B,n). Choose x € B\ A so that 271 € A.
Then =1 € m since 7! is a non-unit in A. But 27! & n since z~! is invertible in B. This contradicts m C n.
Thus, every valuation ring of K is maximal in X.

Let K be the field of fractions of the integral domain A. Show that A is a valuation ring of K
if and only if the ideals of A are totally ordered by inclusion. Deduce that, if A is a valuation
ring and if p is a prime ideal in A, then A, and A/p are valuation rings in their field of fractions.

Assume A is a valuation ring of K. Let a and b be two ideals in A. Suppose there is x € a — b and let
0#ye€b. Then z/y ¢ A since b is an ideal. So we have y/x € A, and hence y € a. In other words b C a.

Now assume that a C b or b C a whenever a and b are ideals in A. Suppose that a,b € A with b # 0
are such that a/b € K — A. Then a # 0. Define ideals in A by a = (a) and b = (b). If a C b then there is
¢ € A with bec = a so that a/b = ¢ € A; a contradiction. Thus, b C a, implying the existence of ¢ € A with
ac =, so that b/a = ¢ € A. Hence, A is a valuation ring of K.

Now let p be a prime ideal in A. Any two ideals in A, are of the form a, and b,, where a and b are
ideals in A. Either a C b or b C a so that a, C b, or by, C a,. This means that A, is a valuation ring in
its field of fractions. Any two ideals in A/p are of the form a/p and b/p, where a and b are two ideals in A
containing p. Either a C b or b C a so that a/p C b/p or b/p C a/p. This means that A/p is a valuation ring
in its field of fractions.

Let A be a valuation ring of the field K. Show that every subring B of K containing A is local.
What is the problem asking?
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Let A be a valuation ring of the field K. Assign to (4, K) a valuation v : K — I' of K with values
inT.

Notice that K* = K — {0} is an abelian group under multiplication, and that the set U of units in A is a sub-
group of K*. Define an abelian group I' = K*/U. For 2U,yU € T, we say that U > yU provided zy~* € A.
If 2U = 2'U and yU = y'U so that xzz'~! € U and y 'y’ € U, then ay~! = 2'y/~! -z’ 1y~ 1y € A, and
hence zy~! € A if and only if 2’y/~! € A. This means that our relation > is well-defined. Clearly zU > zU
since zx~! € A. So > is a reflexive relation. If 2U > yU > zU then zy~! € A and y2~! € A, so that
zz~! € A, and hence 2U > 2U. So > is a transitive relation. Suppose U > yU and yU > zU, so that
zy~! € A and yz~! € A, implying that xy~! € U, and hence 2U = yU. So > is an antisymmetric relation.
If 2U,yU € T then zy~! € A or yz=! € A, so that U > yU or yU > zU. So any two elements of I are
comparable. All of these observations imply that > is a total order on I'. If 2U > yU and zU € I', then
(r2)(yz) "' = wy~! € A so that U + zU > yU + zU. This means that I is a totally ordered abelian group.
Define v : K* — I' and notice finally that v(x +y) > min{v(x),v(y)} since. This means that v is a valuation
of K. Lastly, suppose # and y are non-zero elements such that z # —y. Either zy~' € A or yz~! € A, so
that either (x +y)y ! =1+ay t € Aor (z+y)z~! =1+yx~! € A, and hence either v(x +y) > v(z) or
v(z +y) > v(z). This means that v(z + y) > min{v(z),v(y)} for z £y € K*.

Let v: K* —» T be a valuation. Show that K has the valuation ring A = {z € K* : v(z) > 0} U {0}.
Thus, the concepts of valuation ring and valuations are equivalent.

Lets make a few observations. Notice that v(1)+v(1) =
so that v(—1) = v(1) + v(—1) > v(-1) + v(—1) = v(1),
x € K* then 0 = v(1) = v(zz™1) = v(x) + v(z™1).

v(1) so that v(1) = 0. Suppose that v(—1) < 0= v(1)
a contradiction. Thus, v(—1) > v(1) = 0. Finally, if

From the above 1,—1 € A. If 2,y € A — {0} then v(zy) = v(z) + v(y) > v(z) +v(1) > v(l) +v(1) =0
so that xy € A. Hence, A is closed under multiplication. If 2z # y € A then © + y € A since v(z + y) >
min{v(x),v(y)} > 0. So A is closed under addition. Finally, A is closed under additive inversion since —1 € A
and A is closed under multiplication. These remarks show that A is a subring of K.

Now suppose that z,27! € K — A for some z # 0. Then v(z),v(z~1) < 0 so that v(z),v(z~!) < v(1).
Thus 0 = v(x) +v(z~ 1) <v(1)+v(x~!) < v(1)+v(1) = 0. So all of these inequalities are equalities, implying
that v(z~1) = 0 = v(x), a contradiction. We conclude that A is a valuation ring in K.

Now to show how these two concepts are equivalent in a precise manner. If we start with a field K and
a valuation ring A, lets assign the valuation v : K* — I"' = K* /U as in exercise 5.20. Then 0 # z € A if and
only if v(z) > v(1). But v(1) = 0 since 1 € A. Therefore, A equals the valuation ring of K assigned to v.

Conversely, suppose we start with a valuation v : K* — T" of the field K. Let A be the valuation ring of K
consisting of 0 and all € K* such that v(z) > 0. Define I' = K*/U where U is the group of units in A, and
let o' : K* — I by v'(x) = 2U. Suppose that v(z) = 0 so that 0 = v(x) + v(z~!) = v(z~!). Conversely, sup-
pose that € U so that 27! € U, and hence v(z),v(z~!) > 0. Then 0 = v(x) + v(z~1) = min{v(z),v(z=1)},
implying that v(z) = 0 or v(z~!') = 0, and hence v(z) = v(z~!) = 0. Combining these two remarks
reveals that U = {z € K* : v(z) = 0}. Obviously U = {& € K* : ¢/(x) = 0}. Now define a map
f: T = T by f(u'(z)) = v(z). If v'(x) = v/'(y) so that zy~! € U, then v(zy~!) = 0, and hence
0 =v(x)+v(y ') = v(z) — v(y), implying that v(z) = v(y). Therefore, ¢ is well-defined. Similarly, v
is injective. Obviously 1 o v/ = v. Lastly, Im(v) is a totally order subgroup of I, and ¢ : ' — Im(v) is an
isomorphism of totally ordered groups.

Suppose A is a valuation ring of K with value group I'. Show that, if p is a prime ideal in A,
then there is an isolated subgroup A of I' such that v(A — p) consists of all £ € T with v(¢) > 0.
Show that this defines a bijective correspondence between Spec(A) and the set of all isolated
subgroups of I'. If p is prime, then describe the values groups of A/p and A,.

Let ' be a totally ordered abelian group. Construct a field K and a valuation v of K with I' as
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the value group.

First let k be any field and A = k[I'] the group algebra of T over k. I claim that A is an integral domain.
So suppose that . = 3 gaqe and y = 35 7 bg are nonzero elements in k[I'], where S and T" are finite
subsets of I'. Let a3 < --+ < ayy, be the elements of S, and 8 < --- < 8, be the elements of T, where we can
assume that each a,, and bg, is nonzero. The smallest coefficient zy is aq,bg, (1 + (1), which is non-zero
since k is a field. Therefore, xy # 0, and hence A is an integral domain.

Now letting # and y be as before, define vy : A — {0} — T" by vo(z) = a;1. Notice that vo(zy) = a1 + 1 =
vo(x) + vo(y) and vo(x +y) =.

Let A be a valuation ring in its field of fractions K. Suppose f : A — B is such that f* is a
closed map. Show that, if g: B — K is a map of A-algebras, then g(B) = A.

Since g is a map of A-algebras, go f = i where i : A — K is the inclusion map. Define C' = g(B) so that
A= g(f(A)) C g(B) = C. Let n be a maximal ideal in C, and define q = g~*(n), so that q is maximal in
B. Since f* is a closed map, f* : Spec(B/q) — Spec(A/p) is surjective, where p = f~1(q). But 0 is the only
prime ideal in B/q, so that A/p is an integral domain with precisely one prime ideal. This means that A/p
is a field, and hence p is a maximal ideal in A. Now we have A C C C C, C K with (Cy,n) a local ring.
We also have p = f~1(q) = f~1(¢7(n)) =i~ 1(n) = AN n showing that (C,n) dominates (A,p). But A4 is a
valuation ring in K, so that A = C by exercise 5.27. In other words, g(B) = A, as claimed.

Let B be an integral domain and f a map A — B such that (f®1)* : Spec(B®4 C) — Spec(A®4 C)
is a closed map for every A-algebra C. Show that f is an integral mapping.
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Chapter 6 : Chain Conditions

6.1.

6.2.

6.3.

6.4.

6.5.

Let M be an A-module and v € End4(M). Show the following.

a. If M is Noetherian and u is surjective then u is injective.

Clearly Ker(u) C Ker(u?) C ... is a chain of submodules in M. So there is n > 0 with Ker(u"*1) =
Ker(u™). Suppose that « € Ker(u). Since u is surjective, we can choose 2’ for which v (2’) = z. Then
u"(z") = u(x) = 0 so that u"(z’) = 0. But now z = 0, and hence v is injective.

b. If M is Artinian and v is injective then u is surjective.

Clearly Im(u) 2 Im(u?) D ... is a chain of submodules in M. So there is n > 0 with Im(u"*!) = Im(u").
Suppose that € M and choose y for which u™(z) = u"!(y) = u"™(u(y)). Since u is injective, we see
that u(y) = . This means that u is surjective.

Let M be an A-module. If every non-empty set of finitely generated submodules of M has a
maximal element, then M is Noetherian.

Suppose that N is a submodule of M that is not finitely generated. Then given x1,...,z, € N there is
Zpy1 € N not lying in the submodule N,, of N generated by z1,...,z,. But then Ny C Ny C ... is a strictly
increasing sequence of finitely generated submodules of M, which has no maximal element. This contradiction
shows that every submodule of M is finitely generated, and so M is Noetherian.

Let M be an A-module, and let N, N> be submodules of M. If M/N; and M/N, are Noetherian,
then so is M/(N; N Nz). Similarly with Artinian in place of Noetherian.

Define ¢ : M/(N1 N N2) — M/Ny ® M /Ny by ¢(x + Ny N Na) = (x+ N1,x + Na). This yields a well-defined
A-module monomorphism. Now if M /Ny, M /Ny are Noetherian (Artinian) then is M /Ny @ M /N5, and hence
so is every submodule of M/N; @ M/Ns. Since ¢ is injective, this means that M /(N1 N N3) is Noetherian
(Artinian) as well.

Let M be a Noetherian A-module and let a be the annihilator of M in A. Prove that A/a is
Noetherian. Does a similar result hold with Artinian in place of Noetherian?

Let M be Noetherian and suppose M is generated as an A-module by {z1,...,z,}. Notice that M" = @] M
is a Noetherian A-module and that the map A — M™ given by a — (az1,...,ax,) is a homomorphism of
A-modules. Clearly a = Ann(M) is precisely the kernel of this map. So A/a is isomorphic with a submodule
of M™. From this we conclude that A/a is a Noetherian A-module, and so is a Noetherian A/a-module, and
is therefore a Noetherian ring.

This result does not hold with Artinian in place of Noetherian. As a counterexample, let p be a fixed prime
number, take A = Z, and define G as the subgroup of Q /Z consisting of all [a/b] with b a power of p. Then
the subgroups of G are generated by [1/p"] for some n € N. Hence, G is an Artinian Z-module. Now suppose
that n € Z annihilates G. Then n/p™ € Z for every m > 0. This means that n = 0, and thus Ann(G) = 0.
But Z / Ann(G) = Z is not Artinian. So we have a counterexample.

Show that every subspace Y of a Noetherian topological space X is Noetherian, and that X is
compact.

Let Uy C Uy C ... be open sets in Y. Choose Vi open in X such that Uy =V, NY. Define W, = U1<i<k Vi,
and note that Wi, NY = (J, ;< Ui = Ug. Since W; C W3 C ... we deduce the existence of an N for which
W,, = Wx whenever n > N. But then U,, = Uy whenever n > N. Therefore, Y is itself Noetherian.
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Let C be a collection of closed subsets of X such that any intersection of finitely many members of C is
non-empty. Let Z denote the set of all intersections of finitely many members of C so that Z is a collection
of closed subsets of X. Then 7 has minimal elements. Since Z is closed under finite intersections, it must be
that Z has a minimum element. Since this element is non-empty, we see that (| C is non-empty. This implies
that X is compact.

Let X be a topological space. Show that X is Noetherian if and only if every open subspace is
compact, and that this occurs if and only if every subspace of X is compact.

Suppose that X is Noetherian. Then every subspace of X is Noetherian in the subspace topology, and so
every subspace of X is compact.

If every subspace of X is compact then so is every open subspace.

Suppose that every open subspace of X is compact. Let U; C Uy C ... be a sequence of open subsets of X.
Then {U;}{° is an open cover of U = |J;° U;. Since U is compact, {U;}$° has a finite subcover. This means
that our sequence of open sets becomes stationary. Therefore, X is a Noetherian topological space.

Show that a Noetherian topological space X is a union of finitely many irreducible closed sub-
spaces. Conclude that X has finitely many irreducible components.

Suppose that X is not the union of finitely many closed irreducible subspaces. Let ¥ be the collection of all
closed subsets of X that cannot be written as the union of finitely many closed irreducible subspaces of X.
By hypothesis, X € ¥ and so X is non-empty. Since X is Noetherian, ¥ has a minimal element Y. Now Y
is not irreducible, so Y is the union of two proper closed subsets, each of these being closed in X since Y is
closed in X. By minimality of Y, each of these closed subsets can be written as the union of finitely many
closed irreducible subspaces of X. This means that Y ¢ X, a contradiction. Therefore, X is the union of
finitely many irreducible closed subspaces.

This means that X is the union of finitely many irreducible components, say Y7, ...,Y,. If Y is an irreducible
component of X, then Y C [J]' Y;. I claim that Y C Y; for some i. Otherwise, there is a set S C {1,...,n}
minimal with respect to the property that Y C (J; ¢ Yi, with |S| > 2. But then Y = [J;c 4 Y N'Y; with each
Y NY; a proper closed subset of Y, contradicting the assumption that Y is irreducible. Therefore, Y C Y; for
some 7, and hence Y =Y; for some . This means that X has finitely many irreducible components.

Show that Spec(A) is a Noetherian topological space whenever A is a Noetherian ring. Is the
converse true?

Let A be a Noetherian ring. Suppose we have a descending sequence of closed subsets of Spec(A). This
sequence has the form V(a;) 2 V(az) D ... for some ideals a; in A. The relation V(a;) 2 V(a;4+1) implies
that 7(a;) C r(a;+1). This means that r(a;) C r(ag) C ... is an increasing sequence of ideals in A. So we
can choose N satisfying r(a,) = r(ay) for all n > N. Then V(a,) = V(r(a,)) = V(r(an)) = V(a,) for all
n > N. Therefore, Spec(A) is Noetherian.

It is not true that A needs to be a Noetherian ring when Spec(A) is a Noetherian topological space. As a
counterexample, let B = k[z1, 2, ...] be the polynomial ring in countably many variables, suppose we have
the ideal a = (z1,23%,23,...) in B, and define A = B/a. Also define an ideal b = (1,22, 23,...) in B. Then
b is a maximal ideal in B containing a, so that b/a is a maximal ideal in A. But b/a C 91(A) C A so that
M(A) = b/a. Therefore, A has exactly one prime ideal. This means that Spec(A) is a one-point space, and
hence is trivially Noetherian. But A is not Noetherian since there is no k € N satisfying 9(A4)¥ = 0. After
all, such a k would yield b* C a, which cannot hold since x’,gﬂ € b* — a by inspection.

Deduce from exercise 6.8 that a Noetherian ring A has finitely many minimal prime ideals.
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Since A is Noetherian, Spec(A) is Noetherian, and so Spec(A) has finitely many irreducible components. But
the minimal prime ideals of A and the irreducible components of Spec(A) are in a bijective correspondence
under the map p — V(p). So A has finitely many minimal prime ideals.

Let M be a Noetherian A-module. Show that Supp(M) is a closed Noetherian subspace of
Spec(A).

Since M is finitely generated, Supp(M) = V(Ann(M)). Therefore Supp(M) is closed in Spec(A). Also,
V(Ann(M)) is homeomorphic with Spec(A/ Ann(M)) as topological spaces. Exercise 6.4 shows that A/ Ann(M)
is a Noetherian ring, so that Supp(M) is a Noetherian space.

. Let f: A — B be a ring homomorphism and suppose that Spec(B) is Noetherian. Prove that

f* : Spec(B) — Spec(A) is a closed mapping if and only if f has the going-up property.

Suppose that f* is a closed mapping. Let p; C po be a chain of prime ideals in f(A) with p; = f(A)Ngy, where
g1 is a prime ideal in B. Then f~!(pa) € V(f*(q1)) since f*(q1) = f~(p1) € f~1(p2). Since f*(V(q1)) =
V(f*(q1)) there is a prime ideal q2 in B containing q; such that f~!(p2) = f*(q2) = f~'(f(A) Ng2). This
means that po = f(A4) N qa. Therefore, B and f(A) satisfy the conclusions of the going-up theorem, showing
that f has the going-up property.

Now suppose that f has the going up-property. Notice that Spec(B/b) is homeomorphic with V(b). So V'(b)
a Noetherian space, since it is a subspace of the Noetherian space Spec(B). Exercise 6.9 tells us that there are
finitely many prime ideals in B containing b minimal with respect to inclusion. Label these primes p1,...,p,
and write q; = p§. If v € f*(V(b)) then v = p° for some p containing b, so that v = p; for some 4. In other
words, f*(V (b)) € U;_, V(q;). Now suppose that v € V(q;) for some i. Then f(q;) C f(r) is a chain of prime
ideals in f(A) with f(A)Np; = f(q:). So we can choose a prime ideal p containing p; so that f(A)Np = f(r).
But now v = f~1(p) with p € V(b), so that v € f*(V(b)). Thus, f*(V(b)) = U;—, V(q:) is a closed set, so
that f* is a closed mapping.

Let A be a ring such that Spec(A) is a Noetherian space. Show that the set of prime ideals of
A satisfies the ascending chain condition. Is the converse true?

Let p; C po C ... be an ascending sequence of prime ideals in A. Then V(p1) D V(p2) 2 ... is a descending
sequence of closed subset in Spec(A). Choose N with V(p,) = V(py) for all n > N. It follows immediately
that p, = py for all n > N.

The converse does not hold. As a counterexample, take A = Hio Zs(e;). Suppose p C q are prime ideals in
A, and let # € ¢ —p. Then 22 = z so that #(1 —2) = 0 € p, and hence 1 —z € p. But then 1 — 2 € q so
that 1 € g, a contradiction. This means that every prime ideal in A is maximal, so that the prime ideals in A
satisfy the ascending chain condition. Now define an ideal a,, in A by a,, = H?zl Zs(e;) so that a; Cas C ...
and hence V(a1) 2 V(az) 2 ... is a descending sequence of closed subsets of Spec(A). Now [[,_,, 1 Z2(e:)
is a prime ideal in A containing a,, but not containing a,,11 so that V(a,) 2 V(a,41) for all n. This shows
that Spec(A) is not a Noetherian space.
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Chapter 7 : Noetherian Rings

7.1.

7.2.

7.3.

Suppose A is a non-Noetherian ring and let ¥ consist of all ideals in A that are not finitely
generated, so that ¥ # (). Show that ¥ has maximal elements and that every maximal element
is a prime ideal. So if every prime ideal is finitely generated, then A is Noetherian.

A straightforward application of Zorn’s Lemma tells us that ¥ has maximal elements since ¥ is chain complete.
Let a be a maximal element in ¥ and suppose that there are z,y ¢ a for which 2y € a. Then a C a + ().
By maximality, a + (x) is finitely generated, by elements of the form a; 4+ b;z:, where a; are elements of a and
b; are elements of A. Let ag be the ideal of a generated by the a;. Clearly ag + () = a + (z). Also clear is
that ag + x(a : ) C a. So suppose that a € a. Then a + z = >_ ¢;(a; + b;x) for appropriate ¢; € A. Hence,
a =Y ca;+x(d bic;—1) where > bic; —1isin (a: x). Consequently a = ag+xz(a : z). Observe that (a : z)
strictly contains a since y € (a : ) — a. By maximality of a we see that (a : z) is finitely generated. But
then a = ap + x(a : x) is itself finitely generated; a contradiction. So every maximal element in X is prime.
Therefore, a ring in which every prime ideal is finitely generated must be Noetherian.

Suppose A is a Noetherian ring and let f = Y 7~ a;2' € A[[z]]. Show that f is nilpotent if and
only if each a; is nilpotent.

From exercise 1.5 each a; is nilpotent if f is nilpotent. So suppose that each a; is nilpotent. Then each
a; € N(A). Since A is Noetherian there is n > 0 for which 91(A)™ = 0. By induction each coefficient of f™ is
an element of M(A)™, so that f™ = 0. Hence, f is nilpotent.

Let a be a proper irreducible ideal in a ring A. Prove that the following are equivalent.
a. The ideal a is p-primary for some prime ideal p.

b. For every S the saturation S(a) = (a: s) for some s € S.

c. The sequence (a: z") is stationary for every x € A.

(a = b) If it occurs that r(a) NS = 0, then since r(a) is a prime ideal, we can deduce that S(a) = a with of

course a = (a: 1). So suppose then that s € r(a) NS. Choose n > 0 for which s™ € a. Then S(a) = (1)
and a = (a: s™) with s™ € S. So we are done.

(b= c) Let x € A and define S = {1,z,2%,...}. Then J;~ (a : 2") = S(a) = (a : z") for some N. Thus

(a:2N) = (a:a") forn > N.

(c = a) We can imitate the proof of Lemma 7.12, noting that the ascending chain of ideals becomes stationary

by hypothesis (instead of assuming that the ring A is Noetherian).

7.4. Which of the following rings A are Noetherian?

a. The ring A of rational functions having no pole on S'.

Let S be the set of all f € C|[2] so that f has no zero on S*. It is clear that S is a multiplicatively closed
subset of C[z], and that A = S~1 C[z]. Since C[z] is a Noetherian ring, we see that A is a Noetherian ring.

b. The ring A of powers series in z with a positive radius of convergence.

Notice that A is the ring of germs of functions defined at 0. Let a be an ideal in A. If 0 # f € a then
write f(z) = Yoo, @;iz' with n > 0 and a,, # 0. Define g(z) = > 2 a;4n2" so that f(z) = 2"g(z)
and ¢(0) = a, # 0. Complex analysis tells us that ¢ € A and 1/g € A, so that g is invertible in
A. In particular, 2" = f-1/g € a. Assume n is the smallest number satisfying z” € a. From what

we have shown, a = (2"). So the ideals in A are A D (2) D (2?) D ... D (0). We see that A is Noetherian.
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c. The ring A of power series in z with an infinite radius of convergence.

Notice that A is the same as the ring of entire functions on C. More precisely, an element of A yields an
entire function on C via evaluation, and every entire function on C yields an element of A by taking the
Taylor expansion of the function at the origin. Now by Weierstrass’ Theorem for complex analysis, there
is, for every n € N, an entire function f,, defined on C having simple zeros precisely at n,n+1,n+2,...
and no zeros elsewhere. Suppose that g is an entire function with zeros at n,n+1,n+2,.... Then g/ f,
is an entire function, so that g € (f,) and hence (f,) is the set of all entire functions that vanish at
n,n+1,n+2,.... Defining a, = (fy), we have ap C a1 C as C ... is a properly ascending sequence of
ideals in A, showing that A is non-Noetherian.

d. The ring A of polynomials in z whose first k£ derivatives vanish at the origin, where k is a
fixed natural number.

It is easy to see that A is the set of all polynomials ¢ + 2¥T1p(z) where ¢ € C and p € C[z]. Therefore,
A is generated over C by {1,2F+1 2F+2  22k+11 In other words, A is finitely generated over the
Noetherian ring C, and therefore A is itself Noetherian.

e. The ring A of polynomials in z and w all of whose partial derivatives with respect to w
vanish at z = 0.

Define B = Clz, zw, zw?, zw?, .. .] so that B is a subring of C[z,w]. It is clear that zw® € A for every
i > 0. Since A is a ring containing C, we see that B C A. On the other hand, let p be a general element
of A. We can choose n € N and py, . ..,p, € C[z] satisfying

n

p(z,w) = po(2) + pr(2)w + pa(2)w? + - - + pu(2)w
Notice that

o
(2 w) = pa(2) + 2pa(2)w + -+ np (2w

Our condition on p is that

p1(0) + 2p2(0)w + - - - + npn(O)w”*1 =0

Since this holds for all w € C we conclude that p1(0) = p2(0) = ... = p,(0) = 0. In other words,
z | pi(z) for 1 <4 < n. From this we see that p € B, and hence B = A. Now let I,, be the ideal
generated by z, zw, zw?, ..., zw". Then I} C I, C ... is a sequence of ideals in A. Suppose, for the sake

of contradiction, that zw™t! € I,,. Then we can write

2wt = Z)\j(z,w)zwj for some \;(z,w) € B
=0

Now we can write

Aj(z,w) = qo(2) + zro(2)to(w)
Combining these relations yields

n

2wt = Z qo(2)zw? + 22 Z ro(2)to(w)w’

Jj=0 J=0

This equality is impossible by inspection. So Iy C I, C I3 € ... is a properly ascending sequence of
ideals in A. This means that A is non-Noetherian.
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Let A be a Noetherian ring, B a finitely generated A-algebra, and G a finite group of A-
automorphisms of B. Show that B¢ is a finitely generated A-algebra as well.

Suppose f : A — B induces the A-algebra structure of B. Notice that B® is an A-subalgebra of B containing
f(A). By exercise 5.12 we know that B is integral over B. So we have the sequence f(A4) C B¢ C B with
f(A) a Noetherian ring, B a finitely generated f(A)-algebra, and B integral over B“. So proposition 7.8 tells
us that BY is finitely generated as an f(A)-algebra, and hence as an A-algebra, as desired.

Show that a finitely generated field K is finite.

Suppose that char(K) = 0 so that Z C Q C K. Then K is finitely generated over Q since K is finitely
generated over Z by hypothesis. So K is finitely generated as a Q-module by proposition 7.9. Since Z is
Noetherian, proposition 7.8 tells us that Q is finitely generated over Z, say by {ai/b1,...,an/by}. But if p
is a prime number not dividing any b;, then 1/p is not in Z[a1/b1,...,an/by] C Z[1/by ---by,]. Hence, the
characteristic of K is a prime number p. Again, proposition 7.9 tells us that K is finitely generated as an
F,-module, so that K is a finite field.

Suppose k is an algebraically closed field and I an ideal of k[z1,...,z,]. Let X C k™ consist of all
x so that f(x) =0 for every f € I. Show that there is a finite subset Iy C I so that z € X if and
only if f(z) =0 for every z € I.

Obviously k is Noetherian, so that k[x1, ..., z,] is Noetherian. Hence, I is a finitely generated ideal. Suppose
I is generated by f1,..., fn. If z € X then f;(z) = 0 for every i. Conversely, let f € I and write f =Y 1 ¢;f;
with g; € k[z1,...,2,]. Then f(x) = 0 provided that f;(z) = 0 for every i. Hence, Iy = {f;}7 is the desired
subset of I.

If A[z] is Noetherian, must A be Noetherian as well?

Define a ring homomorphism A[z] — A by Y[ axz® — ag. Since this map is surjective, A is Noetherian.

Show that the ring A is Noetherian if the following hold

a. For each maximal ideal m, the ring A,, is Noetherian.

b. For each z # 0 in A, there are finitely many maximal ideals in A containing x.

Let a # 0 be any ideal in A and suppose my, ..., m, are the maximal ideals in A containing a. Suppose zg € a
is nonzero and let my,..., m,,...,m,4, be the maximal ideals in A containing x. Since a € m,; for j > 0
there is z; € a — m,4;. Now a =ag, for 1 <i <7 since an (A—m;) = 0. But each ay, is an ideal in Ay,
(i)

1 -

and so is finitely generated, since Ay, is Noetherian. If ap,, is generated by & .. ,&(]i) then we can choose

agi), e 7a(gi) € a with ay)/l = fl-(j) so that an, is generated by the images of agi), ce a((f) in Am,. Now choose

some t > 0 and some z411,...,2: € a so that

{Topts oz} = {€1<j<q and 1<i<r}

So the images of sy1,...,2; in Ay, generate ay,, for every 1 < i < r. Now define b = (zo, z1,...,2). We
have the inclusion map ¢ : b — a. To show that b = a it is enough to show that ¢ is surjective. So it suffices
to show that ¢n : by — an is surjective whenever m is a maximal ideal in A. That is, it suffices to show
that b, = ay,. We already know this to be true when m contains a. So suppose that a € m. If xp € m then
m = m,4; for some i > 0 so that b, = Ay (since x;/1 € by, is a unit in Ay,) and hence by, = ay. If 2o € m
then by, = Ay (since /1 € by, is a unit in Ay) so that by, = ay. Therefore, a = b is finitely generated,
proving that A is a Noetherian ring.
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Let M be a Noetherian A-module. Show that M|[z] is a Noetherian A[z]-module.

Suppose N is an A[z]-submodule of M[x]. For n > 0, let M, be the set of all m € M so that ma™ +p € N
where p € M|[x] is some polynomial of degree at most n — 1. Then M, is an A-submodule of M, so that
My C My C ... 1is an ascending sequence of submodules. Since M is a Noetherian A-module, there is N* such
that M, = My~ for all n > N*. Again since M is Noetherian, there are m; ; € M; such that {mi1,...,mip}
generates M; for 1 <4 < N. Clearly, {mn=+1,...,mn+,} generates M, for n > N*. For each i, j choose Dij
of degree at most i — 1 so that m; ;2 + p;; € N and define ¢; ; = m; jz* + p; ;.

Assume 0 # p € N has degree d and let m be the leading coefficient of p. Suppose d > N*, and let
m = Y1_ a;my+,; with a; € A. Then defining p’ = p — >°i_, a;z"N gn-; yields p’ € N with p’ having
degree less than d. By induction, there is p’ € N with deg(p—p’) < N*. Now we proceed analogously to write
p—p' as an A-linear sum of the g; ;. So p is an A[z]-linear sum of the ¢; ;. This means that {¢; ;} generates
N as an A[z]-module, and hence N is finitely generated. Consequently, Mx] is a Noetherian A[z]-module.

Let A be a ring such that each local ring A, is Noetherian. Must A itself be Noetherian?

Define A to be the internal direct product A = HZO=1 Zs(er). Let a,, be the ideal generated by eq,...,e, € A.
Then A is not Noetherian since we have a countable properly increasing sequence of ideals in A

a; Cax Caz3 C

Let p be any prime ideal in A. Suppose x € p so that 1 — x ¢ p, for otherwise 1 € p. Then /1 =0/1 in A,
since (1 — x)z = x — 2% = 0. Therefore, A, is a local ring whose maximal ideal p, = 0. This means that A,
is a field, and is hence Noetherian. This shows that A need not be Noetherian even if each of its localizations
is Noetherian, so that being Noetherian is not a local property.

Let A be a ring and B a faithfully flat A-algebra. If B is Noetherian, show that A is Noetherian.

Suppose that a; C as C ... is an ascending chain of ideals in A. Since extension is order preserving,
af C a5 C ... is an ascending chain of ideals in B. But then there is N for which af = a%, whenever n > N.
Because B is faithfully flat we see that a, = af° = a3} = ay whenever n > N. Hence, A is Noetherian as
well.

Let f: A — B be a ring homomorphism of finite type. Show that the fibers of f* are Noetherian
subspaces of B.

Let p be a prime ideal in B. By hypothesis, B is a finitely generated A-algebra. So B ®4 k(p) is a finitely
generated k(p)-algebra. But this means that B ®4 k(p) is a Noetherian ring since k(p) is a field. Hence,
Spec(B ®4 k(p)) is a Noetherian topological space by exercise 6.8. So we are done.

Suppose k is an algebraically closed field and a is an ideal in the ring A = k[t;,...,t,]. Show that
I(V(a)) = r(a).

Suppose that f € r(a) so that f € a for some n > 0. If x € V(a) then 0 = f™(x) = f(z)™, so that f(z) =0.
We see that f € I(V(a)), and hence r(a) C I(V(a)).

Now suppose that f ¢ (a) and choose a prime ideal p containing a so that f ¢ p. Let f # 0 be the image
of fin B = A/p, and define C' = By. Notice that C' # 0 since B is an integral domain and f #0. Let
m be a maximal ideal in C. Now A is generated as a k-algebra by {t1,...,¢,} so that B is generated as a
k-algebra by {f1,...,%,}. We see that C is generated as a k-algebra by {1/f,,/1,...,%,/1}. In particular,
C is a finitely generated k-algebra. Since k is algebraically closed, we have C/m = k. More precisely, 1 + m
generates C'/m as a k-vector space. Now we have a series of maps
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A2t —TS0/m=k

Let ¢ denote the composition of these maps, and let x; = ¥ (¢;). Then we can consider x = (z1,...,z,) as
being a point in k™. More precisely, we choose x; to be the unique point in k satisfying z; + m = ¢(¢;). Let ¢
be any element in A, so that 1(g) can be considered as a point in k™ as well. I claim that ¢¥(g) = g(x). This
holds for each of ¢,...,t, € A and so it holds for any g € A since all maps involved are maps of k-algebras,
including valuation at the point z.

Now let g be any element of a. Then g € p so that 74(g) = 0, and hence g(x) = ¢(g) = 0. This means that
x € V(a). On the other hand, p(ma(f)) = f/1is a unit in C so that ¢(7a(f)) &€ m, and hence ¥(f) # 0. This
means that f(x) # 0, and hence f & I(V(a)). Consequently, I(V(a)) C r(a), and therefore I(V (a)) = r(a).

Let (A,m, k) be a Noetherian local ring and M a finitely generated A-module. Show that the

following four conditions on M are equivalent

a. M is free.

b. M is flat.

c. The map m®4 M — A®4 M is injective.
d. Tori (k, M) = 0.

(a=Db) O.K.

(b=c¢) OK.

(¢ = d) From the short exact sequence

we get the long exact sequence

i®Id
Tor? (A, M) — Tori (k, M) —— m @4 M —2% Aw,y M

But Tor{'(A, M) = 0 and so Tor{!(k, M) is isomorphic with Ker(i ® Id) = 0. Hence, d holds.

(d = a) Since M is finitely generated, M/mM is finitely generated as an A-module, and thus finite dimensional

as a k-vector space. Let {x1,...,2,} be a basis of M/mM. Then M is generated by {x1,...,z,} and
k®a M = M/mM is an n-dimensional vector space over k. Now let F' be the free A-module of rank n
with basis {ej,...,e,} and define a map ¢ : F — M by ¢(e;) = x;. If E is the kernel of this map, then
we have a short exact sequence

0 E F—2 M 0

Since Tori'(k, M) = 0, we have the short exact sequence

0 k@s B —— kg F -2 oy M ——0

But k®4 F = @] k is an n-dimensional k-vector space. Since id ® ¢ is surjective, we see that id® ¢ is an
isomorphism. Therefore, k ® 4 £ = 0. Since A is a Noetherian ring, F is a finitely generated A-module.
Exercise 2.3 now tells us that £ = 0. This means that ' = M and so M is a free A-module.
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Let A be a Noetherian ring and M a finitely generated A-module. Show that the following are
equivalent

a. M is flat.

b. M, is a free Ay-module whenever p is a prime ideal.

c. My is a free An,-module whenever m is a maximal ideal.
Notice that S~™!M is a finitely generated S~!A-module for every multiplicatively closed subset S of A, since

M is a finitely generated A-module. Also, A, is a local Noethering ring for every prime ideal p in A. Finally,
Proposition 3.10 tells us that flatness is a local condition.

(a = b) Each M, is a flat A,-module and so is a free Ay-module by exercise 7.15.
(b=c¢c) OK.
(¢ = a) Each My, is a flat Ay-module by exercise 5.15, and so M is a flat A-module.

7.17.

7.18.

Let A be a ring and M a Noetherian A-module. Show that every submodule N # M of M has
a primary decomposition.

A submodule P of M is said to be irreducible if it cannot be expressed as the intersection of two submodules
of M properly containing P. Since M is Noetherian, every submodule of M is the intersection of finitely
many irreducible submodules (the proof of 7.11 easily carries over to modules). So it suffices to show that
every proper irreducible submodule of M is primary.

Let Q # M be an irreducible submodule. Then 0 is an irreducible submodule of M/Q. If 0 is primary in
M/Q, then @ is primary in M. So we may take @ = 0. Suppose ax = 0 with 0 # « € M. Let M, consist
of all y € M so that a™y = 0. Then M; C M, C ... is a chain of submodules in M. Since M is Noetherian,
we can choose N such that M, = My for n > N. Now suppose that y € a™ M N Az. Then ay = 0 since
y € Az, and y = aVa' for some 2’ € M, so that 0 = ay = a™*'2’. Since 2’ € My, = My, we must have
0 = a2’ = y. In other words, a™¥ M N Az = 0. Since Az # 0 and 0 is an irreducible submodule of M, we
conclude that a’¥ M = 0, so that a is nilpotent. This shows that 0 is primary in M.

Let A be a Noetherian ring, p a prime ideal of A, and M a finitely generated A-module. Show
that the following are equivalent

a. The ideal p belongs to 0 in M.

b. There exists € M so that Ann(z) = p.

c. There exists a submodule N of M isomorphic with A/p.

(a=b) Let N, @i = 0 be a minimal primary decomposition of 0. We may assume that @ is p-primary, and

we can choose a nonzero z € (_, @;. Then clearly Ann(z) = (Q; : z). But (Q1 : M) is a p-primary
ideal in A, and so p™ M C @, for some n > 0. This implies that p” x = 0. Take n > 0 to be such that
p"tl 2 =0 and p"z # 0, and choose y € p" z. Then p C Ann(y) and y & @1 since y € i, Qi- Now if
a € Ann(y) then a annihilates 0 # y + Q1 € M/Q; so that a € p. This means that p = Ann(y).

(b = ¢) The submodule Az of M is isomorphic with A/ Ann(x) = A/ p.

(c=b) Let x € N correspond with 14,, =1+p € A/p. Then Ann(z) = Ann(l,,,) = p.

Deduce that there exists a chain of submodules 0 = My C M; C ... C M,, = M of M with each
M, +1/M; isomorphic with A/p;, for some prime ideal p; in A.
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7.197 Let a be an ideal in the Noetherian ring A. Let

7.20.

7.21.

7.22.

r S
o=t = e
=1 =1

be two minimal decompositions of a as intersections of irreducible ideals. Prove that r = s and
that r(b;) = r(c;) after reindexing. State and prove analogous results for modules.

Let X be a topological space and let F be the smallest collection of subsets of X which contains
all open subsets of X and is closed with respect to the formation of finite intersections and
complements. Show the following.

a. A subset FE of X belongs to F iff F is a finite union of sets of the form U N C, where U is
open and C' is closed.

Let F consist of all sets expressible as the finite union of sets of the form U N C, where U is open and
C is closed. By DeMorgan’s Law F is closed under finite unions. As the complement of an open set is
closed, and as F contains all open sets, we see that F contains all closed sets. So F contains all sets
that are finite unions of sets of the form U N C, where U is open and C is closed. Hence, F C F. Now
F contains all open sets since U N X = U and X. F is closed under complements since

[O(Uka)]c:ﬁ(U,gucg)z U [ ﬂ Cic’“m,o,U;’“}

k=1 k=1 st=n Lip,..

It is obvious that FF is closed under finite unions, and so F is also closed under finite intersections. There-
fore F = F.

b. If X is irreducible and F € F, then FE is dense in X if and only if F contains a non-empty
open subset of X.

If E contains a non-empty open subset of X, then F is dense in X since X is irreducible. So suppose
that E = U7 (U; N C;) satisfies CI(E) = X. Then CI(E) = |J] Cl(U; N C;) = X so that CL({U; N C;) = X
for some i, since X is irreducible. But then X = Cl(U;NC;) C CI(U;) NCI(C;) = C; so that U;NC; = U;
is open in X. Thus, F contains a non-empty open subset of X.

Let X be a Noetherian space and £ C X. Show that F € F iff, for each irreducible closed
Xo C X, either C1(E N Xy) # Xy or EN X, contains a non-empty open subset of Xj.

Suppose that F € F and let X be a closed irreducible subspace of X such that CI(ENXy) = Xo. Notice that
E N Xy is a union of locally closed subspaces of Xy. So by exercise 7.21, we conclude that £ N X, contains a
non-empty open subset of Xj.

Now suppose that E ¢ F. Define ¥ as the set of all closed subsets X’ of X such that EN X' ¢ F. Then ¥
is non-empty since X € Y. Since X is a Noetherian space, there is a minimal element X, of 3. Suppose, for
the sake of contradiction, that X is reducible, with Xq = C7 U Cy and each C; a proper closed subset of Xj.
Then ENC; € F so that EN Xy = (ENCy)U(ENCy) is an element of F; a contradiction. This means that
Xy is a closed irreducible subspace of X. Now suppose that C1(E N Xy) = Xp.

Let X be a Noetherian space and E a subset of X. Show that F is open in X iff, for each

irreducible closed Xj in X, either EN Xy =0 or £N Xy contains a non-empty open subset of Xg.

Suppose E is open in X and let X, be an irreducible closed subset of X. Either EN Xy =0 or EN X, is a
non-empty open subset of X,. Now suppose that E is not an open subspace of X. Then the collection ¥ of
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all closed X’ C X such that £N X’ is not open in X’ is non-empty, since X € X. Since X is a Noetherian
space, we can choose a minimal X, € 3. Suppose Xy = C; U Cy where each C; is a proper closed subset of
Xo. Then EN Xy = (ENC1)U(ENCy) is open in Xy by minimality; a contradiction.

Let A be a Noetherian ring and f : A — B a homomorphism of finite type. Show that
f* : Spec(B) — Spec(A) maps constructible sets into constructible sets.

We can write E = |J] (U; N C;) so that f*(E) =} f*(U; N C;). If each f*(U; N C;) is a constructible subset
of Spec(A), then f*(E) is a constructible subset of Spec(A). So assume that E=UNC.

Let A be a Noetherian ring and f: A — B be a homomorphism of finite type. Show that f* is
an open mapping if and only if f* has the going-down property.

Let A be a Noetherian ring and f : A — B a flat homomorphism of finite type. Show that
f* : Spec(B) — Spec(A) is an open mapping.

Suppose A is Noetherian and let F(A) denote the set of all isomorphism classes of finitely
generated A-modules. Let C be the free abelian group generated by F(A). With each short
exact sequence of finitely generated A-modules

0 M’ M M 0

we associate the element [M'] — [M]+ [M"] of C. Let D be the subgroup of C generated by these
elements. The quotient group C/D is called the Grothendieck group of A, and is denoted by
K(A). If M is a finitely generated A-module, let v4(M) or (M) denote the image of [M] in K(A).
Prove the following concerning K(A).

a. For each additive function A defined on F(A) with values in the abelian group G, there is
a unique homomorphism )y : K(A) — G satisfying \g oy = A.

We can obviously extend A : F(A) — G to a map A : C — G of abelian groups in the obvious way.

Since A is additive, we know that D C Ker(\). So A induces a map A\g : C/D — G satisfying A\goy = .
Clearly this Ao is unique since K(A) is generated by v(F(A)) as an abelian group.

b. The elements y(A/p) with p a prime ideal generate K(A).
Let M be a finitely generated A-module and choose a chain of submodules

O=MyCcM,C...CM,=M
so that M, 1/M; is isomorphic with A/p; for some prime ideal p;. Then we have the short exact sequence
0—— M,_4 HM*)M/Mrfl —0
of finitely generated A-modules, so that [M] = [M,_1] + [A/p,]. By induction [M] = >"7_,[A/p;]. Ap-
plying ~ yields v(M) = >"7_, v(A/p;). So we are done.
c. If A#0 is a principal ideal domain, then K(A) & Z.

Let p = (a) be a non-zero prime ideal in A. Define f : A — p by f(b) = ab. Then f is a surjective
homomorphism of A-modules. If f(b) = 0 then a = 0 or b = 0, so that b = 0 since p # 0. This means
that f is an isomorphism of A-modules. From the short exact sequence

0 p A Alp 0
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we see that [A/p] = [A] — [p] = 0. The only other prime ideal of A is 0, with [A/0] = [A]. So C is the
abelian group generated by [A], and hence C' = Z. Since [A] has infinite order, we get K(A) = Z.

Let f: A — B be a finite ring homomorphism. The restriction of scalars yields a homomor-
phism f, : K(B) — K(A) such that fi(yg(N)) = v4(N) for every finitely generated B-module
N. If g: B — C is another finite ring homomorphism, then (go f); = fiog.

Let N be a finitely generated B-module so that NN is a finitely generated A-module. If N and N’ are
isomorphic B-modules, then fi(N) and fi(N') are isomorphic as well. Also, a short exact sequence
of B-modules turns into a short exact sequence of A-modules under restriction. Therefore, there is a
map fi : K(B) — K(A) satisfying fi(yg(N)) = va(N). Suppose g : B — C is another finite ring
homomorphism and let P be a finitely generated C-module. The pullback of P along go f is the same as
the pullback of N along f, where N is the pullback of P along g. From this it follows that (go )1 = fiog.

7.277 Let A be a Noetherian ring and let F7(A) denote the set of all isomorphism classes of finitely
generated flat A-modules. Repeating the construction of exercise 7.26, we obtain a group K;(A4).
Let v, (M) denote the image (M) in K;(A), when M is a finitely generated flat A-module. Prove
the following concerning K;(A).

a.

The tensor product induces a commutative ring structure on K;(A) such that v;(M)-v1(N) =
(M ®4 N). The identity element is v;(A).

The tensor product of two finitely generated flat A-modules is clearly a finitely generated flat A-module.
The tensor product is commutative, associative, respects direct sums, and has identity A. We get a
multiplicative structure on Fj(A) since M = M’ and N = N’ implies that M @ 4 N =2 M’ ®4 N’. By
linearity we get a multiplicative structure on C1(A), where C7(A) is the free abelian group generated by
Fi(A). Let Dy(A) be the subgroup of C(A) generated by all elements of the form (M) — (M') — (M")
where M', M, and M" fit into the obvious short exact sequence. To get a multiplicative structure on
K, (A), we need to verify that -y = 'y’ whenever x—2’, y—y' € D1(A). By linearity, we simply need to
check that (N)-((M)—(M')—(M")) € D1(A) whenever (N) € C1(A) and (M) —(M')—(M") € D1(A).
But this is immediate since N is a flat A-module. So K;(A) is a commutative ring, with identity v, (A),
and ~y; satisfies the desired relation.

. Show that the tensor product induces a K;(A4)-module structure on K(A) such that ~;(M) -

V(N) =~(M @ N).

We see that C(A) has a K;(A)-module structure induced from the tensor product. Also, K;(A) annihi-
lates D(A) since all modules in F;(A) are flat over A. So K;(A) induces the desired module structure
on K(A).

If (A,m) is a Noetherian local ring, then K;(A) = Z.

. Let f: A — B be a ring homomorphism with B Noetherian. Prove that extension of scalars

gives rise to a ring homomorphism f': K;(A) — K;(B) such that f'(y;(M)) =y (M ®4 B). If
g: B — C with C Noetherian, then (go f)' = ¢' o f'.

If M is a finitely generated flat A-module, then Mg = M ® 4 B is a finitely generated flat B-module. Also,
if M =2 N then Mp = Np. So there is a map F;(A) — Fi(B) that extends to a group homomorphism
C1(A) — C1(B). In fact, this is a ring homomorphism since Mp - Ng = (M ®4 B) ®p (N ®4 B) =
(M®aN)®pB=(M-N)g.

If f : A — B is a finite ring homomorphism then fi(f'(z)y) = zfi(y) for € K,(A) and y € K(B).
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Chapter 8 : Artin Rings

8.1. Assume A is Noetherian and that 0 has the minimal primary decomposition 0 = ﬂ?zl qi, with

p; =r(q;). Show that for every i there is r; > 0 with pgm C q;. Suppose g; is an isolated primary
component. Show that A,, is a local Artin ring, and that if m; is the maximal ideal of A, , then

m; = 0 for some r. Also prove that q; = p,gr) for all large r.

Let q be any p-primary ideal. Since A is Noetherian, there is > 0 with p” C q. Then (p”), C g, so that

p(") = (p"); C qp = q (after all, pN Sy, = @). This holds in particular with ¢ = gq; for some i. Now suppose

that g; is one of the isolated primary components of 0. Clearly A, is a Noetherian ring. Any prime ideal in

Ay, is of the form p,, where p is a prime ideal in A contained in p;. But p; is a minimal element in the set

of all prime ideals in A. This means that A,, has precisely one prime ideal, namely m; = (p;)p,. Therefore,

Ay, is a local Artin ring. Since M(A,,) = m; we see that m] = 0 for all sufficiently large r. Finally, pgr) Cy;
)

for all large r, so that 0 = pET NN 20 G- Since isolated components are uniquely determined, we see that

pgr) = q; for all large 7.
8.2. Let A be Noetherian. Prove that the following are equivalent.

a. A is Artinian.
b. Spec(A4) is discrete and finite.
c. Spec(A) is discrete.

(a = b) Notice that Spec(A) is Hausdorff since each prime ideal in A is maximal. Also, Spec(A) is finite since
there are finitely many maximal ideals in A. Hence, Spec(A) has the discrete topology.

(b=1¢) OK.

(¢ = a) Each prime ideal in A is maximal since Spec(A) is discrete. Therefore, A has Krull dimension 0. Hence,
A is Artinian.

8.3. Let k be a field and A a finitely generated k-algebra. Prove that the following two conditions
are equivalent.

a. A is Artinian.
b. A is a finite k-algebra.

(a = b) Write A = [[j_, A;, where each A; is an Artin local ring, and let 7; : A — A; be the canonical pro-
jection. Notice that there is a unique way to make each A; into a k-algebra in such that a way that ;
is a homomorphism of k-algebras. Also observe that if A is finitely generated as a k-algebra by {z;}",
then A; is finitely generated as a k-algebra by {m;(z;)}/~;. So if we prove that the result holds for the
local Artin rings Aj;, then the result holds for A since dimy(A) = 2?21 dimg(A4;).

So assume that (A, m) is an Artin local ring. Then A/m is a finite algebraic extension of k since A/m
is a finitely generated field extension of k. Since A is Noetherian, we see that m is a finitely generated
A-module, and since m is the only prime ideal in A, we know by exercise 7.18 that there is a chain of
ideals

O=mpCm C...Cm,=m

in A with each m;;1/m; 2 A/m. Since each m;;;/m; is a finite-dimensional k-vector space, the same is
true for m, and therefore the same can be said about A.

(b = a) If ais an ideal in A, then ka C a, where we identify k with its isomorphic image in A. So a is a k-vector
subspace of A. Since A is finite dimensional as a k-vector space, the vector subspaces of A satisfy the
d.c.c. This means that ideals in A satisfy the d.c.c. In other words, A is an Artin ring.



81

8.4. Let f: A — B be a ring homomorphism of finite type. Consider the following conditions and
show that a« = b < ¢ = d. Also, if f: A — B is integral and the fibers of f* are finite, is f finite?

a. The map f is finite.
b. The fibers of f* are discrete subspaces of Spec(B).

For prime p in A, the ring B ®4 k(p) is a finite k(p)-algebra.
d. The fibers of f* are finite.

o

By hypothesis, B is a finitely generated A-algebra, so that B ® 4 k(p) is a finitely generated k(p)-algebra.

(a=Db) If B is generated as an A-module by {b;}7, then B ®4 k(p) is generated as a k(p)-vector space by
{b; ® 1}7, and hence B ®4 k(p) is Artinian by exercise 8.3. So by exercise 8.2, Spec(B ®4 k(p)) is
discrete. This shows that every fiber of f* is a discrete subspace of Spec(B).

(b = ¢) We know that B ®4 k(p) is a finitely generated k(p)-algebra, so that B ® 4 k(p) is a Noetherian ring.
Now by hypothesis Spec(B ® 4 k(p)) is discrete, and so exercise 8.2 tells us that B® 4 k(p) is an Artinian
ring. But exercise 8.3 nows tells us that B ® 4 k(p) is a finite k(p)-algebra.

(¢ = b) Whenever p is a prime ideal in A, the ring B ® 4 k(p) is Artinian by exercise 8.3. So by exercise 8.2, the
fiber Spec(B ®4 k(p)) of f* over p is discrete.

(¢ = d) Whenever p is a prime ideal in A, the ring B ®4 k(p) is Artinian, again by exercise 8.3. So again by
exercise 2, the fiber Spec(B ®4 k(p)) of f* over p is finite.

8.57 In exercise 5.16 show that X is a finite covering of L.

8.67 Let A be a Noetherian ring and g a p-primary ideal. Consider chains of primary ideals from g
to p. Show that all such chains are of finite bounded length, and that all maximal chains have
the same length.

If ¢ C v C p then r(r) = p. So we can restrict attention to chains of p-primary ideals from q to p. Clearly all
such chains are of finite length since A is Noetherian.
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Chapter 9 : Discrete Valuation Rings and Dedekind Domains

9.1.

9.2.

9.3.

Let A be a Dedekind domain, S a multiplicatively closed subset of A not containing 0. Show
that S~'A is either a Dedekind domain or the field of fractions K of A.

If po C p1 C ... C p, is a chain of prime ideals in S~1A, then p§ C p§ C ... C p¢ is a chain of prime ideals
in A. So in general, the Krull dimension of S~!A4 is less than or equal to the Krull dimension of A. Now A
has dimension 1 since A is a Dedekind domain. Hence, S~!A has dimension equal to 1 or 0. Since A is an
integral domain and 0 ¢ S, we can consider A C S~'A C K. If S~ A has dimension 0, then S™'A4 is a field,
and so S7!A =K.

Now assume that S~' A has dimension 1. Clearly S~'A is Noetherian, and K is the field of fractions of S~!A.
Since the integral closure of A in K equals A, the integral closure of S A in S™1(K) = K is S™1A. This
means that S™!A is integrally closed as well. Therefore, S~ A is a Dedekind domain.

Suppose again that 0 € S, and let H, H' be the ideal class groups of A and S~!'A respectively.
Show that extension of ideals induces a surjective homomorphism H — H'.

Suppose that a is a non-zero fractional ideal of A. It is clear that S~'a is a non-zero ideal of S~!A since S
has no zero-divisors. If € A is such that za C A, then 5 'a C S~'A. Hence S~ 'a is a fractional ideal
of S71A. Therefore, if we let I be the group of non-zero fractional ideals of A, and I’ the group of non-zero
fractional ideals of S~ A, then we have a map I — I’ given by a — S~ 'a. In other words, this map is given
by extension. This map is a group homomorphism since localization commutes with taking finite products.
Let P be the image of the canonical map K* — I, and P’ the image of the canonical map K* — I'. If z € K*
then S~!(z) = (), and hence the map I — I’ carries P into P’. Consequently, the map I — I’ induces a
map H — H'. If bI’ € H' then there is 0 # 2 € A satisfying 2b C S™'A. We can write (2)b = S~'a for some
non-zero ideal a in A. Since a is an integral ideal, it is clearly a fractional ideal of A, and so is an element of
I. This means that the map H — H’ is surjective.

Let A be a Dedekind domain. If f = ag+ajx+ -+ a,z" then the content ¢(f) of f is defined by
c(f) = (ag,...,a,). Prove Gauss’s Lemma that ¢(fg) = ¢(f)c(g) for all f,g.

Suppose that A is in fact a discrete valuation ring, with maximal ideal m, where m = (y). Each q; is of the
form wu;y"(%) where u; is a unit in A and v is the appropriate discrete valuation. Let a > 0 be the biggest a’
so that y“l divides each a;. Similarly, let b > 0 be the biggest b’ so that yb/ divides each coefficient of g. Then
f/y® and g/y® are primitive polynomials since some coefficient of f and g is a unit. Exercise 1.2 tells us that
fg/y**t is primitive as well. Now ¢(fg) = () = (y*)(y*) = e(f)c(g) so that Gauss’s Lemma holds for
discrete valuation rings.

Now suppose that A is a general Dedekind domain. Let m be a maximal ideal in A so that Ay, is a discrete
valuation ring. The canonical map A — Ay, extends naturally to a map A[x] — An[z]. Denote this map by
f— fu. Tt is clear that ¢(fn) = ¢(f)m- Now there is an inclusion map j : ¢(fg) — c(f)c(g). We see that
the map jm : ¢(fg)m — (c(f)c(9))m = c(flme(g)m = ¢(fm)c(gm) is the natural inclusion map. By the work
done above, we see that j,, is the identity, and in particular is surjective. This means that j is surjective, and
hence ¢(fg) = ¢(f)c(g). This means that Gauss’s Lemma holds for Dedekind domains.

Suppose that (A, m, K) is a valuation ring, with A # K. Show that A is Noetherian if and only
if A is a discrete valuation ring.

If A is a DVR then A is clearly Noetherian. So suppose that A is Noetherian. If a is an ideal in A then we
can write a = (aq,...,a,) for some a;. Since A is a valuation ring, the ideals in A are totally ordered. So
there is some ¢ for which (a;) C (a;) for all 1 < j < n. This means that a = (a;), and so a is a principal ideal.
This means that A is a PID. Now write m = (), where  # 0 since A is not a field. Let y be an arbitrary
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non-zero element of m.

I claim that y = ux” for some unit u and some k > 0. If not, then for every i there is a; € m satisfying
y = a;x'. Notice that a; = a;;17 since x # 0, and so (a;) C (a;y1). But if (a;41) = (a;) then there is
b for which a;y1 = ba;, and hence y = a; 12t = (wb)(a;2?) so that xb = 1, implying that x is a unit.
Consequently, we have a properly ascending sequence of ideals (a;) C (ag) C ... in the Noetherian ring A, a
contradiction.

Now let a be any proper ideal in A. Choose y for which a = (y) and notice that y € m since y is not a unit.
Write y = ux® as above, so that a = (z*). Now we argue as in (f = a) from Proposition 9.2 to conclude that
A is a discrete valuation ring (noting that this portion of Proposition 9.2 does not require the assumption
that A have dimension 1).

Let A be a local domain which is not a field. Suppose the non-zero maximal ideal m = (z) of A
is principal and satisfies ()2, m’ = 0. Prove that A4 is a DVR.

If 0 # y € m then I claim that y = uz® for some unit u and some k > 0. If not, then there are a; € m
satisfying y = a;z* for all 7. But then y € ﬂfil m’ = 0 so that y = 0, contrary to our assumption on y. Now
let a be a proper non-zero ideal in A, so that a C m. For every nonzero y € a write y = uz* as above. Let k*
be the minimal k that arises in this fashion. Then clearly a C (:Ck) since every nonzero y € a can be written
as y = uz® for some unit v and some k > k*. On the other hand, there is some unit u such that uz®" € a,
and hence (z*") = a. Now we argue as in (f = a) from Proposition 9.2 to conclude that A is a discrete
valuation ring (noting that this portion of Proposition 9.2 only requires that m™ # m™*! for all n, and that
this holds true since z is a non-unit in A).

Let M be a finitely generated module over a Dedekind domain A. Prove that M is flat if and
only if M is torsion free.

Exercise 7.16 tells us that M is a flat A-module if and only if M, is a free A,-module whenever m is a maximal
ideal in A. But A, is a principal ideal domain whenever m is a maximal ideal in A. So the structure theorem
of finitely generated modules over a PID tells us that M, is a free A-module if and only if My, is torsion
free. Exercise 3.13 now tells us that each M, is torsion free if and only if M is torsion free. Summarizing,
M is a flat A-module if and only if M is torsion free.

Let M be a finitely generated torsion module over the Dedekind domain A. Prove that M is
uniquely representable as a finite direct sum of modules A/p;* where p;, are non-zero prime
ideals in A.

Let A be a Dedekind domain and a # 0 an ideal in A. Show that every ideal in A/a is principal.
Deduce that every ideal in A can be generated by at most 2 elements.

Since A is a Dedekind domain we can write a = p7* - - - pé where p; are distinct prime ideals in A and each
e; > 0. Since each p; is maximal, we know that p; and p; are coprime for i # j. Hence, p;’ and p;j are
coprime for i # j. This means that A/a =[], A/p{*. I claim that every ideal in A/p{’ is principal. Suppose
that b is an ideal in A/a

Let a,b, and ¢ be ideals in the Dedekind domain A. Prove that

an(b+c¢)=anb+anc and a+bNc=(a+b)N(a+rc)

Suppose first that A is in fact a discrete valuation ring. Let m be the maximal ideal in A and write m = (z). If
any of the three ideals are zero, then we clearly have equality. So we may suppose that all three ideals are non-
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zero. Then we can choose a, b, ¢ > 0 for which a = (2%),b = (2?), and ¢ = (2°). Now (27) N (z*) = (xmax{i:kh)
and (z7) + (zF) = (z™U*}) for all 4,k > 0. So the equalities that we need to verify are as follows

max{a, min{b, ¢}} = min{max{a, b}, max{a, c}}

min{a, max{b, c}} = max{min{a, b}, min{a, c}}
To do this requires a straightforward case-by-case analysis, and so is omitted. Now assume that A is a general
Dedekind domain. We have an inclusion map j: anNb-+anc— an(b+c). In the field of fractions of A we
have the equality (aNb+anNc), = a,Nby +a,Nc, of sets, and similarly (aN(b+c)), = a, N (b, +¢p). Further,

the induced map j, corresponds to inclusion. Since A, is a PID, the work above shows that j, is surjective.
Therefore, j is surjective, and hence aN (b+¢) =anNb+ anc. The second equality follows analogously.

Let ay,...,a, be ideals and let z1,...,z, be elements in the Dedekind domain A. Show that the
system of congruences r =,, z; has a solution z iff v; =, 4, 7; whenever i # j.

Consider the following sequence

A—" @ Ao, —— D, Al +ay)
where ¢(z) = (z +ar,...,x+a,) and ¢(x; +a1,...,2, +a,) has (¢, ) component x; — x; + a; + a;. Notice
first that v is well-defined. Suppose that this sequence is exact, and let xy,...,z, € A. If the system of
congruences r =q, x; has a solution x then (x1 +ay,...,2, +a,) = ¢(z) so that ¥ (z1+a1,..., 2, +a,) = 0.
This means that x; =q, 14, ; whenever i # j. Conversely, if this holds then ¢ (z; + a1,..., 2, +a,) = 0
so that (z1 + a1,...,z, + a,) = ¢(x) for some = € A, and hence our system of congruences has a solution.

So it suffices to demonstrate that the sequence is exact. To do this it suffices to show that the sequence is
exact whenever it is localized at a maximal ideal m of A. Hence, we simply need to show that the sequence
is exact in the special case that A is a discrete valuation ring. We may assume that the ideals are ordered by
a1 Cay C.... Clearly ¥ o¢ = 0, so suppose that ¢¥(x; +ay,...,z,+a,) =0. Then z; —x; € a1 + a; = a; for
1 <4, and hence x; + a; = z1 + a; for all . But this means that (z1 + a1,...,2, + a,) = ¢(z1). Therefore,
the sequence is indeed exact when A is a discrete valuation ring. Thus, we are done.
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Chapter 10 : Completions

10.1.

10.2.

Let oy, : Z, — Z,» be the obvious injection, and let o : A — B be the direct sum of all the «,,
where A = @ 1Zp and B = @, ,Z,~. Show that the p-adic completion of A is just A4, but
that the completion of A for the topology induced from the p-adic topology on B is [[ ., Z

Deduce that the p-adic completion is not a right-exact functor on the category of all Z-modules.

Let M be an arbitrary module with the filtration M = My 2 M; O .... Suppose that N satisfies M,, = My
for n > N. Then the maps M/M,+1 — M/M, are the 1dent1ty maps for n > N. So an element
¢ € M C [, M/M,, is completely determined by &y. This means that the canonical map M — M
given by z — (x + My, + My, ...) is surjective. Clearly, the kernel of this map is My. Therefore, M and
M /My are isomorphic.

Now if A =@, Z, then pA = 0, and so the standard p-adic filtration of A is given by A >D0=0=.... By
the general considerations from above, we see that the p-adic completion A of A is isomorphic with A/0 = A.

On the other hand, we have an injection a : A — B and we have the p-adic filtration B D pB D p?B D ... of B.
This gives a p-adic filtration A D a=1(pB) D a1 (p?B) D ... of A. Now a(x1, 22,23, ...) = (z1,pT2,p?T3,...)
so that (z1,22,23,...) € a”'(p"B) if and only if z; = 0 for 1 < i < n. We see that A/a~'(p"B) = @, Z,
and that under these identifications the map A/a~1(p"™1B) — A/a~!(p"B) is given by (z1,...,%p11) —
(z1,...,2,). Now the general element of [[°-; A/a~!(p"B) under these identifications is of the form

((Ill)a (x127 m22)a (x137 23, 3733)7 (33147 T24,T34, 3744)7 i )

where z;; are arbitrary elements of Z,. For this element to be in 121, it is necessary and sufficient that
xij = Ty for any k > j. So A can be identified with 12, Z,. Now p-adic completion is an exact functor
on the category of all finitely generated Z-modules, but A is not finitely generated. Now we have the short
exact sequence of Z-modules

«

0 A B B/A 0

In the notation of exercise 10.1 let A,, = a~!(p"B). Consider the short exact sequences

0 A, A A/A, 0

to show that lim is not right exact, and compute lim'A4,,.

We see that {A,}3° is an inverse system with inclusion as the map A,, — A, for m > n. Clearly {A}{°
is an inverse system with identity A — A. Finally, {A/A,}5° is an inverse system with the induced maps
A/A,, — A/A, for m > n. Now we have the commutative diagrams

00— Apy1 —— A—— AJ/Api1 ——0

R

0 A, A AJA, ——0

with exact rows. So Proposition 10.2 gives us the exact sequence

0— s limA4, limA 7, lim A/A,

I claim that f is not surjective. Using the identification from exercise 10.1 and the isomorphism lim A/A,, &

[1,2, Z, we see that f can be identified with the inclusion map @, | Z, — [[,—; Z,. So f is not surjective.
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Let A be a Noetherian ring, a an ideal, and M a finitely generated A-module. Prove that

ﬁ a"M = () Ker(M — My)

n=1 mDa

By Krull’s Theorem, the elements of ()~ a™M are precisely the elements in M annihilated by some element
of 1+ a. So suppose first that x € M satisfies (1 + a)z = 0 for some a € a. If m is a maximal ideal in A
containing a, then a € m so that 1+a ¢ m. Since (14+a)z =0and 1+a € A—m, we see that /1 = 0/1 in M,,.
This means that ()2, a"M C (.-, Ker(M — My). Now let z € (5, Ker(M — My,) so that (z)m =0
whenever m is a maximal ideal containing a. Then exercise 3.14 tells us that (z) = a(z). So in particular
we can write = —ax for some a € a. This means that (1+a)z = 0, and hence z € (-, a” M. So we are done.

Deduce that M = 0 if and only if Supp(M) NV (a) = 0.

Let A be a Noetherian ring, a an ideal, and A the a-adic completion. For any z € A let & be the
image of z in A. Show that Z is not a zero-divisor in A if z is not a zero-divisor in A. Does this
imply that A is an integral domain provided A is an integral domain?

If x is not a zero-divisor in A then we have a short exact sequence

0 Y| AJzA 0

Proposition 10.12 tells us that we have a new short exact sequence

~ T ~

0 A A AliA > 0

This means that Z is not a zero-divisor in A. Now Z) is not an integral domain even though Z is an integral
domain.

Let A be Noetherian with ideals a and b. If M is an A-module, let M* M® denote the a-adic
and b-adic completions of M. If M is finitely generated, prove that (M*®)" = M/o+b,

For every n we have a short exact sequence

0——b"M —— M —— M/b"M ——0

Since M is finitely generated and A is Noetherian, all modules in this sequence are finitely generated. So we
have a new short exact sequence

0—— (b"M)* —— M —— (M/b"M)* —— 0

Let A be a Noetherian ring and a an ideal in A. Prove that a C R(A) if and only if every
maximal ideal m in A is closed when A is given the a-adic topology.

Suppose that a C R(A) and let m be a maximal ideal in A. Then the quotient topology of A/m is the same as
the a-adic topology of A/m. Since A/m is a finite A-module, Corollary 10.19 tells us that the a-adic topology
of A/m is Hausdorff. By the definition of the quotient topology, this means that m is closed in the a-adic
topology on A.

Suppose now that m is closed in the a-adic topology on A whenever m is a maximal ideal in A. Then
m=Cl(m) ="_,(m+ a").

n=1
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C.

Find a non-Noetherian local ring A with an ideal a such that the a-adic completion Aof Ais a
Noetherian ring that is finitely generated over A.

Let A be the ring of germs of C*° functions of x at x = 0, and let a be the ideal of all germs that vanish at
x = 0. Then A is a local ring with maximal ideal a. Now A is not Noetherian since we have the properly
ascending sequence of ideals

(e V") c (e V" Jz) c (e V" Ja?) C ...

Assuming that A is Noetherian, show that A[[zy,...,,]] is a faithfully flat A-algebra.

. Let f € k[x1,...,2,] be an irreducible polynomial over the algebraically closed field k. A point

P on the variety defined by (f) is said to be non-singular if not all derivatives df/0z; vanish at
P. Let A =k[zy1,...,2,]/(f) and let m be the maximal ideal of A corresponding to the point P.
Prove that P is non-singular if and only if A, is a regular ring.

Write P = (aq,...,a,) and definen = (z1—ay,...,Tn—ay) sothatm =n /(f). Then An = kf[z1,...,2p]n/(f)n =

klz1,...,2n]a/(f/1) as rings. Now f vanishes at P so that f € n, and hence f/1 is in the (unique) maximal
ideal n, of k[x1,...,2,]s. Also, f/1 is not a zero-divisor in k[x1,...,z,], since

Give an example of a Noetherian ring A that has infinite Krull dimension.

Reformulate the Hilbert-Serre Theorem in terms of the Grothendieck group K(Ay).

Let v be the map that sends a finitely generated Ag-module M to its image in K(Ap). The Hilbert-Serre
Theorem states that if A : K(Ag) — Z is a homomorphism of groups then P(M,t) := > A(M,)t" is of
the form P(M,t) = f(t){I[;—,(1 — t*)}~1 for some f(t) € Z[t].

Let A be a ring and prove that 1+ dim(4) < dim A[z] <1+ 2dim(A).

Let py C -+ € p,, be a chain of prime ideals in A. Then p;[z] is a prime ideal in A[x] since A[z]/p;[x] =
(A/p;)[x] is an integral domain. So we have a chain of prime ideals py[z] C --- C p,[z] in A. But p,;[z] #
Piy1|x] since p;[z] N A = p, for all i. Now 1 & p,, since p,, # A, and so p,,[z] C (p,[z], z). Also, (p,[z],z) is a
prime ideal in A[z] since A[x]/(p, [z],z) = A/p,,. From this we see that dim Az] > dim A + 1.

T
T

Show that dim A[z] = dim(A) + 1 if A is Noetherian.

It suffices to show that dim Afx] < dim(A4) + 1.



