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 A quick review on method of separation of variables 

and Laplace transformation  for solution of PDEs 
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Non-Steady State Filtration in Infinite Acting Systems 

Radial Systems with Constant Production Rate 
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Line-source: the well has zero radius Finite-wellbore 
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Non-Steady State Filtration in Infinite Acting Systems 
Radial Systems with Constant Production Rate 

Solution method: Combination of variables 
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The most common PDE classification scheme identifies the PDE as either a 

hyperbolic, parabolic, or elliptic equation depending on the sign of the term                                            

(which can vary with x and y). In particular, we have the following classification 

scheme:  

Analytical Solution of PDEs 



These types of systems give rise to significantly different characteristic behavior 

and, as mentioned above, the solution scheme for each method can also differ. 

An example of each type of PDE is summarized below: 



Introduction to the 1-D Heat Equation 

Fourier’s law of heat transfer: rate of heat transfer proportional to negative 

temperature gradient,  

Governing Equation 



Initial Condition and Boundary Conditions  

To make use of the Heat Equation, we need more information:  

1. Initial Condition(IC): in this case ,the initial temperature distribution in the 

rod u(x,0).  

 

2. Boundary Conditions(BC): in this case, the temperature of the rod is 

affected by what happens at the ends, x =0,l. What happens to the 

temperature at the end of the rod must be specified. In reality, the BCs can be 

complicated. Here we consider three simple cases for the boundary at x =0.  

Drichlit  BC 

Neumann  BC 



Example 1: Consider a rod of length l with insulated sides is given an initial 

temperature distribution of f (x) degree C, for 0 <x<l. Find u(x,t) at subsequent 

times t> 0 if end of rod are kept at 0o C.  The Heat Eqn and corresponding IC 

and BCs are thus  

Physical intuition: we expect  



Non-dimensionalization  





Dimensionless Problem  

Separation of Variables  
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Solving for X(x) –  Case(1)  



Solving for X(x) –  Case(2, 3)  



Solving for T (t)  



Full Solution u(x,t) -  Principle of Superposition  



Full Solution u(x,t) -  Fourier Sine Series 



Full Solution u(x,t) -  Orthogonality Relation 



Full Solution u(x,t) -  Solve for Bn’s  



• It can only be applied directly to linear homogeneous problems with homogeneous 

boundary conditions. 

• The basic idea is to assume that the original function of two variables can be written 

as a product of two functions, each of which is only dependent upon a single 

independent variable. 

• The separated form of the solution is inserted into the original linear PDE and, after 

some manipulation, one obtains two homogeneous ODEs that can be solved by 

traditional means. 

•  If the original boundary conditions (BCs) for the problem are homogeneous, one of 

the ODEs will give a Sturm-Liouville type problem, which leads to a set of orthogonal 

eigen-functions as solutions.  

• Because the original PDE is linear, its final solution is formed as a linear 

combination of the individual solutions - which gives rise to a solution written in the 

form of an infinite series. 

•  A final condition imposed on the problem (either an initial condition or a remaining 

BC that has not yet been used) is used to determine the unknown expansion 

coefficients in the infinite series solution. Since the basis functions are orthogonal, 

these coefficients are readily determined. 

• The analytical solution is complete once the coefficients have been determined. 

However, since the solution is still written in the form of an infinite series expansion, it 

is often evaluated and plotted using computer techniques - thus completing the 

overall problem. 

The Classical Separation of Variables Method 



Example : Cooling of a Rod from a Constant 

Initial Temperature  







Introduction to Laplace Transforms 

•The method of Laplace transform has been widely used in time-dependent heat 

conduction problems, because the partial derivative with respect to the time-

variable can be removed from the differential equation by Laplace 

transformation.  

Definition 

Linear operator 

•Conditions for the existence of Laplace transform: 
Function F(t) is continuous or piecewise continuous in any interval between t1 and t2 

for t1>0  

 

The term                 is bounded as t approaches to 0-  for some number n when n<1. 

 

Function F(t) is of exponential order, namely                   is bounded for some 

positive number γ, as t approaches to infinity.  

 

 



Some Examples 



Laplace Transform of the Derivative  

Suppose that the Laplace transform of y(t) is Y(s). Then the Laplace Transform of 

y'(t) is : 

 

For the second derivative we have  

For the n'th derivative we have 

Derivatives of the Laplace Transform  

Let Y(s) be the Laplace Transform of y(t). Then  









Numerical Laplace Inversion Methods 
H. Hassanzadeh, M. Pooladi-Darvish / Applied Mathematics and Computation 189 (2007) 1966–1981 

Using the Laplace transform for solving differential equations, however, sometimes 

leads to solutions in the Laplace domain that are not readily invertible to the real 

domain by analytical means. Numerical inversion methods are then used to 

convert the obtained solution from the Laplace domain into the real domain. 

•Some Numerical inversion methods: 
•Stehfest’s method: It is used in many engineering applications is easy to implement 

and leads to accurate results for many problems including diffusion-dominated ones and 

solutions that behave like  e-t  type functions. However, this method fails to predict e+t 

type functions or those with an oscillatory response, such as sine and wave functions. 

 

•Zakian’s method: Zakian’s algorithm is accurate for e+t functions, diffusion problems, 

and fractional functions in the Laplace domain. 

 

•Fourier series method : the most powerful but also the most computationally 

expensive. 

 

•Schapery’s method: It is an analytical inversion method, may be used to estimate the 

global behavior of the solution before applying a numerical inversion method. 



Stehfest’s Method 



Zakian’s method 



Fourier Series Method 



Schapery’s method 














