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FROM THE PREFACE TO THE
FIRST EDITION.

THE oft-repeated requests either to publish my collected
papers on Thermodynamics, or to work them up into a
comprehensive treatise, first suggested the writing of this
book. Although the first plan would have been the simpler,
especially as I found no occasion to make any important
changes in the line of thought of my original papers, yet I
decided to rewrite the whole subject-matter, with the inten-
tion of giving at greater length, and with more detail, certain
general considerations and demonstrations too concisely
expressed in these papers. My chief reason, however, was
that an opportunity was thus offered of presenting the entire
field of Thermodynamics from a uniform point of view.
This, to be sure, deprives the work of the character of an
original contribution to science, and stamps it rather as an
introductory text-book on Thermodynamics for students who
have taken elementary courses in Physics and Chemistry, and
are familiar with the elements of the Differential and Integral
Calculus.

The numerical values in the examples, which have been
worked as applications of the theory, have, almost all of
them, been taken from the original papers; only a few, that
have been determined by frequent measurement, have been
taken from the tables in Kohlrausch’s ““ Leitfaden der prak-
tischen Physik.” It should be emphasized, however, that
the numbers used, notwithstanding the care taken, have not

v
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basis of the theory. Since this book is chiefly concerned
with the exposition of these fundamental principles, and the
applications are given more as illustrative examples, I have
not aimed at a new treatment of the subject, but have limited
myself to corrections of some numerical data, and to a careful
revision of the general ideas. I have thereby found it advis-
able to make a number of changes and additions. Many of
these have been suggested by scientific acquaintances and
colleagues.

With regard to the concluding paragraph of the preface
to the first edition, I may be permitted to remark that the
theory of heat has in the interval made remarkable progress
along the path there indicated. Just as the first law of
Thermodynamics forms only one side of the universal principle
of the conservation of energy, so also the second law, or the
principle of the increase of the Entropy, pessesses no inde-
pendent meaning. The new results of the investigations in
the subject of heat radiation have made this still clearer. In
this connection, I may mention the names of W. Wien,
F. Paschen, O. Lummer and E. Pringsheim, H. Rubens, and
F. Kurlbaum. The full content of the second law can only
be understood if we look for its foundation in the known
laws of the theory of probability as they were laid down by
Clausius and Maxwell, and further extended by Boltzmann.
According to this, the entropy of a natural state is in general
equal to the logarithm of the probability of the corresponding
state multiplied by a universal constant of the dimensions of
energy divided by temperature. A closer discussion of this
relation, which penetrates deeper than hitherto into a know-
ledge of molecular processes, as also of the laws of radiation,
would overstep the limits which have been expressly laid
down for this work, This discussion will therefore not be
undertaken here, especially as I propose to deal with this
subject in a separate book.

BERLIN,
January, 1905.
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PREFACE TO THE THIRD EDITION.

THE plan of the presentation and the arrangement of the
material is maintained in the new edition. Nevertheless,
there is to be found in this edition, apart from a further
revision of all the numerical data, & number of explanations
and additions, which, one way or another, have been sug-
gested. These are to be found scattered throughout the
whole book. Of such I may mention, for example, the law
of corresponding states, the definition of molecular weight,
the proof of the second law, the characteristic thermodynamic
function, the theory of the Joule-Thomson effect, and the
evaporation of liquid mixtures. Further suggestions will
always be very thankfully received.

A real extension of fundamental importance is the heat
theorem, which was introduced by W. Nernst in 1906. Should
this theorem, as at present appears likely, be found to hold
good in all directions, then Thermodynamics will be enriched
by a principle whose range, not only from the practical, but
also from the theoretical point of view, cannot as yet be
foreseen.

In order to present the true import of this new theorem
in a form suitable for experimental test, it is, in my opinion,
necessary to leave out of account its bearing on the atomic
theory, which to-day is by no means clear. The methods,
which have otherwise been adopted in this book, also depend
on this point of view.

On the other hand, I have made the theorem, I believe, as
general as possible, in order that its applications may be
simple and comprehensive. Accordingly, Nernst’s theorem
has been extended both in form and in content. I mention
this here as there is the possibility of the extended theorem

not being confirmed, while Nernst’s original theorem may
still be true.

BERLIN,
November, 1910.
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PREFACE TO THE FIFTH EDITION.

For the fifth edition, I have once more worked through
the whole material of the book, in particular the section on
Nernst’s heat theorem. The theorem in its extended form
has in the interval received abundant confirmation and may
now be regarded as well established. Its atomic significance,
which finds expression in the restricted relations of the
quantum hypothesis, cannot, of course, be estimated in the
present work.

BERLIN,
March, 1917.
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TREATISE

ON

THERMODYNAMICS.

PART 1.

FUNDAMENTAL FACTS AND DEFINITIONS.

CHAPTER L

TEMPERATURE.

§ 1. THE conception of “ heat’ arises from that particular
sensation of warmth or coldness which is immediately experi-
enced on touching a body. This direct sensation, however,
furnishes no quantitative scientific measure of a body’s state
with regard to heat; it yields only qualitative results, which
vary according to external circumstances. For quantitative
purposes we utilize the change of volume which takes place
in all bodies when heated under constant pressure, for this
admits of exact measurement. Heating produces in most
substances an increase of volume, and thus we can tell whether
a body gets hotter or colder, not merely by the sense of touch,
but also by a purely mechanical observation affording a much
greater degree of accuracy. We can also tell accurately
when a body assumes a former state of heat.

§ 2. If two bodies, one of which feels warmer than the
other, be brought together (for example, a piece of heated
metal and cold water), it is invariably found that the hotter
body is cooled, and the colder one is heated up to a certain
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point, and then all change ceases. The two bodies are then
said to be in thermal equilibrium. Experience shows that
such a state of equilibrium finally sets in, not only when
two, but also when any number of differently heated bodies
are brought into mutual contact. From this follows the
important proposition: If a body, A, be in thermal equili-
brium with two other bodies, B and C, then B and C are in
thermal equilibrium with one another. For, if we bring A,
B, and C together so that each touches the other two, then,
according to our supposition, there will be equilibrium at
the points of contact AB and AC, and, therefore, also at the
contact BC. If it were not so, no general thermal equili-
brium would be possible, which is contrary to experience.

§ 3. These facts enable us to compare the degree of heat
of two bodies, B and C, without bringing them into contact
with one another; namely, by bringing each body into
contact with an arbitrarily selected standard body, A (for
example, a mass of mercury enclosed in a vessel terminating
in a fine capillary tube). By observing the volume of A
in each case, it is possible to tell whether B and C are in
thermal equilibrium or not. If they are not in thermal
equilibrium, we can tell which of the two is the hotter. The
degree of heat of A, or of any body in thermal equilibrium
with A, can thus be very simply defined by the volume of
A, or, as is usual, by the difference between the volume of
A and an arbitrarily selected mormal volume, pamely, the
volume of A when in thermal equilibrium with melting ice
under atmospheric pressure. This volumetric difference,
which, by an appropriate choice of unit, is made to read 100
when A is in contact with steam under atmospheric pressure,
i8 called the temperature in degrees Centigrade with regard
to A as thermometric substance. Two bodies of equal tem-
perature are, therefore, in thermal equilibrium, and wvice
versd.

§ 4. The temperature readings of no two thermometric
substances agree, in general, except at 0° and 100°. The



TEMPERATURE. 3

definition of temperature is therefore somewhat arbitrary.
This we may remedy to a certain extent by taking gases, in
particular those hard to condense, such as hydrogen, oxygen,
nitrogen, and carbon monoxide, and all so-called permanent
gases as thermometric substances. They agree almost com-
pletely within a considerable range of temperature, and their
readings are sufficiently in accordance for most purposes.
Besides, the coefficient of expansion of these different gases
is the same, inasmuch as equal volumes of them expand
under constant pressure by the same amount—about 535 of
their volume—when heated from 0° C. to 1° C. Since, also,
the influence of the external pressure on the volume of these
gases can be represented by a very simple law, we are led
to the conclusion that these regularities are based on a re-
markable simplicity in their constitution, and that, therefore,
it is reasonable to define the common temperature given
by them simply as temperature. We must consequently
reduce the readings of other thermometers to those of the
gas thermometer.

§ 5. The definition of temperature remains arbitrary in
cases where the requirements of accuracy cannot be satisfied
by the agreement between the readings of the different gas
thermometers, for there is no sufficient reason for the prefer-
ence of any one of these gases. A definition of temperature
completely independent of the properties of any individual
substance, and applicable to all stages of heat and cold,
becomes first possible on the basis of the second law of thermo-
dynamics (§ 160, etc.). In the mean time, only such tem-
peratures will be considered as are defined with sufficient
accuracy by the gas thermometer.

§ 6. In the following we shall deal chiefly with homo-
geneous, isotropic bodies of any form, possessing throughout
their substance the same temperature and density, and
subject to a uniform pressure acting everywhere perpen-
dicular to the surface. They, therefore, also exert the same
pressure outwards. Surface phenomena are thereby dis-
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regarded. The condition of such a body is determined by
its chemical nature; its mass, M; its volume, V; and its
temperature, f. On these must depend, in a definite manner,
all other properties of the particular state of the body,
especially the pressure, which is uniform throughout, in-
ternally and externally. The pressure, p, is measured by the
force acting on the unit of area—in the c.g.s. system, in
dynes per square centimeter, a dyne being the force which
imparts to a mass of one gramme in one second a velocity
of one centimeter per second.

§ 7. As the pressure is generally given in atmospheres,
the value of an atmosphere in absolute C.G.S. units is here
calculated. The pressure of an atmosphere is the force which

“a column of mercury at 0° C., 76 cm. high, and 1 sq. cm.
in cross-section exerts on its base in consequence of its weight,
when placed in geographical latitude 45°. This latter con-
dition must be added, because the weight, z.e. the force
of the earth’s attraction, varies with the locality. The
volume of the column of mercury is 76 c.c.; and since the

density of mercury at 0° C. is 13-596 f—%, the mass is 76 X

13-596 grm. Multiplying the mass by the acceleration of
gravity in latitude 45°, we find the pressure of one atmosphere
in absolute units to be

76 x 13596 x 9806 — 1,013,250 2 or &
cm. cm.-secC.

If, as was formerly the custom in mechanics, we use as the
unit of force the weight of a gramme in geographical latitude
45° instead of the dyne, the pressure of an atmosphere would
be 76 x 13-596 = 1033-3 grm. per square centimeter.

§ 8. Since the pressure in a given substance is evidently
controlled by its internal physical condition only, and not
by its form or mass, it follows that p depends only on the
temperature and the ratio of the mass M to the volume V
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(t.e. the density), or on the reciprocal of the density, the
volume of unit mass:

=<

=1),

which is called the specific volume of the substance. For
every substance, then, there exists a characteristic relation—

P = f(vg),

which is called the characteristic equation of the substance.
For gases, the function f is invariably positive; for liquids
and solids, however, it may have also negative values under
certain circumstances.

§ 9. Perfect Gases.—The characteristic equation as-
sumes its simplest form for the substances which we used
in § 4 for the definition of temperature, and in so far as they
yield corresponding temperature data are called <deal or
perfect gases. If the temperature be kept constant, then,
according to the Boyle-Mariotte law, the product of the
pressure and the specific volume remains constant for gases:

po=46, . . . . . . (1)

where 6, for a given gas, depends only on the temperature.

But if the pressure be kept constant, then, according to
§ 3, the temperature is proportional to the difference between
the present volume v and the normal volume vy; t.e.:

t=@w—1v)P, . . . . . (2

where P depends only on the pressure p. Equation (1)
becomes
Pe=10, . . . . . . (3)

where 6, is the value of the function 6, when ¢ = 0° C.
Finally, as has already been mentioned in § 4, the expan-

sion of all permanent gases on heating from 0° C. to 1° C. is

the same fraction « (about };) of their volume at 0° (Gay
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Lussac’s law). Putting ¢ =1, we have v — vy = av,, and
equation (2) becomes
l=ay,P. . . . . . (4

By eliminating P, v,, and v from (1), (2), (3), (4), we obtain
the temperature function of the gas—

0 = 6,(1 + ot),

which is seen to be a linear function of £. The characteristic
equation (1) becomes

p=20 1 )

§ 10. The form of this equation is considerably simplified
by shifting the zero of temperature, arbitrarily fixed in § 3,

by al—c degrees, and calling the melting point of ice, not 0° C.,

but }; C. (i.e. about 273° C.). For, putting t+§=T

(absolute temperature), and the constant “eo = C, the char-
acteristic equation becomes

T=%T. . . . . (5

p= vV

C CM
v

This introduction of absolute temperature is evidently tanta-
mount to measuring temperature no longer, as in § 3, by a
change of volume, but by the volume itself.

The question naturally arises, What is the physical mean-
ing of the zero of absolute temperature ? The zero of absolute
temperature is that temperature at which a perfect gas of
finite volume has no pressure, or under finite pressure has no
volume. This statement, when applied to actual gases, has
no meaning, since by requisite cooling they show considerable
deviations from one another and from the ideal state. How
far an actual gas by average temperature changes deviates
from the ideal cannot of course be tested, until temperature
has been defined without reference to any particular substance

§ 5).
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§ 11. The constant C, which is characteristic for the
perfect gas under consideration, can be calculated, if the
specific volume v be known for any pair of values of T and p
(e.g. 0° C. and 1 atmosphere). For different gases, taken at
the same temperature and pressure, the constants C evidently
vary directly as the specific volumes, or inversely as the

densities %. It may be affirmed, then, that, taken at the

same temperature and pressure, the densities of all perfect
gases bear a constant ratio to one another. A gas is, there-
fore, often characterized by the constant ratio which its
density bears to that of a normal gas at the same tempera-
ture and pressure (specific density relative to air or hydrogen).
At 0° C. (T = 273°) and under 1 atmosphere pressure, the
densities of the following gases are :

Hydrogen . . . . . . . . . 0-00008988(%
Oxygen. . . . . . . . . . 040014291
Nitrogen . . . . . . . . . 00012507
Atmospheric nitrogen . .. .. 00012567
Air . . . . L. .. . 00012928
Argon . . . . . . . . . . 00017809

whence the corresponding values of C in absolute units can be
readily calculated.

All questions with regard to the behaviour of a substance
when subjected to changes of temperature, volume, and pres-
sure are completely answered by the characteristic equation
of the substance.

§ 12. Behaviour under Constant Pressure (Iso-
baric or Isopiestic Changes).—Coefficient of expansion is the
name given to the ratio of the increase of volume for a rise of
temperature of 1° C. to the volume at 0° C., i.e. the quantity

-V
Voo — Vo Since as a rule the volume changes compara-
. . . ovy 1
tively slowly with temperature we may put it = <ﬁ>p A

For a perfect gas according to equation (5) Vpy; — Vp = C%{

0
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and V= %ﬁ X 273. The coefficient of expansion of the

gas is then 4}y =a.

§ 13. Behaviour at Constant Volume (Isochoric or
Isopycnic or Isosteric Changes).—The pressure coefficient is
the ratio of the increase of pressure for a rise of temperature
Pr+1 — Pr,

Do

of 1° C. to the pressure at 0° C., 7.e. the quantity
or Kag.\ X P For an ideal gas, according to equation (5),

Pr+1— Pr = 9%1, and p, = CVM x 273. The pressure co-

efficient of the gas is 533, equal to the coefficient of
expansion o.

§ 14. Behaviour at Constant Temperature (Iso-
thermal Changes).—Coefficient of elasticity is the ratio of an
infinitely small increase of pressure to the resulting con-
traction of unit volume of the substance, 7.e. the quantity

dp _ _ (%
av — (8@) v

For an ideal gas, according to equation (5),

(6})) _CT

ov v,

The coefficient of elasticity of the gas is, therefore,
CT
Fiate

that is, equal to the pressure.
The reciprocal of the coefficient of elasticity, ¢.e. the ratio
of an infinitely small contraction of unit volume to the corre-

sponding increase of pressure, — (g;) . %, is called the coefficient
T
of compressibility.
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§ 15. The three coefficients which characterize the be-
haviour of a substance subject to isobaric, isochoric, and
isothermal changes are not independent of one another, but
are in every case connected by a definite relation. The
general characteristic equation, on being differentiated, gives

io= () a1+ (2)

where the suffixes indicate the variables to be kept constant
while performing the differentiation. By putting dp = 0 we
impose the condition of an isobaric change, and obtain the
relation between dv and dT in isobaric processes :—

o @)

) L N ()
(@),

For every state of a substance, one of the three coefficients,
viz. of expansion, of pressure, or of compressibility, may
therefore be calculated from the other two.

Take, for example, mercury at 0° C. and under atmo-
spheric pressure. Its coefficient of expansion is (§ 12)

1

(aa,})p 5, = 000018,

its coefficient of compressibility in atmospheres (§ 14) is

_ (%”))T : ”lo — 0:0000039,

therefore its pressure coefficient in atmospheres (§ 13) is

@), o
(@)= = G0 - G, =~y = ootz =
Bp T

This means that an increase of pressure of 46 atmospheres
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is required to keep the volume of mercury constant when
heated from 0° C. to 1° C.

§ 16. Mixtures of Perfect Gases.—If any quantities
of the same gas at the same temperatures and pressures be
at first separated by partitions, and then allowed to come
suddenly in contact with another by the removal of these
partitions, it is evident that the volume of the entire system
will remain the same and be equal to the sum-total of the
partial volumes. Starting with quantities of dufferent gases,
experience still shows that, when pressure and temperature
are maintained uniform and constant, the total volume con-
tinues equal to the sum of the volumes of the constituents,
notwithstanding the slow process of intermingling—diffusion
—which takes place in this case. Diffusion goes on until the
mixture has become at every point of precisely the same
composition, i.e. physically homogeneous.

§ 17. Two views regarding the constitution of mixtures
thus formed present themselves. Either we might assume
that the individual gases, while mixing, split into a large
number of small portions, all retaining their original volumes
and pressures, and that these small portions of the different
gases, without penetrating each other, distribute themselves
evenly throughout the entire space. In the end each gas
would still retain its original volume (partial volume), and
all the gases would have the same common pressure. Or,
we might suppose—and this view will be shown below (§ 32)
to be the correct one—that the individual gases change and
interpenetrate in every infinitesimal portion of the volume,
and that after diffusion each individual gas, in so far as one
may speak of such, fills the total volume, and is consequently
under a lower pressure than before diffusion. This so-called
partial pressure of a constituent of a gas mixture can easily
be calculated.

§ 18. Denoting the quantities referring to the individual
gases by suffixes—T and p requiring no special designation,
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as they are supposed to be the same for all the gases—the
characteristic equation (5) gives for each gas before diffusion

p= AT, , _OUT,
The total volume,
V=V, 4+ Vo4 ..,
remains constant during diffusion. After diffusion we ascribe

to each gas the total volume, and hence the partial pressures
become

cCMT V CMT V
P, = lvl =_le;p2= 2V2 =v2~p,. (7)
and by addition
Vi+ V...
ptpt.. =gty )

This is Dalton’s law, that in a homogeneous mixture of
gases the pressure is equal to the sum of the partial pressures
of the gases. It is also evident that

PriPet. .. =V Vo . =CM,:CM, . . (9)

1.e. the partial pressures are proportional to the volumes of
the gases before diffusion, or to the partial volumes which
the gases would have according to the first view of diffusion
given above.

§ 19. The characteristic equation of the mixture, according
to (7) and (8), is
T
p=(CM; + CM, + .. ')V
_ (C,M, + CM, + .. )MT
M Voo

(10)

which corresponds to the characteristic equation of a perfect
gas with the following characteristic constant :

C= ATIT o oce (1
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Hence the question as to whether a perfect gas is a chemically
simple one, or a mixture of chemically different gases, cannot
in any case be settled by’ the investigation of the characteristic
equation,

§ 20. The composition of a gas mixture is defined, either
by the ratios of the masses, M;,, M,, . . . or by the ratios
of the partial pressures p,, p,, . . . or the partial volumes
Vi, Vo, . . . of the individual gases. Accordingly we speak
of per cent. by weight or by volume. Let us take for example
atmospheric air, which is a mixture of oxygen (1) and “‘ atmo-
spheric ”’ nitrogen (2).

The ratio of the densities of oxygen, * atmospheric ™
nitrogen and air is, according to § 11,

.0 .0 _1.11
0-0014291 : 0-0012567 : 0-0012928 = CiGT
Taking into consideration the relation (11):
o OM, + G,
M,+M °
we find the ratio
M _C—C_
M,:M,= (T_—C—l—03009,

t.e. 23-1 per cent. by weight of oxygen and 76-9 per cent. of
nitrogen. On the other hand, the ratio

11
Oy CM, = py = V2 Vy = S = 02649,
C, C

v.e. 20-9 per cent. by volume of oxygen and 79-1 per cent. of
nitrogen.

§ 21. Characteristic Equation of Other Sub-
stances.—The characteristic equation of perfect gases, even
in the case of the substances hitherto discussed, is only an
approximation, though a close one, to the actual facts. A still
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further deviation from the behaviour of perfect gases is shown
by the other gaseous bodies, especially by those easily con-
densed, which for this reason were formerly classed as vapours.
For these a modification of the characteristic equation is
necessary. It is worthy of notice, however, that the more
rarefied the state in which we observe these gases, the less
does their behaviour deviate from that of perfect gases, so
that all gaseous substances, when sufficiently rarefied, may
be said in general to act like perfect gases even at low tem-
peratures. The general characteristic equation of gases and
vapours, for very large values of v, will pass over, therefore,
into the special form for perfect gases.

§ 22. We may obtain by various graphical methods an
idea of the character and magnitude of the deviations from
the ideal gaseous state. An isothermal curve may, e.g., be
drawn, taking v and p for some given temperature as the
abscissa and ordinate, respectively, of a point in a plane.
The entire system of isotherms gives us a complete represen-
tation of the characteristic equation. The more the behaviour
of the vapour in question approaches that of a perfect gas,
the closer do the isotherms approach those of equilateral
hyperbole having the rectangular co-ordinate axes for asymp-
totes, for pv = const. is the equation of an isotherm of a
perfect gas. The deviation from the hyperbolic form yields
at the same time a measure of the departure from the ideal
state.

§ 23. The deviations become still more apparent when
the isotherms are drawn taking the product pv (instead of p)
as the ordinate and say p as the abscissa. Here a perfect gas
has evidently for its isotherms straight lines parallel to the
axis of abscisse. In the case of actual gases, however, the
isotherms slope gently towards a minimum value of pv,
the position of which depends on the temperature and the
nature of the gas. For lower pressures (z.e. to the left of the
minimum), the volume decreases at a more rapid rate, with
increasing pressure, than in the case of perfect gases; for
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higher pressures (to the right of the minimum), at a slower
rate. At the minimum point the compressibility coincides
with that of a perfect gas. In the case of hydrogen the
minimum lies far to the left, and it has hitherto been possible
to observe it only at very low temperatures.

§ 24. To van der Waals is due the first analytical formula
for the general characteristic equation, applicable also to
the liquid state. He also explained physically, on the basis
of the kinetic theory of gases, the deviations from the be-
haviour of perfect gases. As we do not wish to introduce
here the hypothesis of the kinetic theory, we consider van
der Waals’ equation merely as an approximate expression of
the facts. His equation is

R
p:q»)_—r"“b—%,, N 1)
where R, @, and b are constants which depend on the nature
of the substance. For large values of v, the equation, as
required, passes into that of a perfect gas; for small values
of v and corresponding values of T, it represents the
characteristic equation of a liquid.

Expressing p in atmospheres and calling the specific
volume v unity for T =273 and p =1, van der Waals’
constants for carbon dioxide are

R = 0-00369; @ = 0-00874; b = 0-0023.

As the volume of 1 gr. of carbon dioxide at 0° C. and
atmospheric pressure is 506 c.c., the values of v calculated
from the formula must be multiplied by 506 to obtain the
specific volumes in absolute units.

§25. Van der Waals’ equation not being sufficiently
accurate, Clausius supplemented it by the introduction of
additional constants. Clausius’ equation is

_ RT c
P=y"a T(v + b)?

For large values of v, this too approaches the characteristic

(12a)
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equation of anideal gas. In the same units as above, Clausius’
constants for carbon dioxide are :

R = 0-003688; a = 0-000843; b = 0-000977; ¢ = 2-0935.

Observations on the compressibility of gaseous and liquid
carbon dioxide at different temperatures are fairly well
satisfied by Clausius’ formula.

Many other forms of the characteristic equation have
been deduced by different scientists, partly on experimental
and partly on theoretical grounds. A very useful formula
for gases at not too high pressures was given by D. Berthelot.

§ 26. If, with p and v as ordinates, we draw the isotherms
representing Clausius’ equation for carbon dioxide, we obtain
the graphs of Fig. 1.*

For high temperatures the isotherms approach equilateral
hyperbole, as may be seen from equation (12a). In general,
however, the isotherm is a curve of the third degree, three
values of v corresponding to one of p. Hence, in general, a
straight line parallel to the axis of abscisse intersects an
isotherm in three points, of which two, as actually happens
for large values of T, may be imaginary. At high tempera-
tures there is, consequently, only one real volume correspond-
ing to a given pressure, while at lower temperatures, there are
three real values of the volume for a given pressure. Of these
three values (indicated on the figure by «, B, y, {or instance)
only the smallest («) and the largest (y) represent practically
realizable states, for at the middle point (8) the pressure
along the isotherm would increase with increasing volume,
and the compressibility would accordingly be negative. Such
a state has, therefore, only a theoretical signification.

§ 27. The point « corresponds to liquid carbon dioxide,
and y to the gaseous condition at the temperature of the
isotherm passing through the points and under the pressure
measured by the ordinates of the line afy. In general only

* For the calculation and construction of the curves, I am indekted to
Dr. Richard Aft.
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one of these states is stable (in the figure, the liquid state
at o). For, if we compress gaseous carbon dioxide, enclosed
in & cylinder with a movable piston, at constant tempera-
ture, e.g. at 20° C., the gas assumes at first states correspond-
ing to consecutive points on the 20° isotherm to the extreme
right. The point representative of the physical state of the
gas then moves farther and farther to the left until it reaches
a certain place C. After this, further compression does not
move the point beyond C, but there now takes place a partial
condensation of the substance—a splitting into a liquid and
a gaseous portion. Both parts, of course, possess common
pressure and temperature. The state of the gaseous portion
continues to be characterized by the point C, that of the
liquid portion by the point 4 of the same isotherm. C is
called the saturation point of carbon dioxide gas for the
particular temperature considered. Isothermal compression
beyond C merely results in precipitating more of the vapour
in liquid form. During this part of the isothermal compres-
sion no change takes place but the condensation of more
and more vapour; the internal conditions (pressure, tem-
perature, specific volume) of both parts of the substance are
always represented by the two points 4 and C. At last,
when all the vapour has been condensed, the whole substance
is in the liquid condition 4, and again behaves as a homo-
geneous substance, so that further compression gives an
increase of density and pressure along the isotherm. The
substance will now pass through the point « of the figure.
On this side, as may be seen from the figure, the isotherm
is much steeper than on the other, i.e. the compressibility is
much smaller.

At times, it is possible to follow the isotherm beyond the
point C towards the point y, and to prepare a so-called super-
saturated vapour. Then only a more or less unstable con-
dition of equilibrium is obtained, as may be seen from the
fact that the smallest disturbance of the equilibrium is
sufficient to cause an immediate condensation. The substance
passes by a jump into the stable condition. Nevertheless, by
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the study of supersaturated vapours, the theoretical part of
the curve also receives a direct meaning.

§ 28. On any .isotherm, which for certain values of p
admits of three real values of v, there are, therefore, two
definite points, 4 and C, corresponding to the state of satura-
tion. The position of these points is not immediately deducible
from the graph of the isotherm. The propositions of thermo-
dynamics, however, lead to a simple way of finding these
points, as will be seen in § 172. The higher the temperature,
the smaller becomes the region in which lines drawn parallel
to the axis of abscisse intersect the isotherm in three real
points, and the closer will these three points approach one
another. The transition to the hyperbola-like isotherms,
which any parallel to the axis of absciss® cuts in one point
only, is formed by that particular isotherm on which the
three points of intersection coalesce into one, giving a point
of inflection. The tangent to the curve at this point is
parallel to the axis of abscisse. It is called the critical
point (K of Fig. 1) of the substance, and its position indicates
the critical temperature, the critical specific volume, and the
critical pressure of the substance. At this point there is no
difference between the saturated vapour and its liquid pre-
cipitate. Above the critical temperature and critical pressure,
condensation does not exist, as the diagram plainly shows.
Hence all attempts to condense hydrogen, oxygen, and
nitrogen necessarily failed as long as the temperature had not
been reduced below the critical temperature, which is very
low for these gases.

§ 29, It further appears from the figure that there is no
definite boundary between the gaseous and liquid states,
since from the region of purely gaseous states, as at C, that
of purely liquid ones, as at 4, may be reached on a circuitous
path that nowhere passes through a state of saturation—on
a curve, for instance, drawn around the critical point. Thus
a vapour may be heated at constant volume above the critical
temperature, then compressed at constant temperature below
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the critical volume, and finally cooled under constant pressure
below the critical temperature. Condensation nowhere occurs
in this process, which leads, nevertheless, to a region of purely
liquid states. The earlier fundamental distinction between
liquids, vapours, and gases should therefore be dropped as
no longer tenable. A more modern proposal to denote as
gaseous all states above the critical temperature, and as
vaporous or liquid all others according as they lie to the
right or left of the theoretical regions (Fig. 1), has also this
disadvantage, that thereby a boundary is drawn between
liquid and gas on the one hand, and vapour and gas on the
other hand, which has no physical meaning. The crossing
of the critical temperature at a pressure other than the
critical pressure differs in no way from the crossing of any
other temperature.

§ 80. The position of the critical point may be readily
calculated from the general characteristic equation. Accord-
ing to § 28 we have

0 02

2),—0 e (37) 0
The first of these means that the tangent to the isotherm
at K is parallel to the axis of abscisse; and the second, that
the isotherm has a point of inflection at K. If we choose
van der Waals’ characteristic equation (12), we find for the
critical point

8a

Te= o P

a
2762, Ve = 3b.

From the numbers already given, the critical constants of
carbon dioxide are

Te = 305 = 273° 4 32°, p. = 61-2 atmos., ve = 0-0069.

In c.g.s. units v. = 0-0069 X 506 = 3-49 c.c./grm. Instead
of the three constants a, b, and R, we may introduce the
three constants T, pc, and v: into the equation. Since the

units in which the temperature, the pressure, and the volume
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are measured are quite independent of one another, it follows
that only the ratios of T and T, » and p., v and . occur in
the characteristic equation. In other words, if we take the

ratios,

T P )

T: =T, }_;;: =T, 1—}; = ¢
(reduced temperature, reduced pressure, and reduced volume),
as independent variables, the characteristic equation contains
no constant depending on the special nature of the substance.
In fact, we find in this way for van der Waals’ equation of
state

When 7 =1and ¢ =1, then z = 1.

This law that the characteristic equation, when expressed
in terms of reduced values of the temperature, pressure, and
volume, is the same for all gases, is called the law of corre-
sponding states. It is not only true of van der Waals’ equa-
tion, but of every equation of state in which there are not
more than three constants depending on the nature of the
substance. The law, however, is only approximately true,
which from the point of view of the molecular theory is
illuminating, since there is no single substance which in a
chemical sense remains absolutely the same under all tem-
perature and volume changes (see § 33).

§ 30A. If we take Clausius’ equation with four constants,
we obtain for the critical point,

8¢ cR

2 2 _ .
T T e+ oR P T 6@+ o ve = 3a + 2b.
* Obtained as follows :

_ RT ¢ ,
=T Twyer - v - - M

op\ _ _ _RT 2
(a_v)r‘“”(.,_—,,)i+m~0 L@

op 2RT 6
(a—o')f(?;‘:z?‘m—o N £ )]
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The critical constants of carbon dioxide are then,

T. = 304 = 273° + 31°, pc = 77 atmos., v, = 2:27

c.c.
gr.
These values lie considerably nearer the experimental values

Te = 273° + 31°, p. = 73 atmos., v. = 2-22 —Céf, than those
obtained from van der Waals’ equation.

§ 31. Regarding the transition from the liquid to the solid
state, the same considerations hold as for that from the
gaseous to the liquid state. In this case also one can draw
the system of isotherms, and establish ‘ theoretical ”’ regions
of the isotherms. In fact there are certain phenomena, as,
for example, the supercooling of liquids, which point to a
more or less unstable liquid state.

In its most complete form the characteristic equation
would comprise the gaseous, liquid, and solid states simul-
taneously. No formula of such generality, however, has as
yet been established for any substance.

§ 32. Mixtures.—While, as shown in § 19, the char-
acteristic equation of a mixture of perfect gases reduces in
a simple manner to that of its components, no such simpli-
fication takes place, in general, when substances of any
kind are mixed. Ounly for gases and vapours does Dalton’s
law hold, at least with great approximation, that the total
pressure of a mixture is the sum of the partial pressures
which each gas would exert if it alone filled the total volume
at the given temperature. This law enables us to establish
the characteristic equation of any gas mixture, provided that
of the constituent gases be known. It also decides the ques-

From (2)and (3), v=3a-+20 . . . . . . . . (4)
Substituting (4) 1n (2) and reducing, we get
8¢
2 . °Y
T? = P (5)
And substituting (4) and (5) in (1) and reducing, we have
cR

P'= 516(a + b)° (6)—T=.
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tion, unanswered in § 17, whether to the individual gases of
a mixture common pressure and different volumes, or common
volume and different pressures, should be ascribed. From
the consideration of a vapour differing widely from an ideal
gas, it follows that the latter of these views is the only one
admissible. Take, for instance, atmospheric air and water
vapour at 0° C. under atmospheric pressure. Here the water
vapour cannot be supposed to be subject to a pressure of
1 atm., since at 0° C. no water vapour exists at this pressure.
The only choice remaining is to assign to the air and water
vapour a common volume (that of the mixture) and different
pressures (partial pressures).

For mixtures of solid and liquid substances no law of
general validity has been found, that reduces the characteristic
equation of the mixture to those of its constituents.



CHAPTER 1II.
MOLECULAR WEIGHT.

§ 83. IN the preceding chapter only such physical changes
have been discussed as concern temperature, pressure, and
density. The chemical constitution of the substance or
mixture in question has been left untouched. Cases are
frequent, however (much more so, in fact, than was formerly
supposed), in which the chemical nature of a substance is
altered by a change of temperature or pressure. The more
recent development of thermodynamics has clearly brought
out the necessity of establishing a fundamental difference
between physical and chemical changes such as will exclude
continuous transition from the one kind to the other (cf.
§ 42, et seq., and § 238). It has, however, as yet not been
possible to establish a practical criterion for distinguishing
them, applicable to all cases. However strikingly most
chemical processes differ from physical ones in their violence,
suddenness, development of heat, changes of colour and
other properties, yet there are, on the other hand, numerous
changes of a chemical nature that take place with continuity
and comparative slowness; for example, dissociation. One
of the main tasks of physical chemistry in the near future
will be the further elucidation of this essential difference.

§ 34. The peculiar characteristic of all chemical reactions
is that they take place according to constant proportions by
weight. A certain weight (strictly speaking, a mass) may
therefore be used as a characteristic expression for the nature
of the reaction of a given chemically homogeneous substance,
whether an element or a compound. Such a weight is called
an equivalent weight. It is arbitrarily fixed for one element—
e.g. for hydrogen at 1 gr.—and then the equivalent weight of

23
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any other element (e.g. oxygen) is that weight which will
combine with 1 gr. of hydrogen. The weight of the com-
pound thus formed is, at the same time, its equivalent weight.
By proceeding in this way, the equivalent weights of all
chemically homogeneous substances may be found. The
equivalent weights of elements that do not combine directly
with hydrogen can easily be determined, since in every case
a number of elements can be found that combine directly
with the element in question and also with hydrogen.

The total weight of a body divided by its equivalent
weight is called the number of equivalents contained in the
body. Hence we may say that, in every chemical reaction,
an equal number of equivalents of the different substances
react with one another.

§ 835. There is, however, some ambiguity in the above
definition, since two elements frequently combine in more
ways than one. For such cases there would exist several
values of the equivalent weight. Experience shows, how-
ever, that the various possible values are always simple
multiples or submultiples of any one of them. The am-
biguity in the equivalent weight, therefore, reduces itself
to multiplying or dividing that quantity by a simple integer.
We must accordingly generalize the foregoing statement,
that an equal number of equivalents react with one another,
and say, that the number of equivalents that react with one
another are in simple numerical proportions.* Thus 16 parts
by weight of oxygen combine with 28 parts by weight of
nitrogen to form nitrous oxide, or with 14 parts to form
nitric oxide, or with 9} parts to form nitrous anhydride, or

* If these whole numbers could be of any magnitude then the equivalent
weight would be a continuous varying quantity. Each quantity could then,
to any approximation, be represented by the ratio of two whole numbers.
The value of the equivalent weights could not be defined from the weights
reacting with one another, and the whole above considerations would be
llusory. The discontinuity in the variation of equivalent weights 1s
characteristic of the chemical nature of a substance, in contrast to its physical
properties. To sum up shortly, one may say that physical changes take place
continuously, while chemical changes take place discontinuously. Physics
deals chiefly with continuous varying quantities, while chemistry deals
chiefly with whole numbers.
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with 7 parts to form nitrogen tetroxide, or with 53 parts to
form nitric anhydride. Any one of these numbers may be
assigned to nitrogen as its equivalent weight, if 16 be taken
as that of oxygen. They are, however, in simple rational
proportions, since

28:14:9%3:7:5§=60:30:20:15:12.

§ 86. The ambiguity in the definition of the equivalent
weight of nitrogen, exemplified by the above series of numbers,
is removed by selecting a particular one of them to denote
the molecular weight of nitrogen. In the definition of the
molecular weight as a quite definite quantity depending only
on the particular state of a substance, and independent of
possible chemical reactions with other substances, lies one
of the most important and most fruitful achievements of
theoretical chemistry. Its exact statement can at present
be given only for special cases, viz. for perfect gases and
dilute solutions. We need consider only the former of these,
as we shall see from thermodynamics that the latter is also
thereby determined.

The definition of the molecular weight for a chemically
homogeneous perfect gas is rendered possible by the further
empirical law, that gases combine, not only in simple multiples
of their equivalents, but also, at the same temperature and
pressure, in simple volume proportions (Gay Lussac). It
immediately follows that the number of equivalents, con-
tained in equal volumes of different gases, must bear simple
ratios to one another. The values of these ratios, however,
are subject to the above-mentioned ambiguity in the selection
of the equivalent weight. The ambiguity is, however, re-
moved by putting all these ratios =1, 7.e. by establishing
the condition that equal volumes of different gases shall
contain an equal number of equivalents. Thus a definite
choice is made from the different possible values, and a
definite equivalent weight obtained for the gas, which is
henceforth denoted as the molecular weight of the gas. At
the same time the number of equivalents in a quantity of
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the gas, which may be found by dividing the total weight
by the molecular weight, is defined as the number * of mole-
cules contained in that quantity. Hence, equal volumes of
perfect gases at the same temperature and pressure contain an
equal number of molecules (Avogadro’s law). The molecular
weights of chemically homogeneous gases are, therefore,
directly proportional to the masses contained in equal volumes,
i.e. to the densities. The ratio of the densities is equal to
the ratio of the molecular weights. If we call m; and m,
the molecular weights of two perfect gases, then according
to § 11

1 1

: = = 2
myim = (125)

§ 37. Putting the molecular weight of hydrogen = mpy,
that of any other chemically homogeneous gas must be
equal to my multiplied by its specific density relative to
hydrogen (§ 11). The following table gives the specific
densities of some gases and vapours, relative to hydrogen,
in round numbers, and also their molecular weights :

Specific Density. Molecular Weight.
Hydrogen. . . . . 1 .« « . . mg
Oxygem . . . . . 16 . . . . 16 mg
Nitrogen . . . . . 14 . . . . 14 mg
Watervapour . . . 9 . . . . 9 my
Ammonia . . . . . 85 . . . . 8b6my
Nitrous oxide . . . . 22 e . . 22 my
Nitricoxide . . . . 15 . . . . 16 myg

With the help of this table we can completely answer the
question as to how the molecular weight of a compound is
built up out of the molecular weights of its elements.

Water vapour consists of 1 part by weight of hydrogen
and 8 parts by weight of oxygen, therefore the molecule of
water vapour, 9 mg, must consist of my parts by weight of
hydrogen and 8 mg parts by weight of oxygen—i.e. according
to the above table, of one molecule of hydrogen and half a

* This, of course, need not be a whole number, since we are concerned

here, not with the real molecules in the sense of the atomic theory, but with
the gr.-molecules, or mols., as arbitrarily defined.
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molecule of oxygen. Further, since ammonia, according to
analysis, consisting of 1 part by weight of hydrogen and
4§ parts by weight of nitrogen, its molecule 8:5 myp must
necessarily contain 1-5 myg parts by weight of hydrogen and
7 mg parts by weight of nitrogen—t.e. according to the table,
14 molecules of hydrogen and } molecule of nitrogen. Further,
since nitrous oxide, according to analysis, contains 16 parts
by weight of oxygen and 28 parts by weight of nitrogen, the
molecule of nitrous oxide, 22 myg, necessarily contains 8 my
parts by weight of oxygen and 14 my parts by weight of
nitrogen, ¢.e. according to the table, 3 molecule of oxygen and
1 molecule of nitrogen. Thus Avogadro’s law enables us to
give in quite definite numbers the molecular quantities of
each constituent present in the molecule of any chemically
homogeneous gas, provided we know its density and its
chemical composition.

§ 38. The smallest weight of a chemical element entering
mto the molecules of its compounds is called an atom. Hence
half a molecule of hydrogen is called an atom of hydrogen, H;
similarly, half a molecule of oxygen an atom of oxygen, O;
and half a molecule of nitrogen an atom of nitrogen, N.
The diatomic molecules of these substances are represented
by H,, O,, N,. An atom of mercury, on the contrary, is
equal to a whole molecule, because in the molecules of its
compounds only whole molecules of mercury vapour occur.
In order to determine numerical values for the atomic and
molecular weights, it is still necessary to arbitrarily fix the
atomic weight of some element. Formerly it was usual to
put H=1 and O = 16. It has, however, been shown that
the ratio of the equivalent weights of oxygen and hydrogen
is not exactly 16, but about 15-87. Since the oxygen com-
pounds of most elements can be more accurately analysed
than the hydrogen compounds, it has become customary to
start off from the atomic weight of oxygen, O =16, as a
definition. Then the molecular weight of oxygen,

0, = 32 = 1587 mg.
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It follows that the molecular weight of hydrogen,

32
mg = 15—'87 = 2016 = Hz,
and the atomic weight of hydrogen,
H = 1-008.

The molecular weights of the above table then become :
Molecular W eight.

Hydrogen. . . . . . . . . 2016=H,
Oxygen . . . . . . . . . 3200 =0,
Nitrogen . . . . . . . . . 2802 =
Water vapour . . . . . . . 1802 =H,0
Ammonia . . . . . . . . 1703 = NH,
Nitrousoxide. . . . ., . . . 4402 = N,0
Nitricoxide . . . . . . . . 30001 = NO

§ 39. In general, then, the molecular weight of a chemically
homogeneous gas is 2-016 times its specific density relative
to hydrogen, or equal to 32 times its specific density relative
to oxygen. Conversely, if the molecular weight, m, of a
gas be known, its specific density, and consequently the
constant C in the characteristic equation (5), can be cal-
culated. If we denote all quantities referring to oxygen by
the suffix 0, then, according to equation (12b) in § 36,

_ meCo
c="00 13
Now m, = 32, and the constant C, can be calculated from
the density of oxygen at 0° C. and under atmospheric pressure.
According to the table in § 11,

L _ 00014201

%o

p = 1013250 (§ 7)

T =273
Therefore, Co= 2‘,71,})”

1 1_'1’9 Pf_’o
a.nd, by (13), C= m T’
32 x 1013250 83110000 _ m,C,

or, C

~ m X 213 x 00014291 m m
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If we had started off from the molecular weight of hydrogen,
we would have obtained a value not materially greater.
If, for shortness, we put
8315 x107=R . . . . (13a)

then the general equation of a perfect chemically homo-
geneous gas of molecular weight m becomes

= (1Y)

where R, being independent of the nature of the individual
gas, is generally called the absolute gas constant. The
molecular weight may be deduced directly from the char-
acteristic equation by the aid of the constant R, since

R

m=g (15)
Sincew = v, we h
1nce v = M’ we nave
vy BT M
p m

But % is the quantity defined above as the number of mole-

cules in the gas, and, therefore, if% =n,

V= RT .,
P
which means that at a given temperature and pressure the
volume of a quantity of gas depends only on the number of
the molecules present, and not at all on the nature of the

gas, as Avogadro’s law requires.

§ 40. In a mixture of chemically homogeneous gases of
molecular weights m,, m, . .. the relation between the
partial pressures is, according to (9),

Py:ppt . ..=CM:CM, ...
. R R
But in (15) we have C,=—; C,=—; ...
my my
M
PPt e .=~1:M‘2: =g iy ..

my My



30 THERMODYNAMICS.

i.e. the ratio of the partial pressures is also the ratio of the
number of molecules of each gas present. Equation (10)
gives for the total volume

©M, + M, + . . )T

V= 3

I;T(’\I+ )
=%;—r('nl—,l—n2+...)
=}§—:[-‘n........(16)

The volume of the mixture is therefore determined by the
total number of the molecules present, just as in the case of
a chemically homogeneous gas.

§ 41. It is evident that we cannot speak of the molecular
weight of a mixture. Its apparent or mean molecular weight,
however, may be defined as the molecular weight which a
chemically homogeneous gas would have if it contained in
the same mass the same number of molecules as the mixture.
If we denote the apparent molecular weight by m, we have

M, +M,+ ... M,
R _ml+ e Lo

M, +M,+ ...
= M
1 2
RS

and

The apparent molecular weight of air may thus be calcu-
lated. Since

my, = 0, = 32; my, =N, = 28; M, : M, = 0-30 (§ 20)

030+1__ .
we have M= pe— = 289,

32 +28

which is somewhat larger than the molecular weight of
nitrogen.
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§ 42. The characteristic equation of a perfect gas, whether
chemically homogeneous or not, gives, according to (16), the
total number of molecules, but yields no means of deciding,
as has been pointed out in § 19, whether or not these mole-
cules are all of the same kind. In order to answer this
question, other methods must be resorted to, none of which,
however, is practically applicable to all cases. A decision
is often reached by an observation of the process of diffusion
through a porous or, better, a semi-permeable membrane.
The individual gases of a mixture will separate from each
other by virtue of the differences in their velocities of diffusion,
which may even sink to zero in the case of semi-permeable
membranes, and thus disclose the inhomogeneity of the sub-
stance. The chemical constitution of a gas may often be
inferred from the manner in which it originated. It is by
means of the expression for the entropy (§ 237) that we first
arrive at a fundamental definition for a chemically homo-
geneous gas.

§ 43. Should a gas or vapour not obey the laws of perfect
gases, or, in other words, should its specific density depend
on the temperature or the pressure, Avogadro’s definition of
molecular weight is nevertheless applicable. By equation

(16) we have n = The number of molecules in this

pV
RT
case, instead of being a constant, will be dependent upon
the momentary physical condition of the substance. We
may, in such cases, either assume the number of molecules
to be variable, or refrain from applying Avogadro’s definition
of the number of molecules. In other words, the cause for
the deviation from the ideal state may be sought for either
in the chemical or physical conditions. The latter view
preserves the chemical nature of the gas. The molecules
remain intact under changes of temperature and pressure,
but the characteristic equation is more complicated than
that of Boyle and Gay Lussac—like that, for example, of van
der Waals or of Clausius. The other view differs essentially
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from this, in that it represents any gas, not obeying the laws
of perfect gases, as a mixture of various kinds of molecules
(in nitrogen peroxide N,O, and NO,, in phosphorus penta-
chloride PCl;, PClg, and Cl,). The volume of these is supposed
to have at every moment the exact value theoretically required
for the total number of molecules of the mixture of these gases.
The volume, however, does not vary with temperature and
pressure in the same way as that of a perfect gas, because
chemical reactions take place between the different kinds of
molecules, continuously altering the number of each kind
present, and thereby also the total number of molecules in
the mixture. This hypothesis has proved fruitful in cases of
great differences of density—so-called abnormal vapour
densities—especially where, beyond a certain range of tem-
perature or pressure, the specific density once more becomes
constant. When this is the case, the chemical reaction has
been completed, and for this reason the molecules henceforth
remain unchanged. Amylene hydrobromide, for instance,
acts like a perfect gas below 160° and above 360°, but shows
only half its former density at the latter temperature. The
doubling of the number of molecules corresponds to the
equation

CH,,Br = C;H,, + HBr.

Mere insignificant deviations from the laws of perfect gases
are generally attributed to physical causes—as, e.g., in water
vapour and carbon dioxide—and are regarded as the fore-
runners of condensation. The separation of chemical from
physical actions by a principle which would lead to & more
perfect definition of molecular weight for variable vapour
densities, cannot be accomplished at the present time. The
increase in the specific density which many vapours exhibit
near their point of condensation might just as well be attri-
buted to such chemical phenomena as the formation of double
or multiple molecules.* In fact, differences of opinion exist

* W. Nernst (““ Verhandlungen der deutschen Phys. Ges.,”” II, 8. 313, 1909)
has made the characteristic equation of water vapour depend upon the
formation of double molecules (H,0),. :



MOLECULAR WEIGHT. 33

in & number of such cases. The molecular weight of sulphur
vapour below 800°, for instance, is generally assumed to be
S = 192; but some assume a mixture of molecules S; = 256
and S, = 64, and others still different mixtures. In doubtful
cases it is safest, in general, to leave this question open, and
to admit both chemical and physical changes as causes for
the deviations from the laws of perfect gases. This much,
however, may be affirmed, that for small densities the physical
influences will be of far less moment than the chemical ones,
for, according to experience, all gases approach the ideal
condition as their densities decrease (§ 21). This is an
important point, which we will make use of later.



CHAPTER IIL
QUANTITY OF HEAT.

§ 44. Ir we plunge a piece of iron and a piece of lead, both
of equal weight and at the same temperature (100° C.), into
two precisely similar vessels containing equal quantities of
water at 0° C., we find that, after thermal equilibrium has
been established in each case, the vessel containing the iron
has increased in temperature much more than that contain-
ing the lead. Conversely, a quantity of water at 100° is
cooled to a much lower temperature by a piece of iron at 0°,
than by an equal weight of lead at the same temperature.
This phenomenon leads to a distinction between temperature
and quantity of heat. As a measure of the heat given out
or reccived by a body, we take the increase or decrease of
temperature which some normal substance (e.g. water) under-
goes when it alone is in contact with the body, provided all
other causes of change of temperature (as compression, etc.)
are excluded. The quantity of heat given out by the body
is assumed to be equal to that received by the normal sub-
stance, and wvice wversd. The experiment described above
proves, then, that a piece of iron in cooling through a given
interval of temperaturc gives out more heat than an equal
weight of lead (about four times as much), and conversely,
that, in order to bring about a certain increase of tempera-
ture, iron requires a correspondingly larger supply of heat
than lead.

§ 45. It was, in general, customary to take as the unit of
heat that quantity which must be added to 1 gr. of water
to raise its temperature from 0° C. to 1° C. (zero caloric).
This is almost equal to the quantity of heat which will raise
1 gr. of water 1° C. at any temperature. The refinement

34
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of calorimetric measurements has since made it necessary
to take account of the initial temperature of the water, and
it is often found convenient to define the calorie as that
quantity of heat which will raise 1 gr. of water from 14-5° C.
to 15-5° C. This is about ﬁ of a zero calorie. Finally,
a mean calorie has been introduced, namely, the hundredth
part of the heat required to raise 1 gr. of water from 0° C.
t0 100° C. The mean calorie is about equal to the zero calorie.
Besides these so-called small calories, there are a corresponding
number of large or kilogram calories, which contain 1000 small
calories.

§ 46. The ratio of the quantity of heat Q absorbed by a
body to the corresponding rise of temperature T’ — T = AT
is called the mean heat capacity of the body between the
temperatures T and T':

Q _

AT = Cm.

The heat capacity per grm. is called the specific heat of the
substance :

e Cm_ Qg
"TMT M.AT AT

Hence the mean specific heat of water between 0° C. and 1° C.
is equal to the zero calorie. If we take infinitely small inter-
vals of temperature, we obtain, for the heat capacity of a
body, and for the specific heat at temperature T,

Q

dT
The specific heat, in general, varies with the temperature,
but, mostly, very slowly. It is usually permissible to put
the specific heat at a certain temperature equal to the mean
specific heat of an adjoining interval of moderate size.

_ 9 _
= C and AT =

§ 47. Heat capacity and specific heat require, however,
more exact definition. Since the thermodynamic state of
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a body depends not only on the temperature but also on a
second variable, for example the pressure, changes of state,
which accompany changes of temperature, are not determined,
unless the behaviour of the second variable is also given.
Now it is true that the heat capacity of solids and liquids is
nearly independent of any variations of external pressure
that may take place during the process of heating. Hence
the definition of the heat capacity is not, usually, encumbered
with a condition regarding pressure. The specific heat of
gases, however, is influenced considerably by the conditions
of the heating process. In this case the definition of
specific heat would, therefore, be incomplete without some
statement as to the accompanying conditions. Neverthe-
less, we speak of the specific heat of a gas, without further
specification, when we mean its specific heat at constant
(atmospheric) pressure, as this is the value most readily
determined.

§ 48. That the heat capacities of different substances
should be referred to unit mass is quite arbitrary. It arises
from the fact that quantities of matter can be most easily
compared by weighing them. Heat capacity might, quite
as well, be referred to unit volume. It is more rational to
compare masses which are proportional to the molecular
and atomic weights of substances, for then certain regu-
larities at once become manifest. The corresponding heat
capacities are obtained by multiplying the specific heats
by the molecular or atomic weights. The values thus
obtained are known as the molecular or atomic heats.

§ 49. The chemical elements, especially those of high
atomic weight, are found to have nearly the constant atomic
heat of 6-3 (Dulong and Petit). It cannot be claimed that
this law is rigorously true, since the heat capacity depends
on the molecular constitution, as in the case of carbon, as
well as on the temperature. The effect of temperature is
especially marked in the clements, carbon, boron, and
silicon which show the largest deviations from Dulong
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and Petit’s law. The conclusion is, however, justified, that
Dulong and Petit’s law is founded on some more general
law of nature. The derivation of this law would, however,
take us beyond the region of general thermodynamics.

§ 50. Similar regularities, as appear in the atomic heats of
elements, are also found in the molecular heats of compounds,
especially with compounds of similar chemical constitution.
According to F. Neumann’s law, subsequently confirmed by
Regnault and particularly by von Kopp, the molecular heat
of a solid compound is simply equal to the sum of the atomic
heats of the elements contained in it, each element maintaining
its particular atomic heat, whether it be 6-3, according to
Dulong and Petit’s law, or not. This relation also is only
approximately true.

§ 51. Since all calorimetric measurements, according to
§ 44, extend only to quantities of heat imparted to bodies or
given out by them, they do not lead to any conclusion as
to the total amount of heat confained in a body of given,
temperature. It would be absurd to define the heat con-
tained in a body of given temperature, density, etc., as the
number of calories absorbed by the body in its passage from
some normal state into its present state, for the quantity
thus defined would assume different values according to the
way in which the change was effected. A gas at 0° and
atmospheric pressure can be brought to a state where its
temperature is 100° and its pressure 10 atmospheres, either
by heating to 100° under constant pressure, and then com-
pressing at constant temperature; or by compressing
isothermally to 10 atmospheres, and then heating iso-
barically to 100°; or, finally, by compressing and heating
simultaneously or alternately in a variety of ways. The
total number of calories absorbed would in each case be
different (§ 77). It is seen, then, that it is useless to speak
of a certain quantity of heat which must be applied to a
body in a given state to bring it to some other state. If
the “total heat contained in a body " is to be expressed
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numerically, as is done in the kinetic theory of heat, where
the heat of a body is defined as the total energy of its internal
motions, it must not be interpreted as the sum-total of the
quantities of heat applied to the body. As we shall make
no use of this quantity in our present work, no definition of
it need be attempted.

§ 52. In contrast to the above representation of the facts,
the older (Carnot’s) theory of heat, which started from the
hypothesis that heat is an indestructible substance, neces-
sarily reached the conclusion that the ‘‘ heat contained in a
bodyv ” depends solely on the number of calories absorbed
or given out by it. The heating of a body by other means
than direct application of heat, by compression or by friction
for instance, according to that theory produces no change in
the “ total heat.” To explain the rise of temperature which
takes place notwithstanding, it was necessary to make the
assumption that compression and friction so diminish the
body’s heat capacity, that the same amount of heat now
produces a higher temperature, just as, for example, a
moist sponge appears more moist if compressed, although
the quantity of liquid in the sponge remains the same. In
the meantime, Rumford and Davy proved by dircct experi-
ment that bodies, in which any amount of heat can be
generated by an adequate expenditure of work, do not in
the least alter their heat capacities with friction. Regnault,
likewise, showed, by accurate measurements, that the heat
capacity of gases is independent of or only very slightly
dependent on volume; that it cannot, therefore, diminish,
in consequence of compression, a8 much as Carnot’s theory
would require. Finally, W. Thomson and Joule have
demonstrated by careful experiments that a gas, when
expanding without overcoming external pressure, undergoes
no change of temperature, or an exceedingly small one
(¢f. § 70), so that the cooling of gases generally observed
when they expand is not due to the increase of volume per
se, but to the work done in the expansion. Each one of
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these experimental results would by itself be sufficient to
disprove the hypothesis of the indestructibility of heat, and
to overthrow the older theory.

§ 53. While, in general, the heat capacity varies con-
tinuously with temperature, every substance possesses,
under certain external pressures, so-called singular values
of temperature, for which the heat capacity, together
with other properties, is discontinuous. At such tempera-
tures the heat absorbed no longer affects the entire body,
but only one of the parts into which it has split; and it no
longer serves to increase the temperature, but simply to
alter the state of aggregation, s.e. to melt, evaporate, or
snblime. Only when the entire substance has again become
homogeneous will the heat imparted produce a rise in tem-
perature, and then the heat capacity becomes once more
capable of definition. The quantity of heat necessary to
change 1 gram of a substance from one state of aggregation
to another is called the latent heat, in particular, the heat of
Sfusion, of vaporization, or of sublimation. The same amount
of heat is set free when the substance returns to its former
state of aggregation. Latent heat, as in the case of specific
heat, is best referred, not to unit mass, but to molecular or
atomic weight. Its amount largely depends on the external
conditions under which the process is carried out (§ 47),
constant pressure being the most important condition.

§ 54. Like the changes of the state of aggregation, all
processes involving mixture, or solution, and all chemical
reactions are accompanied by a development of heat of greater
or less amount, which varies according to the external con-
ditions. This we shall henceforth name the heat of reaction
of the process under consideration, in particular as the heat
of mixture, of solution, of combination, of dissociation, etc.
It is reckoned positive when heat is set free or developed, 2.e.
given out by the body (exothermal processes); negative,
when heat is absorbed, or rendered latent, t.e. taken up by
the body (endothermal nrocesses).



PART 1II.

THE FIrRsT FUNDAMENTAL PRINCIPLE OF
THERMODYNAMICS.

CHAPTER 1.

GENERAL EXPOSITION.

§ 65. THE first law of thermodynamics is nothing more
than the principle of the conservation of energy applied
to phenomena involving the production or absorption of
heat. Two ways lead to a deductive proof of this principle.
We may take for granted the correctness of the mechanical
view of nature, and assume that all changes in nature can
be reduced to motions of material points between which
there act forces which have a potential. Then the principle
of energy is simply the well-known mechanical theorem of
kinetic energy, generalized to include all natural processes.
Or we may, as is done in this work, leave open the question
concerning the possibility of reducing all natural processes
to those of motion, and start from the fact which has been
tested by centuries of human experience, and repeatedly
verified, viz. that # ¢s #n no way possible, either by mechanical,
thermal, chemical, or other devices, to obtain perpetual motion,
t.e. it is impossible to construct an engine which will work
in a cycle and produce continuous work, or kinetic energy,
from nothing. We shall not attempt to show how this single
fact of experience, quite independent of the mechanical
view of nature, serves to prove the principle of energy in

its generality, mainly for the reason that the validity of
40
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the energy principle is nowadays no longer disputed. It
will be different, however, in the case of the second law of
thermodynamics, the proof of which, at the present stage
of the development of our subject, cannot be too carefully
presented. The general validity of this law is still con-
tested from time to time, and its significance variously
interpreted, even by the adherents of the principle.

§ 56. The energy of a body, or system of bodies, is
a magnitude depending on the momentary condition of
the system. In order to arrive at a definite numerical
expression for the energy of the system in a given state,
it is necessary to fix upon a certain normal arbitrarily
selected state (e.g. 0° C. and atmospheric pressure). The
energy of the system in a given state, referred to the
arbitrarily selected normal state, is then equal to the alge-
braic sum of the mechanical equivalents of all the effects
produced outside the system when it passes in any way from
the given to the normal state. The energy of a system is,
therefcre, sometimes briefly denoted as the faculty to
produce external effects. Whether or not the energy of a
system assumes different values according as the transition
from the given to the normal state is accomplished in
different ways is not implied in the above definition. It
will be necessary, however, for the sake of completeness,
to explain the term ‘‘ mechanical equivalent of an external
effect.”

§ 57. Should the external effect be mechanical in nature
—should it consist, e.g., in lifting a weight which loads the
system, overcoming atmospheric pressure, or producing
kinetic energy—then its mechanical equivalent is simply
equal to the mechanical work done by the system on the
external body (weight, atmosphere, projectile). It is positive
if the displacement take place in the direction of the force
exercised by the system—when the weight is lifted, the
atmosphere pushed back, the projectile discharged,—negative
in the opposite sense,
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But if the external effect be thermal in nature—if it
consist, e.g., in heating surrounding bodies (the atmosphere,
a calorimetric liquid, etc.)—then its mechanical equivalent is
equal to the number of calories which will produce the same
rise of temperature in the surrounding bodies multiplied
by an absolute constant, which depends only on the units
of heat and mechanical work, the so-called mechanical
equivalent of heat. This proposition, which appears here
only as a definition, receives through the principle of the
conservation of energy a physical meaning, which may be
put to experimental test.

§ 58. The Principle of the Conservation of Energy
asserts, generally and exclusively, that the energy of a
system in a given state, referred to a fixed normal state,
has a quite definite value; in other words—substituting
the definition given in § 56—that the algebraic sum of the
mechanical equivalents of the external effects produced out-
side the system, when it passes from the given to the normal
state, 1s independent of the manner of the transformation. On
passing into the normal state the system thus produces a
definite total of effects, as measured in mechanical units,
and it is this sum—the “ work-value ” of the external effects
—that represents the energy of the system in the given state.

§ 59. The validity of the principle of the copservation
of energy may be experimentally verified by transferring a
system in various ways from a given state to a certain other
state, which may here be called the normal state, and then
testing whether the mechanical equivalents of the external
effects, calculated as laid down in § 57, give the same sum
in each case. Special care must be taken that the initial
and final states of the system are the same each time and
that none of the external effects is overlooked or taken into
account more than once.

§ 60. As a first application we shall discuss Joule’s famous
experiments, in which the external effects produced by weights
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falling from a certain height were compared, first, when
performing only mechanical work (e.g. lifting a load), and
second, when by suitable contrivances generating heat by
friction. The initial and final position of the weights may
be taken as the two states of the system, the work or heat
produced, as the external effects. The first case, where the
weights produce only mechanical work, is simple, and requires
no experiment. Its mechanical equivalent is the product of
the sum of the weights, and the height through which they fall,
quite independent of the nature of the apparatus used to
perform the mechanical work (lever, pulley, etc.) and of the
load raised. This independence is a condition of the prin-
ciple of the conservation of energy (§ 58). The second case
requires accurate measurement of the increase of temperature,
which the surrounding substances (water, mercury) undergo
in consequence of the friction, as well as of their heat capacities,
for the determination of the number of calories which will
produce in them the same rise of temperature. It is, of
course, entirely immaterial what our views may be with
regard to the details of the frictional generation of heat, or
with regard to the ultimate form of the heat thus generated.
The only point of importance is that the state produced
in the liquid by Iriction is identical with a state produced
by the absorption of a definite number of calories.

Joule, according to the principle of the conservation of
energy, equated the mechanical work, corresponding to the
fall of the weights, to the mechanical equivalent of the heat
produced by friction, and found that the mechanical equiva-
lent of a gram-calorie is, under all circumstances, equal to
the work done in lifting a weight of a gram through a height
of 423-55 meters. That all his experiments with different
weights, different calorimetric substances, and different tem-
peratures, led to the same value, goes to prove the correctness
of the principle of the conservation of energy.

§ 61, In order to determine the mechanical equivalent
of heat in absolute units, we must bear in mind that Joule’s
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measurements were made by a mercury thermometer and
expressed in laboratory calories (§ 45). At room temperature,
1° on Joule’s mercury thermometer represents about %67
of 1° on the gas thermometer. A calorie on the gas ther-
mometer scale has, therefore, a mechanical equivalent of
423-55 x 1-007 = 427 grm. meters.

The acceleration of gravity must also be considered,
since raising a gram to a certain height represents, in general,
different amounts of work in different latitudes. The absolute
value of the work done is obtained by multiplying the weight,
t.e. the product of the mass and the acceleration of gravity,
by the height of fall. The following table gives the mechanical
equivalent of heat in the different calories :

Corresponding height in| Absolute value of the
Unit of heat referred to meters to which 1 gr. | mechanical equivalent

the gas thermometer. must be raised in places in the c.g.s. system
of mean latitude. (erg).
15° calorie . . . . 427 419 x 107
Zero calorie . . . . 430 4-22 x 107

The numbers of the last column are derived from those
of the preceding one by multiplying by 98,100, to reduce
grams to dynes, and meters to centimeters. Joule’s results
have been substantially confirmed by recent careful measure-
ments by Rowland and others.

§ 62. The determination of the mechanical equivalent
of heat enables us to express quantities of heat in ergs directly,
instead of in calories. The advantage of this is, that a
quantity of heat is not only proportional to, but directly
equal to its mechanical equivalent, whereby the mathe-
matical expression for the energy is greatly simplified.
This unit of heat will be used in all subsequent equations.
The return to calories is, at any time, readily accomplished
by dividing by 4-19 x 107.

§ 68. Some further propositions immediately follow from
the above exposition of the principle of energy. The energy,
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as stated, depends on the momentary condition of the system.
To find the change of energy, U, — U,, accompanying the
transition of the system from a state 1 to a state 2, we should,
according to the definition of the energy in § 58, have to
measure U, as well as U, by the mechanical equivalent of
the external effects produced in passing from the given states
to the normal state. But, supposing we so arrange matters
that the system passes from state 1, through state 2, into
the normal state, it is evident then that U, — U, is simply
the mechanical equivalent of the external effects produced
in passing from 1 to 2. The decrease of the energy of a system
subjected to any change is, then, the mechanical equivalent
of the external effects resulting from that change; or, in
other words, the wncrease of the energy of a system which
undergoes any change, is equal to the mechanical equivalent
of the heat absorbed and the work expended in producing
the change :

U,—U,=Q+W . . . . (7

Q is the mechanical equivalent of the heat absorbed by the
system, e.g. by conduction, and W is the amount of work
expended on the system. W is positive if the change takes
place in the direction of the external forces. The sum
Q + W represents the mechanical equivalent of all the
thermal and mechanical operations of the surrounding
bodies on the system. We shall use Q and W always in
this sense.

The value of Q + W is independent of the manner of
the transition from 1 to 2, and evidently also of the selec-
tion of the normal state. When differences of energy of
one and the same system are considered, it is, therefore, not
even necessary to fix upon a normal state. In the expres-
sion for the energy of the system there remains then an
arbitrary additive constant undetermined.

§ 64, The difference U, — U, may also be regarded as
the energy of the system in state 2, referred to state 1 as
the normal state. For, if the latter be thus selected, then
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U, = 0, since it takes no energy to change the system from
1 to the normal state, and U, — U; =U,. The normal
state is, therefore, sometimes called the zero state.

§ 65. States 1 and 2 may be identical, in which case the
system changing from 1 to 2 passes through a so-called
cycle of operations. In this case,

Uy=U,andQ+W=0 . . . (18)

The mechanical equivalent of the external effects is zero, or
the external heat effect is equal in magnitude and opposite
in sign to the external work. This proposition shows the
impracticability of perpetual motion, which necessarily
Ppresupposes engines working in complete cycles.

§ 66. If no external effects (Q = 0, W = 0) be produced
by a change of state of the system, its energy remains
constant (conservation of the energy). The quantities, on
which the state of the system depends, may undergo con-
siderable changes in this case, but they must obey the
condition U = const.

A system which changes without being acted on by
external agents is called a perfect or isolated system. Strictly
speaking, no perfect system can be found in nature, since there
is constant interaction between all material bodies of the
universe, and the law of the conservation of energy cannot
be rigorously applied to any real system. It is, however, of
importance to observe that by an adequate choice of the
system which is to undergo the contemplated change, we
have it in our power to make the external effect as small as
we please, in comparison with the changes of energy of por-
tions of the system itself. Any particular external effect
may be eliminated by making the body which produces this
effect, as well as the recipient, a part of the system under
consideration. In the case of a gas which is being com-
pressed by a weight sinking to a lower level, if the gas by
itself be the system considered, the external effect on it is
equal to the work done by the weight. The energy of the
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gystem accordingly increases. If, however, the weight and
the earth be considered parts of the system, all external
effects are eliminated, and the energy of this system remains
constant. The expression for the energy now contains a
new term representing the potential energy of the weight.
The loss of the potential energy of the weight is exactly
compensated by the gain of the internal energy of the gas.
All other cases admit of similar treatment.



CHAPTER II
APPLICATIONS TO HOMOGENEOUS SYSTEMS

§ 67. WE shall now apply the first law of thermodynamics
as expressed in equation (17),

U,—U,=Q+ W,

to a homogeneous substance, whose state is determined,
besides by its chemical nature and mass M, by two vari-
ables, the temperature T and the volume V, for instance.
The term homogeneous is used here in the sense of physically
homogeneous, and is applied to any system which appears
of completely uniform structure throughout. The sub-
stance may be chemically homogeneous, i.e. it may consist
entirely of the same kind of molecules. An explosive gas
mixture (2H, 4 O,), or a partially dissociated vapour, both
of which are chemically heterogeneous, may very well be
physically homogeneous. What we specify here is that the
state of the homogeneous substance is a single valued function
of the temperature and the volume. Chemical transforma-
tions may take place during the processes. As long as the
system is at rest, the total energy consists of the so-called
internal energy U, which depends only on the internal state
of the substance as determined by its density and temperature,
and on its mass, to which it is evidently proportional. In
other cases the total energy contains, besides the internal
energy U, another term, namely, the kinetic energy, which is
known from the principles of mechanics.

In order to determine the functional relation between U,
T, and V, the state of the system must be changed, and the
external effects of this change calculated. Equation (17)
then gives the corresponding change of energy. -

48
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§ 68. If a gas, initially at rest and at uniform temperature,
be allowed to suddenly expand by the opening of a stopcock,
which makes communication with a previously exhausted
vessel, a number of intricate mechanical and thermal changes
will at first take place. The portion of the gas flowing
into the vacuum is thrown into violent motion, then heated
by impact against the sides of the vessel and by compression
of the particles crowding behind, while the portion remaining
in the first vessel is cooled down by expansion, etc. Assum-
ing the walls of the vessels to be absolutely rigid and non-
conducting, and denoting by 2 any particular state after
communication between the vessels has been established,
then, according to equation (17), the total energy of the
gas in state 2 is precisely equal to that in state 1, for neither
thermal nor mechanical forces have acted on the gas from
without. The reaction of the walls does not perform any
work. The energy in state 2 is, in general, composed of
many parts, viz. the kinetic and internal energies of the gas
particles, each one of which, if taken sufficiently small, may
be considered as homogeneous and uniform in temperature
and density. If we wait until complete rest and thermal
equilibrium have been re-establishea, and denote this state
by 2, then in 2, as in 1, the total energy consists only of the
internal energy U, and we have U, = U,. But the variables
T and V, on which U depends, have passed from T,, V;, to
Ty, V,, where V, > V,. By measuring the temperatures
and the volumes, the relation between the temperature and
the volume in processes where the internal energy remains
constant may be established.

§ 69. Joule * performed such an experiment as described,
and found that for perfect gases T, = T,. He put the two
communicating vessels, one filled with air at high pressure,
the other exhausted, into a common water-bath at the
same temperature, and found that, after the air had
expanded and equilibrium had been established, the change

* Gay Lussac had already performed the same experiment.
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of temperature of the water-bath was inappreciable. It
immediately follows that, if the walls of the vessels were
non-conducting, the final temperature of the total mass of
the gas would be equal to the initial temperature; for other-
wise the change in temperature would have communicated
itself to the water-bath in the above experiment.

Hence, if the internal energy of a nearly perfect gas
remains unchanged after a considerable change of volume,
then its temperature also remains almost constant. In other
words, the internal energy of a perfect gas depends only on the
temperature, and not on the volume.

§ 70. For a conclusive proof of this important deduc-
tion, much more accurate measurements are required. In
Joule’s experiment described above, the heat capacity of
the gas is so small compared with that of the vessel and the
water-bath, that a considerable change of temperature in
the gas would have been necessary to produce an appreciable
change of temperature in the water. More reliable results
are obtained by a modification of the above method devised
by Sir William Thomson (Lord Kelvin), and used by him,
along with Joule, for accurate measurements. Here the
outflow of the gas is artificially retarded, so that the gas
passes immediately into its second state of equilibrium.
The temperature T, is then directly measured in the stream
of outflowing gas. A limited quantity of gas does not rush
tumultuously into a vacuum, but a gas is slowly transferred
in a steady flow from a place of high pressure, p,, to one of
low pressure, p, (the atmosphere), by forcing it through a
boxwood tube stopped at one part of its length by a porous
plug of cotton wool or filaments of silk. The results of the
experiment show that when the flow has become steady there
is, for air, a very small change of temperature, and, for hydro-
gen, a still smaller, hardly appreciable change. Hence the
conclusion appears justified, that, for a perfect gas, the
change of temperature vanishes entirely.

This leads to an inference with regard to the internal
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energy of a perfect gas. When, after the steady state of
the process has been established, a certain mass of the gas
has been completely pushed through the plug, it has been
operated upon by external agents during its change from the
volume, V,, at high pressure, to the larger volume, V,, at
atmospheric pressure. The mechanical equivalent of these
operations, Q + W, is to be calculated from the external
changes. No change of temperature occurs outside the tube,
as the material of which it is made is practically non-con-
ducting; hence Q = 0. The mechanical work done by a
piston in pressing the gas through the plug at the constant
pressure p, is evidently p,V,, and this for a perfect gas at
constant temperature is, according to Boyle’s law, equal to
the work p,V,, which is gained by the escaping gas pushing
a second piston at pressure p, through a volume V,. Hence
the sum of the external work W is also zero, and therefore,
according to equation (17), the system, consisting of the
gas and the plug, has the same total energy at the end as at
the beginning, i.e. the difference of both total energies is zero.
In this difference all terms vanish except those which depend
on the volume of the gas. Also the state of the porous plug
remains unaltered, and the processes which take place in it
do not enter into the energy equation. There remains
U, — U, = 0, where U, and U, denote the internal energies
of the gas volumes V, and V,. As the experimental results
showed the temperature to be practically unchanged while
the volume increased very considerably, the internal energy
of a perfect gas can depend only on the temperature and not

on the volume, 7.e.,
oU
<a‘v>T: O . . . . . . (19)

For nearly perfect gases, as hydrogen, air, etc., the
actual small change of temperature observed shows how far
the internal energy depends on the volume. It must, how-
ever, be borne in mind that for such gases the external work,

W=p,V, — 5,V,,
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does not vanish; hence the internal energy does not remain
constant. For further discussion, see § 158.

§ T1. Special theoretical importance must be attached to
those thermodynamical processes which progress infinitely
slowly, and which, therefore, consist of a succession of
states of equilibrium. Strictly speaking, this expression is
vague, since a process presupposes changes, and, therefore,
disturbances of equilibrium. But where the time taken is
immaterial, and the result of the process alone of con-
sequence, these disturbances may be made as small as we
please, certainly very small in comparison with the other
quantities which characterize the state of the system under
observation. Thus, a gas may be compressed very slowly to
any fraction of its original volume, by making the external
pressure, at each moment, just a trifle greater than the
internal pressure of the gas. Wherever external pressure
enters—as, for instance, in the calculation of the work of
compression—a very small error will then be committed, if
the pressure of the gas be substituted for the external pressure.
On passing to the limit, even that error vanishes. In other
words, the result obtained becomes rigorously exact for
infinitely slow compression.

This holds for compression at constant as well as at
variable pressure. The latter may be given the required
value at each moment by the addition or removal of small
weights. This may be done either by hand (by pushing the
weights aside in a horizontal direction), or by means of some
automatic device which acts merely as a release, and therefore
does not contribute towards the work done.

§ 72. The conduction of heat to and from the system may
be treated in the same way. When it is not a question of
time, but only of the amount of heat received or given out
by the system, it is sufficient, according as heat is to be
added to or taken from the system, to connect it with a heat-
reservoir of slightly higher or lower temperature than that
of the system. This small difference serves, merely, to
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determine the direction of the flow of the heat, while its
magnitude is negligible compared with the changes of the
system, which result from the process. We, therefore, speak
of the conduction of heat between bodies of equal tempera-
ture, just as we speak of the compression of a gas by an
external pressure equal to that of the gas. This is merely
anticipating the result of passing to the limit from a small
finite difference to an infinitesimal difference of temperature
between the two bodies.

This applies not only to strictly isothermal processes,
but also to those of varying temperature. One heat-reser-
voir of constant temperature will not suffice for carrying
out the latter processes. These will require either an
auxiliary body, the temperature of which may be arbitrarily
changed, e.g. a gas that can be heated or cooled at pleasure
by compression or expansion; or a set of constant-tempera-
ture reservoirs, each of different temperature. In the latter
case, at each stage of the process we apply that particular
heat-reservoir whose temperature lies nearest to that of the
system at that moment.

§ 73. The value of this method of viewing the process
lies in the fact that we may imagine each wnfinitely slow
process to be carried out also in the opposite direction. If
a process consist of a succession of states of equilibrium
with the exception of very small changes, then evidently a
suitable change, quite as small, is sufficient to reverse the
process. This small change will vanish when we pass over
to the limiting case of the infinitely slow process, for a definite
result always contains a quite definite error, and if this error
be smaller than any quantity, however small, it must be zero.

§ 74. We pass now to the application of the first law to
a process of the kind indicated, and, therefore, reversible in
its various parts. Taking the volume V (abscissa) and
the pressure p (ordinate) as the independent variables, we
may graphically illustrate our process by plotting its suc-
cessive states of equilibrium in the form of a curve in the
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plane of the co-ordinates. Each point in this plane corre-
sponds to a certain state of our system, the chemical
nature and mass of which are supposed to be given, and
each curve corresponds to a series of continuous changes
of state. Let the curve « from 1 to 2 represent a reversible
process which takes the substance from a state 1 to a state 2
(Fig. 2). Along «, according to equation (17), the increase
of the energy is
U,—-U0,=W+4Q,

Fia. 2.

where W is the mechanical work expended on the substance,
and Q the total heat absorbed by it.

§ 75. The value of W can be readily determined. W is
made up of the elementary quantities of work done on the
system during the infinitesimal changes corresponding to
the elements of arc of the curve «. The external pressure
is at any moment equal to that of the substance, since the
process is supposed to be reversible. Consequently, by the
laws of hydrodynamics, the work done by the external
forces in the infinitely small change is equal to- the product
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of the pressure p, and the decrease of the volume, — dV, no
matter what the geometrical form of the surface of the
body may be. Hence the external work done during the
whole process is

W=—jijV, 1)

in which the integration extends from 1 to 2 along the
curve o. If p be positive, as in the case of gases, and
V, >V, as in Fig. 2, W is negative, ¢.e. work is not done on
the system, but by the system.

In order to perform the integration, the curve «, z.e. the
relation between p and V, must be known. As long as only
the points 1 and 2 are given, the integral has no definite
value. In fact, it assumes an entirely different value along
a different curve, B, joining 1 and 2. Therefore pdV is
not a perfect differential. Mathematically this depends on
the fact that p is in general not only a function of V, but
also of another variable, the temperature T, which also changes
along the path of integration. As long as « is not given,
no statement can be made with regard to the relation between
T and V, and the integration gives no definite result.

The external work, W, is evidently represented by the
area (taken negative) of the plane figure bounded by the
curve a, the ordinates at 1 and 2, and the axis of abscisse.
This, too, shows that W depends on the path of the curve
«. Only for infinitesimal changes, 7.e. when 1 and 2 are
infinitely near one another and o shrinks to a curve element,
is W determined by the initial and final points of the curve
alone.

§ 76. The sccond measurable quantity is Q, the heat
absorbed. It may be determined by calorimetric methods
in calories, and then expressed in mechanical units by mul-
tiplying by the mechanical equivalent of heat. We shall
now consider the theoretical determination of Q. It is, like
W, the algebraical sum of the infinitely small quantities of
heat added to the body during the elementary processes
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corresponding to the elements of the curve a. Such an
increment of heat cannot, however, be immediately calculated,
from the position of the curve element in the co-ordinate
plane, in a manner similar to that of the increment of work.
To establish an analogy between the two, one might, in
imitation of the expression — pdV, put the increment of
heat = CdT, where dT is the increment of temperature, and
C the heat capacity, which is usually a finite quantity.
But C has not, in general, a definite value. It does not
depend, as the factor p in the expression for the increment
of work, alone on the momentary state of the substance, 7.e.
on the position of the point of the curve considered, but
also on the direction of the curve element. In isothermal
changes C is evidently = 4 o, because dT = 0, and the
heat added or withdrawn is a finite quantity. In adiabatic
changes C =0, for here the temperature may change in
any way, while no heat is added or withdrawn. For a given
point, C may, therefore, in contradistinction to p, assume
all values between 4 o and — ®. (Cf. § 47.) Hence the
analogy is incomplete in one essential, and does not, in the
general case, simplify the problem in hand. The splitting
up of the external work into two factors p and dV is, of course,
limited to the special case of reversible processes, since other-
wise the external pressure is not equal to p.

§ 77. Although the value of Q cannot, in general, be
directly determined, equation (17) enables us to draw some
important inferences regarding it. Substituting the value
of W from equation (20) in equation (17), we obtain

Q=U2—U1+jjpdV, L@

which shows that the value of Q depends not only on the
position of the points 1 and 2, but also, like W, on the con-
necting path (« or B). Carnot’s theory of heat cannot be
reconciled with this proposition, as we have shown at length
in §§ 51 and 52.
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§ 78. The complete evaluation of Q is possible in the
case where the substance returns to its initial state, having
gone through a cycle of operations. This might be done by
first bringing the system from 1 to 2 along «, then back
from 2 to 1 along . Then, as in all cycles (§ 65),

Q=—W.

The external work is

W=— fipdV,

the integral to be taken along the closed curve 1a2Bl.
W evidently represents the area bounded by the curve,
and is positive if the process follows the direction of the
arrow in Fig. 2.

§79. We shall now consider the special case where the
curve «, which characterizes the change of state, shrinks
into an element, so that the points 1 and 2 lie infinitely
near one another. W here becomes the increment of work,
— pdV, and the change of the internal energy is dU. Hence,
according to (21), the heat absorbed assumes the value:*

* It is usual to follow the example of Clausius, and denote this quantity
by dQ to indicate that it is infinitely small. This notation, however, has
frequently given rise to misunderstanding, for dQ has been repeatedly
regarded as the differential of a known finite quantity Q. This fault,
reasoning may be illustrated by the following example. If we choose T and %
as independent variables, we have

_ _ 6U) 3U)
dQ = dU + pdV = (Jr AT + [(av L+ p]dV.
On the other hand,
—(9Q 39)

4= (gr), o7+ (5),v-
Accordingly, since dT and dV are independent of one another,

oQ _oU Q _ou

ar=ar Mgy =ov TP
Differentiating the first with respect to V and the second with respect to T,

we have
L )
aTov — oTev — aTov ' eT
therefore Z'I]): = 0, which is certainly not true. Such errors are excluded if

we stick to the notation in the text, keeping in mind that every infinitely
small quantity is not the difference of two (nearly equal) finite quantities.
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Q =dU + pdV.
Per unit mass, this equation becomes
g=du-tpd, . . . . (22)

where the small letters denote the corresponding capitals
divided by M. In subsequent calculations it will often be
advisable to use T as an independent variable, either in
conjunction with p, or with . We shall, in each case, select
as independent variables those which are most conducive to a
simplification of the problem in hand. The meaning of the
differentiation will be indicated whenever a misunderstanding
is possible.

We shall now apply our last equation (22) to the most
important reversible processes.

§ 80. It has been repeatedly mentioned that the specific
heat of a substance may be defined in very different ways
according to the manner in which the heating is carried out.
But, according to § 46 and equation (22), we have, for any
heating process,

du dv
c=le=ﬁ+p(-i—T. L (93
In order to give a definite meaning to the differential
coefficients, some arbitrary condition is required, which will
prescribe the direction of the change. A single condition
is sufficient, since the state of the substance depends on two
variables only.

§ 81. Heating at Constant Volume.—Here dv = 0,
¢ = ¢v, the specific heat at constant volume. Hence, accord-
ing to equation (23),

cv=(§%>v. @29

or c=(g—;>(ng’> ... (25)

§ 82, Heating under Constant i’reséure.—Here
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dp =0, c=cp, the specific heat at constant pressure,
According to equation (23),

c,,=<g—f;‘>p+ p(%P. .. (@8)

or 6= [@%)ﬁ P}(%)p S .en
By the substitution of

)= Gl &),
in’(26), ¢, may be written in the form

er = (20 [(2) 4 )2,

ey = o+ [@%)ﬁ p:](;%)p L (@8)

§ 83. By comparing (25) and (27) and eliminating u, we
are led to a direct experimental test of the theory.

or, by (24),

By (25), (2%)= c@%)
and by (27), (g:}—t>p= Cr@%)p— P;

whence, differentiating the former equation with respect to
v, keeping p constant, and the latter with respect to p,
keeping v constant, and equating, we have

ai( LARTACAES)

dc, 8T 2e, T

or (p—c ) + A

oLt = 9
cpiv " ep v Sv Op (29)

This equation contains only quantities which may be experi-
mentally determined, and therefore furnishes a means for
testing the first law of thermodynamics by observations
on any homogeneous substance.
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§ 84. Perfect Gases.—The above equations undergo
considerable simplifications for perfect gases. We have,

from (14),

R T

pzﬁ';,. . . . . . (30)

where R = 8-315 X 107 and m is the (real or apparent)
molecular weight. Hence

m
T= va,
and equation (29) becomes
8c,, Bc., _ R
“t P V%% T m

Assuming that only the laws of Boyle, Gay Lussac, and
Avogadro hold, no further conclusions can be drawn from
the first law of thermodynamics with regard to perfect gases.

§ 85. We shall now make use of the additional property
of perfect gases, established by Thomson and Joule (§ 70),
that the internal energy of a perfect gas depends only on
the temperature, and not on the volume, and that hence
per unit mass, according to (19),

(Z—Z}T=o. e

The general equation,

du_@ff)dwr( )

then becomes, for perfect gases,

ou

8T> dr,

du = (
and, according to (24),
du=c¢.dT . . . . . (32

It follows from (28) that
ov
Cp = Co+ p<5T>,’
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or, considering the relation (30),

R
cp=cv+,rh;

t.e. the difference between the specific heat at constant
pressure and the specific heat at constant volume is constant,
We have, therefore,

mep — MCy = R . . . . . (33)

The difference between the molecular heats at constant
pressure and constant volume is, therefore, independent even
of the nature of the gas.

§ 86. Only the specific heat at constant pressure, cp, lends
itself to simple experimental dctermination,* because a
quantity of gas enclosed in a vessel of constant volume has
too small a heat capacity to produce considerable thermal
effects on the surrounding bodies. Since ¢y, according to
(24), like u, depends on the temperature only, and not on
the volume, the same follows for ¢p, according to (33). This
conclusion was first confirmed by Regnault’s experiments.
He found c, constant within a considerable range of tem-
perature. By (33), ¢ is constant within the same range. We
shall, therefore, extend the definition of ideal gases so that
¢y and ¢, are completely independent of temperature and
volume.

If the molecular heats be expressed in calories, R must
be divided by Joule’s mechanical equivalent of heat J. The
difference between the molecular heats at constant pressure
and at constant volume is then

e e R _ 8315 x 107
»— MO =73 =119 x 107

§ 87. The following table contains the specific heats
and molecular heats of several gases at constant pressure,
measured by direct experiment; also the molecular heats

=198 . . (34)

* By an improved form of steam calorimeter Joly was able to make
direct experimental determinations of the specific heats of gases at
constant volume.—TR.
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at constant volume found by subtracting 1-985 therefrom, and

also the ratio 2 = y:
Cy

cp I m mep mey cp_
c eat | Molecular folecular ==
'S;:\et i?)‘ixi]t.abi Ml?l‘”‘"l“ hoat?}.\i g‘lmat heln\lt lnetccomt. i
pressure. ! weight. pressure. volume.
Hydrogen . . | 3-410 | 2:016 | 687 4-88 1-41
Oxygen . .| 0220 | 320 7-04 5-05 1-40
Nitrogen . . 02438 | 280 6-83 4-85 1-41
Air . . . . 0-2404 | 28-9 6-95 4-96 1-40

The specific heats of all these gases increase slowly if the
temperature be considerably increased. Within the range of
temperature in which the specific heat is constant, equation
(32) can be integrated, giving

u=cT 4 const. . . . . (35)

The constant of integration depends on the selection of the
zero point of energy. For perfect gases, as we have laid down
in § 86, ¢, and ¢, are constant throughout, hence the last
equation holds good in general.

§ 88. Adiabatic Process.—The characteristic feature
of the adiabatic process is that ¢ = 0, and, according to
equation (22),

0 = du + pdv.

Assuming, again, a perfect gas, and substituting the

values of du from (32) and of p from (30), we have

R T
0 = c.dT + ;’7& . ;)'d'v, (36)
or, on integrating,

colog T + 71—2 log v = const.

Replacing R according to (33) by ¢ — ¢y, and dividing by
po g y g

¢y, We get
logT + (y —1)logv=const. . . . (37)

(t.e. during adiabatic expansion the temperature falls).
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Remembering that according to the characteristic equation
(30)
log p + log v — log T = const.,
we have, on eliminating »,
— ylog T 4 (y — 1) log p = const.
(i.e. during adiabatic compression the temperature rises),
or, on eliminating T,
log p 4+ y log v = const.
The values of the constants of integration are given by the
initial state of the process.

If we compare our last equation in the form

pvy=const. . . . . . (38
with Boyle’s law pv = const., it is seen that during adiabatic
compression the volume decreases more slowly for an increase
of pressure than during isothermal compression, because
during adiabatic compression the temperature rises. The
adiabatic curves in the pv — plane (§ 22) are, therefore,
steeper than the hyperbolic isotherms.

§ 89. Adiabatic processes may be used in various ways
for the determination of y, the ratio of the specific heats.
The agreement of the results with the value calculated from
the mechanical equivalent of heat forms an important
confirmation of the theory.

Thus, the measurement of the velocity of sound in a gas
may be used for determining the value of y. It is proved
in hydrodynamics that the velocity of sound in a fluid is

,\/ gﬁ , Where p = i, the density of the fluid. Since gases

are bad conductors of heat, the compressions and expansions
which accompany sound-vibrations must be considered as
adiabatic, and not isothermal, processes. The relation
between the pressure and the density is, therefore, in the

case of perfect gases, not that expressed by Boyle’s law
ﬁ = pv = const., but that given by equation (38), viz.:

-7—17 = const.
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Hence, by differentiation,

dn
« }'PP = ypv,
or, according to (30),
dp _
dp T
mdp
~RT dp’

In air at 0°, the velocity of sound is \/ P _ = 33170 —

hence, according to our last equation, takmg the values of
m from § 41, and of R from § 84, and T = 273,

289 331702

=835 x 100’ 273 — 140

This agrees with the value calculated in § 87.

Conversely, the value of p, calculated from the velocity
of sound, may be used in the calculation of ¢, in calories,
for the determination of the mechanical equivalent of heat
from (33). This method of evaluating the mechanical
equivalent of heat was first proposed by Robert Meyer in
1842. It is true that the assumption expressed in equation
(31), that the internal energy of air depends only on the
temperature, is essential to this method, or in other words,
that the difference of the specific heats at constant pressure
and constant volume depends only on the external work.
The direct proof of this fact, however, must be considered
a8 being first given by the experiments of Thomson and Joule,
described in § 70.

§ 90. We shall now consider a more complex process,
a reversible cycle of a special kind, which has played an
important part in the development of thermodynamics,
known as Carnot’s cycle, and shall apply the first law to it
in detail.

Let a substance of unit mass, starting from an initial
state characterized by the values T, v,, first be compressed
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adiabatically until its temperature rises to Ty(T;>T,) and its
volume is reduced to vy(v,<<v,) (Fig. 3). Second, suppose it
be now allowed to expand isothermally to volume v,'(v,'>1,),
in constant connection with a heat-reservoir of constant
temperature, T,, which gives out the heat of expansion Q,.
Third, let it be further expanded adiabatically until its tem-
perature falls to T,, and the volume is thereby increased to

T

v v,
T, < ; 3

Fia. 8.

v,". Fourth, let it be compressed sothermally to the original
volume v,, while a heat-reservoir maintains the temperature
at T, by absorbing the heat of compression. All these
operations are to be carried out in the reversible manner

described in § 71. The sum of the heat absorbed by the
system, and the work done on the system during this cycle

is, by the first law,
Q+W=0 . . . . . (39

The heat Q, that has been absorbed by the substance, is
Q=Q,+Q . . . . . (40
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(Q, is here negative). The external work W may be calcu-
lated from the adiabatic and the isothermal compressibility
of the substance. According to (20),

g, Ty vy, Ty ', Ty 0, Ty
W=— | pdv— | pdvo— | pdv— | pdv.
t, Ty 13, Ty vy, Ty vy, Ty

These integrals are to be taken along the curves 1, 2, 3, 4

respectively; 1 and 3 being adiabatic, 2 and 4 isothermal.
Assuming the substance to be a perfect gas, the above

integrals can readily be found. If we bear in mind the

relations (30) and (36), we have
m R(T,, | (& R T,
W= /Tlc,,dT 2 / kv + /T.csz - / v (41)

The work of the adiabatic compression in the first part of
the process is equal in value and opposite in sign to that
of the adiabatic expansion in the third part of the process.
There remains, therefore, the sum of the work in the
isothermal portions :

R v, v,
W = — ;7'1'<T2 lOg *’l;; + Tl log Ui'>-

Now, the state (v, T,) was developed from (v,, T,) by an
adiabatic process; therefore, by (37),

log T, + (y — 1) log v, = log T, + (y — 1) log v,.
Similarly, {or the adiabatic process, which leads from (v,’, T,)
to (v,’, T,),

log T, + (y — 1) log v, =log T, + (y — 1) logv,’.
From these equations, it follows that

2’ p— l'

- -,
and ¢ “ _— ‘(T - T )log "l,
. 2 1 1-

’ ’
) . . v )
Since, in the case considered, T, >T,, and 'vl =-2>1,
b )
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the total external work W is negative, 1.e. mechanical work
has been gained by the process. But, from (39) and (40),

Q=Q,+Q=—W; . . . (42
therefore Q is positive, .e. the heat-reservoir at temperature
T, has lost more heat than the heat-reservoir at tempera-
ture T, has gained.

The value of W, substituted in the last equation,
gives

R ’
Q=Qut Q= (T —TYlogit . . 43)

The correctness of this equation is evident from the direct
calculation of the values of Q, and Q,. The gas expands
isothermally while the heat-reservoir at temperature T, is
in action. The internal energy of the gas therefore remains
constant, and the heat absorbed is equal in magnitude and
opposite in sign to the external work. Hence, by equating
Q; to the second integral in (41),

’ ’

_R v _R Y
Q= ;';Tz log v = METZ log oy

and, similarly, by equating Q, to the fourth integral in (41),
R R !
Q

. Lh__ o U
1= mTl log v mTl log v,
which agrees with equation (43).

There exists, then, between the quantities Q,, Q, W,

besides the relation given in (42), this new relation :
Q:Q:W=(=T):T,: (T, —T) . (44

§ 91. The Carnot cycle just described, if sufficiently
often repeated, forms a type of cyclic machine by which heat
may be continuously converted into work. In order to survey
this in detail, we shall now examine more closely the result
of all the interreactions which take place on carrying out such
a cyclic process. To this end we shall compare the initial and
final states of all the bodies concerned. The gas operated



68 THERMODYNAMICS.

upon has not been changed in any way by the process, and
may be left out of account. It has done service only as a trans-
mitting agent, in order to bring about changes in the sur-
roundings. The two reservoirs, however, have undergone
a change, and, besides, a positive amount of external work,
W’ = — W, has been gained; ¢.e. at the close of the process
certain weights, which were in action during the compression
and the expansion, are found to be at a higher level than at
the beginning, or a spring, serving a similar purpose, is at a
greater tension. On the other hand, the heat-reservoir at
T, has given out heat to the amount Q,, and the cooler
reservoir at T, has received the smaller amount Q," = — Q,.
The heat that has vanished is equivalent to the work gained.
This result may be briefly expressed as follows: The
quantity of heat Q,, at temperature T,, has passed in part
(Q,") to a lower temperature (T,), and has in part (Q, — Q,’
= Q, + Q,) been transformed into mechanical work. Carnot’s
cycle, performed with a perfect gas, thus affords a means of
drawing heat from a body and of gaining work in its stead,
without introducing any changes in nature except the
transference of a certain quantity of heat from a body of
higher temperature to one of lower temperature.

But, since the process described is reversible in all its
parts, it may be put into effect in such a way that all the
quantities, Q,, Q,, W, change sign, Q, and W becoming
positive, Q, = — Q,’ negative. In this case the hotter
reservoir at T, receives heat to the amount Q,’, partly from
the colder reservoir (at T,), and partly from the mechanical
work expended (W). By reversing Carnot’s cycle, we have,
then, a means of transferring heat from a colder to a hotter
body without introducing any other changes in nature than
the transformation of a certain amount of mechanical work
into heat. We shall see, later, that, for the success of
Carnot’s reversible cycle, the nature of the transmitting
agent or working substance is immaterial, and that perfect
gases are, in this respect, neither superior nor inferior to
other substances (cf. § 137).



CHAPTER I1II.
APPLICATIONS TO NON-HOMOGENEOUS SYSTEMS.

§ 92. TrE propositions discussed in the preceding chapter
are, in a large part, also applicable to substances which are
not perfectly homogeneous in structure. We shall, there-
fore, in this chapter consider mainly such phenomena as
characterize the inhomogeneity of a system.

Let us consider a system composed of a number of
homogeneous bodies in juxtaposition, separated by given
bounding surfaces. Such a system may, or may not, be
chemically homogeneous. A liquid in contact with its
vapour is an example of the first case, if the molecules of
the latter be identical with those of the former. A substance
in contact with another of different chemical constitution,
is an example of the second. Whether a system is physi-
cally homogeneous or not, can, in most cases, be ascertained
beyond doubt, by finding surfaces of contact within the
system, optically or by other means—in the case of emulsions,
for example, by determining the vapour pressure or the freezing
point. The question as to the chemical homogeneity, t.e.
the presence of one kind of molecule only, is much more
difficult, and has hitherto been answered only in special
cases. For this reason we classify substances according
to their physical and not according to their chemical
homogeneity.

§ 93. One characteristic of processes in non-homogeneous
systems consists in their being generally accompanied by
considerable changes of temperature, e.g. in evaporation or
in oxidation. To maintain the initial temperature and

pressure consequently requires considerable exchange of
69
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heat with the surroundings and corresponding external
work. The latter, however, is generally small compared
with the external heat, and may be neglected in most
chemical processes. In thermochemistry, therefore, the
external effects,

Q+W=U,—U, . . . . (45

are generally measured in calories (the heat equivalent of
the external effects). The external work, W, is small com-
pared with Q. Furthermore, most chemical processes are
accompanied by a rise in temperature, or, if the initial
temperature be re-established, by an external yield of heat
(exothermal processes). Therefore, in thermochemistry, the
heat given out to the surroundings in order to restore the
injtial temperature is denoted as the ‘ positive heat of
reaction ” of the process. In our equations we shall therefore
use Q (the heat absorbed) with the negative sign, in processes
with positive heat of reaction (e.g. combustion); with the
positive sign, in those with negative heat of reaction (e.g.
evaporation, fusion, dissociation).

§ 94. To make equation (45) suitable for thermochemistry
it is expedient to denote the internal energy U of a system
In a given state, by a symbol denoting its chemical con-
stitution. J. Thomsen introduced a symbol of this kind.
He denoted by the formule for the atomic or molecular
weight of the substances enclosed in brackets, the internal
energy of a corresponding weight referred to an arbitrary
zero of energy. Through W. Ostwald this notation has come
into general use. Thus [Pb], [S], [PbS] denote the energies
of an atom of lead, an atom of sulphur, and a molecule of
lead sulphide respectively. In order to express the fact that
the formation of a molecule of lead sulphide from its atoms
is accompanied by an evolution of heat of 18,400 cal., the
external work of the process being negligible, we put

U, = [Pb] + [3]; U, = [Pb8];
W =0; Q=— 18,400 cal.,
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and equation (45) becomes
— 18,400 cal. = [PbS] — [Pb] — [8],
or, as usually written,
[Pb] + [S] — [PbS] = 18,400 cal.

This means that the internal energy of lead and sulphur,
when separate, is 18,400 calories greater than that of their
combination at the same temperature. The use of the
molecular formule is a check that the energies, which are
being compared, refer to the same material system. The
equation could be simplified by selecting the uncombined
state of the elements Pb and S as the zero of energy. Then
(§ 64), [Pb] = 0 and [S] =0, and

[PbS] = — 18,400 cal.

§ 95. To define accurately the state of a substance, and
thereby its energy, besides its chemical nature and mass, its
temperature and pressure must be given. If no special
statement is made, as in the above example, mean laboratory
temperature, i.e. about 18° C., is generally assumed, and the
pressure is supposed to be atmospheric pressure. The
pressure has, however, very little influence on the internal
energy; in fact, none at all in the case of perfect gases
[equation (35)].

The state of aggregation should also be indicated. This
may be done, where necessary, by using brackets for the
solids, parentheses for liquids, and braces for gases. Thus
[H,0], (H,0), {H,0} denote the energies of a molecule of
ice, water, and water vapour respectively. Hence, for the
fusion of ice at 0° C.,,

(H,0) — [H,0] = 80 x 18 = 1440 cal.

It is often desirable, as in the case of solid carbon, sulphur,
arsenic, or isomeric compounds, to denote by some means
the special modification of the substance.

These symbols may be treated like algebraic quantities,
whereby considerations, which would otherwise present
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heat with the surroundings and corresponding external
work. The latter, however, is generally small compared
with the external heat, and may be neglected in most
chemical processes. In thermochemistry, therefore, the
external effects,

Q+W=U,—U,, . . . . (45

are generally measured in calories (the heat equivalent of
the external effects). The external work, W, is small com-
pared with Q. Furthermore, most chemical processes are
accompanied by a rise in temperature, or, if the initial
temperature be re-established, by an external yield of heat
(exothermal processes). Therefore, in thermochemistry, the
heat given out to the surroundings in order to restore the
initial temperature is denoted as the ‘“ positive heat of
reaction ”’ of the process. In our equations we shall therefore
use Q (the heat absorbed) with the negative sign, in processes
with positive heat of reaction (e.g. combustion); with the
positive sign, in those with negative heat of reaction (e.g.
evaporation, fusion, dissociation).

§ 94. To make equation (45) suitable for thermochemistry
it is expedient to denote the internal energy U of a system
in a given state, by a symbol denoting its chemical con-
stitution. J. Thomsen introduced a symbol of this kind.
He denoted by the formule for the atomic or molecular
weight of the substances enclosed in brackets, the internal
energy of a corresponding weight referred to an arbitrary
zero of energy. Through W. Ostwald this notation has come
into general use. Thus [Ph], [S], [PbS] denote the energies
of an atom of lead, an atom of sulphur, and a molecule of
lead sulphide respectively. In order to express the fact that
the formation of a molecule of lead sulphide from its atoms
is accompanied by an evolution of heat of 18,400 cal., the
external work of the process being negligible, we put

U, = [Pb] + [8]; U, = [PbS];
W=0; Q= — 18,400 cal.,

f

I
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and equation (45) becomes
— 18,400 cal. = [PbS] — [Pb] — [8],
or, as usually written,
[Pb] 4 [S] — [PbS] == 18,400 cal.

This means that the internal energy of lead and sulphur,
when separate, is 18,400 calories greater than that of their
combination at the same temperature. The use of the
molecular formulse is a check that the energies, which are
being compared, refer to the same material system. The
equation could be simplified by selecting the uncombined
state of the elements Pb and S as the zero of energy. Then
(§ 64), [Pb] = 0 and [S] =0, and

[PbS] = — 18,400 cal.

§ 95. To define accurately the state of a substance, and
thereby its energy, besides its chemical nature and mass, its
temperature and pressure must be given. If no special
statement is made, as in the above example, mean laboratory
temperature, t.e. about 18° C., is generally assumed, and the
pressure 1s supposed to be atmospheric pressure. The
pressure has, however, very little influence on the internal
energy; in fact, none at all in the case of perfect gases
[equation (35)].

The state of aggregation should also be indicated. This
may be done, where necessary, by using brackets for the
solids, parentheses for liquids, and braces for gases. Thus
[H,0], (H,0), {H,0} denote the energies of a molecule of
ice, water, and water vapour respectively. Hence, for the
fusion of ice at 0° C.,

(H,0) — [H,0] == 80 X 18 = 1440 cal.

It is often desirable, as in the case of solid carbon, sulphur,
arsenic, or isomeric compounds, to denote by some means
the special modification of the substance.

These symbols may be treated like algebraic quantities,
whereby considerations, which would otherwise present
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considerable complications, may be materially shortened.
Examples of this are given below.

§ 96, To denote the energy of a solution or mixture of
several compounds, we may write the formule for the mole-
cular weights with the requisite number of molecules.
Thus,

(H,S0,) + 5(H,0) — (H,S0, . 5H,0) = 13,100 cal.

means that the solution of 1 molecule of sulphuric acid in
5 molecules of water gives out 13,100 calories of heat.
Similarly, the equation

(H,S0,) + 10(H,0) — (H,S0, . 10H,0) = 15,100 cal.

gives the heat of the solution of the same in 10 molecules
of water. By subtracting the first equation from the second,
we get

(H,S0, . 5H,0) + 5(H,0) — (H,S0, . 10H,0) = 2000 cal.,

i.e. on diluting a solution of 1 molecule of sulphuric acid
dissolved in 5 molecules of water, by the addition of another
5 molecules of water, 2000 calories are given out.

§ 97. As a matter of experience, in very dilute solutions
further dilution no longer yields any appreciable amount of
heat. Thus, in indicating the internal energy of a dilute
solution it is often unnecessary to give the number of mole-
cules of the solvent. We write briefly

(H,80,) + (aq.) — (H,S0, aq.) = 17,900 cal.

to express the heat of reaction of infinite dilution of a molecule
of sulphuric acid. Here (aq.) denotes any amount of water
sufficient for the practical production of an infinitely dilute
solution.

§ 98. Volumetric changes being very slight in chemical
processes which involve only solids and liquids, the heat
equivalent of the external work W (§ 93) is a negligible
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quantity compared with the heat of reaction. The latter alone,
then, represents the change of energy of the system :

Uz—U]_:Q-

It, therefore, depends on the initial and final states only,
and not on the intermediate steps of the process. These
considerations do not apply, in general, when gaseous sub-
stances enter into the reaction. It is only in the combustions
in the “ calorimetric bomb,” extensively used by Berthelot
and Stohmann in their investigations, that the volume remains
constant and the external work is zero. In these reactions
the heat of reaction observed represents the total change
of energy. In other cases, however, the amount of external
work W may assume a considerable value, and it is materially
influenced by the process itself. Thus, a gas may be allowed
to expand, at the same time performing work, which may
have any value within certain limits, from zero upwards.
But since its change of energy U, — U, depends on the
initial and final states only, a greater amount of work done
against the external forces necessitates a smaller heat of re-
action for the process, and vice versdé. To find the latter, not
only the change of the internal energy, but also the amount of
the external work must be known. This renders necessary
an account of the external conditions under which the process
takes place.

§ 99. Of all the external conditions that may accompany
a chemical process, constant (atmospheric) pressure is the
one which is of the most practical importance : p = p,. The
external work is then, according to equation (20),

W=—/;p0JV=p0(V1—V2);. . (46)

that is, equal to the product of the pressure and the decrease

of volume. This, according to (45), gives
0,—U0;=Q+p(V,— Vo). . . (47)

Now, the total decrease of volume, V; — V,, may generally
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be put equal to the decrease of volume of the gaseous portions
of the system, neglecting that of the solids and liquids.
Since, by (16),

T
V,—V,=R(n, — n,),
Po

where 7,, n, are the number of gas molecules present before
and after the reaction, the heat equivalent of the external
work at constant pressure is, by (46) and (34),

r —_ T
}}— = p°(V1J V) ?—T(n] — n,) = 1-985T(n, — n,) cal.
The heat of reaction of a process at constant pressure is
therefore
—Q=U,—TU,+ 1-985T(n, — n,) cal. . (48)
If, for instance, one gram molecule of hydrogen and
half a gram molecule of oxygen, both at 18° C., combine
at constant pressure to form water at 18° C., we put

U, = {H} + HO,}; U, = (H,0); n, = 2; mp, = 0; T = 291.
The heat of combustion is, therefore, by (48),
— Q = {H,} + }{O,} — (I1,0) 4 860 cal.,

t.e. 860 cal. more than would correspond to the decrease of
the internal energy, or to the combustion without the
simultaneous performance of external work.

§ 100. If we write equation (47) in the form
U4+pV)e— U+pV),=Q . . (49)

it will be seen that, in processes under constant pressure p,,
the heat of reaction depends only on the initial and final states,
just as in the case when there is no external work. The heat
of reaction, however, is not equal to the difference of the
internal energies U, but to the difference of the values of
the quantity

at the beginning and end of the process. Gibbs has called
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the quantity H the keat function at constant pressure. This
function plays exactly the same part with respect to the heat
of reaction of isobaric processes as the energy does with respect
to the heat of reaction of isochoric processes.

If, then, only processes at constant pressure be considered,
it will be expedient to regard the symbols {H,}, {H,0}, etc.,
as representing the heat function H instead of simply the
energy U. Thus the difference in the two values of the
function will, in all cases, directly represent the heat of the
reaction. This notation is therefore adopted in the following.

§ 101. To determine the heat of the reaction of a chemical
reaction at constant pressure, the initial and final values of
the heat function, H, of the system suffice. The general
solution of this problem, therefore, amounts to finding the
heat functions of all imaginable material systems in all
possible states. Frequently, different ways of transition
from one state of a system to another may be devised, which
may serve either as a test of the theory, or as a check upon
the accuracy of the observations. Thus J. Thomsen found
the heat of neutralization of a solution of sodium bicarbonate
with caustic soda to be:

(NaHCO, aq.) + (NaHO aq.) — (Na,CO; aq.) = 9200 cal.

He also found the heat of neutralization of carbon dioxide
to be:

(CO, aq.) + 2(NaHO aq.) — (Na,COj4 aq.) = 20,200 cal.
By subtraction
(CO, aq.) + (NaHO aq.) — (NaHCO, aq.) = 11,000 cal.

This is the heat of reaction corresponding to the direct com-
bination of carbon dioxide and caustic soda to form sodium
bicarbonate. Berthelot verified this by direct measurement.

§ 102. Frequently, of two ways of transition, one is
better adapted for calorimetric measurements than the
other. Thus, the heat developed by the decomposition of
hydrogen peroxide into water and oxygen cannot readily



76 THERMODYNAMICS.

be measured directly. Thomsen therefore oxidized a solution
of stannous chloride in hydrochloric acid first by means of
hydrogen peroxide :
(SnCl, 2HCI aq.) 4+ (H,0, aq.) — (SnCl, aq.) = 88,800 cal.,
then by means of oxygen gas:

(SnCl, . 2HC1 aq.) + 3{0,} — (SnCl, aq.) = 65,700 cal.
Subtraction gives

(H,0, aq.) — ${0,} — (aq.) = 23,100 cal.

for the heat of reaction on the decomposition of dissolved
hydrogen peroxide into oxygen and water.

§ 103. The heat of formation of carbon monoxide from
solid carbon and oxygen cannot be directly determined.
because carbon never burns completely to carbon monoxide,
but always, in part, to carbon dioxide as well. Therefore
Favre and Silbermann determined the heat of reaction on the
complete combustion of carbon to carbon dioxide :

[C] + {0} — {CO,} = 97,000 cal.,

and then determined the heat of reaction on the combustion
of carbon monoxide to carbon dioxide :

{CO} + }{O0,} — {CO,} = 68,000 cal.
By subtraction we get
[C]+ 3{0,} — {CO} = 29,000 cal.,
the required heat of formation of carbon monoxide.

§ 104. According to the above, theory enables us to
calculate the heat of reaction of processes which cannot be
directly realized, for as soon as the heat function of a system
has been found in any way, it may be compared with other
heat functions.

Let the problem be, e.g., to find the heat of formation
of liquid carbon bisulphide from solid carbon and solid
sulphur, which do not combine directly. The following
represent the reactions :—
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The combustion of solid sulphur to sulphur dioxide gas :

[S] + {O,} — {80O,} = 71,100 cal.
The combustion of solid carbon to carbon dioxide :

[C] + {O,} — {CO,} = 97,000 cal.
The combustion of carbon bisulphide vapour to carbon
dioxide and sulphur dioxide :

{CS,} + 3{0,} — {CO,} — 2{S0,} = 265,100 cal.
The condensation of carbon bisulphide vapour :
{C8,} — (C8,) = 6400 cal.

Elimination by purely arithmetical processes furnishes the
required heat of formation :

[C] 4 2[S] — (CS,) = — 19,500 cal.,

hence negative.

In organic thermochemistry the most important method
of determining the heat of formation of a compound consists
in determining the heat of combustion, first of the compound,
and then of its constituents.

Methane (marsh gas) gives by the complete combustion
to carbon dioxide and water (liquid) :

{CH} + 2{0,} — {CO,} — 2(H,0) = 211,900 cal,,
but {H,} + 3{0,} — (H,0) = 68,400 cal,, (50)
and [C]+ {0y} — {CO,} = 97,000 cal.;

therefore, by elimination, we obtain the heat of formation
of methane from solid carbon and hydrogen gas:

[0] + 2{H,} — {CH,} = 21,900 cal.

§ 105. The external heat, Q, of a given change at constant
pressure will depend on the temperature at which the pro-
cess is carried out. In this respect the first law of thermo-
dynamics leads to the following relation :

From equation (49) it follows that, for any temperature T,

Ha—H1=Q,
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for another temperature T,
Hz' _ le — Q’,
and by subtraction
Q' — Q= (H,— H,) — (H,’ — Hy),

t.e. the difference of the heats of reaction (Q — Q') is equal
to the difference in the quantities of heat, which before and
after the reaction would be required to raise the temperature
of the system from T to T".

If we take T' — T infinitely small, we have

dQ (dH dH\ .

d‘—T = <6_l—'f>2_ (B—T>1— 02 —_ Cl . (OOG)
where C; and C, are the heat capacities before and after the
transformation.

Thus the influence of the temperature on the combustion
of hydrogen to water (liquid) may be found by comparing
the heat capacity of the mixture (H,+ 30,) with that of
the water (H,0). The former is equal to the molecular
heat of hydrogen plus half the molecular heat of oxygen.
According to the table in § 87, this is

C, = 6-87 + 3-52 = 10-39
and C,=1x18=18.
Hence, by (50a),
Q _ ..
= 7-6.
Since Q is negative, the heat of combustion of a gram molecule
of hydrogen decreases with rising temperature by 7-6 cal.
per degree Centigrade.



PART III.

THE SECOND FUNDAMENTAL PRINCIPLE OF
THERMODYNAMICS.

CHAPTER 1.
INTRODUCTION.

§ 108. THE second law of thermodynamics is essentially
different from the first law, since it deals with a question in
no way touched upon by the first law, viz. the direction in
which a process takes place in nature. Not every change
which is consistent with the principle of the conservation of
energy satisfies also the additional conditions which the
second law imposes upon the processes, which actually take
place in nature. In other words, the principle of the con-
servation of energy does not suffice for a unique determina-
tion of natural processes.

If, for instance, an exchange of heat by conduction takes
place between two bodies of different temperature, the first
law, or the principle of the conservation of energy, merely
demands that the quantity of heat given out by the one body
shall be equal to that taken up by the other. Whether the
flow of heat, however, takes place from the colder to the
hotter body, or vice versd, cannot be answered by the energy
principle alone. The very notion of temperature is alien to
that principle, as can be seen from the fact that it yields no
exact definition of temperature. Neither does the general
equation (17) of the first law contain any statement with
regard to the direction of the particular process. The special
equation (50), for instance,

() + HOJ — (H;0) = 68,400 cal,
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means only that, if hydrogen and oxygen combine under
constant pressure to form water, the re-establishment of the
initial temperature requires a certain amount of heat to be
given up to surrounding bodies; and wice versd, that this
amount of heat is absorbed when water is decomposed into
hydrogen and oxygen. It offers no information, however,
as to whether hydrogen and oxygen actually combine to
form water, or water decomposes into hydrogen and oxygen,
or whether such a process can take place at all in either
direction. From the point of view of the first law, the
initial and final states of any process are completely equivalent.

§ 107. In one particular case, however, does the principle
of the conservation of energy prescribe a certain direction
to a process. This occurs when, in a system, one of the
various forms of energy is at an absolute maximum, or
absolute minimum. It is evident that, in this case, the
direction of the change must be such that the particular form
of energy will decrease, or increase. This particular case is
realized in mechanics by a system of particles at rest. Here
the kinetic energy is at an absolute minimum, and, therefore,
any change of the system is accompanied by an increase of
the kinetic energy, and, if it be an isolated system, by a
decrease of the potential energy. This gives rise to an
important proposition in mechanics, which characterizes the
direction of possible motion, and lays down, in consequence,
the general condition of mechanical equilibrium. It is
evident that, if both the kinetic and potential energies be
at a minimum, no change can possibly take place, since
none of these can increase at the expense of the other. The
system must, therefore, remain at rest.

If a heavy liquid be initially at rest at different levels in
two communicating tubes, then motion will set in, so as to
equalize the levels, for the centre of gravity of the system
is thereby lowered, and the potential energy diminished.
Equilibrium exists when the centre of gravity is at its lowest,
and therefore the potential energy at a minimum, s.e. when
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the liquid stands at the same level in both tubes. If no
special assumption be made with regard to the initial velocity
of the liquid, the above proposition no longer holds. The
potential energy need not decrease, and the higher level
might rise or sink according to circumstances.

If our knowledge of thermal phenomena led us to recognize
a state of minimum energy, a similar proposition would hold
for this, but only for this, particular state. In reality no
such minimum has been detected. It is, therefore, hopeless
to seek to reduce the general laws regarding the direction of
thermodynamical changes, as well as those of thermo-
dynamical equilibrium, to the corresponding propositions in
mechanics which hold good only for systems at rest.

§ 108. Although these considerations make it evident
that the principle of the conservation of energy cannot
serve to determine the direction of a thermodynamical
process, and therewith the conditions of thermodynamical
equilibrium, unceasing attempts have been made to make
the principle of the conservation of energy in some way or
other serve this purpose. These attempts have, in many
cases, stood in the way of a clear presentation of the second
law. That attempts are still made to represent this law as
contained in the principle of energy may be seen from the
fact that the too restricted term ‘‘ Energetics ” is sometimes
applied to all investigations on these questions. The con-
ception of energy is not sufficient for the second law. It
cannot be exhaustively treated by breaking up a natural
process into a series of changes of energy, and then investi-
gating the direction of each change. We can always tell, it is
true, what are the different kinds of energy exchanged for one
another; for there is no doubt that the principle of energy
must be fulfilled, but the expression of the conditions of these
changes remains arbitrary, and this ambiguity cannot be
completely removed by any general assumption.

We often find the second law stated as follows: The
change of mechanical work into heat may be complete, but,
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on the contrary, that of heat into work must needs be incom-
plete, since, whenever a certain quantity of heat is trans-
formed into work, another quantity of heat must undergo a
corresponding and compensating change; e.g. transference
from higher to lower temperature. This is quite correct in
certain very special cases, but it by no means expresses the
essential feature of the process, as a simple example will show.
An achievement which is closely associated with the discovery
of the principle of energy, and which is one of the most im-
portant for the theory of heat, is the proposition expressed in
equation (19), § 70, that the total internal energy of a gas
depends only on the temperature, and not on the volume. Ifa
perfect gas be allowed to expand, doing external work, and be
prevented from cooling by connecting it with a heat-reservoir
of higher temperature, the temperature of the gas, and at the
same time its internal energy, remains unchanged, and it
may be said that the amount of heat given out by the reservoir
is completely changed into work without an exchange of
energy taking place anywhere. Not the least objection can
be made to this. The proposition of the “ incomplete trans-
formability of heat into work ’ cannot be applied to this case,
except by a different way of viewing the process, which, how-
ever, changes nothing in the physical facts, and cannot, there-
fore, be confirmed or refuted by them, namely, by the
introduction of new kinds of energy, only invented ad hoc.
This consists in dividing the energy of the gas into several
parts, which may then individually depend also on the volume.
This division has, however, to be carried out differently for
different cases (e.g. in one way for isothermal, in another for
adiabatic processes), and necessitates complicated considera-
tions even in cases of physical simplicity. But when we pass
from the consideration of the first law of thermodynamics to
that of the second, we have to deal with a new fact, and it is
evident that no definition, however ingenious, although it
contain no contradiction in itself, will ever permit of the
deduction of a new fact.

§ 109. There is but one way of clearly showing the
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significance of the second law, and that is to base it on facts
by formulating propositions which may be proved or disproved
by experiment. The following proposition is of this character :
It is in no way possible to completely reverse any process in
which heat has been produced by friction. For the sake of
example we shall refer to Joule’s experiments on friction,
described in § 60, for the determination of the mechanical
equivalent of heat. Applied to these, our proposition says
that, when the falling weights have generated heat in water
or mercury by the friction of the paddles, no process can be
invented which will completely restore everywhere the initial
state of that experiment, .e. which will raise the weights to
their original height, cool the liquid, and otherwise leave no
change. The appliances used may be of any kind whatsoever,
mechanical, thermal, chemical, electrical, etc., but the con-
dition of complete restoration of the initial state renders it
necessary that all materials and machines used must ultimately
be left exactly in the condition in which they were before their
application. Such a proposition cannot be proved a priori,
neither does it amount te a definition, but it contains a definite
assertion, to be stated precisely in each case, which may be
verified by actual experiment. The proposition is therefore
correct or incorrect.

§ 110. Another proposition of this kind, and closely
connected with the former, is the following : It is in no way
possible to completely reverse any process in which a gas
expands without performing work or absorbing heat, i.e.
with constant total energy (as described in § 68). The word
‘““ completely ” again refers to the accurate reproduction of
the initial conditions. To test this, the gas, after it had
assumed its new state of equilibrium, might first be com-
pressed to its former volume by a weight falling to a lower
level. External work is done on the gas, and it is thereby
heated. The problem is now to bring the gas to its initial
condition, and to raise the weight. The gas kept at constant
volume might be reduced to its original temperature by
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conducting the heat of compression into a colder heat-
reservoir. In order that the process may be completely
reversed, the reservoir must be deprived of the heat gained
thereby, and the weight raised to its original position. This is,
however, exactly what was asserted in the preceding para-
graph to be impracticable.

§ 111, A third proposition in point refers to the con-
duction of heat. Supposing that a body receives a certain
quantity of heat from another of higher temperature, the
problem is to completely reverse this process, i.e. to convey
back the heat without leaving any change whatsoever. In
the description of Carnot’s reversible cycle it has been pointed
out, that heat can at any time be drawn from a heat-reservoir
and transferred to a hotter reservoir without leaving any
change except the expenditure of a certain amount of work,
and the transference of an equivalent amount of heat from
one reservoir to the other. If this heat could be removed,
and the corresponding work recovered without other changes,
the process of heat-conduction would be completely reversed.
Here, again, we have the problem which was declared in § 109
to be impracticable.

Further examples of processes to which the same con-
siderations apply are, diffusion, the freezing of an overcooled
liquid, the condensation of a supersaturated vapour, all
explosive reactions, and, in fact, every transformation of a
system into a state of greater stability.

§ 112. Definition.—A process which can in no way be
completely reversed is termed ¢rreversible, all other processes
reversible. That a process may be irreversible, it is not
sufficient that it cannot be directly reversed. This is the
case with many mechanical processes which are not irre-
versible (cf. § 113). The full requirement is, that it be im-
possible, even with the assistance of all agents in nature, to
restore everywhere the exact initial state when the process
has once taken place. The propositions of the three preceding
paragraphs, therefore, declare, that the generation of heat by
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friction, the expansion of a gas without the performance of
external work and the absorption of external heat, the con-
duction of heat, etc., are irreversible processes.*

§ 113. We now turn to the question of the actual existence
of reversible and irreversible processes. Numerous reversible
processes can at least be imagined, as, for instance; those
consisting of a succession of states of equilibrium, as fully
explained in § 71, and, therefore, directly reversible in all
their parts. Further, all perfectly periodic processes, e.g.
an ideal pendulum or planetary motion, are reversible, for,
at the end of every period, the initial state is completely
restored. Also, all mechanical processes with absolutely
rigid bodies and absolutely incompressible liquids, as far as
friction can be avoided, are reversible. By the introduction
of suitable machines with absolutely unyielding connecting
rods, frictionless joints and bearings, inextensible belts, etc.,
it is always possible to work the machines in such a way as
to bring the system completely into its initial state without
leaving any change in the machines, for the machines of
themselves do not perform work.

If, for instance, a heavy liquid, originally at rest at different
levels in two communicating tubes (§ 107), be set in motion by
gravity, it will, in consequence of its kinetic energy, go beyond
its position of equilibrium, and, since the tubes are supposed
frictionless, again swing back to its exact original position.
The process at this point has been completely reversed, and
therefore belongs to the class of reversible processes.

As soon as friction is admitted, however, its reversibility
is at least questionable. Whether reversible processes exist

* The principle that the conduction of heat is an irreversible process
coincides exactly with the fundamental principle, which R. Clausius put in
the forefront of his argument. The principle of Clausius states that Aeat
cannot of stself pass from a cold to a hot body. As Clausius repeatedly and
expressly pointed out, this principle does not merely say that heat does not
flow directly from a cold to a hot body—that is self-evident, and is a con-
dition of the definition of temperature—but it expressly states that heat
can in no way and by no process be transported from a colder to a warmer
body without leaving further changes, i.e. without compensation. Only in
virtue of this wider meaning of the principle is it possible to draw con-
clusions about other natural processes.
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in nature or not, is not a priort evident or demonstrable.
There is, however, no purely logical objection to imagining
that a means may some day be found of completely reversing
some process hitherto considered irreversible: one, for
example, in which friction or heat-conduction plays a part.
But it can be demonstrated—and this will be done in the follow-
ing chapter—that if, in a single instance, one of the processes
declared to be irreversible in §§ 109, etc., should be found to be
reversible, then all of these processes must be reversible in all
cases. Consequently, either all or none of these processes are
irreversible. There is no third possibility. If those processes
are not irreversible, the entire edifice of the second law will
crumble. None of the numerous relations deduced from it,
however many may have been verified by experience, could
then be considered as universally proved, and theoretical
work would have to start from the beginning. (The so-called
proofs of ““ energetics ’ are not a substitute, for a closer test
shows all of them to be more or less imperfect paraphrases of
the propositions to be proved. This is not the place, however,
to demonstrate this point.) * It is this foundation on the
physical fact of irreversibility which forms the strength of
the second law. If, therefore, it must be admitted that a
single experience contradicting that fact would render the law
untenable, on the other hand, any confirmation of part
supports the whole structure, and gives to deductions, even in
seemingly remote regions, the full significance possessed by

the law itself.
§ 114. The significance of the second law of thermo-

* In many statements one finds the process of heat-conduction compared
with the fall of a heavy liquid from a higher to a lower level. The law that
in one case the heat falls from a higher to a lower temperature, and in the
other the liquid from a higher to a lower level, is denoted as the second funda-
mental principle of energetics. This comparison shows very clearly the
error of the case. Here no account is taken of the fact that the mechanical
state of a body depends, not only on its position, but also on its velocity,
while the thermal state depends only on the temperature. A heavy liquid
may rise just as well as fall, while heat can only fall. In general, the second
law of energetics is untrue. If the law is expressly limited to bodies at rest,
it can be deduced, as has been shown in § 107, from the prinéiple of energy,
and it is therefore impossible to deduce anything new therefrom.
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dynamics depends on the fact that it supplies a necessary and
far-reaching criterion as to whether a definite process which
occurs in nature is reversible or irreversible. Since the decision
as to whether a particular process is irreversible or reversible
depends only on whether the process can in any manner
whatsoever be completely reversed or not, the nature of the
initial and final states, and not the intermediate steps of the
process, entirely settle it. The question is, whether or not it
is possible, starting from the final state, to reach the initial
one in any way without any other change. The second law,
therefore, furnishes a relation between the quantities con-
nected with the initial and final states of any natural process.
The final state of an irreversible process is evidently in some
way discriminate from the initial state, while in reversible
processes the two states are in certain respects equivalent.
The second law points out this characteristic property of
both states, and also shows, when the two states are given,
whether a transformation is possible in nature from the first
to the second, or from the second to the first, without leaving
changes in other bodies. For this purpose, of course, the two
states must be fully characterized. Besides the chemical
constitution of the systems in question, the physical conditions
—viz. the state of aggregation, temperature, and pressure in
both states—must be known, as is necessary for the application
of the first law.

The relation furnished by the second law will evidently
be simpler the nearer the two states are to one another. On
this depends the great fertility of the second law in its treat-
ment of cyclic processes, which, however complicated they
may be, give rise to a final state only slightly different from the
initial state. Since the system, which goes through the cyclic
process, returns at the end to exactly the same state as at the
beginning, we can leave it entirely out of account on comparing
the two states (§ 91).

If we regard the second law from the mathematical point of
view, the distinction between the final and initial states of a
process can consist only in an inequality. This means that a
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certain quantity, which depends on the momentary state of the
system, possesses in the final state a greater or smaller value,
according to the definition of the sign of that quantity, than
in the initial state.

The second law of thermodynamics states that there exists
in nature for each system of bodies a quantity, which by all
changes of the system either remains constant (in reversible
processes) or increases in value (in irreversible processes).
This quantity is called, following Clausius, the entropy of the
system. The exposition in the following chapter aims at
obtaining a mathematical expression for the entropy of a
system, and proving its properties. First of all the entropy
of ideal gases is obtained, since for these alone is an exact
characteristic equation known, and therefrom also the entropies

of all other substances.

§ 115. Since there exists in nature no process entirely
free from friction or heat-conduction, all processes which
actually take place in nature, if the second law be correct,
are in reality irreversible. Reversible processes form only an
ideal limiting case. They are, however, of considerable
importance for theoretical demonstration and for application
to states of equilibrium.



CHAPTER IIL
PROOF.

§ 116. SiNcE the second fundamental principle of thermo-
dynamics is, like the first, an empirical law, we can speak of its
proof only in so far as its total purport may be deduced from a
single simple law of experience about which there is no doubt.
We, therefore, put forward the following proposition as being
given directly by experience : It is smpossible to construct an
engine which will work in a complete cycle, and produce no effect
except the raising of a weight and the cooling of a heat-reservoir.*
Such an engine could be used simultaneously as a motor
and a refrigerator without any waste of energy or material,
and would in any case be the most profitable engine ever
made. It would, it is true, not be equivalent to perpetual
motion, for it does not produce work from nothing, but from
the heat, which it draws from the reservoir. It would not,
therefore, like perpetual motion, contradict the principle of
energy, but would, nevertheless, possess for man the essential
advantage of perpetual motion, the supply of work without
cost; for the inexhaustible supply of heat in the earth, in
the atmosphere, and in the sea, would, like the oxygen of
the atmosphere, be at everybody’s immediate disposal. For
this reason we take the above proposition as our starting point.
Since we are to deduce the second law from it, we expect, at
the same time, to make a most serviceable application of any
natural phenomenon which may be discovered to deviate from
the second law. As soon as & phenomenon is found to con-
tradict any legitimate conclusions from the second law, this

* The temperature of the reservoir does not enter into the question.

If such a machine is possible with a reservoir at 1000° C. it is also possible
with a reservoir at 0° C. To see this one has only to use a suitably devised

Carnot cycle (§ 91).
89



90 THERMODYNAMICS.

contradiction must arise from an inaccuracy in our first
assumption, and the phenomenon could be used for the con-
struction ‘of the above-described engine. We shall in the
following, according to the proposal of Ostwald, speak of
perpetual motion of the second kind, since it stands in the
same relation to the second law as perpetual motion of the
first kind does to the first law. In connection with all objec-
tions to the second law, it must be borne in mind that, if no
errors are to be found in the line of proof, they are ultimately
directed against the impossibility of perpetual motion of the
second kind (§ 136).*

§ 117. From the impossibility of perpetual motion of the
second kind, it follows, in the first place, that the generation
of heat by friction is vrreversible (cf. def. § 112). For supposing
it were not so, v.e. supposing a method could be found by
which a process involving generation of heat by friction could
be completely reversed, this very method would produce what
is identically perpetual motion of the second kind: viz. a
change which consists of nothing but the production of work,
and the absorption of an equivalent amount of heat.

§ 118. It follows, further, that the expansion of a gas
without the performance of external work, or the absorption
of heat, is irreversible. For, suppose a method were known
of completely reversing this process, ¢.c. of reducing the
volume of a gas, without leaving any other change whatso-
ever, this method could be utilized for the production of
perpetual motion of the second kind in the following manner.
Allow the gas to do work by expansion, supplying the energy

* The starting point selected by me for the proof of the second law
coincides fundamentally with that which R. Clausius, or which Sir W.
Thomson or which J. Clerk Maxwell used for the same purpose. The
fundamental proposition which each of these investigators placed at the
beginning of Eis deductions asserts each time, only in different form, the
impossibility of the realization of perpetual motion of the second kind. I
have selected the above form of expression, because of 1ts evident technical
significance. Not a single really rational proof of the second law has thus
far been advanced which does not require this fundamental principle,
however numerous the attempts in this direction may have-been, nor do I
believe that such an attempt will ever meet with success.
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lost thereby by the conduction of heat from a reservoir at
the same or higher temperature, and then, by the assumed
method, reduce the volume of the gas to its initial value
without leaving any other change. This process might be
repeated as often as we please, and would therefore represent
an engine working in a complete cycle, and producing no effect
except the performance of work, and the withdrawal of heat
from a reservoir, ¢.e. perpetual motion of the second kind.

On the basis of the proposition we have just proved, that
the expansion of a gas without the performance of work
and the absorption of heat is irreversible, we shall now carry
through the proof of the second law for those bodies whose
thermodynamical properties are most completely known, viz.
for perfect gases.

§ 119, If a perfect gas be subjected to infinitely slow
compression or expansion, and if, at the same time, heat be
applied or withdrawn, we have, by equation (22), in each
infinitely small portion of the process, per unit mass,

g = du + pdv
or, since for a perfect gas,
du = c.dT,
R T
and p=_

q =cdT + ;I; . %-‘dv.

If the process be adiabatic, then ¢ = 0, and the integra-
tion of the above equation gives (as in § 88) the function

colog T + :—Z logv
equal to a constant. We shall now put
é=cologT + glog v+ const.,, . . (51)

and call this function, after Clausius, the entropy of unit mass
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of the gas. The constant, which has to be added, can be
determined by arbitrarily fixing the zero state. Accordingly

P =M¢p = M(Cv log T + ,% log v + const.) . (62)

is the entropy of mass M of the gas. The entropy of the gas,
therefore, remains constant during the described adiabatic
change of state.

§ 120. On the application of heat, the entropy of the gas
changes, in the case considered, by

dd>=M< ‘fl"r-pg ‘3’> Md—u-i,'l,.@’ . (53)

M9
dq)_MT_T . .« .« . . . (53a)
It increases or decreases according as heat is absorbed or
evolved.

The absorbed heat Q has here been broken up into two
factors, T and d®. According to a view which has recently
been brought forward, this breaking up of heat into factors is
regarded as a general property of heat. It should, however,
be emphasized that equation (53a) is by no means generally
true. It holds only in the particular case where the external
work performed by the gas is expressed by pdV. The relation
(53) holds, quite generally, for any process in which the temper-
ature of the gas is increased by dT, and the volume by dV. It
is, in fact, only a different mathematical form for the definition
of the entropy given in (52). It holds, for example, also when
a gas, as in the process described in § 68, passes, without the
performance of external work, into a new state of equilibrium
at the same temperature with greater volume. On the other
hand, the equation

Q=dU + pdV

holds by no means in all cases, but should, in general, be
replaced by -

Q+ W=dU,
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where W, the work done on the substance, may have any value
within certain limits. For instance, W =0, if the gas
expands without performing external work. In this case,
Q = dU, and the equation Q = Td® no longer holds.

§ 121. We shall now consider two gases which can com-
municate heat to one another by conduction, but may, in
general, be under different pressures. If the volume of one, or
both, of the gases be changed by some reversible process, care
being taken that the temperatures of the gases equalize at
each moment, and that no exchange of heat takes place with
surrounding bodies, we have, according to equation (53),
during any element of time, for the first gas,

%
dd, = T,
and, for the second gas,
Q.
dd, = T,

According to the conditions of the process,

T1=Tzand Q1+ Q2=O,
whence, dP, + d®P, =0
or, for a finite change,

Y, + P, =const. . . . . . (54)

The sum of the entropies of the two gases remains constant
during the described process.

§ 122. Any such process with two gases is evidently
reversible in all its parts, for it may be directly reversed
without leaving changes in the surroundings. From this
follows the proposition that it is always possible to bring
two gases, by a reversible process, without leaving changes
in other bodies, from any given state to any other given state,
if the sum of the entropies in the two states be equal.*

* Since the states of both gases are arbitrary, the gas will in general not
have the same total energy in the one state as in the other. The passage of
the gas from one state to another is acoompanied by a loss or gain of energy.
This, however, introduces no difficulty, for we can always regard the energy
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Let an initial state of the gases be given by the tempera-
tures T,, T,, and the specific volumes v,, v,; a second state
by the corresponding values T,’, T, ; v,",v,".  We now suppose
that

4+ P,=P,/ 4+, . . . . (55)

Bring the first gas to the temperature T, by a reversible
adiabatic compression or expansion; then place the two gases
in thermal contact with one another, and continue to compress
or expand the first infinitely slowly. Heat will now pass
between the two gases, and the entropy of the first one will
change, and it will be possible to make this entropy assume
the value ®,’. But, according to (54), during the above
process the sum of the two entropies remains constant, and
= @, + &,; therefore the entropy of the second gas is
(P, + P,) — D', which is, according to (55), equal to ®,". If
we now separate the two gases, and compress or expand each
one adiabatically and reversibly until they have the required
temperatures T,” and T,’, the specific volumes must then be
v, and v,’, and the required final state has been reached.

This process is reversible in all its parts, and no changes
remain in other bodies; * in particular, the surroundings have
neither gained nor lost heat.f The conditions of the problem
have therefore been fulfilled, and the proposition proved.

§ 123. A similar proposition can readily be proved for any
number of gases. It is always possible to bring a system of
n gases from any one state to any other by a reversible process
without leaving changes in other bodies, if the sum of the
entropies of all the gases is the same in both states, v.e. if

P+ P+ . P=D)+ P+ ..+ D (56)
By the process described in the preceding paragraph we may,

as mechanical work, produced by the raising or lowering of weights. Since
the weights change only their position and not their internal state, no
changes are left in them, since in general all purely mechanical processes are
essentially reversible (§ 113).

* The necessary work can be performed by the raising or lowering of
unchangeable weights involving no internal changes. .

t Also there have been no density changes, for we can imagine the gas
holder in a vacuum.
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by the successive combination of pairs of gases of the system,
bring the first, then the second, then the third, and so on to
the (n — 1)th gas, to the required entropy. Now, in each of
the successive processes the sum of the entropies of all the
gases remains constant, and, since the entropies of the first
(n — 1) gases are ®,, ®,’ ... ®'s_,, the entropy of the nth
gas is necessarily

(P, + D+ .. F D) — (P F D+ . DPy).
This is, according to (56), the required value ®.’. Each gas
can now be brought by an adiabatic reversible process into the
required state, and the problem is solved.

If we call the sum of the entropies of all the gases the
entropy of the whole system, we may then say : If a system of
gases has the same entropy in two different states, it may be
transformed from the one to the other by a reversible process,
without leaving changes in other bodies.

§ 124. We now introduce the proposition proved in § 118,
that the expansion of a perfect gas, without performing
external work or absorbing heat, is irreversible; or, what is
the same thing, that the transition of a perfect gas to a state
of greater volume and equal temperature, without external
effects, as described in § 68, is irreversible. Such a process
corresponds to an increase of the entropy, according to the
definition (52). It immediately follows that 4t is altogether
impossible to decrease the entropy of a gas without producing
changes in other bodwes. If this were possible, the irreversible
expansion of a gas could be completely reversed. After the
gas had expanded without external effects, and had assumed
its new state of equilibrium, the entropy of the gas could be
reduced to its initial value, without leaving changes in other
bodies, by the supposed method, and then, by an adiabatic
reversible process, during which the entropy of the gas remains
constant, brought to its initial temperature, and thereby also
to its original volume. This would completely reverse * the

* That no mechanical work remains over follows from the first law of
thermodynamics, since with the original state of the gas also the original
energy is restored.
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first expansion, and furnish, according to § 118, perpetual
motion of the second kind.

§ 125. A system of two or more gases behaves in the same
way. There exists, in nature, no means of diminishing the
entropy of a system of perfect gases, without leaving changes
in bodies outside the system. A contrivance which would
accomplish this, be it mechanical, thermal, chemicgl, or
electrical in nature, might be used to reduce the entropy of a
single gas without leaving changes in other bodies.

Suppose a system of gases to have passed in any manner
from one state in which their entropies are ®,, @, . . . &y,
to a state where they are ®,’, ®,"...®.’, and that no change
has been produced in any body outside the system, and let

O+ P+ ...+ D <D+ Dyt ...+ Da, (57)

then it is possible, according to the proposition proved in
§ 123, to bring the system by a reversible process, without
leaving changes in other bodies, into any other state in which
the sum of the entropies is

Q)+ D + ...+ D
and accordingly into a state in which the first gas has the

entropy @,, the second the entropy @, . . ., the (n — 1)th
the entropy ®n-,, and the nth in consequence the entropy
(P +D, +... +P)— P, —Py— . . . — Dn, (58)

The first (n — 1) gases may now be reduced to their
original state by reversible adiabatic processes. The nth gas
possesses the entropy (58), which is, according to the supposi-
tion (57), smaller than the original entropy ®». The entropy
of the nth gas has, therefore, been diminished without leaving
changes in other bodies.* This we have already proved in
the preceding paragraph to be impossible.

The general proposition has, therefore, been proved, and
we may immediately add the following.

to §'lék2aiaing or lowering of weights are not internal changes; see the note
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§ 126. If a system of perfect gases pass in any way from one
state to another, and no changes remain in surrounding bodies,
the entropy of the system 1s certainly mot smaller, but either
greater than, or, in the limit, equal to that of the initial state ; in
other words, the total change of the entropy >0. The sign of
inequality corresponds to an irreversible process, the sign of
equality to a reversible one. The equality of the entropies in
both states is, therefore, not only a sufficient, as described in
§ 123, but also a necessary condition of the complete reversi-
bility of the transformation from the one state to the other,
provided no changes are to remain in other bodies.

§ 127. The scope of this proposition is considerable, since
there have designedly been imposed no restrictions regarding
the way in which the system passes from its initial to its
final state. The proposition, therefore, holds not only for
slow and simple processes, but also for physical and chemical
ones of any degree of complication, provided that at the end
of the process no changes remain in any body outside the
system. It must not be supposed that the entropy of a gas
has a meaning only for states of equilibrium. We may assume
each sufficiently small particle, even of a gas in turmoil, to be
homogeneous and at a definite temperature, and must, there-
fore, according to (52), assign to it a definite value of the
entropy. M, v, and T are then the mass, specific volume, and
temperature of the particle under consideration. A summa-
tion extending over all the particles of the mass—within which
the values of v and T may vary from particle to particle—gives
the entropy of the whole mass of the gas in the particular state.
The proposition still holds, that the entropy of the whole
gas must continually increase during any process which does
not give rise to changes in other bodies, e.g. when a gas flows
from a vessel into a vacuum (§ 68). It will be seen that the
velocity of the gas particles does not influence the value of the
entropy *; neither does their height above a certain horizontal
plane, although they are considered to have weight.

* If the motion of the gas is so tumultuous that neither the temperature
nor the density can be defined, naturally the definition of entropy loses its
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§ 128, The laws which we have deduced for perfect gases
may be transferred to any substance in exactly the same way.
The main difference is, that the expression for the entropy of
any body cannot, in general, be written down in finite quantities,
since the characteristic equation is not generally known. But
it can be demonstrated—and this is the deciding point—that,
for any other body, there exists a function with the charac-
teristic properties of the entropy.

Imagine any homogeneous body to pass through a certain
reversible or irreversible cycle and to be brought back to its
exact original state, and let the external effects of this process
consist in the performance of work and in the addition or
withdrawal of heat. The latter may be brought about by
means of any required number of suitable heat-reservoirs.
After the process, no changes remain in the substance itself;
the heat-reservoirs alone have suffered change. We shall now
assume all the heat-reservoirs to be perfect gases, kept either
at constant volume or at constant pressure, but, at any rate,
subject only to reversible changes of volume.* According to
our last proposition, the sum of the entropies of all these gases
cannot have decreased, since after the process no change
remains in any other body.

If Q denote the amount of heat given to the substance
during an infinitely small element of time by one of the
reservoirs; T, the temperature of the reservoir at that
moment; T then, according to equation (53a), the reservoir’s
change of entropy during that element of time is

Q

— 7.
The change of the entropy of all the reservoirs, during all the
elements of time considered, is

meaning. For this case, as L. Boltzmann has shown, another definition
can be given from the standpoint of the kinetic theory of gases. This
definition possesses a still more general meaning, and passes into the usual
one, when the states are stationary or nearly stationary.

* The supposition that the gases are ideal 18 not dependent on any limit
of temperature. For, also at the lowest temperatures, each gas behaves
sensibly as a perfect gas, if the density is taken sufficiently small.

t The simultaneous temperature of the body is here of no importance.
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T
Now, according to § 126, we have the following condition :
—_ 29;0
or 2%_5_0.

This is the form in which the second law was first enunciated
by Clausius.

A further condition is given by the first law; for, according
to (17) in § 63, we have, during every element of time of the
process,

Q-+ W =4y,

where U is the energy of the body, and W the work done on
the body during the element of time.

§ 129. If we now make the special assumption that the
external pressure is, at any moment, equal to the pressure
p of the substance, the work of compression becomes, accord-
ing to (20),

W = — pdV,
whence Q =dU + pdV.

If, further, each heat-reservoir be exactly at the tempera-
ture of the substance at the moment when brought into
operation, the cyclic process is reversible, and the inequality
of the second law becomes an equality :

Q_
zl‘ - 0,
or, on substituting the value of Q,
dU + pdV
=T =¢

All the quantities in this equation refer to the state of
the substance itself. It admits of interpretation without
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reference to the heat-reservoirs, and amounts to the following
proposition.

§ 180. If a homogeneous body be taken through a series of
states of equilibrium (§ T1), that follow continuously from one
another, back to s initial state, then the summation of the
differential

dU + pdV
T

extending over all the states of that process gives the value zero.
It follows that, if the process be not continued until the initial
state, 1, is again reached, but be stopped at a certain state, 2,
the value of the summation

2dU + pdV
jl—-—T——. Coe .. (59)

depends only on the states 1 and 2, not on the manner of the
transformation from state 1 to state 2. If two series of changes
leading from 1 to 2 be considered (e.g. curves « and § in Fig. 2,
§ 75), these can be combined into an infinitely slow cyclic
process. We may, for example, go from 1 to 2 along «, and
return to 1 along f.

It has been demonstrated that over the entire cycle :

/dU+PJV+[ dU'\LPJV

(a)

whence
® T

dU+ pdV _ 7 dU4 pdV
L

The integral (59) with the above-proved properties has
been called by Clausius the entropy of the body in state 2,
referred to state 1 as the zero state. The entropy of a body in
a given state, like the internal energy, is completely determined
except for an additive constant, whose value depends on the
zero state.
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Denoting the entropy, as formerly, by &, we have :

&= /‘ﬂiTﬂ”_V
and db = l-i—U—:hp—ii—Y .. . . (60)
or per unit mass :

d¢ = ‘1“—451,9‘?3’ N ()

This, again, leads to the value (51) for a perfect gas. The
expression for the entropy of any body may be found by
immediate integration (§ 254), provided its energy, U = Mu,
and its volume, V = Mv, are known as functions, say, of T
and p. Since, however, these are not completely known
except for perfect gases, we have to content ourselves in general
with the differential equation. For the proof, and for many
applications of the second law, it is, however, sufficient to
know that this differential equation contains in reality a
unique definition of the entropy.

§ 131. We may, therefore, just as in the case of perfect
gases, speak of the entropy of any substance as of a finite
quantity determined by the momentary values of temperature
and volume, even when the substance undergoes reversible
or irreversible changes. The differential equation (61) holds,
as was stated in § 120 in the case of perfect gases, for any
change of state, including irreversible changes. This more
general application of the conception of the entropy in no wise
contradicts the manner of its deduction. The entropy of a
body in any given state is measured by means of a reversible
process which brings the body from that state to the zero state.
This ideal process, however, has nothing to do with any actual
reversible or irreversible changes which the body may have
undergone or be about to undergo.

On the other hand, it should be stated that the differential
equation (60), while it holds for changes of volume and tempera-
ture, does not apply to changes of mass, for this kind of change
was in no way referred to in the definition of the entropy.
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Finally, we shall call the sum of the entropies of a number
of bodies briefly the entropy of the system composed of those
bodies. Thus the entropy of a body whose particles are not at
uniform temperature, and have different velocities, may be
found, as in the case of gases (§ 127), by a summation extending
over all its elements of mass, provided the temperature and
density within each infinitely small element of mass may be
considered uniform. Neither the velocity nor the weight of
the particles enter into the expression for the entropy.

§ 132. The existence and the value of the entropy having
been established for all states of a body, there is no difficulty
in transferring the proof, which was given for perfect gases
(beginning in § 119), to any system of bodies. Just as in
§ 119 we find that, during reversible adiabatic expansion or
compression of a body, its entropy remains constant, while
by the absorption of heat the change of the entropy is

Q
o= . . . ... (62

This relation holds only for reversible changes of volume, as
was shown for perfect gases in § 120. Besides, it is found, as
in § 121, that during reversible expansion or compression of
two bodies at a common temperature, if they be allowed to
exchange heat by conduction with one another, but not with
surrounding bodies, the sum of their entropies remains con-
stant. A line of argument corresponding fully to that advanced
for perfect gases then leads to the following general result : *
It vs Ympossible in any way to diminish the entropy of a system
of bodies without thereby leaving behind changes in other bodies.
If, therefore, a system of bodies has changed its state in a
physical or chemical way, without leaving any change in
bodies not belonging to the system, then the entropy in the

* The generalization of the theorem, which was proved in § 124 for a perfect
gas, presents a certain difficulty when the body is incompressible. The
volume cannot be altered, and, accordingly, no irreversible expansion is
possible, The proof can, however, be easily extended with the help of a

perfect gas, which can be brought into heat communication with the body.
The entropy of the body can thereby be suitably altered.
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final state is greater than, or, in the limit, equal to the entropy
in the initial state. The limiting case corresponds to rever-
sible, all others to irreversible, processes.

§ 133. The restriction, hitherto indispensable, that no
changes must remain in bodies outside the system is easily
dispensed with by including in the system all bodies that may
be affected in any way by the process considered. The
proposition then becomes : Ewvery physical or chemical process
wn nature takes place in such a way as to increase the sum of the
entropies of all the bodies taking any part in the process. In the
lumat, i.e. for reversible processes, the sum of the entropies remains
unchanged. This is the most general statement of the second
law of Thermodynamics.

§ 134. As the impossibility of perpetual motion of the
first kind leads to the first law of Thermodynamics, or the
principle of the conservation of energy; so the impossibility
of perpetual motion of the second kind has led to the second
law, properly designated as the principle of the increase of the
entropy.* This principle may be presented under other
forms, which possess certain practical advantages, especially
for isothermal or isobaric processes. They will be mentioned
in our next chapter. It should be emphasized, however, that
the form here given is the only one of unrestricted applicability
to any finite process, and that no other universal measure of
the irreversibility of processes exists than the amount of the
increase of the entropy to which they lead. All other forms
of the second law are cither applicable to infinitesimal changes
only, or presuppose, when extended to finite changes, the
existence of some special condition imposed upon the process
(§§ 140, etc.).

The real meaning of the second law has frequently been

* That the first law is expressed by an equality, but the second by an
inequality naturally depends on the fact that the law of the impossibility
of perpetual motion of the first kind is also reversible, i.e. work can neither
be absolutely created nor absolutely destroyed, while, on the other hand,
the law of the impossibility of perpetual motion of the second kind permits

no reversibility, since it is quite possible to construct a machine which does
nothing but use up work and warm a reservoir correspondingly.
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looked for in a * dissipation of energy.” This view, proceed-
ing, as it does, from the irreversible phenomena of conduction
and radiation of heat, presents only one side of the question.
There are irreversible processes in which the final and initial
states show exactly the same form of energy, e.g. the diffusion
of two perfect gases (§ 238), or further dilution of a dilute
solution. Such processes are accompanied by no perceptible
transference of heat, nor by external work, nor by any notice-
able transformation of energy.* They occur only for the
reason that they lead to an appreciable increase of the
entropy.} The amount of “lost work ” yields & no more
definite general measure of irreversibility than does that of
‘“ dissipated energy.” This is possible only in the case of
isothermal processes (§ 143).

§ 135. Clausius summed up the first law by saying that
the energy of the world remains constant; the second by
saying that the entropy of the world tends towards a maximum.
Objection has justly been raised to this form of expression.
The energy and the entropy of the world have no meaning,
because such quantities admit of no accurate definition.
Nevertheless, it is not difficult to express the characteristic
feature of those propositions of Clausius in such a way as to
give them a meaning, and to bring out more clearly what
Clausius evidently wished to express by them.

The energy of any system of bodies changes according to
the measure of the effects produced by external agents. It
remains constant, only, if the system be isolated. Since,
strictly speaking, every system is acted on by external agents—
for complete isolation cannot be realized in nature—the energy
of a finite system may be approximately, but never absolutely,
constant. Nevertheless, the more extended the system, the
more neghglble in general, will the external effects become,
in comparison with the magnitude of the energy of the system,
and the changes of energy of its parts (§ 66); for, while the

* At any rate, if we stick to the definition given in § 56 and not introduce
new ad hoc kinds of energy.

1 In this case it would be more to the point to speak of a dusnpatlon of
matter than of a dissipation of energy.
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external effects are of the order of magnitude of the surface
of the system, the internal energy is of the order of magnitude
of the volume. In very small systems (elements of volume)
the opposite is the case for the same reason, since here the
energy of the system may be neglected in comparison with
any one of the external effects. Frequent use is made of this
proposition, e.g. in establishing the limiting conditions in the
theory of the conduction of heat.

In the case here considered, it may, therefore, be said that
the more widely extended a system we assume, the more
approximately, in general, will its energy remain constant.*
A comparatively small error will be committed in assuming
the energy of our solar system to be constant, a proportionately
smaller one if the system of all known fixed stars be included.
In this sense an actual significance belongs to the proposition,
that the energy of an infinite system, or the energy of the world,
remains constant.}

The proposition regarding the increase of the entropy
should be similarly understood. If we say that the entropy
of a system increases quite regardless of all outside changes,
an error will, in general, be committed, but the more com-
prehensive the system, the smaller does the proportional error
become.

§ 1386. In conclusion, we shall briefly discuss the question
of the possible limitations to the second law.} If there exist
any such limitations—a view still held by many scientists and
philosophers—this much may be asserted, that their existence

* This proposition holds quite generally for all physical processes, if
action at a distance be excluded.

+ This may be expressed analytically as follows. Let E denote the total
energy oontained in a very large space S, then we have the equation :

1 dE
bg a=
S=cc.

Or

The change in the quantity log E with the time is smaller the greater S
becomes, and approaches indefinitely near to the constant.

+ The following discussion, of course, deals with the meaning of the
second law only in so far as it can be surveyed from the points of view
contained in this work avoiding all atomic hypotheses.
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presupposes an error in our starting-point, viz. the impossi-
bility of perpetual motion of the second kind, or a fault in our
method of proof. From the beginning we have recognized the
legitimacy of the first of these objections, and it cannot be
removed by any line of argument. The second objection
generally amounts to the following. The impracticability of
perpetual motion of the second kind is granted, yet its absolute
impossibility is contested, since our limited experimental
appliances, supposing it were possible, would be insufficient for
the realization of the ideal processes which the line of proof
presupposes. This position, however, proves untenable. It
would be absurd to assume that the validity of the second
law depends in any way on the skill of the physicist or chemist
in observing or experimenting. The gist of the second law
has nothing to do with experiment; the law asserts briefly
that there exists in nature a quantity which changes always in
the same sense in all natural processes. The proposition stated
in this general form may be correct or incorrect; but which-
ever it may be, it will remain so, irrespective of whether
thinking and measuring beings exist on the earth or not, and
whether or not, assuming they do exist, they are able to
measure the details of physical or chemical processes more
accurately by one, two, or a hundred decimal places than we
can. The limitations to the law, if any, must lie in the same
province as its essential idea, in the observed Nature, and not
in the Observer. That man’s experience is called upon in the
deduction of the law is of no consequence; for that is, in fact,
our only way of arriving at a knowledge of natural law. But
the law once discovered must receive recognition of its inde-
pendence, at least in so far as Natural Law can be said to exist
independent of Mind. Whoever denies this must deny the
possibility of natural science.

The case of the first law is quite similar. To most un-
prejudiced scientists the impossibility of perpetual motion
of the first kind is certainly the most direct of the general
proofs of the principle of energy. Nevertheless, hardly any
one would now think of making the validity of that principle
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depend on the degree of accuracy of the experimental proof
of that general empirical proposition. Presumably the time
will come when the principle of the increase of the entropy will
be presented without any connection with experiment. Some
metaphysicians may even put it forward as being a priors valid.
In the mean time, no more effective weapon can be used by
both champions and opponents of the second law than inde-
fatigable endeavour to follow the real purport of this law to
the utmost consequences, taking the latter one by one to the
highest court of appeal—experience. Whatever the decision
may be, lasting gain will accrue to us from such a proceeding,
since thereby we serve the chief end of natural science—the
enlargement of our stock of knowledge.



CHAPTER III.

GENERAL DEDUCTIONS.

§ 187. Our first application of the principle of the entropy
which was expressed in its most general form in the preceding
chapter, will be to Carnot’s cycle, described in detail for
perfect gases in § 90. This time, the system operated upon
may be of any character whatsoever, and chemical reactions,
too, may take place, provided they are reversible. Resuming
the notation used in § 90, we may at once state the result.

In a cyclic process, according to the first law, the heat,
Q;, given out by the hotter reservoir is equivalent to the sum
of the work done by the system, W' = — W, and the heat

received by the colder reservoir, Q," = — Q, :
Qz =W + Qll
or Q+Q+W=0. . . . (63)

According to the second law, since the process is reversible,
all bodies which show any change of state after the process,
t.e. the two heat-reservoirs only, possess the same total
entropy as before the process. The change of the entropy of
the two reservoirs is, according to (62) :

Q' __Q Q,
T, =T, for the first, and — T, for the second, (64)

their sum : Ql—}-—2=0. .« « . (65)
Tl T2
whence, by (63),
Q:Q:W=(—T):T,: (T, — T,)
as in (44), but without any assumption as to the nature of

the substance passing through the cycle of operations.

In order, therefore, to gain the mechanical work, W',
108
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by means of a reversible Carnot cycle of operations with
any substance between two heat-reservoirs at the tempera-
tures T, and T, (T, > T,), the quantity of heat
R U

e Al
must pass from the hotter to the colder reservoir. In other
words, the passage of the quantity of heat Q," from T, to T,
may be taken advantage of to gain the mechanical work

__TE_—

’ Tll
w 4 . (69

§ 138. For an irreversible cycle, 7.e. one involving any
irreversible physical or chemical changes of the substance
operated upon, the equation of energy (63) still holds, but
the equation for the change of the entropy (65) is replaced by
the inequality :

Q_Q
—pop>o

Observe, however, that the expressions (64) for the change
of the entropy of the reservoirs are still correct, provided we
assume that T, and T, denote the temperatures of the
reservoirs, and that any changes of volume of the substances
used as reservoirs are reversible. Thus,

%4.%<0. N 1)

T, -
or Q< T‘:Ql ,
hence, from (67) and (63),

Ty o
W’=-—W=Q1+Q,<Q1+T:Q1
or W’<MQ1’_
1

This means that the amount of work, W’, to be gained by
means of a cyclic process from the transference of the heat,
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Q,’, from a hotter to a colder reservoir, is always smaller for
an irreversible process than for a reversible one. Conse-
quently the equation (66) represents the maximum amount
of work to be gained from a cyclic process with any system by
the passage of heat Q," from a higher temperature T, to a
lower temperature T,.

In particular, if W' = 0, it follows from the equation of
energy (63) that

Q=—0Q,=Q/
and the inequality (67) becomes
< 0.
Uy~ )

In this case the cyclic process results in the transference of
heat (Q,) from the reservoir of temperature T, to that of
temperature T,, and the inequality means that this flow of
heat is always directed from the hotter to the colder reservoir.

Again, a special case of this type of process is the direct
passage of heat by conduction between heat-reservoirs, with-
out any actual participation of the system supposed to pass
through the cycle of operations. It is seen to be an irreversible
change, since it brings about an increase of the sum of the
entropies of the two heat-reservoirs.

§ 189. We shall now apply the principle of the entropy
to any reversible or irreversible cycle with any system of
bodies, in the course of which only one heat-reservoir of
constant temperature T is used. Whatever may be the
nature of the process in detail, there remains at its close no
change of the entropy except that undergone by the heat-
reservoir. According to the first law, we have

W+ Q=0.

W is the work done on the system, and Q the heat absorbed
by the system from the reservoir.
According to the second law, the change of the entropy
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of the reservoir, within which only reversible changes of
volume are supposed to take place, is

Q.
-T2 0
or Q=0
whence WwW=>0.

Work has been expended on the system, and heat added to
the reservoir. This inequality formulates analytically the
impossibility of perpetual motion of the second kind.

If, in the limit, the process be reversible, the signs of
inequality disappear, and both the work W and the heat Q are
zero. On this proposition rests the great fertility of the
second law in its application to isothermal reversible cycles.

§ 140. We shall no longer deal with cycles, but shall
consider the general question of the direction in which a
change will set in, when any system in nature is given. For
chemical reactions in particular is this question of importance.
It is completely answered by the second law in conjunction
with the first, for the second law contains a condition necessary
for all natural processes. Let us imagine any homogeneous or
heterogeneous system of bodies at the common temperature
T, and investigate the conditions for the starting of any
physical or chemical change.

According to the first law, we have for any infinitesimal
change :

dU=Q4+W, . . . . . (68)

where U is the total internal energy of the system, Q the heat
absorbed by the system during the process, and W the work
done on the system.

According to the second law, the change of the total
entropy of all the bodies taking part in the process is

dd + dby > 0

where @ is the entropy of the system, ®, the entropy of the
surrounding medium (air, calorimetric liquid, walls of vessels,
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etc.). Here the sign of equality holds for reversible cases,
which, it is true, should be considered as an ideal limiting case

of actual processes (§ 115).
If we assume that all changes of volume in the surrounding

medium are reversible, we have, according to (62),

P
also dd— % =0
or, by (68), dd — aq ; w >0. . . . (69
or dU—Tde>W . . . (70)

All conclusions with regard to thermodynamic chemical
changes, hitherto drawn by different authors in different
ways, culminate in this relation (70). It cannot in general
be integrated, since the left-hand side is not, in general, a
perfect differential. The second law, then, does not lead to
a general statement with regard to finite changes of a system
taken by itself unless something be known of the external
conditions to which it is subject. This was to be expected,
and holds for the first law as well. To arrive at a law govern-
ing finite changes of the system, the knowledge of such external
conditions as will permit the integration of the differential is
indispensable.* Among these the following are singled out as
worthy of note.

§ 141, Case I. Adiabatic Process.—No exchange of
heat with the surroundings being permitted, we have Q = 0,
and, by (68),

dU=W.

Consequently, by (70), d&® > 0.

* One often speaks of an ssolated system, but this, of course, is not to
be taken as if in certain cases definite changes can take place in the system
without ﬁrescribing any external conditions. In nature, there can no
finite isolated system. Some surface conditions are always present. It
may be that the system is contained in a vessel with solid or elastic walls, or
that it is bounded by the free atmosphere, or that it is contained in a
vacuum, etc.
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The entropy of the system increases or remains constant, a
case which has already been sufficiently discussed.

§ 142. Case II. Isothermal Process.—The tem-
perature T being kept constant, (70) passes into

U—TO)SW . . . . (70q)

t.e. the increment of the quantity (U— T®) is smaller than, or,
in the limit, equal to, the work done on the system. Since
in thermochemistry the final state is always reduced to the
temperature of the initial state, this theorem is well adapted
for application to chemical processes.

Putting U—-Teé=F, . . . . (1)
we have, for reversible isothermal changes :
dF =W

and, on integrating,
Fz bl Fl = EW . . . (72)

For finite reversible isothermal changes the total work done
on the system is equal to the increase of F'; or, the total work
performed by the system is equal to the decrease of F, and,
therefore, depends only on the initial and final states of the
system. When F, =TF,, as in cyclic processes, the external
work is zero (cf. § 139).

The function F, thus bearing the same relation to the
external work that the energy U does to the sum of the
external heat and work, has been called by H. v. Helmholtz
the free energy (freie Energie) of the system. (It should
rather be called “free energy for isothermal processes.”)
Corresponding to this, he calls U the total energy (Gesammt-
energie), and the difference

U—F=Tb=0G

the latent energy (gebundene Energie) of the system. The
change of the latter in reversible isothermal processes gives
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the heat absorbed. By reversible isothermal processes the
principle of the conservation of energy
U,— U, =3W+3Q

breaks up into two parts, the law of the free energy :

F,— F,=3W,
and the law of the latent energy :
G2 b G1 = ZQ.

It should be observed, however, that this division is applicable
only to isothermal changes.

In irreversible processes, by (702), dF << W, and on inte-
grating we have

F,—F,<3W . . . . . (13

The free energy increases by a less amount than what corre-
sponds to the work done on the system. The results for
reversible and irreversible processes may be stated thus. In
irreversible isothermal processes the work done on the system
is more, or the work done by the system is less, than it would
be if the same change were brought about by a reversible
process, for in that case it would be the difference of the free
energies at the beginning and end of the process (72).

Hence, any reversible transformation of the system from
one state to another yields the maximum amount of work
that can be gained by any isothermal process between those
two states. In all irreversible processes a certain amount of
work is lost, viz. the difference between the maximum work to
be gained (the decrease of the free energy) and the work
actually gained.

The fact that, in the above, irreversible as well as reversible
processes between the same initial and final states were
considered, does not contradict the proposition that between
two states of a system either only reversible or only irreversible
Pprocesses are possible, if no external changes are to remain in
other bodies. In fact, the process here discussed involves
such changes in the surrounding medium ; for, in order to keep
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the system at constant temperature, an exchange of heat
between it and the surrounding medium must take place in one
direction or the other.

§ 143. If the work done during an isothermal process
vanish, as is practically the case in most chemical reactions, we
have

IW =0,
and, by (73), F,—F, <0,

t.e. the free energy decreases. The amount of this decrease
may be used as a measure of the work done by the forces
(chemical affinity) causing the process, for the same is not
available for external work.

For instance, let an aqueous solution of some non-volatile
salt be diluted isothermally, the heat of dilution being furnished
or received by a heat-reservoir according as the energy, U,, of
the diluted solution (final state) is greater or less than the sum,
U,, of the energies of the undiluted solution and the water
added (initial state). The free energy, F,, of the diluted
solution, on the other hand, is necessarily smaller than the
sum, F,, of the free energies of the undiluted solution and the
water added. The amount of the decrease of the free energy,
or the work done by the ‘ affinity of the solution for water ”’
during the process of dilution may be measured. For this
purpose, the dilution should be performed in some reversible
isothermal manner, when, according to (72), the quantity to
be measured is actually gained in the form of external work.
For instance, evaporate the water, which is to be added,
infinitely slowly under the pressure of its saturated vapour.
When it has all been changed to water vapour, allow the latter
to expand isothermally and reversibly until its density equals
that which saturated water vapour would possess at that
temperature when in contact with the solution. Now establish
lasting contact between the water vapour and the solution,
whereby the equilibrium will not be disturbed. Finally, by
isothermal compression, condense the water vapour infinitely
slowly when in direct contact with the solution. It will
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then be uniformly distributed throughout the latter. Such
a process, as here described, is composed only of states of
equilibrium. Hence it is reversible, and the external work
thereby gained represents at the same time the decrease of
the free energy, F, — F,, which takes place on directly mixing
the solution and the water. Each method of bringing the
water, isothermally and reversibly, into the solution must, of
course, give the same value for this difference. In this way
Helmholtz calculated the electromotive force of a concentra-
tion cell from the vapour pressure of the solution.

As a further example, we shall take a mixture of hydrogen
and oxygen which has been exploded by means of an electric
spark. The spark acts only the secondary part of a release,
its energy being negligible in comparison with the energies
obtained by the reaction. The work of the chemical affinities
in this process is equal to the mechanical work that might be
gained by chemically combining the oxygen and hydrogen in
some reversible and isothermal way. Dividing this quantity
by the number of oxidized molecules of hydrogen, we obtain a
measure of the force with which a molecule of hydrogen tends
to become oxidized. This definition of chemical force, how-
ever, has only a meaning in so far as it is connected with that
work.

§ 144. In chemical processes the changes of the first term,
U, of the expression for the free energy (71), frequently far
surpass those of the second, T®. Under such circumstances,
instead of the decrease of F, that of U, 1.e. the heat of reaction,
may be considered as a measure of the chemical work. This
leads to the proposition that chemical reactions, in which there
is no external work, take place in such a manner as to give the
greatest evolution of heat (Berthelot’s principle). For high
temperatures, where T is large, and for gases and dilute
solutions, where @ is large, the term T® can no longer be
neglected without considerable error. In these cases, there-
fore, chemical changes often do take place in such a way as to
increase the total energy, s.e. with the absorption of heat.
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§ 145. It should be borne in mind that all these pro-
positions refer only to isothermal processes. To answer the
question as to how the free energy acts in other processes,
it is only necessary to form the differential of (71) viz. :

dF = dU — Tdd — ¢dT
and to substitute in the general relation (70). We have then
dF < W — &dT
for any physical or chemical process. This shows that, with
change of temperature, the relation between the external work

and the free energy is far more complicated. This relation
cannot, in general, be used with advantage.

§ 1468. We shall now compute the value of the free energy
of a perfect gas. Here, according to (35),

U = Mu = M(c,T + b) (b constant),
and, by (52),

b =M¢ =M logT + 2 log v 4 a) (a constant).
Substituting in (71), we obtain
F=MT —a—c/logT)— %TTlogv—l- b} (74)

which contains an arbitrary linear function of T.

The constant b cannot be determined from thermodynamics;
on the other hand, a method of calculating the constant a
is given by Nernst’s heat theorem (§ 287).

For isothermal changes o’ the gas, we have, by § 142,

dF =W,
or, by (74), since T is const.,
MTR dv
= — - ¢ = — <
dF m o pdV =W,

If the change be reversible, the external work on the gas is
W = — pdV, but if it be irreversible, then the sign of in-
equality shows that the work of compression is greater, or that
of expansion smaller, than in a reversible process.
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§ 147. Case III. Isothermal-isobaric Process.—
If, besides the temperature T, the external pressure p be also
kept constant, then the external work is given by the formula,

= — pdV,
and the left-hand side of (69) becomes a complete differential :

a(o— g—iffﬂ) > 0.

In this case, it may be stated that for finite changes the
function,
@-U—‘%ﬂ=\v, ... . ()

must increase, and will remain constant only in the limit when
the change is reversible.*

§ 148. Conditions of Equilibrium.—The most
general condition of equilibrium for any system of bodies is
derived from the proposition that no change can take place
in the system if it be impossible to satisfy the condition
necessary for a change.

Now, by (69), for any actual change of the system,

dU— W

The sign of equality is omitted, because it refers to ideal
changes which do not actually occur in nature. Equilibrium
is, therefore, maintained if the fixed conditions imposed on
the system be such that they will permit only changes in
which

U —
so— U -V,
T =
* Multiplying (75) by — T, we get the thermodynamic potential at constant
pressure,

for which, so lon%u T remains constant, the same propositions hold as for
the function ¥. owever, the important equation 153 in § 211, which shows
how the equilibrium depends on temperature, pressure and the masses of the
independent constituents of the system, can be more conveniently deduced
from the function ¥ than from the thermodynamic potential.
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Here 4 is used to signify a virtual infinitely small change, in
contrast to d, which corresponds to an actual change.

§ 149, In most of the cases subsequently discussed, if any
given virtual change be compatible with the fixed conditions
of the system, its exact opposite is also, and is represented by
changing the sign of all variations involved. This is true if
the fixed conditions be expressed by equations, not by in-
equalities. Assuming this to be the case, if we should have,
for any particular virtual change,

U — W
T

which, by (69), would make its occurrence in nature impossible,
its opposite would conform to the condition for actual changes
(69), and could therefore take place in nature. To ensure
equilibrium in such cases, it is necessary, therefore, that, for
any virtual change compatible with the fixed conditions,

SU—W
bl N

This equation contains a condition always sufficient, but, as
we have seen, not always necessary to its full extent, for the
maintenance of equilibrium. As a matter of experience,
equilibrium will occasionally subsist when equation (76) is
not fulfilled, even though the fixed conditions permit of a
change of sign of all variations. Thisis to say, that occasionally
a certain change will not take place in nature, though it satisfy
the fixed conditions as well as the demands of the second law.
Such cases lead to the conclusion that in some way the setting
in of a change meets with a certain resistance, which, on
account of the direction in which it acts, has been termed
ipertia resistance, or passive resistance. States of equilibrium
of this description are always unstable. Often a very small
disturbance, not comparable in size with the quantities within
the system, suffices to produce the change, which under these
conditions often occurs with great violence. We have examples
of this in overcooled liquids, supersaturated vapour, super-

3® —

<0,

5 — 0. . . . (16)
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saturated solutions, explosive substances, etc. We shall
henceforth discuss mainly the conditions of stable equilibrium
deducible from (76).

This equation may, under certain circumstances, be ex-
pressed in the form of a condition for a maximum or minimum.
This can be done when, and only when, the conditions imposed
upon the system are such that the left-hand side of (76) repre-
sents the variation of a definite finite function. The most
important of these cases are dealt with separately in the
following paragraphs. They correspond exactly to the pro-
positions which we have already deduced for special cases.
From these propositions it may at once be seen whether it is a
case of a maximum or & minimum.

§ 150. First Case (§ 141).—If no exchange of heat take
place with the surrounding medium, the first law gives

3U =W,
hence, by (76), =0. . . . . . (1

Among all the states of the system which can proceed from
one another by adiabatic processes, the state of equilibrium
is distinguished by a maximum of the entropy. Should there
be several states in which the entropy has a maximum value,
each one of them is a state of equilibrium; but if the entropy
be greater in one than in all the others, then that state repre-
sents absolutely stable equilibrium, for it could no longer be
the starting-point of any change whatsoever.

§ 151. Second Case (§ 142).—If the temperature be
kept constant, equation (76) passes into

U w
(@ —p)+q=0
and, by (71), —F=—W.

Among all the states which the system may assume at a given
temperature, a state of equilibrium is characterized by the
fact that the free energy of the system cannot decrease without
performing an equivalent amount of work.

If the external work be a negligible quantity, as it is when
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the volume is kept constant or in numerous chemical processes,
then W = 0, and the condition of equilibrium becomes

. 8F =10,

1.e. among the states which can proceed from one another by
isothermal processes, without the performance of external
work, the state of most stable equilibrium is distinguished by
an absolute minimum of the free energy.

§ 152. Third Case (§ 147).—Keeping the temperature
T and the pressure p constant and uniform, we have

W=—2pV,. . . . . (18

and the condition of equilibrium (76) becomes

o257 =0

or, by (75), =0 . . . . . (19

i.e. at constant temperature and constant pressure, the state
of most stable equilibrium is characterized by an absolute
maximum of the function W.

We shall in the next part consider states of equilibrium
of various systems by means of the theorems we have just
deduced, going from simpler to more complicated cases.

1524. In the mathematical treatment of thermodynamical
problems of equilibrium the choice of the independent variable
is of first importance. When this choice has been made,
characteristic functions come into prominence. Herein lies
the difference in the form of the presentation by different
authors. In each case there exists, as Massieu pointed out, a
characteristic function, from which, by simple differentiation,
all thermodynamical properties of the system can be deter-
mined uniquely. In fact, on keeping certain independent
variables constant, the function is always that one whose
maximum or minimum characterizes the thermodynamical
equilibrium according to the laws of the preceding paragraphs.

If, for example, the energy U and the volume V are the
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independent variables, then the entropy is the characteristic
function. We find directly from the equation :

o — U+ pdV _ aq>dU+aV

T ou
W\ 1 @\ _p

that (W)v =7 and <BV>U =1
If ® is a known function of U and V, then

ob

T— 1 ov

= T w

oUu oU

and hence ® and U can be found as functions of T and p.

If, on the other hand, V and T are chosen as independent
variables, then the free energy, F, is the characteristic function.
From (71), it follows that

dF = dU — Td® — &dT
or = — pdV — &dT,

hence (g—s) — p and @T) — &,

If F is & known function of V and T, then we have the following
expressions :
p=—g$,q>=—g§, U=F+T¢=F—T%. (1)

If, lastly, p and T are chosen as independent variables, then
the characteristic function is

v—p_ 0tr¥

T
It follows that

d\y=d¢—dU+7’dV+VdP+p—';2ﬂdT,

or d\P_—-d +U+deT,
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hence (%)T =—7 and (Ba\%) U -;zp v . (79b)

If ¥ is a known function of p and T, then we have

V_—T%"”,U 1( a“'4- a"’) . (19%)

and ® =y + 158

From these, all thermodynamical properties of the system in
question are determined uniquely.

§ 1528. Although the derivation of all thermodynamical
properties from the characteristic functions ®, F, and - is so
important in principle, yet in practice these functions are of
direct use only when it is really possible to find the expression
for the particular characteristic function in terms of the inde-
pendent variables. It is of particular importance then to
find out how far this expression can be obtained by direct heat
measurements.

We shall take T and p as independent variables, since heats
of reaction are usually determined under the external con-
ditions of temperature and pressure constant. The change
in Gibbs’ heat function (§ 100)

H=U+4pV

gives the heat of reaction of a physical chemical process. H is
uniquely determined from the characteristic function .
By equation (79b),

H= Tz?f’f L (19d)

If, on the other hand, - is to be determined from H, after H
has been experimentally measured, then the last equation has
to be integrated at constant pressure :

¢=f£TIdT. C ... (T9%)

In this integral two additive terms remain undetermined :
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first, the constant of integration ; second, a term which depends
on the fact that in the expression for H, as in that for U, an
additive constant is undetermined. The first term is of the

form a, the second of the form ,% Accordingly there remains

in the expression for the entropy ® (79¢c) an additive constant
a, and in the expression for the free energy F = U — T® an
additive term of the form b — aT undetermined. This we
have already seen in the special case of a perfect gas [§ 146,
equation (74)]. In general, a and b are independent of the
pressure. For further information about the determination
of 4» from heat measurements see § 210.

§ 152c. If we differentiate the equation (79d) with respect
to p keeping the temperature constant, we obtain with the
help of (79b)

oH A ov

% = TaaT< )=V—T00. . (9
This equation gives a quite general relation between heat of
reaction and thermal changes of volume, which could be used
as an experimental test of the secondlaw.  In any isothermal
isobaric reaction the heat added is, by § 105,

Q=H,—H,,
where 1 and 2 denote the initial and final states of the system.
If, further, we call the change of volume that takes place on
the reaction :

V,—V, =AYV,
then it follows, from (79f), that

%:-Tzai,(%). ... (19)

It follows from this, for example, that, if the heat of reaction
of an isothermal reaction is independent of the pressure, the
corresponding change of volume is proportional to the absolute

temperature <ATI,Y = const.) and vice versd.



PART 1IV.

APPLICATIONS TO SPECIAL STATES OF EQUILIBRIUM.

CHAPTER 1.
HOMOGENEOUS SYSTEMS.

§ 163. LET the state of a homogeneous system be determined,
as hitherto, by its mass, M; its temperature, T ; and either its

pressure, p, or its specific volume, v = ‘B% For the present,
besides M, let T and v be the independent variables. Then
the pressure p, the specific energy « =§, and the specific

entropy ¢ = li\)’i are functions of T and v, the definition of the
specific entropy (61) being

ou
i — du%ripdv T(g;) dT+(é“>j_{’d_

T
On the other hand,
a$ = (3) a7+ (32) av.

Therefore, since dT and dv are independent of each other,

-G - - - o
(2
and @) - et 4

These two equations lead to an experimental test of the
125
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second law; for, differentiating the first with respect to v,
the second with respect to T, we have

azu ap au
% 1 o oTow T (8T> (5,7>T+ P
dTov T oTov T Tr—

or (g-:;‘) —T(Sﬁ’,) P . . . . (80)

By this and equation (24), the above expressions for the
differential coefficients of ¢ become :

@%) ; and @ﬁ) <aT> - - (8]

If we differentiate the first of these equations with respect to v
and the second with respect to T and equate, we get

(%”)f T(g-;!;)” .. . . (8la)

This equation shows how the variation of the specific heat at
constant volume with change of volume is related to the
change of the thermal pressure coefficient with change of
temperature. Both are remarkably small in the case of
perfect gases.
§ 154, Equation (80), together with (28) of the first law,
gives the relation :
/ op ov

cp— ... (82

? \8T> ( ),, (82)
which is useful either as a test of the second law or for the
calculation of ¢, when ¢, is given. But since in many cases
(g%) cannot be directly measured, it is better to introduce

v

the relation (6), and then

c,—c,=~'r(g_f)’)T.(g+;):. .. (83)

As (g%’) is necessarily negative, ¢, is always greater than c,
T
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except in the limiting case, when the coefficient of expansion
is = 0, as in the case of water at 4° C.; thenc, — ¢, = 0.

As an example, we may calculate the specific heat at
constant volume, c,, of mercury at 0° C. from the following
data :

cp = 0:0333; T = 273°;
(%) — _ _lowsa0
ov/y ~ 0-0000039 .0

where the denominator is the coefficient of compressibility
in atmospheres (§ 15); the numerator, the pressure of an

1
= 13.596" the volume

> = 0-0001812.v, the
P

atmosphere in absolute units (§ 7); v

ov
oT
coefficient of thermal expansion (§ 15).

To obtain ¢, in calories, it is necessary to divide by the
mechanical equivalent of heat, 4-19 x 107 (§ 61). Thus we
obtain from (83)

60— oo 273 x 1013250 x 0-0001812* .
P~ 777 0-0000039 x 13-596 X 4-19 X 107 ’

whence, from the above value for ¢,

of 1 gr. of mercury at 0°C.;

¢o = 0-0292, and ‘c’—” =11.

§ 165. This method of calculating the difference of the
specific heats ¢, — ¢, applicable to any substance, discloses
at the same time the order of magnitude of the different
influences to which this quantity is subject. According to
equation (28) of the first law, the difference of the specific

heats is
o—a={(G)+2|(G),

The two terms of this expression, (g—u)m<g%>, and p(g%);

v
depend on the rate of change of the energy with the volume,
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and on the external work performed by the expansion re-
spectively. In order to find which of these two terms has
the greater influence on the quantity ¢, — c», we shall find the
ratio of the first to the second :

Il’ ’ (gg)r’
or, by (80), % .@—?1")0— 1. . ... 8y
or, by (6), — %‘(%)P(gg); 1.

A glance at the tables of the coefficients of thermal expansion
and of the compressibility of solids and liquids shows that,
in general, the first term of this expression is a large number,
making the second, — 1, a negligible quantity. For mercury
at 0°, e.g., the above data give the first term to be

0-0001812
0-0000039

Water at 4° C. is an exception.

It follows that, for solids and liquids, the difference
¢p — Cy depends rather on the relation between the energy
and the volume than on the external work of expansion.
For perfect gases the reverse is the case, since the internal
energy is independent of the volume, 7.e.—

@) -0

During expansion, therefore, the influence of the internal
energy vanishes in comparison with that of the external
work; in fact, the expression (84) vanishes for the charac-
teristic equation of a perfect gas. With ordinary gases,
however, both the internal energy and the external work
must be considered.

§ 1566. The sum of both these influences, 7.e. the whole
expression, ¢, — ¢y, may be said to have a small value for

273 x = 12700.
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most solids and liquids; thus the ratio Z-:: y is but slightly

greater than unity. This means that in solids and liquids
the energy depends far more on the temperature than on the
volume. For gases, y is large; and, in fact, the fewer the
number of atoms in a molecule of the gas, the larger does
it become. Hydrogen, oxygen, and most gases with diatomic
molecules have y = 1-41 (§ 87). The largest observed value
of y is that found by Kundt and Warburg for the monatomic
vapour of mercury, viz. 1667, which is also the value for the
monatomic permanent gases.

§ 157. For many applications of the second law it is
convenient to introduce p instead of v as an independent
variable. We have, by (61),

e I N CREN

On the other hand,

ou ov
whence, @‘é> = M

ou ov
and (gg)T: .(_5_—72'1:_;(_8—123‘

Differentiating the first of these with respect to p, the second
with respect to T, we get,

0% o ov 0%u o (Ju ov
g _omoptPamspt o), _omspt oy ()t 7p)s
9Top™ T == .

whence (%)T= — T(%),— p(g—:’)T.
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The differential coefficients of ¢ become, then, by (26),
(g"‘) L. .. (84a)

and ( )_ <8T)," L. (8td)

Finally, differentiating the first of these with respect to p,
the second with respect to T, and equating, we have

(g% - Ta%>. ... (8)
This equation, which could be obtained directly by differentiat-
ing the general equation (79f) in § 152c with respect to T,
contains only quantities which can be directly measured. It
establishes a relation between the rate of change of the specific
heat at constant pressure with pressure and the rate of change
of the coefficient of thermal expansion with temperature.
This relation depends upon the deviations from Gay-Lussac’s
law. Compare this equation (85) with (81a).

§ 158. By means of the relations furnished by the second
law we may also draw a further conclusion from Thomson
and Joule’s experiments (§ 70), in which a gas was slowly
pressed through a tube plugged with cotton wool. The
interpretation in § 70 was confined to their bearing on the
properties of perfect gases. It has been mentioned that the
characteristic feature of these experiments consists in giving
to a gas, without adding or withdrawing heat, (Q = 0) an
increase of volume, V, — V,, or v, — v, per unit mass, while
the external work done per unit mass is represented by

Pivy — Py = W.
This expression vanishes in the case of perfect gases, since
then the temperature remains constant. In the case of actual
gases, it follows, in general, from equation (17) of the first law
that

Uy — Uy = PV — P2V,
or:

Uy + Povy = Uy + Py0;.
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If now we introduce the heat function per unit mass % = h,

we have :
hz = hlu

In the Joule-Thomson experiment the energy u does not in
general remain constant, but the heat function » = u 4 pv
remains constant. If for the sake of simplicity we take the
pressures on the two sides of the plug to be very slightly
different, and denote the difference of all quantities on the two
sides of the plug by A, then the last equation may be written :

Ak = 0 = Au + pAv + vAp
or from (61) :
TA$ + vAp =0,

<a¢> AT+ { <a¢> +,, fap=o.

This gives, with the help of (84a) and (84b),

AT + {v— <g;7> }Ap =0

hence :

T(g—%) —v
and AT=——G-;”——Ap .. . . (86)

By means of this simple equation, the change of temperature
(AT) of the gas in Thomson and Joule’s experiments, for a
difference of pressure Ap, may be found from its specific heat
at constant pressure, ¢p, and its deviation from Gay-Lussac’s
law. If, under constant pressure, v were proportional to T,
as in Gay-Lussac’s law, then, by equation (86), AT =0 as
is really the case for perfect gases.

§ 168a. If we take van der Waals’ equation as the charac-
teristic equation, then equation (86) gives
2a(v — b)2 — RTbho® vApD

AT = R —Zao— ) " o
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If a and b become sufficiently small,
_(2a >Ap
aT= (g =)L,
a relation which agrees very closely with experiment. For
most gases the expression within the bracket is, at ordinary,
not too high temperatures, positive. This means that the
effect is a cooling effect, since Ap is always negative. C. von
Linde based the construction of his liquid air machine on this
fact.

In the case of hydrogen the bracket is negative at mean
temperatures on account of the smallness of a. The positive
term prevails only if the temperature is lowered below —80° C.
The so-called point of tnversion in which the effect changes
sign, lies according to the last equation at

2a

Rb

Since this equation is only approximately true, the position

of the point of inversion depends, in general, on the pressure.*
§ 159. Thomson and Joule embraced the results of their

observations in the formula

-1

T =

where « is a constant. If we express p in atmospheres, we

have, for air,
o« = 0-276 x (273)%

No doubt the formula is only approximate. Within the
region of its validity we get, from 86,

T(%)p-v:c,%,. . 8]

and, differentiating with respect to T,

om), = wlat),~ 1+

* F. A. Schulze, Ann. d. Phys, 49, p. 685, 1916.
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whence, by the relation (85),
acp ocp\  2ac,
<3p> + T2<6T> ™ =0
The general solution of this differential equation is
¢, = T2. f(T3 — 3ap),
where f denotes an arbitrary function of its argument,
T3 — 3ap.

If we now assume that, with diminishing values of p, the
gas, at any temperature, approaches indefinitely near the
ideal state, then, when p = 0, ¢, becomes a constant = ¢
(for air, c{? = 0-238 calorie). Hence, generally,

¢p = cPTHT? — 3up)~i

FO)
or Cp=—Z— . . . . . (88)

Sop\5
<1 TS)
This expression for ¢, will serve further to determine v in
terms of T and p. It follows from (87) that

o /v oc oxc®
2_ | o P
T 8’1‘<T>p T2 " (T% — 3up)3’
v dT
whence = 0t [ ————s
T 3ap\3’
e ,T__)
(0)
or _%T \/ 1— 3“p . (89)

This is the characteristic equatlon of the gas. The constant
of integration, B, may be determined from the density of the gas
at 0° C. under atmospheric pressure. Equations (88) and (89),
like Thomson and Joule’s formula, are valid only within
certain limits. It is, however, of theoretical interest to see
how the different relations necessarily follow from one
another.*

* These considerations have been worked out and applied to ex-
g;nmenztlul iigltg by R. Plank, Physikalische Zeitschrift, 11, p. 633, 1910, and

» p. 5

See also L. Schames, Physikalische Beitschrift, 18, p. 30. 1917.
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§ 160. A further, theoretically important application of
the second law is the determination of the absolute temperature
of a substance by a method independent of the deviations of
actual gases from the ideal state. In § 4 we defined tem-
perature by means of the gas thermometer, but had to confine
that definition to the cases in which the readings of the
different gas thermometers (hydrogen, air, etc.) agree within
the limits of the desired accuracy. For all other cases (includ-
ing mean temperatures, when a high degree of accuracy is
desired) we postponed the definition of absolute temperature.
Equation (80) enables us to give an exact definition of absolute
temperature, entirely independent of the behaviour of special
substances.

Given the temperature readings, ¢, of any arbitrary thermo-
meter (mercury-thermometer, or the scale deflection of a
thermo-element, or of a bolometer), our problem is to reduce
the thermometer to an absolute one, or to express the absolute
temperature T as a function of {. We may by direct measure-
ment find how the behaviour of some appropriate substance,
e.g.a gas, depends on ¢ and on either vor p. Introducing, then,
¢t and v as the independent variables in (80) instead of T and v,

we obtain
G~ —r

where (g%), p, and (g]:) represent functions of ¢ and v,
t v

which can be experimentally determined. The equation can
then be integrated thus :

ap) &

oT <8¢
fr=fan

If we further stipulate that at the freezing- pomt of water,
where ¢ = ¢, T = T, = 273 then,

+P

¢
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Io __S

b av

This completely determines T as a function of ¢. It is evident
that the volume, v, no longer enters into the expression under
the sign of integration. This conclusion from the theory can
at the same time be used to test the correctness of the second
law of thermodynamics.

§ 161, The numerator of this expression may be found
directly from the characteristic equation of the substance.
The denominator, however, depends on the amount of heat
which the substance absorbs during isothermal reversible
expansion. For, by (22) of the first law, the ratio of the
heat absorbed during isothermal reversible expansion to the

change of volume is
<¢%}>¢= <g% >:+ P

§ 162. Instead of measuring the quantity of heat absorbed
during isothermal expansion, it may be more convenient,
for the determination of the absolute temperature, to experi-
ment on the changes of temperature of a slowly escaping
gas, according to the method of Thomson and Joule. If we
introduce ¢ (of § 160) instead of T into equation (86), which
represents the theory of those experiments on the absolute
temperature scale, we have

daT

Goo),= @), ar

(), (D), B



136 THERMODYNAMICS.

where c;, is the specific heat at constant pressure, determined
by a ¢ thermometer. Consequently, by (86),
ov\ dt
T —
RO
cP
and again, by integration,

——S .. (90)
+cp

The expression to be integrated again contains quantities
which may be measured directly with comparative ease.

§ 163. The stipulation of § 160, that, at the freezing-
point of water, T = T, = 273, implies the knowledge of the
coefficient of expansion, «, of perfect gases. Strictly speaking,
however, all gases show at all temperatures deviations from
the behaviour of perfect gases, and disagree with one another.
To rid ourselves of any definite assumption about «, we return
to our original definition of temperature, viz. that the difference
between the absolute temperature of water boiling under
atmospheric pressure (T,), and that of water freezing under
the same pressure (T,), shall be

T,—T,=100 . . . . . (91)

Now, if ¢, be the boiling-point of water, measured by means
of a ¢ thermometer, then, by (90),

ov

14

G >,,d‘

10g——= ——-,_A_t-=J“ . e (92)
20+ cPKf)

and, eliminating T, and T, from (90), (91), and (92), we find

the absolute temperature :

710 . (g3

eh -1
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From this we obtain the coefficient of thermal expansion of
a perfect gas, independently of any gas thermometer,

ol _en—1
=T, T 100

Since, in both J and J,, the expression to be integrated
depends necessarily on ¢ only, it is sufficient for the calcula-
tion of the value of the integral to experiment at different
temperatures under some simplifying condition, as, for
instance, always'at the same pressure (atmospheric pressure).

§ 164. The formula may be still further simplified by
using as thermometric substance in the ¢ thermometer the
same gas as that used in Thomson and Joule’s experiments.
The coefficient of expansion, «’, referred to temperature ¢,
is then a constant, and if, as is usual, we put ¢, =0, and
¢, = 100,

(94)

v =1y(1 + «’t),
v, being the specific volume at the melting-point of ice under
atmospheric pressure. Also

)~

Hence, by (90),
o'dt

J—/'
h ¢, At’
0l T2
+ +’"o Ap
and, by (92), - s
J, = e —
' fol-l-ot.'t—{—ﬁ’ ,_A,,t
v Ap

In the case of an almost perfect gas (e.g. air), At is small,

and the term 2. ?;-’ acts merely as a correction term, and,
Yo

therefore, no great degree of accuracy is required in the

determination of ¢, and v,. For a perfect gas we should have

At = 0, and, from the last two equations,
J=1log(1+ &%), J,=1log (14 100a");
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therefore, by (93),
1
T =? + &I:

and, by (94),
1 ’

o= =a,
T,

as it should be.

As soon as accurate measurement of even a single sub-
stance has determined T as a function of ¢, the question
regarding the value of the absolute temperature may be
considered as solved for all cases.

The absolute temperature may be determined not only
by experiments on homogeneous substances, but also by
application of the second law to heterogeneous systems
(cf. § 177).

§ 164a. Although the second law of thermodynamics is
so important in principle and so indispensable at extreme
temperatures, for fixing the absolute scale of temperature,
yet perhaps, up to now, the most accurate value of «, the
coefficient of expansion of a perfect gas, has been deduced,
not from the second law, but direct from the coefficient of
expansion of real gases. This has been done by using
D. Berthelot’s (§ 25) modification of van der Waals’ equation,
which is the more accurate, the further the gas is removed
from the point of condensation. In this way, the coefficient
of expansion « of a perfect gas is found to be 0-0036618, and
accordingly the absolute temperature of the freezing-point
of water

T, =i = 273.09.



CHAPTER IL

SYSTEM IN DIFFERENT STATES OF AGGREGATION.

§ 165. WE shall discuss in this chapter the equilibrium of
a system which may consist of solid, liquid, and gaseous
portions. We assume that the state of each of these portions
is fully determined by mass, temperature, and volume; or,
in other words, that the system is formed of but one inde-
pendent constituent (§ 198). For this it is not necessary
that any portion of the system should be chemically homo-
geneous. Indeed, the question with 'regard to the chemical
homogeneity cannot, in general, be completely answered
(§ 92). It is still very uncertain whether the molecules of
liquid water are the same as those of ice. In fact, the anom-
alous properties of water in the neighbourhood of its freezing-
point make it probable that even in the liquid state its
molecules are of different kinds. The decision of such ques-
tions has no bearing on the investigations of this chapter.
The system may even consist of a mixture of substances in
any proportion; that is, it may be a solution or an alloy.
What we assume is only this: that the state of each of its
homogeneous portions is quite definite when the temperature
T and the specific volume v are definitely given, and that, if
the system consists of different substances, their proportion
is the same in all portions of the system. We may now
enunciate our problem in the following manner :—

Let us imagine a substance of given total mass, M, enclosed
in a receptacle of volume, V, and the energy, U, added to it by
heat-conduction. If the system be now isolated and left to
itself, M, V, and U will remain constant, while the entropy, ®,
will increase. We shall now investigate the state or states

of equilibrium which the system may assume, finding at the
139
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same time the conditions of its stability or instability. This
investigation may be completely carried through by means of
the proposition expressed in equation (77), that of all the
states that may adiabatically arise from one another, the most
stable state of equilibrium is characterized by an absolute
maximum of the entropy. The entropy may in general,
however, as we shall see, assume several relative maxima,
under the given external conditions. Each maximum, which
is not the absolute one, will correspond to a more or less un-
stable equilibrium. The system in a state of this kind (e.g.
as supersaturated vapour) may occasionally, upon appropriate,
very slight disturbances, undergo a finite change, and pass
into another state of equilibrium, which necessarily corres-
ponds to a greater value of the entropy.

§ 166. We have now to find, first of all, the states in which
the entropy ® becomes a maximum. The most general
assumption regarding the state of the system is that it consists
of a solid, a liquid, and a gaseous portion. Denoting the
masses of these portions by M,, M,, M,;, but leaving open,
for the present, the question as to which particular portion
each suffix refers, we have for the entire mass of the system

M1+M2+M3=M.

All the quantities are positive, but some may be zero. Further,
since the state under discussion is to be one of equilibrium,
each portion of the system, also when taken alone, must be
in equilibrium, and therefore of uniform temperature and
density. To each of them, therefore, we may apply the
propositions which were deduced in the preceding chapter
for homogeneous substances. If v,, v,, v5, denote the specific
volumes, the given volume of the system is

M,v, + Mpv, + Mgvy = V.
Similarly, the given energy is
M, + Myu, + My = U,
where u;, u,, u3, denote the specific energies of the portions.
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These three equations represent the given external
conditions.

§ 167. For the entropy of the system we have

® = M1¢1 + Mz‘ﬁz + Ma‘lsss

&1, }3, P, being the specific entropies.
For an infinitesimal change of state this equation gives

5b = IM,5¢, + 3¢,5M,.

Since, by (61), we have, in general,

Su -+ pdv
5 = o2 Tp X
we obtain

3o = M P+ SR saaM, L (o)
1

These variations are not all independent of one another.

In fact, from the equations of the imposed (external) con-
ditions, it follows that

IM,5v, + Zv,;3M, =0
SMdu, + Su M, =0

With the help of these equations we must eliminate from (95)
any three variations, in order that it may contain only inde-
pendent variations. If we substitute in (95), for instance,
the values for 8M,, v,, and du, taken from (96), the equation
for 3® becomes

$5M, = 0
} (96)

80 = (- — o Mty — (o — Mt
+ ( )M dv, — (% — T;)Mssvs )
+ <¢1 —2“2 Pa(vy Tz ”z))le
( by — by — “2 Us Pa(’”zT: vs)) SMsJ
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Since the six variations occurring in this expression are
now independent of one another, it is necessary that each of
their six coefficients should vanish, in order that 3 may be
zero for all changes of state. Therefore

T1=T2=Ta(=T)

P1=P2=2pPs
by — by = (uy— up) +TP1(”1"‘ wy. . (98)

Uy — Ug + Po(Vy — .

By — by = -2 3 rIZ’z(z 5)
These six equations represent necessary properties of any
state, which corresponds to a maximum value of the entropy,
t.e. of any state of equilibrium. As the first four refer to
equality of temperature and pressure, the main interest
centres in the last two, which contain the thermodynamical

theory of fusion, evaporation, and sublimation.
§ 168. These two equations may be considerably simpli-

fied by substituting the value of the specific entropy ¢, which,
as well as » and p, is here considered as a function of T and v.

For, since (61) gives, in general,

d¢ = ‘_lﬁ'_ti\ pdv:

we get, by integration,
$1— ¢ = j

where the upper limit of the integral is characterized by the
values T,, v;, the lower by T,, v,. The path of integration
is arbitrary, and does not influence the value of ¢, —d,.
Since, now, T, = T, = T (by 98), we may select an isothermal
path of integration (T const.). This gives

'du +pdv
T H

1/m
$1— da ="+ o ‘pi

The integration is to be taken along an isotherm, since p
is & known function of T and v determined by the charac-
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teristic equation of the substance. Substituting the value
of ¢, — ¢, in the equations (98), we have the relations :

(3o = 01—

/ :Pd” = Pa(v, — vs)
to which we add Py =Dy =2Pg

(99)

With the four unknowns T, v,, v,, v;, we have four equations
which the state of equilibrium must satisfy. The constants
which occur in these equations depend obviously only on
the chemical nature of the substance, and in no way on the
given values of the mass, M, the volume, V, and the energy,
U, of the system. The equations (99) might therefore be
called the system’s internal or intrinsic conditions of equili-
brium, while those of § 166 represent the external conditions
imposed on the system.

§ 169. Before discussing the values which the equations
(99) give to the unknowns, we shall investigate generally
whether, and under what condition, they lead to a maximum
value of the entropy and not to a minimum value. It is
necessary, for this purpose, to find the value of 32®. If
this be negative for all virtual changes, then the state con-
sidered is certainly one of maximum entropy.

From the expression for 3P (97) we obtain 32®, which
may be greatly simplified with the help of the equations
(98). The equations of the imposed external conditions,
and the equations (96) further simplify the result, and we
obtain, finally,

= M,34,8T, M,3p,8v,
A R
This may be written
T8 P = — ZM,(84,3T, — 3p,3v,).

To reduce all variations to those of the independent
variables, T and v, we may write, according to (81),
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3= )s'r+(a¢) 3o = + () 3o
and 3p = (g@"w + <gf >T8v,
o> = — S, (ome — @%)TM‘z)' .. (100)

Obviously, if the quantities (¢.);, (¢:)s, (¢v); be all positive,
and the quantities <%%1> . . . all negative, 82® is negative
T
in all cases, and @ is really a maximum, and the corresponding
state is a state of equilibrium. Since ¢, is the specific heat at
constant volume, and therefore always positive, the condition
of equilibrium depends on whether (g
three portions of the system or not. In the latter case there
is no equilibrium. Experience immediately shows, however,

that in any state of equlibrium gﬁ’

> is negative for all

18 negative, since the

pressure, whether positive or negative, and the volume always
change in opposite directions. A glance at the graphical
representation of p, as an isothermal function of v (Fig. 1,
§ 26), shows that there are certain states of the system in

which %%7 is positive. These, however, can never be states
of equilibrium, and are, therefore, not accessible to direct
observation. If, on the other hand, af; be negative, it is a

state of equilibrium, yet it need not be stable; for another
state of equilibrium may be found to exist which corresponds
to a greater value of the entropy.

We shall now discuss the values of the unknowns, T, v,,
vy, vy, Which represent solutions of the conditions of equi-
librium (98) or (99). Several such systems may be found.
Thereafter, we shall deal (beginning at § 189) with the further
question as to which of the different solutions-in each case
represents the most stable equilibrium under the given external



DIFFERENT STATES OF AGGREGATION. 145

conditions; t.e. which one leads to the largest value of the
entropy of the system.
§ 170. First Solution.—If we put, in the first place,
vy =ty = vy( =)
all the equations (98) are satisfied, for, since the temperature
is common to all three portions of the system, their states
become absolutely identical. The entire system is, therefore,
homogeneous. The state of the system is determined by
the equations of § 166, which give the imposed conditions.
In this case they are
M+ M+ M=M
oM; + M, +M;) =V
uM; + M, 4+ M) =U
v= M and = U
M M
From v and u, T may be found, since » was assumed to be
a known function of T and v.
This solution has always a definite meaning; but, as we
saw in equation (100), it represents a state of equilibrium

only when gf; is negative. If this be the case, then, the

equilibrium is stable or unstable, according as under the
external conditions there exists a state of greater entropy
ornot. This will be discussed later (§ 189).

§ 171. Second Solution.—If, in the second case, we put
1)1 4: '02, vz = Ua,

the states 2 and 3 coincide, and the equations (98) reduce to

T

or, instead of the second of these equations,

ﬁ?w=pmh—%). S (02)

Dy =De
%_%=%tﬁjm@:g*-(mn
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In this case two states of the system coexist; for instance,
the gaseous and the liquid. The equations (101) contain
three unknowns, T, v,, v,; and hence may serve to express v,
and v,, consequently also the pressure p, = p,, and the
specific energies 4, and u,, as definite functions of the tem-
perature T. The internal state of two heterogeneous portions
of the same substance in contact with one another is, therefore,
completely determined by the temperature. The temperature,
as well as the masses of the two portions, may be found from
the imposed conditions (§ 166), which are, in this case,

M1+ (M2+ Ma)=M
M,v, + (M, + Mg)v, = V . (103)
Mlul + (Mz + Ms)“z =U

These three equations serve for the determination of the three
last unknowns, T, M,, and M, + M;. This completely
determines the physical state, for, in the case of the masses
M, and M, it is obviously sufficient to know their sum.
Of course, the result can only bear a physical interpretation
if both M, and M; 4+ M, have positive values.

§ 172. An examination of equation (102) shows that it
can be satisfied only if the pressure, p, which is known to
have the same value (p, = p,) for both limits of the integral,
assume between the limits values which are partly larger
and partly smaller than p,. Some of these, then, must
correspond to unstable states (§ 169), since in certain places

p and v increase simultaneously (g—f > O). The equation

admits of a simple geometrical interpretation with the help
of the above-mentioned graphical representation of the
characteristic equation by isotherms (Fig. 1, § 26). For

1
the integral / 2pdv is represented by the area bounded by

the isotherm, the axis of absciss®, and the ordinates at v,
and vy, while the product p,(v, — v,) is the rectangle formed
by the same ordinates (p, = p,), and the length (v, — v,).
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We learn, therefore, from equation (102) that in every
isotherm the pressure, under which two states of aggregation
of the substance may be kept in lasting contact, is represented
by the ordinate of the straight line parallel to the axis of
absciss®, which intercepts equal areas on both sides of the
isotherm. Such a line is represented by ABC in Fig. 1. We
are thus enabled to deduce directly from the characteristic
equation for homogeneous, stable and unstable, states the
functional relation between the pressure, the density of the
saturated vapour and of the liquid in contact with it, and the
temperature.

Taking Clausius’ equation (12a) as an empirical expression
of the facts, we have, for the specific volume v, of the saturated
vapour, and v, of the liquid in contact with it, the two
conditions

RT c _ RT c
vy,—a T +b62 v,—a T(v,+ b)¥

and, from (102),

moe_eof 1 1) RT ¢
RT logvz——a_ T<v2+b— v1+b>_(v‘_v2)<vl——a (vl+b)2>'

By means of these v,, v,, and p, = p, may be expressed as
functions of T, or, still more conveniently, v,, v,, p;, and T as
functions of some appropriately selected independent variable.
At the critical temperature it gives v; =1, (§ 30a). At
higher teroperatures v, and v, are imaginary. At infinitely
low temperatures v, = oc, v, = a.*

With Clausius’ values of the constants for carbon dioxide
(§ 25), this calculation furnishes results which show a satis-
factory agreement with Andrews’ observations. According
to Thiesen, however, Clausius’ equation possesses no general
significance.

§ 178. The import of equations (101) can be more simply
expressed, if, instead of the entropy, we introduce the free

* Wied. Ann., 18, p. 535, 1881.
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energy F, and still simpler if we use the function y. We

shall here keep to the free energy. This is by (71)
f=u—T¢ . . . . (104)

per unit mass.

Then the equations (101) become, simply,

Pp=pPs . - - . . . (105)
Lo—fi=poy—v) . . . (106)
The function f satisfies the following simple conditions.
9
By (79a), <é%>g= —$ . . . . .00
of
and <8'v>T= —p . ... (108)

The conditions of equilibrium for two states of aggrega-
tion in mutual contact hold for the three possible combinations
of the solid and liquid, liquid and gaseous, gaseous and solid
states. In order to fix our ideas, however, we shall discuss
that solution of those equations which corresponds to the
contact of a liquid with its vapour. Denoting the vapour by
the subscript 1, the liquid by 2, v, is then the specific volume
of the saturated vapour at the temperature T; p, = p,, its
pressure; v, the specific volume of the liquid with which it is
in contact. All these quantities, then, are functions of the
temperature only, which agrees with experience.

§ 174. Further theorems may be arrived at by the
differentiation of the conditions of equilibrium with respect
to T. Since all variables now depend only on T, we shall

ddT to indicate this total differentiation, while partial
differentiation with respect to T will be expressed, as hitherto,
0
Equations (105) and (106), thus differentiated, give

dll_z‘fi".z
dT  dT
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dfy _dfr _ dap, dv, _ dv,
ad = = =gy et )
But, by (107) and (108), we have

dfy _dfy _ (o ofy) dv, of) o\ dv,

T~ 4T = <6T>,,+ & )71 - <5T>f <%)1 ar

d d
= — gy — Pzd%z + ¢+ Pl“‘z%l’
whence, by substitution,
d
) ¢1— ¢p= (v — ”2)3%1’
or, finally, by (101),
d
(y — ) + pafvy — ) = Tloy — ) 7. (109)

Here the left-hand side of the equation, according to equation
(17) of the first law, represents the heat of vaporization, L,
of the liquid. It is the heat which must be added to unit
mass of the liquid, in order to completely change it to vapour
under the constant pressure of its saturated vapour. For the
corresponding change of energy is u; — u,, and the external
work performed, here negative, amounts to

W= —p(v;— 1)
L=y —uy+ py(vy— ), . . (110)

whence L.—.-T(vl—vz)‘??l—,‘ ... .oan

This equation, deduced by Clapeyron from Carnot’s theory,
but first rigorously proved by Clausius, may be used for the
determination of the heat of vaporization at any temperature,
if we know the specific volumes of the saturated vapour and
the liquid, as well as the relation between the pressure of the
saturated vapour and the temperature. This formula has
been verified by experiment in a large number of cases.

§175. As an example, we shall calculate the heat of
vaporization of water at100°C.,.e. under atmospheric pressure,
from the following data :—
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T = 273 + 100 = 373.
= 1674 (volume of 1 gr. of saturated water vapour
at 100° in c.c., according to Knoblauch, Linde
and Klebe).
vg =1 (volume of 1 gr. of water at 100° in c.c.).

(;—},i,—l is found from the experiments of Holborn and Henning.

Saturated water vapour at 100° C. gave an increase of pressure
of 27-12 mm. of mercury for a rise of 1° C. In absolute units,

by § 7,
dp, _ 2712

I = 760" % 1013250.
Thus, the required latent heat of vaporization is
L= 373 x 1673 x 27-12 x 1013250 — 539 cal.
= 760 x 419 x 107 grm.’

Henning found the latent heat of vaporisation of water at
100° C. by direct measurement to be 5387 - grm cal. = in excellent
agreement with the calculated value.

§ 176. As equation (110) shows, part of the heat of vapor-
ization, L, corresponds to an increase of energy, and part to
external work. To find the relation between these two it is
most convenient to find the ratio of the external work to the
latent heat of vaporization, viz

Py —) _ Py
TdP1
dT

In the above case p = 760 mm., T = 373, % = 27-12 mm.,

and therefore,

Pl(”l - ”z) 760
L T 373 x 2712 = 0.075.

This shows that the external work forms only a small part of
the value of the latent heat of vaporization.
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§ 177. Equation (111) also leads to a method of calculating
the absolute temperature T, when the latent heat of vapor-
ization, L, as well as the pressure and the density of the
saturated vapour and the liquid, have been determined by
experiment in terms of any scale of temperature ¢ (§ 160).
We have

dp, dt
L=T(v, — ’”2)7?;‘1 T
logT=fQ—)—1%v—’. %t&dt,

and therefore T may be determined as a function of t. It
is obvious that any equation between measurable quantities,
deduced from the second law, may be utilized for a deter-
mination of the absolute temperature. The question as to
which of those methods deserves preference is to be decided
by the degree of accuracy to be obtained in the actual
measurements.

§ 178. A simple approximation formula, which in many
cases gives good, though in some, only fair results, may be
obtained by neglecting in the equation (111) the specific
volume of the liquid, v,, in comparison with that of the
vapour, v,, and assuming for the vapour the characteristic
equation of a perfect gas. Then, by (14),

BT

m’py
where R is the absolute gas constant, and m the molecular
weight of the vapour. Equation (111) then becomes

LB T dp,
m’ p, " dT
For water at 100° C. we have R = 1-985; m = H,0 = 18;

T=2373; p,="760 mm.; %=27-12 mm. Hence the

v,

112)

latent heat of vaporization is

1-985 x 3732 x 27-12 cal.
18 x 760 = b4T5 grm.’

L=
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This value is somewhat large (§ 175). The cause of this lies
in the fact that the volume of saturated water vapour at 100°
is in reality smaller than that calculated from the characteristic
equation of a perfect gas of molecular weight 18. But, for
this very reason, accurate measurement of the heat of vapor-
ization may serve as a means of estimating from the second
law the amount by which the density of a vapour deviates
from the ideal value.

Another kind of approximation formula, valid within the
same limits, is found by substituting in (109) the value of
the specific energy w, = T + const., which, by (39), holds
for perfect gases. We may put the specific energy of the
liquid %y = ¢,T + const., if we assume its specific heat, c,, to
be constant, and neglect the external work. It then follows
from (109) that

2
(ev — ¢,)T + const. + I:-nT = i;‘; . ?,}‘

If we multiply both sides by g:]z", this equation may be

integrated, term by term, and we finally obtain with the
help of (33)

= ae_;? TR

where a and b are positive constants; c, and c, the specific
heats of the vapour and the liquid, at constant pressure. This
equation gives a relation between the pressure of a saturated
vapour and its temperature.

H. Hertz has calculated the constants for mercury.* It
must, however, be noted that at low temperatures the assump-
tion that c, is constant is no longer correct (see §§ 284 and
288).

§ 179. Equation (111) is applicable to the processes of
fusion and sublimation in the same manner as to that of
evaporation. In the first case L denotes the latent heat of

* Wied. Ann. d. Phys., 17, p. 193, 1882.
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fusion of the substance, if the subscript 1 correspond to the
liquid state and 2 to the solid state, and p, the melting
pressure, t.e. the pressure under which the solid and the
liquid substance may be in contact and in equilibrium. The
melting pressure, therefore, just as the pressure of evapora-
tion, depends on the temperature only. Conversely, a change
of pressure produces a change in the melting point :

dT _ T(v; — vy)
dp, L )
For ice at 0° C. and under atmospheric pressure, we have

(113)

L =80 x 4-19 X 107 (heat of fusion of 1 gr. of ice in c.g.s.
units);

T = 273;

v; = 1-000 (vol. of 1 gr. of water at 0° C. in c.c.);

vy = 1-091 (vol. of 1 gr. of ice at 0° C. in c.c.).

To obtain j;‘ in atmospheres we must multiply by 1,013,250 :
P1

aT 273 x 0-091 x 1013250

dp, = T BOX &19x 107 — 00075 (114)
On increasing the external pressure by 1 atmosphere, the
melting point of ice will, therefore, be lowered by 0-0075° C.;
or, to lower the melting point of ice by 1° C., the pressure
must be increased by about 130 atmospheres. This was first
verified by the measurements of W. Thomson (Lord Kelvin).
Equation (113) shows that, conversely, the melting point of
substances, which expand on melting, is raised by an increase
of pressure. This has been qualitatively and quantitatively
verified by experiment.

§ 180. By means of the equations (101) still further
important properties of substances in different states may
be shown to depend on one another. From these, along
with (110), we obtain

L
T=¢1"¢2-
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Differentiating this with respect to T, we have

S )% G- )%
or by (84a) and (84b)
_(f%)_l _ <g%l>p‘fl?% (cp)s + <8v3> ‘fz?%

Since, from (111),

we obtain, finally,
(o — (e = =+ - | G — ) -9

This equation again leads to a test of the second law, since all

the quantities in it may be measured independently of one
another.

§ 181. We shall again take as example saturated water
vapour at 100° C. under atmospheric pressure, and calculate
its specific heat at constant pressure. We have the following
data :

(cp)p = 1-01 (spec. heat of liquid water at 100° C.);
L = 539 cal./grm. at 100° C.

T = 373;
Further *
%: — 0-64 (the decrease of the heat of vapor-

ization with rise of temperature)
v, = 1674 (the volume of 1 gr. of saturated water
vapour at 100° C.)

(g&.’) = 4-813 (the isobaric coefficient of expansion of
4

water vapour).

* 0. Knoblauch, R. Linde and H. Klebe, “ Mitteilungen iiber Forschunga
arbeiten hemusgegeben vom Verein Deutscher Ingenieure,”” Heft 21,
Berlin, 1905. Harvey N. Davis, Proc. of the American Academy of Arts
and Science, Vol. 45, p. 265, 1910. F. Henning, Zeitschr. f. Phyatk 2,
p- 197, 1920.
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The corresponding values for liquid water are :
v, = 10 c.c. per gr.

0
(3) oo

These values substituted in (115) give
(cp)1 — (cp)y= — 0-54,
(cp)y = (cp)g — 054 = 1:01 — 0-54 = 0-47 cal./grm. per 1° C.
in agreement with direct measurement.
§ 182. The relation (115) may be simplified, but is in-
accurate, if we neglect the volume v, of the liquid in com-

parison with v,, that of the vapour, and apply to the vapour
the characteristic equation of a perfect gas.

Then v, = ”I:;—‘ ,
1

() R
oT/, mp,
and equation (115) becomes, simply,

(cp)1 — (¢p)e = JdIrE

In our example,
(cp)y — (cp)e = — 0-64
(cp)y = 1-01 — 0-64 = 0-37 cal./grm. per 1° C.

a value considerably too small.

§ 183. We shall now apply the relation (115) to the
melting of ice at 0° C. and under atmospheric pressure.
The subscript 1 now refers to the liquid state, and 2 to the
solid state. The relation between the latent heat of fusion
of ice and the temperature has probably never been measured.
It may, however, be calculated from (115), which gives

o= (e — (e + - i-,“f“@[@v'l‘]'),— (G),]

in which
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(¢p); = 1 (spec. heat of water at 0° C.);
(cp), = 0-50 (spec. heat of ice at 0° C.);
L=280; T=273; v;=1; vy=109;

(g?) = — 0-00006 (thermal coeff. of expansion of water at
?
0°C.);
(g-%) = 0:00011 (thermal coeff. of expansion of ice at 0° C.).

Hence, by the above equation,

dL

T 0-66,
t.e. if the melting point of ice be lowered 1° C. by an appro-
priate increase of the external pressure, its heat of fusion
decreases by 0-66 cal./grm.

§ 184, It has been repeatedly mentioned in the early
chapters, that, besides the specific heat at constant pressure,
or constant volume, any number of specific heats may be
defined according to the conditions under which the heating
takes place. Equation (23) of the first law holds in each case :

du dv
e=a1 P

In the case of saturated vapours special interest attaches to
the process of heating, which keeps them permanently in a
state of saturation. Denoting by s, the specific heat of the
vapour corresponding to this process (Clausius called it the
specific heat of ““ the saturated vapour ’), we have
s= a4 p 0 (116)
No off-hand statement can be made with regard to the value
of s,; even its sign must in the meantime remain uncertain.
For, if during a rise of temperature of 1° the vapour is to
remain just saturated, it must evidently be compressed while
being heated, since the specific volume of the saturated vapour
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decreases as the temperature rises. This compression, how-
ever, generates heat, and the question is, whether the latter
is 80 considerable that it must be in part withdrawn by con-
duction, so as not to superheat the vapour. Two cases may,
therefore, arise: (1) The heat of compression may be con-
siderable, and the withdrawal of heat is necessary to maintain
saturation at the higher temperature, 7.e. s, is negative.
(2) The heat of compression may be too slight to prevent the
compressed vapour, without the addition of heat, from becom-
ing supersaturated. Then, s, has a positive value. Between
the two there is a limiting case (s, = 0), where the heat of
compression is exactly sufficient to maintain saturation. In
this case the curve of the saturated vapour coincides with that
of adiabatic compression. Watt assumed this to be the case
for steam.

It is now easy to calculate s, from the above formule.
Calling s, the corresponding specific heat of the liquid, we
have

du2 dv,
+ Py - - (117)
During heating, the liquid is kept constantly under the
pressure of its saturated vapour. Since the external pressure,
unless it amounts to many atmospheres, has no appreciable
influence on the state of a liquid, the value of s, practically
coincides with that of the specific heat at constant pressure,

Sg=(cp)y - . . . . (118)
Subtracting (117) from (116), we get
ﬁﬁ%_m%Tm+pﬂ%%y.

But (110), differentiated with respect to T, gives

dL _ d(uy — uy) d(v1

d
dT dT + 02) + (vl - v2) Py

aT’

S — S =

dL d
dT — (v — ”z)jd%l‘)
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or, by (118) and (111),
L
8y =(cp)e + it T

For saturated water vapour at 100°, we have, as above,

dL — 064; L=539; T= 373;

(cp)g = 1-01; T =

whence
8y = 101 — 0-64 — 1-44 = — 1.07.

Water vapour at 100° C. represents the first of the cases
described above, 1.e. saturated water vapour at 100° is super-
heated by adiabatic compression. Conversely, saturated
water vapour at 100° becomes supersaturated by adiabatic
expansion. The influence of the heat of compression (or
expansion) is greater than the influence of the increase (or
decrease) of the density. Some other vapours behave in the
opposite way.

§ 185. It may happen that, for a given value of T, the
values of v, and v,, which are fully determined by the equation
(101), become equal. Then the two states which are in
contact with one another are identical. Such a value of T is
called a critical temperature of the substance. From a purely
mathematical point of view, every substance must be sup-
posed to have a critical temperature for each of the three
combinations, solid-liquid, liquid-gas, gas-solid. This critical
temperature, however, will not always be real. The critical
temperature T and the critical volume v, = v,, fully deter-
mine the critical state. We may calculate it from the
equations (101) by finding the condition that v, -— v, should
vanish. If we first assume v, — v, to be very small, Taylor's
theorem then gives for any volume v, lying between v,
and v,,

2 2
p=py+ (a—g)a(v — ) + %(%;)gw — )2, . (119)
and therefore the first equation (101) becomes
0 e :
Ps+ <3%’>,(vl — ) + i(ajjzi))’(% — vg) = p,,
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and equation (102), by the integration of (119) with respect
to v, gives

Po(v1— ) + i@f‘)z(% — )%+ (%)2(”1_”2)3 = Pg(v1— ).

The last two equations give, as the conditions of the critical

state, 5 52
(gg)z =0, and <3~£~>2= 0.

These conditions agree with those found in § 30. They are
there geometrically illustrated by the curve of the critical
isotherm. In the critical state the compressibility is infinite;
so are also the thermal coefficient of expansion and the
specific heat at constant pressure; the heat of vaporization
i8 zero.

At all temperatures other than the critical one, the values
of v, and v, are different. On one side of the critical isotherm
they have real, on the other imaginary values. In this latter
case our solution of the problem of equilibrium no longer
admits of a physical interpretation.

§ 186. Third Solution.—In the third place, we shall
assume that in the conditions of equilibrium (98)

vy # Uy Vg
We have then, without further simplification,

P1=P:=DPs
by — o= Uy — U +TP1(’)1 — ¥y

(120)
b o= "2 T Pl

These refer to a state in which the three states of aggrega-
tion are simultaneously present. There are four equations,
and these assign definite values to the four unknowns T, v,,
v,, v5. The coexistence of the three states of aggregation in
equilibrium is, therefore, possible only at a definite tem-
perature, and with definite densities; therefore, also, at a
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definite pressure. We shall call this temperature the funda-
menlal temperature, and the corresponding pressure the
Sfundamental pressure of the substance. According to equa-
tions (120), the fundamental temperature is characterized by
the condition that at it the pressure of the saturated vapour
is equal to the pressure of fusion. It necessarily follows, by
addition of the last two equations, that this pressure is also
equal to the pressure of sublimation.

After the fundamental temperature and pressure have
been found, the external conditions of § 166—

M,+M+M=M
M,v, + Myv, + . Mgvy = VJ .. (121)
Mu; + Moy, + Mug=1U

uniquely determine the masses of the three portions of the
substance. The solution, however, can be interpreted
physically only if M,, M,, and M, are positive.

§ 187. Let us determine, e.g., the fundamental state of
water. 0° C. is not its fundamental temperature, for at 0° C.
the maximum vapour pressure of water is 4-58 mm., but the
melting pressure of ice is 760 mm. Now, the latter decreases
with rise of temperature, while the maximum vapour pres-
sure increases. A coincidence of the two is, therefore, to
be expected at a temperature somewhat higher than 0° C.
According to equation (114), the melting point of ice rises
by 0-0075° C. approximately, when the pressure is lowered
from 760 mm. to 4-58 mm. The fundamental temperature
of water is, then, approximately, 0-0075° C. At this tem-
perature the maximum vapour pressure of water nearly
coincides with the melting pressure of ice, and, therefore,
also with the maximum vapour pressure of ice. The specific
volumes of water in the three states are, therefore,

v; = 206,000; v, = 1; vy = 1-09 c.c.
At all temperatures other than the fundamental temperature,

the pressures of vaporization, of fusion, and of sublimation
differ from one another.
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§ 188. We return once more to the intrinsic conditions
of equilibrium (101) which hold for each of the three com-
binations of two states of aggregation. The pressure p,,
and the specific volumes of the two portions of the substance,
in each case depend only on the temperature, and are deter-
mined by (101). It is necessary, however, to distinguish
whether the saturated vapour is in contact with the liquid
or the solid, since in these two cases the functions which
express the pressure and specific volume in terms of the
temperature are quite different. The state of the saturated
vapour is determined only when there is given, besides the
temperature, the state of aggregation with which it is in
contact, whether it is in contact with the liquid or solid.
The same applies to the other two states of aggregation. If
we henceforth use the suffixes 1, 2, 3, in this order, to refer to
the gaseous, liquid, and solid states, we shall be obliged to
use two of them when we refer to a portion of the substance
in a state of saturation. The first of these will refer to the
state of the portion considered, the second to that of the
portion with which it is in contact. Both the symbols v,,
and v,;; thus denote the specific volume of the saturated
vapour, v,, in contact with the liquid, and v,; in contact with
the solid. Similarly vy and vy, v and vy, represent the
specific volumes of the liquid and of the solid in a state of
saturation. Each of these six quantities is a definite function
of the temperature alone. The corresponding pressures are

Of vaporization. Of fusion. Of sublimation.
P13z = Pn1 Pys = Paz Ps1 = P13

These are also functions of the temperature alone. Only
at the fundamental temperature do two of these pressures
become equal, and therefore equal to the third.

If we represent the relation between these three pressures
and the temperature by three curves, the temperatures as
abscissee and the pressures as ordinates, these curves will
meet in one point, the fundamental point, also called the
triple point. It is easy to calculate at what angle the curves
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intersect at the critical point. The inclination of the curves
to the abscissa is given by the differential coefficients

{i]’ 12. dl’za dPsl

dT ’* dT°’ dT"
We have, therefore, according to equations (111),

dP1z Ly

dT — T(v, — vy)

sza Lzs

dT ~ T(v, — vy)’

‘11031 — Ly,

dT T(vg — v,)’

where v refers to the fundamental state, and, therefore,
requires only one suffix. We can thus find the direction of
each curve at the fundamental point if we know the heat of
vaporization, of fusion, and of sublimation.

Let us compare, for example, the curve of the vaporization
pressure, p,,, of water, with its curve of sublimation pressure,
Py3 Dear the fundamental point, 0-0075° C. We have, in
absolute units,

L;; =600 x 4-19 x 107 (heat of vaporization of water
at 0-0075° C.);
L;3 = — L3; = (80 4 600) x 419 x 107 (heat of sub-
limation of ice at 0-0075° C.);
vy = 206000; v, = 1-00; v; = 1-09 (§ 187); T = 273.

Hence
dp;, _ 600 X 419 X 107 X 760 — 0-335
dT ~ 273 x 206000 x 1013250 ’
dpy, _ 680 X 419 x 107 x 760 — 0-380,

dT — 273 x 206000 x 1013250

in millimeters of mercury. The curve of the sublimation
pressure p;; is steeper at the fundamental point than the
curve of the vaporization pressure p,,. For temperatures
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above the fundamental one, therefore, p,3 > p,,; for those
below it, p,3 > pys. Their difference is

dp1s {Zplz _ ‘ﬂpla — P1a) _ .
dT 4T~ gr = 0045

If, therefore, the maximum vapour pressure of water be
measured above the fundamental point, and of ice below it,
the curve of pressure will show an abrupt bend at the funda-
mental point. This change of direction is measured by the
discontinuity of the differential coefficient. At — 1° C.,,
(dT = — 1), we have, approximately,

P13z — Pre = — 0:04;
i.e. at — 1° C. the maximum vapour pressure of ice is about
0-04 mm. less than that of water. This has been verified by
experiment.* The existence of a sharp bend in the curve,
however, can only be inferred from theory.

§ 189. We have hitherto extended our investigation only
to the different admissible«solutions of the equations which
express the intrinsic conditions of equilibrium, and have
deduced from them the properties of the states of equilibrium
to which they lead. We shall now consider the relative merit
of these solutions, ¢.e. which of them represents the state of
greatest stability. For this purpose we resume our original
statement of the problem (§ 165), which is briefly as follows :

Given the total mass M, the total volume V, and the total
energy U, it is required to find the state of most stable equi-
librium, i.e. the state in which the total entropy of the system
is an absolute maximum. Instead of V and U, however, it is

often more convenient to introduce v = 1‘&, the mean specific

volume of the system, and u = 3, the mean specific energy

of the system.
We have found that the conditions of equilibrium admit,

* “ Wirmetabellen von L. Holborn, K. Scheel, and F. Henning,”
Braunschweig (Vieweg u. Sohn), 1919, p. 61.
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in general, of three kinds of solution, according as the system
is split into 1, 2, or 3 states of aggregation. When we come
to consider which of these three solutions deserves the prefer-
ence in a given case, we must remember that the second and
third can be interpreted physically only if the values of the
masses, as given by the equations (103) and (121), are positive.

Critfeal point

— U
M
&
WS
§
S
N
i)

c energy: u

& Azis of mean specifi

Critical goint

Axis of mean specific volume: v = MV
Fia. 4.

This restricts the region of validity of these two solutions.
We shall first establish this region of validity, and then prove
that within its region the third solution is always preferable
to the other two, and, similarly, the second is preferable to
the first.

A geometrical representation may facilitate a general
survey of the problem. We shall take the mean specific

volume, v = ]‘}II’ and the mean specific energy, u = ]Iu-j, of the

system as the rectangular coordinate axes. The value
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of M is here immaterial. Each point of this plane will,
then, represent definite values of » and v. Our problem
is, therefore, to find the kind of stable equilibrium which
will correspond to any given point in this plane.

§ 190. Let us consider the region of validity of the third
solution. The values of the masses given by the equations
(121) are

11y p01ypp1rymni1il
M, :M;: M;: M=|vv, v :|vv3 vy): vV, v (v; v v (121a)
YUy Ug| (WU Uyl 10Uy Uy Uy Uy Uy

where vy, vy, ¥g, U;, Uy, Ug, Tefer, as hereafter, to the special
values which these quantities assume in the fundamental state.

It is obvious from this that the values of M;, M,, M; can
be simultaneously positive only when the point (v, u) lies
within the triangle formed by the points (vy, u,) (v, %,) and
(vg, u3). The area of this triangle then represents the region
of validity of the third solution. This triangle may be called
the fundamental triangle of the substance. In Fig. 4 this
triangle is represented by (123). The diagram is based on
a substance for which, as for water,

vy > v3 > v, and u; > Uy > U

§ 191. We shall now consider the region of validity of
the second solution contained in equations (101) and (103).
These equations furnish three sets of values for the three
possible combinations, and no preference can be given to
any one of these. If we consider first the combination of
liquid and vapour, the equations referred to become, under

our present notation,

Ty = T21
P12 = P21 . (122
brs — Py = Uy — Ugy + Pro(V1a — Uzl)J (122)
12 21 Ty
Mp+M,,=M 1
M350 + Mpyty =V = My J (123)

Mygu1s + Myyugy = U = Mu
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In order to determine the area within which the point (v, u)
must lie so that M,, and M,, may both be positive, we shall
find the limits of that area, .e. the curves represented by the
conditions M;, = 0, and M,, = 0. The introduction of the
latter (no liquid mass) gives M;, = M and
V=V, U=1Uyy . . . . (124)

Since v,, and u,, are functions of a single variable, the con-
ditions (124) restrict the point (v, ) to a curve, one of the
limits of the region of validity. The curve passes through the
vertex 1 of the fundamental triangle, because, at the funda-
mental temperature, v, = v;, and u;, = u,. To follow the
path of the curve it is necessary to find the differential

. du
coefficient ~—2. We have

V12
T (3 +(G) o=

The partial differential coefficients here refer to the inde-
pendent variables T and v. It follows from (80) and (24) that

du dT
18— 12<6T) — D1z + (C)ye dv::

dv]2

By means of this equation the path of the curve (124) may be
experimentally plotted by taking T,,, or v;,, or some other
appropriate quantity as independent parameter.

Similarly, the condition M;, = 0 (no vapour) gives another
boundary of the region of validity, viz. the curve,

V== Ty, U= Uy,
which passes through the vertex 2 of the fundamental triangle,
and satisfies the differential equation

du op
dv:ll T12<8T> — P12+ (Cv)zx d—r“’"

since Tyy = T,; and pyy = p,,.

The two limiting curves, however, are merely branches
of one curve, since they pass into one another at the critical
point (v, = v,,) without forming an angle or cusp at that
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point, as a further discussion of the values of %—1-’ and ?%’

12 21
according to § 185, shows. We may, therefore, include the two
branches under the name of the vaporization curve. Every
point (v,,, %,,) of one branch has a corresponding point (vyy, us,)
on the other, since these two represent the same temperature
T,; = Ty, and the same pressure p,, = p,;. This coordina-
tion of points on the two branches is given by the equations
(122), and has been indicated on our diagram (Fig. 4) by
drawing some dotted lines joining corresponding points.
In this sense the vertices 1 and 2 of the fundamental triangle
are corresponding points, and the critical point is self-
corresponding.

This vaporization curve bounds the region of validity of
that part of the second solution which refers to liquid in con-
tact with its vapour. Equation (123) makes it obvious that
the region of validity lies within the concave side of the curve.
The curve has not been produced beyond the vertices 1 and 2
of the fundamental triangle, because we shall see later, that
the side 12 of that triangle bounds the area within which this
solution gives stable equilibrium. There may be found, quite
analogous to the vaporization curve, also a fusion curve the
two branches of which are represented by

V= v”, U= um,
and V= Vgy, U = Ugy,

and a sublimation curve represented by

V= Vg, U = Uy,
and V= Vg, U = Uyq.

The former passes through the vertices 2 and 3, the latter
through 3 and 1, of the fundamental triangle. The region
of validity of the three parts of the second solution have been
marked (12), (23), and (31), respectively, in Fig. 4. The
relations which have been specially deduced for the area
(12) apply to (23) and (31) as well, only with a corresponding
interchange of the suffixes. Some pairs of corresponding
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points have again been joined by dotted lines. On the fusion
curve a critical point has also been marked.

§ 192. Having thus fixed the region of validity for the
second solution, we find that for all points (v, u) outside this
region only the first solution admits of physical interpretation.
It follows that for such points the first solution represents
the stable equilibrium. The areas where such is the case
have been marked (1), (2), and (3) in our figure, to signify
the gaseous, liquid, and solid states respectively. If there
exists a critical point for two states of aggregation, then there
is no sharp boundary between them.

§ 193. We have now to consider the following question :
Which of the different states of equilibrium, that may
correspond to given values M, v, u (or to a given point of
the figure), gives to the system the greatest value of the
entropy ? Since each of the three solutions discussed leads
to a definite state of the system, we have for each given
system (M, v, ) as many values of the entropy as there are
solutions applying to it. Denoting these by &, ®’, and ®”, we
get for the first solution

b= M¢ e e w0 (125)
for the second :
' = M?S' = M12¢12 + M21¢21 .. (126)

or some other combination of two states of aggregation;
for the third :

D" = MqS” = M1¢1 + M2¢z + Ma‘lsa . e (127)

All these quantities are fully determined by the given values
of M, v, and u. Now, we can show that for any system
(M, v, u) we have ®” > @' > P, or ¢" > ¢’ > ¢, provided all
the partial masses are positive. It is more convenient to
deal with the mean specific entropies than with the entropies
themselves, hecause the former, being functions of v and
u alone, are quite independent of M.

As a geometrical representation, we may imagine, on the
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plane of our figure (Fig. 4), perpendiculars erected at each
point (v, u), proportional in length to the values of ¢, ¢’,
and ¢” respectively, at that point. The upper ends of these
perpendiculars will generate the three surfaces of entropy,
é, ', and ¢".

§ 194, We shall show that ¢’ — ¢ is always positive, i.e.
that the surface of entropy, ¢’, lies everywhere above the
surface ¢.

While the value of ¢ may be taken directly from (61),
which contains the definition of the entropy for homogeneous
substances, ¢’ may be found from (126), (122), and (123), in
terms of v and w. The surface ¢’ forms three sheets corre-
sponding to the three combinations of two states of aggre-
gation. We shall in the following refer to the combination
of vapour and liquid.

With regard to the relative position of the surfaces ¢ and
¢’, it is obvious that they have one curve in common, the
projection of which is the vaporization curve. At any point
on the vaporization curve we have v = v,,, 4 = u,,, and for
the first entropy surface, ¢ = ¢,,; for the second we have,
from (123),

M, =0,M,=M. . . . (128)

45’ = ?512-

In fact, for all points of the vaporization curve, both solu-
tions coincide. The curve of intersection of the surfaces ¢
and ¢’ is represented by

V=g, U = Uyp, §= Py,
where v, u, and ¢ are the three rectangular coordinates of a
point in space. v, U, ¢, depend on a single variable
parameter, for example the temperature, T, = T,;. This
curve passes through the point (v,, %;, ¢,), which has the
vertex 1 for its projection. A second branch of the same
curve is given by the equations

V= 0y, U= Uy, $ =y,

and, from (126),
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and these branches meet in a point whose projection is the
critical point. Each point of one branch has a corresponding
point on the other, since both correspond to the same tem-
perature, T,,= T,;,, and the same pressure, p;3 = py.
Thus, (v;, %;, ¢;) and (vy, u,, ¢,) are corresponding points.

It is further obvious that the surface ¢’ is a ruled surface
and is developable. The first may be shown by considering
any point with the coordinates

) e il L T u = a2 + wilyy ¢= Mo + vy,

e Adp Atp
where A and p are arbitrary positive quantities. By giving
2 and p all positive values, we obtain all points of the straight
line joining the corresponding points (v, %55, ¢;,) and
(vey, Ugy, Poy). But this line lies on the surface ¢’, since all the
above values of (v, u, ¢) satisfy the equations (123) and (126)
if we put M;, =2 and M,; = p. The surface ¢, then, is
formed of the lines joining the corresponding points on the
curve in which the surfaces ¢’ and ¢ meet. One of these is
the line joining the points (v, u;, ¢,) and (v, u,, ¢,), the
projection of which is the side 12 of the fundamental triangle.
At the critical point, the line shrinks to a point, and here
the surface ¢’ ends. The other two sheets of the surface are
quite similar. One begins at the line joining (v,, u,, ¢,) and
(vg, U3, @), the other at the line joining (v, uy, ¢5) and (vy, u,, ¢,).

The developability of the surface ¢’ may best be inferred
from the following equation of a plane :

Pra(v — v3) + (u — uyy) — Tp(b — ¢yp) = 0,
where v, u, ¢ are variable coordinates, while p,,, vy5, %5, To,
¢12, depend, by (122), on one parameter, e.g. T;,. This plane
contains the point (vy,, %5, ¢;,), and by the equations (122)
the point (v,;, %y;, ¢by;), Which are corresponding points, and
hence also the line joining them. But it also, by (61), contains
the neighbouring corresponding points

(V1g + dvyg, Uy + dityg, byp + dbyy) .
(Va1 + dvgy, Upy + duyy, boy + dyy)

v

and
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hence also the line joining them. Therefore, two consecutive
generating lines are coplanar, which is the condition of
developability of a surface.

In order to determine the value of ¢’ — ¢, we shall find
the change which this difference undergoes on passing from a
point (v, u) to a neighbouring one (v + v, 4 + éu). During
this passage we shall keep M = M,, + M,, constant. This
does not affect the generality of the result, since ¢ and ¢’
are functions of v and u only. From (126) we have

M8¢' = M;38¢15 + Mp865; + 6120My, + $5,0My,,

and, by (61),
5 — Su + p8_v

But, by (123),
oM,, + éM,; =0
M,8055 + My, 80y + 01,8Mp + 0,6M,, = My J (129)
M,,0u;p + My Oy + uy8My, + 1y 8My; = Mu

Whence, by (122),
a¢'=%*,ipl°3” L. (130)

and 8¢ — ¢) = ( . l)su +<”12—3’,I’,>av. (131)

Ty,

If we now examine the surfaces ¢ and ¢’ in the neigh-

bourhood of their curve of contact, it is evident from the

last equation that they touch one another along the whole

of this curve. For, at any point of the vaporization curve,
we have v = vy, and u = u,y; therefore also

T=Ty, and p=7p;, . . . (132)
and hence, for the entire curve, §(¢' — ¢) = 0.
To find the kind of contact between the two surfaces, we
form 8% ¢’ — ¢) from (131), and apply it to the same points
of the curve of contact. In general,

8T 3 b) 3T 8T
82(¢'——¢)=8u(81; 12 + S ( Prz P P}Iz‘12212+$’ )

—}-8%(,—1,]—2 - ;) +su(fe 7).
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According to (132) we have, at the points of contact of the
surfaces,
T25%(¢'— ¢) =8u(8T — 8Tyy) + 8v(Tdpso— Tép—p8T;, + poT),
or by (61)
Té¥(¢' — ¢) = (8T — 8T 13)0¢ + (oppe — Sp)ov . . (133)
All these variations may be expressed in terms of T and dv,
by putting

56 = 26T+ Bsv (by 81),

5p — apa'r + gf’s

Opre = d_Tl;ST“'
We have now to express 8T,; in terms of 8T and 8v. Equa-
tions (129), simplified by (128), give
Suyy — du _ dvyy— &
Upp— Upy Uy — Uy
In these we put

Sugy = Pazgm 8v12=g%‘38T12 . (134)
12

12~ dTm
Su = codT + gg&v,

8T + (g: _ U «“21)50

Viz — Va1
duyy ”12 — Uy dvy,

dTm Vip— vy AT
If we consider that, by (109),

and obtain 8T, =

Uyp — Ugy __ dpya _

U3y — Uny =Ty, dT D2 (135)
— %P1 _
T T, P

12

that, by (80), - gfl" P

v
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and that %‘ﬁ = (Z’%),;F <g%>12 g&"‘i

= op dvy,

dpyp _ ?P ap dvyg

also that dle = aT 86 . a—T;;,
0dT — T2 . Pz,
. ov "dT,,
we obtain oT), = g \E
co — T2( ”12,>
ov\dT,,

Equation (133), with all variations expressed in terms of &T
and 8v, finally becomes
dvy, 2
PP i)
ov' T .o.; _ Tl’(@”m) '
ov\dT,,

This expression is essentially positive, since ¢, is positive from

its physical meaning, and gg is negative for any state of

equilibrium (§ 169). There is a limiting case, when

dvy, —
dTl'st — = 0,
since then, 0P’ — ¢)=0.

In this case the variation (8T, 8v) obviously takes place along
the curve of contact (T,,, v;,) of the surfaces, and it is evident
that then ¢’ = ¢.

It follows that the surface ¢, in the vicinity of all points
of contact with ¢, rises above the latter throughout, or that
¢’ — ¢ is everywhere > 0. This proves that the second
solution of the conditions of equilibrium, within its region
of validity, ¢.e. in the areas (12), (23), and (31), always repre-
sents the stable equilibrium.

§ 195. Similarly, it may be shown that the third solution,
within its region of validity, is preferable to the second one.
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The quantities v and u being given, the value of the mean
specific entropy, ¢, corresponding to this solution is uniquely
determined by the equations (127) and (121). The quantities
vy, Vg, Vg, Uy, Uy, Ug, and therefore also ¢,, ¢,, @5, have definite
numerical values, given by equations (120).

In the first place, it is obvious that the surface ¢” is the
plane triangle formed by the points (v, u,, ¢,), (vs, %3, &),
and (vs, 43, ¢3), the projection of which on the plane of the
figure is the fundamental triangle, since any point with the
coordinates

B e ol W

S Afetr
o My - vy
Adp+y
¢ = Ay + udy + vy
Adp+v

(A, u, » may have any positive values) satisfies the equations
(121) and (127). To show this, we need only put M, = 3,
M, =y, M; =». This plane meets the three sheets of the
developable surface ¢’ in the three lines joining the points
(V1 %y, b1)s (v, Us, Bo), (U3, U, b5). I fact, by making » = 0,
t.e., by (121), My = 0, the third solution coincides with the
second; for, then
M, =M;p; My =My vy =035 4y = uy,;
vy = vy;; Ty = Tyy; ete. } (127

If we also put w =0, then we have M; =0, v; = v,
%y = u, which means the coincidence of all three surfaces,
¢", ¢, and ¢.

In order to find the sign of ¢”— ¢’, we again find §(¢"— ¢’)
in terms of 8u and 8v. Equation (127) gives

M4 = $,0M, + 4 5M, + gy0M, . . (138)

where, by (121),
M, + 6M, + éM; =0
%, 6M; + u,dM, + ugdM,; = Méw.
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Multiplying the last of these by — T , the second by ,71)‘, and
1
adding to (138), we obtain, with the help of (120),

s =t

This, in combination with (130), gives
Y 11 Py _ P
8" — ¢') = — Su ] — 2 )8, . (139
(¢ ¢ ) <Tl T12> + <T T12> v ( )

1

if the surface ¢’ is represented by the sheet (12). This
equation shows that the surface ¢” is a tangent to the sheet
(12) along the line joining (v, %, ¢,) and (v,, u,, ¢,), for all
points of this line have T, = T,,, p, = p,, so that §(¢" — ¢')
vanishes. Thus, we find that the plane ¢” is a tangent plane
to the three sheets of the surface ¢’. The curves of contact
are the three straight lines which form the sides of the plane
triangle ¢". We have, from (139), for any point of contact

82(¢” _ ¢r) 8T128 + (pIBT]J 8{‘)::2)8,0

since T, and p, are absolute constants; or
T,28%¢" — ) = | bu— (T, g@m — p1)b0 [8T,,. (140)

Now, by the elimination of 8M,, and 8M,,, it follows, from
(129), that

M, ;805 + My,805, — Méo _ M,,8uy + M,,8u,; — Mdu

Vg — Vg Uyp — Ugy

or, by (135) and (134),
d
MI:&“ - (Tlgzrl?\’m - ?’1)8”] = STI"[ nd%n + ledrlll\“

— (e = p1) - (Mg + M 7).
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Substituting this expression in (140), and replacing :liT

and ng by their values (136), we obtain
21

8" — ¢') = ﬂr»f g[Mu((CV)n (gf) . (3T£2>2>

12

+ Mn((%)zl - T1<S€> (j’iﬁl) ) ]

21

This quantity is essentially positive, since M,,, M,,, as well
as ¢y, are always positive, and g"g always negative for states
of equilibrium. There is & limiting case, when 8T,, =0,
1.e. for a variation along the line of contact of the surfaces
¢” and ¢', as is obvious. It follows that the plane area ¢”
rises everywhere above the surface ¢’, and that ¢” — ¢’ is
never negative. This proves that the third solution within
its region of validity (the fundamental triangle of the sub-
stance) represents stable equilibrium.

§ 196. We are now in a position to answer generally the
question proposed in § 165 regarding the stability of the
equilibrium.

The total mass M, the volume V, and the energy U of
a system being given, its corresponding state of stable
equilibrium is determined by the position of the point

A
V= M U= H,

If this point lie within one of the regions (1), (2), or (3),
the system behaves as a homogeneous gas, liquid, or solid.
If it lie within (12), (23), or (31), the system splits into two
different states of aggregation, indicated by the numbers
used in the notation of the region. In this case, the common
temperature and the ratio of the two heterogeneous por-
tions are completely determined. According to the equation
(123), the point (v, u) lies on the straight line joining two
corresponding points of the limiting curve. If a straight

in the plane of Fig. 4.
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line be drawn through the given point (v, ), cutting the
two branches of that curve in corresponding points, these
points give the properties of the two states of aggregation
into which the system splits. They have, of course, the
same temperature and pressure. The proportion of the
two masses, according to the equation (123), is given by
the ratio in which the point (v, u) divides the line joining
the corresponding points.

If, finally, the point (v, u) lie within the region of the
fundamental triangle (123), stable equilibrium is charac-
terized by a division of the system into a solid, a liquid,
and a gaseous portion at the fundamental temperature and
pressure. The masses of these three portions may then be
determined by the equations (12la). It will be seen that
their ratio is that of the three triangles, which the point
(v, u) makes with the three sides of the fundamental triangle.

The conditions of stable equilibrium of any substance
can thus be found, provided its fundamental triangle, its
vaporization, fusion, and sublimation curves have been
drawn once for all. To obtain a better view of the different
relations, isothermal and isobaric curves may be added to
the figure. These curves coincide in the regions (12), (23),
(31), and form the straight lines joining corresponding points
on the limiting curves. On the other hand, the area (123)
represents one singular isothermal and isobar (the triple
point). In this way we may find that ice cannot exist in
stable equilibrium at a higher temperature than the funda-
mental temperature (0-0075° C.), no matter how the pressure
may be reduced. Liquid water, on the other hand, may,
under suitable pressure, be brought to any temperature without
freezing or evaporating.

A question which may also be answered directly is the
following. Through what stages will a body pass if subjected
to a series of definite external changes? For instance, the
behaviour of a body of mass M, when cooled or heated at con-

stant volume V, may be known by observing the line v = M



178 THERMODYNAMICS.
parallel to the axis of ordinates. The regions which this
line traverses show the states through which the body passes,
e.g. whether the substance melts during the process, or
whether it sublimes, ete.*

* Concerning the actual conditions for water, see G. Tammann, Gottinger
Nachrichten, 1913, p. 99.



CHAPTER III.

SYSTEM OF ANY NUMBER OF INDEPENDENT
CONSTITUENTS.

§ 197. WE proceed to investigate quite generally the
equilibrium of a system made up of distinct portions in contact
with one another. The system, contrary to that treated of in
the preceding chapter, may consist of any number of inde-
pendent constituents. Following Gibbs, we shall call each
one of these portions, inasmuch as it may be considered
physically homogeneous (§ 67), a phase.* Thus, a quantity
of water partly gaseous, partly liquid, and partly solid, forms
a system of three phases. The number of phases as well as
the states of aggregation is quite arbitrary, although we at
once recognize the fact that a system in equilibrium may
consist of any number of solid and liquid phases, but only one
single gaseous phase, for two different gases in contact are
never in equilibrium with one another.

§ 198. A system is characterized by the number of its
independent constituents, frequently termed components, in ad-
dition to the number of its phases. The main properties of the
state of equilibrium depend upon these. We define the number
of independent constituents as follows. [First find the
number of chemical elements contained in the system, and
from these discard, as dependent constituents, all those whose
quantity is determined in each phase by the remaining ones.
The number of the remaining elements will be the number of
independent constituents of the system.f It is immaterial

* Concerning the application of the idea of the phase to both enantin-
morphic forms of optically active substances, see the detailed research by
A. Byk, Zeits. f. phys. Chemie, 45, 465, 1903.

t This definition of sndependent constituents of a system satisfies all
cases, which deal with true equilibrium, s.e. with one which equation (76)
satisfies for all thinkable changes.

179
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which of the constituents we regard as independent and which
as dependent, since we are here concerned with the number,
and not with the kind, of the independent constituents. The
question as to the number of the independent constituents has
nothing at all to do with the chemical constitution of the
substances in the different phases, in particular, with the
number of different kinds of molecules.

Thus, a quantity of water in any number of states forms
but one independent constituent, however many associations
and dissociations of H,0 molecules may occur (it may be a
mixture of hydrogen and oxygen or ions), for the mass of
the oxygen in each phase is completely determined by that of
the hydrogen, and vice versd. As soon as one takes account
of the fact that water vapour is at each temperature partly
dissociated into hydrogen and oxygen, and that oxygen is
more strongly absorbed by the liquid water than is hydrogen,
then one obtains, in spite of the fact that only complete H,0
molecules are used to build up the system, different proportions
by weight of the elements hydrogen and oxygen in both
phases of the system, water and water vapour. There is
accordingly not one but two independent constituents in the
system. This, of course, is also true if either hydrogen or
oxygen is present in excess.

An aqueous solution of sulphuric acid forms a system of
three chemical elements, S, H, and O, but contains only two
independent constituents, for, in each phase (e.g. liquid,
vapour, solid), the mass of O depends on that of S and H,
while the masses of S and H are not in each phase inter-
dependent. Whether the molecule H,SO, dissociates in any
way, or whether hydrates are formed or not, does not change
the number of independent constituents of the system.

§ 199. We denote the number of independent constituents
of a system by «. By our definition of this number we see, at
once, that each phase of a given system in equilibrium is
determined by the masses of each one of its a constituents,
the temperature T, and the pressure p. For the sake of
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uniformity, we assume that each of the « independent con-
stituents actually occurs in each phase of the system in a
certain quantity, which, in special cases, may become infinitely
small. The selection of the temperature and the pressure
as independent variables, produces a change in the form of
the equations of the last chapter, where the temperature and
the specific volume were considered as the independent
variables. The substitution of the pressure for the volume
is more convenient here, because the pressure is the same for
all phases in free contact, and it can in most cases be more
readily measured.

§ 200. We shall now consider the thermodynamical
equilibrium of a system, in which the total masses of the a
independent constituents M;, M,, . . . M, are given. Of the
different forms of the condition of equilibrium it is best to use
that expressed by equation (79)

=0 . . . . . (141

which holds, if T and p remain constant, for any change
compatible with the given conditions. The function ¥ is
given in terms of the entropy &®, the energy U, and the
volume V, by the equation

_ U+ pV
v=o— " TP

§ 201. Now, let g be the number of phases in the system,
then @, U, and V, and therefore also ¥, are sums of 8 terms,
each of which refers to a single phase, 7.e. to a physically
homogeneous body :

V=W W WAL L L (142)

where the different phases are distinguished from one another
by dashes. For the first phase,
v =Y »‘;1’1 (143)

@', U', V' and ¥’ are completely determined by T, p, and
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the masses M,’, M,’, . . . M, of the independent constituents
in the phases. As to how they depend on the masses, all
we can at present say is, that, if all the masses were increased
in the same proportion (say doubled), each of these functions
would be increased in the same proportion. Since the nature
of the phase remains unchanged, the entropy, the energy, and
the volume change in the same proportion as the mass; hence,
also, the function ¥’. In other words ¥’ is a homogeneous
function of the masses M,’, My’, . . . M.’ of the first degree
but not necessarily linear.*

To express this analytically let us increase all the masses
in the same ratio 1 + ¢ : 1, where ¢ is very small. All changes
are then small; and for the corresponding change of ¥’ we
obtain

, _ov' .., ov' ..,
AV’ = aM;AM1 + —BMZ,AM2 +...
_ gl\\;,;,eMl' + g&l’z M+ ...

But, by supposition, AY' = ¥’,
and, therefore,
PR AT ) ov'. .,
v = W{Ml +5M‘ZM2 +o g M (149)

Various forms may be given to this Eulerian equation by
further differentiation. The differential coefficients gh\;’ ’
1

%I%— .. . evidently depend on the constitution of the phase, and
not on its total mass, since a change of mass changes both
numerator and denominator in the same proportion.

§ 202. By (142), the condition of equilibrium becomes
SV SV ... 8VE=0 . . (145)

or, since the temperature and pressure remain constant,

* v =(M"?+ M2+ ...+ M2) is an example of a non-linear
homogeneous function of the first degree.
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v’ v’ v

ar M+ g™+ - M

Y ZO S L v
+ aM IISM + aM IISMZ + + aM IISM

+

oV
+.5MB +aM53M2 ot ML= 0 L (146)

If the variation of the masses were quite arbitrary, then the
equation could only be satisfied, if all the coefficients of the
variations were equal to 0. According to § 200, however, the
following conditions exist between them,

M=M,/+M"+...+M¢#
2—M +M"+...+M2f’ . .47
M = M + M g + + Ma.f’
and, therefore, for any possible change of the system,
0=38M,"+ 6M," + ...+ SM,?
0=0M," +¢My" + ... +8MP| (148)
0= oM’ + 8M," +. ..+ 8Mp
For the expression (146) to vanish, the necessary and sufficient
condition is

v v ovs
My T AT oMy
EN A s
My =AMy T T AMpY . . (149)
L A
oM’ oM, ' oM.

There are for each independent constituent (8 — 1) equa-
tions which must be satisfied, and therefore for all the «
independent constituents «(B — 1) conditions. Each of these
equations refers to the transition from one phase into another,
and asserts that this particular transition does not take
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we can at present say is, that, if all the masses were increased
in the same proportion (say doubled), each of these functions
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a‘l” ’ aq” ’ a\I,, ’

W;’BMI +W275M“ + ...+ 3VM:,BM,;

V" w0V OV” g 7
+ 'amﬁle + g‘LTz,‘,SMz + L + m_ul78M“
+

ove oV oV
+ a_L{;"BSMlﬂ + m?8M2ﬂ + o« . + 'a'M—aSSMaﬂ =0 . (146)

If the variation of the masses were quite arbitrary, then the

equation could only be satisfied, if all the coefficients of the

variations were equal to 0. According to § 200, however, the

following conditions exist between them,
M=M,/+M"+...+M?
M2=M21_,"M2”"'—...‘i"Mzﬂ . . (147)
M,=M/+M"+...+MpF

and, therefore, for any possible change of the system,

0=8M, + 8M," + ...+ SMIB]

0= 8M, + &M,” +. ..+ SM,P (148)

0=08M'"+ M)+ ...+ M}?
For the expression (146) to vanish, the necessary and sufficient
condition is

oy’ oV’ ovs
oM, oM T aMp

A ) )

oM, — oM, T OMSF Y - . (149)
oV’ 9" 0wk

oM’ oM, " oM.

There are for each independent constituent (8 — 1) equa-
tions which must be satisfied, and therefore for all the «
independent constituents «(@ — 1) conditions. Each of these
equations refers to the transition from one phase into another,
and asserts that this particular transition does not take
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place in nature. This condition depends, as it must, on the
internal constitution of the phase, and not on its total mass.

Since the equations in a single row with regard to a par-
ticular constituent may be arranged in any order, it follows
that, if a phase be in equilibrium as regards a given con-
stituent with two others, these two other phases are in equili-
brium with one another with regard to that constituent (they
coexist). This shows that, since any system in equilibrium
can have only one gaseous phase, two coexisting phases, e.g.
two liquids which form two layers, must emit the same vapour.
For, since each phase is in equilibrium with the other, and also
with its own vapour with respect to all constituents, it must
also coexist with the vapour of the second phase. The co-
existence of solid and liquid phases may, therefore, be settled
by comparing their vapours.

§ 203. It is now easy to see how the state of equilibrium
of the system is determined, in general, by the given external
conditions (147), and the conditions of equilibrium (149).
There are « of the former and «(B — 1) of the latter, a total
of ap equations. On the other hand, the state of the g phases
depends on («B + 2) variables, viz. on the «f masses,
M), . .. M’ the temperature T, and the pressure p. After
all conditions have been satisfied, two variables still remain
undetermined. In general, the temperature and the pressure
may be arbitrarily chosen, but in special cases, as will be shown
presently, these are no longer arbitrary, and in such cases two
other variables, as the total energy and the total volume of the
system, are undetermined. By disposing of the values of the
arbitrary variables we completely determine the state of the
equilibrium.

§ 204. The ap + 2 variables, which control the state of
the system, may be separated into those which merely govern
the composition of the phases (internal variables), and those
which determine only the total masses of the phases (external
variables). The number of the former is (« — 1)g 4 2, for
in each of the B phases there are « — 1 ratios between its «
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independent constituents, to which must he added temperature
and pressure. The number of the external variables is B, viz.
the total masses of all the phases. Altogether :

(x2—1B+2+B=0ap+2.
We found that the (B — 1) equations (149) contain only

internal variables, and, therefore, after these have been
satisfied, there remain

[(e—1B+2]—[a(B—1)]=a—B+2
of the internal variables, undetermined. This number
cannot be negative, for otherwise the number of the internal

variables of the system would not be sufficient for the solution
of the equations (149). It, therefore, follows that

Bla+t2

The number of the phases, therefore, cannot exceed the
number of the independent constituents by more than two;
or, a system of « independent constituents will contain at
most (x + 2) phases. In the limiting case, where B = a + 2,
the number of the internal variables are just sufficient to
satisfy the internal conditions of equilibrium (149). Their
values in the state of equilibrium are completely determined
quite independently of the given external conditions. De-
creasing the number of phases by one increases the number of
the indeterminate internal variables by one.

This proposition, first propounded by Gibbs and universally
known as the phase rule, has been amply verified, especially
by the experiments of Bakhuis Roozeboom.*

§ 205. We shall consider, first, the limiting case :
p=a+2

(Non-variant systems). Since all the internal variables are
completely determined, they form an (a - 2)-ple point.
Change of the external conditions, as heating, compression,

* See the book, ‘‘ Die heterogenen Gleichgewichte vom Standpunkte
der Phasenlehrs,” by Bakhuis Roozeboom, Braunschweig, Vieweg & Sohn,
1904.
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,further additions of the substances, alter the total masses of
the phases, but not %heir internal nature, including temperature
and pressure. This holds until the mass of some one phase
becomes zero, and therewith completely vanishes from the
system.

If «=1, then p=3. A single constituent may split
into three phases at most, forming a triple point. An example
of this is a substance existing in the three states of aggregation,
all in contact with one another. For water it was shown in
§ 187, that at the triple point the temperature is 0-0075° C.,
and the pressure 4-58 mm. of mercury. The three phases need
not, however, be different states of aggregation. Sulphur,
for instance, forms several modifications in the solid state.
Each modification constitutes a separate phase, and the pro-
position holds that two modifications of a substance can
coexist with a third phase of the same substance, for example,
its vapour, only at a definite temperature and pressure.

A quadruple point is obtained when a = 2. Thus, the
two independent constituents, SO, (sulphur dioxide) and
H,0, form the four coexisting phases: SO,,7H,0 (solid) SO,
dissolved in H,0 (liquid), SO, (liquid), SO, (gaseous), at a
temperature of 12-1° C. and a pressure of 1773 mm. of mer-
cury. The question as to the formation of hydrates by SO,
in aqueous solution does not influence the application of the
phase rule (see § 198). Another example is an aqueous
solution of sodium chloride in contact with solid salt, ice and
water vapour.

Three independent constituents (« = 3) lead to a quin-
tuple point. Thus Na,SO,, MgSO,, and H,O give the double
salt Na,Mg(SO,),4H,0 (astrakanite), the crystals of the two
simple salts, aqueous solution, and water vapour, at a tem-
perature of 21-5°C. and a pressure of about 10 mm. of
mercury.

§208. We shall now take the case

B=a+ 1’
that is, « independent constituents form « + 1 phases (Uni-
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variant systems). The composition of all the phases is then
completely determined by a single variable, e.g. the tem-
perature or the pressure. This case is generally called perfect
heterogeneous equilibrium.

If =1, then B=2: one independent constituent in
two phases, e.g. a liquid and its vapour. The pressure and
the density of the liquid and of the vapour depend on the
temperature alone, as was pointed out in the last chapter.
Evaporation involving chemical decomposition also belongs
to this class, since the system contains only one independent
constituent. The evaporation of solid NH,Cl is a case in
point. Unless there be present an excess of hydrochloric
acid or ammonia gas, there will be for each temperature a
quite definite dissociation pressure.

If o« = 2, then B = 3, for instance when the solution of a
salt 13 in contact with its vapour and with the solid salt, or
when two liquids that cannot be mixed in all proportions
(ether and water) are in contact with their common vapour.
Vapour pressure, density and concentration in each phase,
are here functions of the temperature alone.

§ 207. We often take the pressure instead of the tem-
perature as the variable which controls the phases in perfect
heterogeneous equilibrium; namely, in systems which do not
possess a gaseous phase, so-called condensed systems. Upon
these the influence of the pressure is so slight that, under
ordinary circumstances, it may be considered as given, and
equal to that of the atmosphere. The phase rule, therefore,
gives rise to the following proposition : 4 condensed system of
o tndependent constituents forms a + 1 phases at most, and is
then completely determined, temperature included. The melting
point of a substance, and the point of transition from one
allotropic modification to another, are examples of «==1,
g = 2. The point at which the cryohydrate (ice and solid
salt) separates out from the solution of a salt, and also the
point at which two liquid layers in contact begin to precipitate
a solid (e.g. AsBr,;, and H,0) are examples of a = 2, B = 3.
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We have an example of « = 3, B = 4 when a solution of two
salts, capable of forming a double salt, is in contact with the
solid simple salts, and also with the double salt.

§208. I

B=u,

then « independent constituents form « phases (Divariant
systems). The internal nature of all the phases depends
on two variables, e.g. on temperature and pressure. Any
homogeneous substance furnishes an example of a=1. A
liquid solution of a salt in contact with its vapour is an
example of a = 2. The temperature and the pressure deter-
mine the concentration in the vapour as well as in the liquid.
The concentration of the liquid and either the temperature
or the pressure are frequently chosen as the independent
variables. In the first case, we say that a solution of given
concentration and given temperature emits a vapour of
definite composition and definite pressure; and in the second
case, that a solution of given concentration and given pressure
has a definite boiling point, and at this temperature a vapour
of definite composition may be distilled off.

Corresponding regularities hold when the second phase is
not gaseous but solid or liquid, as in the case of two liquids
which do not mix in all proportions. The internal nature of the
two phases, In our example the concentrations in the two
layers of the liquids, depends on two variables—pressure and
temperature. If, under special circumstances, the concen-
trations become equal, a phenomenon is obtained which is
quite analogous to that of the critical point of a homogenous
substance (critical solution temperature of two liquids).

§ 209. Let us now consider briefly the case
=a—1,

where the number of phases is one less than the number of
the independent constituents, and the internal nature of all
phases depends on a third arbitrary variable, besides tem-
perature and pressure. Thus, « = 3,8 =2 for an aqueous
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solution of two isomorphous substances (potassium chlorate
and thallium chlorate) in contact with & mixed crystal. The
concentration of the solution under atmospheric pressure and
at a given temperature will vary according to the composition
of the mixed crystal. We cannot, therefore, speak of a satur-
ated solution of the two substances of definite composition.
However, should a second solid phase—for instance, a mixed
crystal of different composition—separate out, the internal
nature of the system will be determined by temperature and
pressure alone. The experimental investigation of the
equilibrium of such systems may enable us to decide whether
a precipitate from a solution of two salts form one phase—
for example, a mixed crystal of changing concentration—
or whether the two substances are to be considered as two
distinct phases in contact. If, at a given temperature and
pressure, the concentration of the liquid in contact were quite
definite, it would represent the former case, and, if not, the
latter.

§ 210. If the expressions for the functions V', ¥, . . .
for each phase were known, the equations (149) would give
every detail regarding the state of the equilibrium. This,
however, is by no means the case, for, regarding the relations
between these functions and the masses of the constituents
in the individual phases, all we can, in general, assert is that
they are homogeneous functions of the first degree (§ 201).
We can, however, tell, as we have seen in § 152a, equation
(79b), how they depend upon temperature and pressure, since
their differential coefficients with respect to T and p can be
given. This point leads to far-reaching conclusions concerning
the variation of the equilibrium with temperature and pressure.

If the problem is to express the characteristic function ¥,
with the help of physical measurements, as a function of all
the independent variables, it is best to start from equation (75),
which gives the relation between ¥, the entropy ¢ and Gibbs’
heat function H= U + pV (§ 100) :

\p=¢—%. ... . (150)
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H in this equation, as well as ®, can be determined by heat
measurements. If C, denote the heat capacity at constant
pressure, then by (26) :

oH
Cp = (‘aT>p . . . . (150@)
Also by (84a) :
od
= T<5T—>p .. . . (1508)

In place of (150) we may write

‘I/=f%'dT—;},/deT Lo (1500)

Both integrations are to be performed under constant
pressure. The finding of the characteristic function ¥, and
therewith all thermodynamical properties of the system
considered, is here based upon the measurement of the heat
capacity, Cp, of the system for all values of T and p. The
additive constant of integration has still to be considered.
This could depend on p, and, besides, on the chemical com-
position of the system. The dependance on p is given by
the first equation of (79b) by a measurement of the volume V.
The dependance on the chemical composition can be concluded
from the measurement of such processes as are accompanied
by chemical changes of state.

Finally, there remains in the expression for ¥ still an

additive term of the form a + ,%, which is quite arbitrary
(§ 152).

§ 211. These relations may be used to determine how the
equilibrium depends on the temperature and pressure. For
this purpose we shall distinguish between two different kinds
of infinitely small changes. The notation & will refer, as
hitherto, to a change of the masses M,’, M,’, . . . M% con-
sistent with the given external conditions, and, therefore,
consistent with the equations (148), temperature and pressure
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being kept constant, i.e. 8T = 0 and 8p = 0. The state, to
which this variation leads, need not be one of equilibrium,
and the equations (149) need not, therefore, apply to it. The
notation d, on the other hand, will refer to a change from
one state of equilibrium to another, only slightly different
from it. All external conditions, including temperature and
pressure, may be changed in any arbitrary manner.

The problem is now to find the conditions of equilibrium
of this second state, and to compare them with those of the
original state. Since the condition of equilibrium of the
first state is

oV =0,
the condition for the second state is
SV + d¥) = 0,
hence d¥=0 . . . . (151)

But

ov ov ap' ov’

where 2 denotes the summation over all the g phases of

the system, while the summation over the « constituents of
a single phase is written out at length. This becomes, by

(790),

U—I—pV

3‘1" oV

The condition of equilibrium (151) therefore becomes

3U + pdV

s OV
pidT — »d + Sy

Ay
4 sz'sa“’

T =0(152)

All variations of dT, dp, dM,’, dM,’, . . . disappear because
8T = 0 and 8p = 0, and because in the sum
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oy’ oV’
a0, ——6dM," + oy —~6dM,’ + .
oy’ ov”’
+ aM Il8dM + aM ude +
+

owe " 5aM 8+ OFF samp
T o +4 aM K + -

each vertical column vanishes. Taking the first column for
example, we have, by (149),

v _ov” v
M T oM, T T M

and also, by (148),

8dM,’ + 8dM,” + . . . + 8dM,P
= d(SM,’ + SM,"+ . . . + 8M,#)=0.

Furthermore, since, by the first law, 8U + péV represents
Q, the heat absorbed by the system during the virtual change,
the equation (152) may also be written

Q 8V 0¥’ 0¥’
70T — 7 +§:dM Som, + Ma Syt -
This equation shows how the equilibrium depends on the
temperature, and the pressure, and on the masses of the
independent constituents of the system. It shows, in the
first place, that the influence of the temperature depends
essentially on the heat of reaction which accompanies a virtual
change of state. If this be zero, the first term vanishes, and a
change of temperature does not disturb the equilibrium. If
Q change sign, the influence of the temperature is also reversed.
It is quite similar with regard to the influence of the pressure,
which, in its turn, depends essentially on the change of volume,
8V, produced by a virtual isothermal and isobaric change of
state.

§ 212. We shall now apply the equation (153) to several

=0. (153)
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special cases; first, to those of perfect heterogeneous equili-
brium, which are characterized (§ 206) by the relation

B=a-41.
The internal nature of all the phases, including the pressure,
is determined by the temperature alone. An isothermal,
infinitely slow compression, therefore, changes only the total
masses of the phases, but does not change either the com-
position or the pressure. We shall choose a change of this
kind as the virtual change of state. In this special case it
leads to a new state of equilibrium. The internal nature of
all the phases, as well as the temperature and pressure,
remain constant, and therefore the variations of the functions
%1\1—,;7, Z?Miz” . . . are all equal to zero, since these quantiti-s
depend only on the nature of the phases. The equation (153)
therefore becomes

dp _ Q

IT=Tev: - © - (154)

This means that the heat of reaction in a variation that leaves
the composition of all phases unchanged, divided by the
change of volume of the system and by the absolute tempe-
rature, gives the rate of change of the equilibrium pressure
with the temperature. Where application of heat increases
the volume, as in the case of evaporation, the equilibrium
pressure increases with temperature; in the opposite case,
as in the melting of ice, it decreases with increase of
temperature.

§ 213. In the case of one independent constituent (¢ = 1,
and B = 2), equation (154) leads immediately to the laws
discussed at length in the preceding chapter; namely, those
concerning the heat of vaporization, of fusion, and of subli-
mation. If, for instance, the liquid form the first phase, the
vapour the second phase, and L denote the heat of vaporiza-
tion per unit mass, we have

Q= LiM"
8V = (v" — v')5M”
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where v’ and v” are the specific volumes of liquid and vapour,
and 8M” the mass of vapour formed during the isothermal
and isobaric change of state. Hence, by (154),

ap,. v
L=Ta¥(v —?'),

which is identical with the equation (111).

This, of course, applies to chemical changes as well,
whenever the system under consideration contains one con-
stituent in two distinct phases; for example, to the vapori-
zation of ammonium chloride (first investigated with regard
to this law by Horstmann), which decomposes into hydro-
chloric acid and ammonia; or to the vaporization of
ammonium carbamate, which decomposes into ammonia and
carbon dioxide. Here L of our last equation denotes the heat
of dissociation, and p the dissociation pressure, which depends
only on the temperature.

§ 214. We shall also consider the perfect heterogeneous
equilibrium of two independent constituents (x = 2, 8 = 3);
for example, water (suffix 1) and a salt (suffix 2) in three phases ;
the first, an aqueous solution (M,’ the mass of the water,
M,’ that of the salt); the second, water vapour (mass M,");
the third, solid salt (mass M,”). For a virtual change,
therefore,

éM," 4 éM," = 0, and éM,’ + éM," = 0.

According to the phase rule, the concentration of the solution
M,’ . .
(M—, = c), as well as the vapour pressure (p), is a function
1

of the temperature alone. By (154), the heat absorbed
(T, p, c remaining constant) is

Q=T.Z v . . . .. am)

Let the virtual change consist in the evaporation of a small
quantity of water,
oM," = — ¢M,".
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Then, since the concentration also remains constant, the
quantity of salt

M, = — 8M,' = — ¢8M,’ = c8M,"
is precipitated from the solution. All variations of mass have
here been expressed in terms of 6M,".
The total volume of the system
'V . v!(Mll + le) + ’U”Ml” + v”Ilell,

”"e

where v’, v, and v"’ are the specific volumes of the phases, is

increased by

8V = v/(8M,’ + 8M,") + v"8M,"" + v/"'8M,""’
SV =[( 4+ ") — (1 + co'M,” . . . (156)

If L be the quantity of heat that must be applied to
evaporate unit mass of water from the solution, and to pre-
cipitate the corresponding quantity of salt, under constant
pressure, temperature, and concentration, then the equation
(155), since

Q = LSMl”’

becomes L= ng(v” + """ — (1 4 cp').

A useful approximation is obtained by neglecting v" and
v"”, the specific volumes of the liquid and solid, in com-
parison with v, that of the vapour, and considering the latter
as a perfect gas. By (14),

» R T
V=,
m’p
(R = gas constant, m = the molecular weight of the vapour),
and we obtain

_ By dlogp
L=_m2 22Po s)
§ 215. Conversely, L is at the same time the quantity of
heat given out when unit mass of water vapour combines, at
constant temperature and pressure, with the quantity of salt
necessary to form a saturated solution.
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This process may be accomplished directly, or in two steps,
viz. by condensing unit mass of water vapour into pure water,
and then dissolving the salt in the water. According to the
first law of thermodynamics, since the initial and final states
are the same in both cases, the sum of the heat given out and
the work done is the same.

In the first case the heat given out is L, the work done,

v

~ Pep and the sum of these, by the approximation used
above, is
gTz.dg),I%p——pv" ... (158)

To calculate the same sum for the second case, we must
in the first place note that the vapour pressure of a solution
is different from the vapour pressure of pure water at the
same temperature. It will, in fact, in no case be greater, but
smaller, otherwise the vapour would be supersaturated.
Denoting the vapour pressure of pure water at the temperature
T by p,, then p < p,,.

We shall now bring, by isothermic compression, unit mass
of water vapour from pressure p and specific volume v”
to pressure p, and specific volume v,’, 7.e. to a state of satu-
ration. Work is thereby done on the substance, and heat is
given out. The sum of both, which gives the decrease of the
energy of the vapour, is zero, if we again assume that the
vapour behaves as a perfect gas, 7.e. that its energy remains
constant at constant temperature. If we then condense the
water vapour of volume v,”, at constant temperature T and
constant pressure p,, into pure water, the sum of the heat
given out and work spent at this step is, by equation (112),

R.., dlo ”

—mTz. —d—%&- Do -
No appreciable external effects accompany the further change
of the liquid water from pressure p, to pressure p.

If, finally, we dissolve salt sufficient for saturation in the
newly formed unit of water, at constant temperature T and

(159)
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constant pressure p, the sum of the heat and work is simply
the heat of solution
Ao .. . . .. (160)

By the first law, the sum of (159) and (160) must be equal
to (158), hence

b

Ryo @logpy v\ By dlogp .
| B L N
or, if we apply Boyle’s law py,” = pv”,

R dloggl
=Tl )

This formula, first established by Kirchhoff, gives the heat
evolved when salt sufficient for saturation is dissolved in
1 gr. of pure water.

To express A in calories, R must be divided by the

mechanical equivalent of heat, J. By (34), ?: 1-985, and

since m = 18, we have

d log P
A= 0-11T? .—d—Tﬂ’caL

It is further worthy of notice that p, the vapour pressure
of a saturated solution, is a function of the temperature
alone, since ¢, the concentration of a saturated solution,
changes in a definite manner with the temperature.

The quantities neglected in this approximation may, if
necessary, be put in without any difficulty.

§ 216, We proceed now to the important case of two
independent constituents in two phases (x=2, f=2).
We assume, for the present, that both constituents are con-
tained in both phases in appreciable quantity, having the
masses M,’, My’ in the first; M,”, M,", in the second phase.
The internal variables are the temperature, the pressure,
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and the concentrations of the second constituent in both
phases;

—_— II_M2”
c——andc—-w .o . (162)

According to the phase rule, two of the variables, T, p, ¢, ¢”,
are arbitrary. The others are thereby determined.

Equation (153) leads to the following law regarding the
shift of the equilibrium corresponding to any change of the
external conditions :

Q A% ) o OV’ A
r2@l — dp + dM, 831\&7 + dM, 881\@7 + dM, SBM_I;
ns OF"
+ S =0 . (169
Here, for the first phase,
oy’ o ., o2y’ ,
Sty = a2t e Me
88\1" oy v ., (164)

om, = amyan, M F gy, 29

Certain simple relations hold between the derived functions
of W’ with respect to M,” and M,’. For, since, by (144),

R Z %
V= Mo, + Moy,

partial differentiation with respect to M,” and M,’ gives
, 02’ , 02’
0=M'or s+ Mo ane
, o' , 02’
0=Maramy; + Mo

If we put, for shortness,

2\’
Y S 17

a quantity depending only on the nature of the first phase,
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on T, p, and ¢/, and not on the masses M,’ and M,’ individually,*
we have

oy

oM, oM,” M,
a"If' - le ’ 166
oM,z = —M';ii-’l’ .- - (166)
ov v

: M2 My
Analogous equations hold for the second phase if we put
o
"=M," . HARNE e
¥ 1 oM, oM,

§ 217. With respect to the quantities y’ and y” all we
can immediately settle is their sign. According to § 147, ¥
is a maximum in stable equilibrium if only processes at
constant temperature and constant pressure be considered.
Hence

V<0 . . . . . (167)
But
P — \I" + \I,”,
whence
o’ , , oV’ , ov” v, O p
8V = oy My + g, BM" + g wBMLTH M
and
YN 2y’ 2y’
2 _ c \]f T Ha.‘l’i‘ ’ 2/ a \If__ 2
O = aan, 2O+ 2oy ny MY OM o+ g a8,
2w . 52y” wsar w02 o ng
T aag, oM F 2o o, MM, oy M

If we introduce the quantities %’ and %", then

oM, 8M2’>2_ MZ,,W,,<8M1” §1\£>=_

'Mll le ler Mz”
This relation shows that the inequality (167) is satisfied,
and only then, if both ¢’ and y” are positive.

52w — — Myy/(

* The general integral of WI:M‘,aaI\‘I, A+ M,’gMV—, is ‘l"=1\13’f(1§!,).—TR.
) ] ]

/



200 THERMODYNAMICS.

§ 218, There are on the whole two kinds of changes
possible, according as the first or the second constituent
passes from the first to the second phase. We have, for the
first,

&M, = —&M,"; M,’=¢8M,"=0; . . (168)
and for the second,
M, = 8M," =0; éM,’ = — 3M,".
We shall distinguish Q, the heat absorbed, and &V, the
change of volume, in these two cases by the suffixes 1 and 2.

In the first case, the law for the displacement of the equilibrium
by (163), (164), (168), (166), and (162), reduces ta

Q 8 V ’ ’ ” L4
T;dT —wdp—SM "(y'de’ — p"dc") =0
and, introducing for shortness the finite quantities
Q, _ 8V
L = SM U aMlm (169)

i.e. the ratios of the heat absorbed and of the change of
volume to the mass of the first constituent, which passes from
the first to the second phase, we have

Tsz ldp ydc' +y'de"=0. . (170)

Similarly for the second constituent passing into the second
phase, we get

L dc’ JAc”
ngT—— dp—i—tpb, —y,=0. . (I7)
These are the two relations, according to the phase rule, which
connect the four differentials dT, dp, d¢’, dc” in any displace-
ment of the equilibrium.

§ 219, To show the application of these laws, let us con-
sider a mixture of two constituents (e.g. water and alcohol),
in two phases, the first a liquid, the second a vapour. Ac-



ANY NUMBEROF INDEPENDENT CONSTITUENTS. 201

cording to the phase rule, two of the four variables T, p, ¢/, ¢*
are determined by the other two.

If the liquid mixture is evaporated, under constant
pressure, infinitely slowly by the necessary addition of heat,
then at each temperature the concentrations in both phases
are completely determined. By the continuous application
of heat and the consequent rise of temperature (d¢T > 0) the
concentrations ¢’ and ¢” change in the following way

d¢ L+ L, dT

¢ ¢ —o Tﬁ,‘;: (172)
d¢” L, + Ly dT
TS e I (173)

From this it follows immediately, that the concentrations ¢’
and ¢” also change in the same sense. For not only ' and 3"
(§ 217), but also L, and L,, the heat of vaporization of both
components, are essentially positive.

We shall now suppose that ¢” > ¢’. This in no way limits
the generality, since we can always denote by the suffix 1
that constituent (e.g. water), which is present in a higher per-
centage in the single dashed phase (liquid) than in the double
dashed phase (vapour). The suffix 2 then denotes that con-
stituent (e.g. alcohol), which is present in a greater per-
centage in the double dashed phase than in the single dashed
phase. This constituent is called the more volatile constituent.
The last equations then tell us that with rise of temperature
the concentration of the more volatile component diminishes
simultaneously in both phases. Also, eg., by the con-
tinuous distillation of a mixture of water and alcohol, the
distillate as well as the residue, with rising temperature,
becomes poorer in alcohol. This arises from the fact that the
ratio of the quantity of alcohol to that of water evaporating
at any moment is greater than ¢’, but smaller than ¢”. The
first condition makes the liquid poorer in alcohol (d¢’ < 0), the
second makes the vapour poorer in alcohol (d¢” < 0).

On continuing this isobaric evaporation, two cases may
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arise, according as the concentration ¢’, which lies between
0 and ¢”, finally coincides with 0 or with ¢”’. In the
first case (¢' = 0) the more volatile component has finally
passed completely into the second phase, and the first
phase contains the less volatile constituent to any degree
of purity. This occurs with water and ethyl alcohol. In the
second case, ¢’ = ¢’’ at a definite temperature. As is to
be seen from the last two equations, the boiling point
does not alter with the concentration. Further evaporation
takes place without rise of temperature and the mixture boils
at constant temperature. The distillate and the residue
continue to have the same percentage composition. A mixture
of water and about 809, formic acid boils at constant tempera-
ture. This percentage depends somewhat on the pressure.

The boiling point T of a mixture with this particular
aT
dc’
acid in water, on distillation, approaches this mixture with
rising temperature, whether we start with an acid content
greater or smaller than 809,. In the first case, the acid
content diminishes in both phases on continuous evaporation,
in the second case it increases. According to (172) and (173),
in the first case the acid is the more volatile constituent
(¢” > ') i.e. the vapour is richer in acid than the liquid.
In the second case (acid content less than 809%), water is the
more volatile constituent (¢’ > ¢”’), 7.e. the liquid is richer
in acid than the vapour. With rising temperature both
phases become richer in acid until finally the 809, content
is reached.

proportion is a maximum : = 0. Each solution of formic

Z;I: = 0 is also satisfied, if the boiling point
relative to the concentration is a minimum, as, for example,
with a mixture of water and propyl alcohol. According to
equation (172), ¢’ = ¢”, i.e. the mixture boils at constant
temperature. This mixture is, however, unstable, since on
changing the concentration by the smallest amount to one
side or the other, continuous distillation increases the differ-

The equation
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ence of the concentrations of both phases. Since then a rise
of the boiling point accompanies the distillation, the boiling
point moves away from its minimum value, and accordingly
the concentrations from the composition of the constant boiling
mixture.

§ 219a. If, on the other hand, the evaporation of the
liquid mixture takes place at constant temperature (dT = 0)
by a gradual increase of the volume, then with decreasing
pressure (dp < 0) the concentrations, according to (170)
and (171), change in the following way :

d¢’ v+ cv, dp

¢ = T Ty

de” v +cv, dp

o= = Ty
Here also both concentrations ¢’ and ¢’ change simultaneously
in the same sense, since, besides ¢’ and y”, also v; and v,,
the changes of volume of both constituents on evaporation
are essentially positive. If, further, ¢’ > ¢, according to
the stipulation of the last paragraph, then on continuous
evaporation with the consequent decrease of pressure both
liquid and vapour become poorer in the more volatile con-
stituent, until finally that constituent completely vanishes
from the liquid phase (¢’ = 0) or the mixture reaches the
composition (¢’ = ¢”). Further evaporation produces no
change of pressure and no further change of concentration.
These proportions correspond to those of evaporation under
constant pressure.

§ 2198. The equations (172) and (173), of course, hold
also if the second phase is liquid or solid, e.g. for the freezing
point of an alloy (e.g. bismuth and lead). It follows that the
temperature of solidification of a liquid alloy rises, if the
liquid alloy (the one dashed phase) is enriched by that con-
stituent (2), which predominately precipitates. Since by
supposition ¢’ > ¢, and since L, and L, are both negative,

then dT

P 0. According to the same principle, the freezing
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point of an aqueous salt solution rises when the solution is
diluted with water, if pure ice freezes out. In the limit when
the temperature of solidification does not alter with the con-

centration (dl,‘= 0), ¢’ = c¢. The alloy solidifies without

change of concentration. This alloy is called the eutectic
alloy.

§220. In the following applications we shall restrict
ourselves to the case in which the second constituent occurs
only in the first phase,

cl’ — 0,
and, therefore, also d"=0, . . . . . (114

The first constituent which occurs along with the second
in the first phase, and pure in the second, will be called
the solvent ; the second, the dissolved substance. The equation
(171) falls away, and from (170) there remains

L v
TidT—po—wdc=0, . . . (175)

if we omit suffixes and dashes for simplicity.

We shall take, first, a solution of a nonvolatile salt in
contact with the vapour of the solvent, and investigate the
equation (175) in three directions by keeping in turn the
concentration c, the temperature T, and the pressure p constant.

§ 221. Concentration Constant: dc= 0.—Therelation
between the vapour pressure and the temperature is, by

(175),
dop\ _ L
(.B-T>c_ Ty - - (176)

Here L may be called briefly the heat of vaporization of the
solution. If, instead of regarding L as the ratio of two
infinitely small quantities, we take it to be the heat of vaporiza-
tion per unit mass of the solvent, then the mass of the solvent
must be assumed so large that the concentration is not appre-
ciably altered by the evaporation of unit mass. v may
generally be put equal to the specific volume of the vapour.
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Assuming, further, that the laws of Boyle and Gay Lussac
hold for the vapour, we get
RT
v= .-
m p
__ R,/0logp
and, by (176), L— ;nT2<—aT~)c.
On the other hand, L is also the quantity of heat given out
when unit mass of the vapour of the solvent combines at
constant temperature and pressure with a large quantity
of a solution of concentration c¢. This process may be per-
formed directly, or unit mass of the vapour may be first
condensed to the pure solvent and then the solution diluted
with it. If the initial and final states of the system are the
same in both cases, then by the first law the sums of the heat
evolved and the work spent are equal. The keat of dilution
of a solution may be derived in this way.
In the first case the sum of the heat given out and the
work spent is R /a1
0
L—po= "8 P)c— po.
In the second case, by the method used in § 215 we obtain,
as the sum of the heat given out and the work spent during
condensation and dilution,

177)

;RhTz(g’lg%RQ — Po¥o + 4,

where p, is the pressure, v, the specific volume of the vapour
of the solvent in contact with the pure liquid solvent, A the
heat of dilution of the solution, 2.e. the heat given out on
adding unit mass of the solvent to a large quantity of the
solution of concentration c. Both the above expressions
being equal according to the first law, we obtain, on applying
Boyle’s law,

R (alogp)
A=_T? mﬂo PR ()

which is Kirchhoff’s formula for the heat of dilution.
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The quantities here neglected, by considering the vapour
a perfect gas, and its specific volume large in comparison
with that of the liquid, may readily be taken into account
when necessary.

The similarity of the expressions for A, the heat of
dilution, and for A, the heat of saturation (161), is only
external, since in this case the solution may be of any con-
centration, and therefore may be differentiated with respect
to the temperature, ¢ being kept constant, while in (161)
the concentration of a saturated solution changes with
temperature in a definite manner.

§ 222, Since A is small for small values of ¢ (dilute solu-
tions, § 97), then, according to (178), the ratio of the vapour
pressure of a dilute solution of fixed concentration to the
vapour pressure of the pure solvent is practically independent
of the temperature (Babo’s law).

§ 223. Temperature Constant: dT = 0.—The relation
between the vapour pressure (p) and the concentration (c)
of the solution is, according to (175), '

wy_ _Ty
<EE>T_ - (179)
Neglecting the specific volume of the liquid in comparison

with that of the vapour, and considering the latter a perfect
gas of molecular weight m, equation (177) gives

@)
. )3

Since y is always positive (§ 217), the vapour pressure must
decrease with increasing concentration. This proposition
furnishes a means of distinguishing between a solution
and an emulsion. In an emulsion the number of particles
suspended in the solution has no influence on the vapour
pressure.
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So long as the quantity y is undetermined, nothing further
can be stated with regard to the general relation between the
vapour pressure and the concentration.

§ 224, As we have p = p, when ¢ = 0 (pure solvent), p — p,
is small for small values of c. We may, therefore, put

op_P=Po_P—Po

oc c—0 c
Hence, by (179),
cT
%—p=7¥. R ¢ 1)

and substituting for », as in (177), the specific volume of
the vapour, considered a perfect gas, we get

P=P_ ¥ . .. (181

p R
This means that the relative decrease of the vapour pressure
is proportional to the concentration of the solution (Wiillner’s
law). For further particulars, see § 270.

§ 225. Pressure Constant: dp= 0.—The relation
between the temperature (boiling point) and the concen-

tration is, by (175),
oT T2y
(8c)p= L (182)

Since y is positive, the boiling point rises with increasing
concentration. By comparing this with the formula (179)
for the decrease of the vapour pressure, we find that any

solution gives . T
<"a*c’>; (995 -

i.e. for an infinitely small increase of the concentration the
rise in the boiling point (at constant pressure) is to the decrease
of the vapour pressure (at constant temperature) as the pro-
duct of the absolute temperature and the specific volume
of the vapour is to the heat of vaporization of the solution.
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Remembering that this relation satisfies the identity
oT\ (op\_ (oT
&), @)=~ ).
we come immediately to the equation (176).
§ 226. Let T, be the boiling point of the pure solvent

(c = 0), then, for small values of ¢, the difference between
T and T, will be small, and we may put

o T—T, T—T,
o ¢—0 ¢

whereby the equation becomes

2.
T—T,,=?'1L"’..

(183)
This means that the elevation of the boiling point is proportional
to the concentration of the solution. For further details, see
§ 269.

§ 227. Let the second phase consist of the pure solvent
in the solid state instead of the gaseous state, as happens
in the freezing of an aqueous salt solution or in the precipita-
tion of salt from a saturated solution. In the latter case,
in conformity with the stipulations of § 220, the salt will be
regarded as the first constituent (the solvent), and water
as the second constituent (the dissolved substance). The
equation (175) is then directly applicable, and may be dis-
cussed in three different ways. We may ask how the freezing
point or the saturation point of a solution of definite concen-
tration changes with the pressure (d¢c = 0); or, how the pres-
sure must be changed, in order that a solution of changing
concentration may freeze or become saturated at constant
temperature (dT = 0); or, finally, how the freezing point
or the saturation point of a solution under given pressure
changes with the concentration (dp = 0). In the last and
most important case, if we denote the freezing point or the



ANY NUMBER OF INDEPENDENT CONSTITUENTS. 209

saturation point as a function of the concentration by T,
to distinguish it from the boiling point, equation (175) gives

=T ... s

L’ being the heat absorbed when unit mass of the solvent
separates as & solid (ice, salt) from a large quantity of the
solution of concentration c¢. This heat quantity is usually
negative. It is called the heat of solidification of the solution
or the heat of precipitation of the salt.

The heat of solidification (L) of a salt solution is always
negative, hence the freezing point is lowered by an increase
of concentration c. On the other hand, if the heat of precipita-
tion (L) of a salt from a solution be negative, the saturation
point T’ is lowered by an increase of the water content, c,
of the solution, or rises with an increase of the concentration of
the salt. If L’ be positive, the saturation point is lowered
by an increase of the concentration of the salt. Should we
prefer to designate by c, not the amount of water, but the
amount of salt in a saturated solution, then, according to
the definition of ¢ in (162) and of y in (165), we should have

:7 replacing ¢ in (184) and cy replacing y, and therefore

(%Tc_’)pz_if.;‘_f’.. ... (185)

Here ¢ and y have the same meaning as in equation (184),
which refers to the freezing point of a solution.

§ 228. Let T, be the freezing point of the pure solvent
(c = 0), then, for small values of ¢, T’ will be nearly = T,

and we may put
o’ _T-T T Ty

% ¢c—0 ¢
Equation (184) then becomes
2y
ot =S¥ ... 86

LI
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which means that the lowering of the freezing point is pro-
portional to the concentration. (For further particulars
see § 269.)

§ 229, The positive quantity, y, which occurs in all these
formule, has a definite value for a solution of given ¢, T,
and p, and is independent of the nature of the second phase.
Our last equations, therefore, connect in a perfectly general
way the laws regarding the lowering of the vapour pressure,
the elevation of the boiling temperature, the depression of the
freezing point, and the change of the saturation point. Only
one of these phenomena need be experimentally investigated
in order to calculate y, and by means of the value thus deter-
mined the others may be deduced for the same solution.

We shall now consider a further case for which y is of
fundamental importance, viz. the state of equilibrium which
ensues when the pure liquid solvent forms the second phase,
not in contact with a solution, for no equilibrium would
thus be possible, but separated from it by a membrane,
permeable to the solvent only. It is true that for no solution
can perfectly semipermeable membranes of this character
be manufactured. In fact, the further development of
this theory (§ 259) will exclude them as a matter of prin-
ciple, for in every case the dissolved substance will also
diffuse through the membrane, though possibly at an extremely
slow rate. For the present it is sufficient that we may,
without violating a law of thermodynamics, assume the velocity
of diffusion of the dissolved substance as small as we please
in comparison with that of the solvent. This assumption
is justified by the fact that semipermeability may be very
closely approximated in the case of many substances. The
error committed in putting the rate of diffusion of a salt
through such a membrane equal to zero, falls below all measur-
able limits. An exactly similar error is made in assuming
that a salt does not evaporate or freeze from a solution, for,
strictly speaking, this assumption is not admissible (§ 259).

The condition of equilibrium of two phases separated by a
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semipermeable membrane is contained in the general thermo-
dynamical condition of equilibrium (145),
W+ s¥'=0, . . . . (187)

which holds for virtual changes at constant temperature
and pressure in each phase. The only difference between
this case and free contact is, that the pressures in the two
phases may be different. Pressure always means hydrostatic
pressure as measured by a manometer. If, in the general
equation (76), we put
W= — p'8V' — p"8V",
it immediately follows that (187) is the condition of equili-
brium. The further conclusions from (187) are completely
analogous to those which are derived, when there is a free
surface of contact. Corresponding to (163) we have for any
displacement of the equilibrium
pe — S ay — Oy + S L
Since the constituent 2 occurs only in the first phase, we get,
instead of (175),
T — oy — iy — pde=0. . . (188)

Here, as in § 221, L is the “ heat of removal ” of the solvent
from the solution, 7.e. the heat absorbed when, at constant
temperature and constant pressures »’ and ", unit mass of
the solvent passes through the semipermeable membrane
from a large quantity of the solution to the pure solvent.
The change of volume of the solution during this process
18 v' (negative), that of the pure solvent v" (positive). In the
condition of equilibrium (188), three of the four variables
T, p’, p”, ¢ remain arbitrary, and the fourth is determined by
their values.

Consider the pressure p” in the pure solvent as given and
constant, say one atmosphere, then dp” = 0. If, further, we
put dT = 0 and dc not equal to zero, we are then considering
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solutions in which the concentration varies, but the tem-
perature and the pressure in the pure solvent remains the
same, Then, by (188),
(3})') Ty
oc/y T W
Since >0, and v' <0, p’ the pressure in the solution
increases with the concentration.

The difference of the pressures in the two phases,
p'— p” =P, has been called the osmotic pressure of the
solution. Since p’* has been assumed constant, we may write

oy Ty
<‘56>T"_ N ()
Accordingly, the osmotic pressure increases with increasing
concentration. Since ' — p vanishes when ¢ = 0, the osmotic
pressure 18 always positive.
For small values of ¢,
o°_P—0_P
oc ¢c—0 ¢

and — v’ is nearly equal to the specific volume of the solution.
It therefore follows from (189) that

P=C—T—"—p,. Ce o (190)
v
where v denotes the specific volume of the solution. A further
discussion of this question will be found in § 272.

Thus the laws of the osmotic pressure have also been
expressed in terms of y, which controls those of the depression
of the freezing point, the elevation of the boiling point, ete.
Or, we may say, that the last named laws can all be expressed
in terms of the osmotic pressure, for ¢ can be eliminated from
equation (189) and one of the above equations. It is particu-
larly noteworthy that the relation which has been deduced
is independent of all molecular assumptions and presentations,
although these have played an important 7éle in the develop-
ment of the theory.
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§ 280. We have expressed the laws of equilibrium of
several systems that fulfil the conditions of § 220, in terms of a
quantity v, which is characteristic for the thermodynamical
behaviour of a solution. There is no difficulty in deducing
the corresponding laws when the dissolved substance is con-
tained also in the second phase. Starting from the two
equations (170) and (171), we find that all the relations in
question depend on 3’ and y”. A better insight into the
nature of these quantities is gained by extending to the liquid
state the idea of the molecule, hitherto applied only to the
gaseous state. This step is taken in the next two chapters,
and it appears that the manner in which this idea applies is
uniquely determined by the laws of thermodynamics which
have been given.

§ 231. Just as the conditions of equilibrium (170) and
(171) for two independent constituents in two phases were
deduced from the general relation (153), so in the same way
a similar deduction may be made in the general case.

We shall conclude this chapter by giving, briefly, the
results for a system of « independent constituents in 8 phases.

Denoting the concentrations of the independent con-
stituents, relative to one fixed constituent 1, by

M, M, . M)/
M7‘—czx MI (_‘3, M—,—C‘,.
M,” M, M,

Mn—cz ’ M”*Cs ’ M;n:'cd .

the condition that, by any infinitely small change of the
system : dT, dp, dc,’, dcy', de)’, . . . dcy’, deg”, dey”, . . .,
the equilibrium may remain stable with regard to the passage
of the constituent 1 from the phase denoted by one dash to
the phase denoted by two dashes is

L n ”n ’ ’ ” ”n ’ ’
T;'IT"‘ ldp+ (wy"de,"—yy'dey’) 4 (w3 "des"—yy'deg’) 4. . . =0,
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where, analogous to (165),

oy oty
v =M v =M -
oy oy

2 '—Ml aM llaM 7 wa —Ml aMlnaM Fy oo

and L;, v, denote the heat absorbed, and the increase of
volume of the system during the isothermal and isobaric
transference of unit mass of constituent 1 from a large quantity
of the phase denoted by one dash to a large quantity of the
phase denoted by two dashes (cf. § 221).

The corresponding conditions of equilibrium for any possible
passage of any constituent from any one phase to any other
phase may be established in the same way.



CHAPTER 1V.
GASEOUS SYSTEM.

§ 232. THE relations, which have been deduced from the
general condition of equilibrium (79) for the different pro-
perties of thermodynamical equilibria, rest mainly on the
relations between the characteristic function ¥, the tempera-
ture, and the pressure as given in the equations (79b). It
will be impossible to completely answer all questions regard-
ing equilibrium until ¥ can be expressed in its functional
relation to the masses of the constituents in the different
phases. The introduction of the molecular weight serves
this purpose. Having already defined the molecular weight
of a chemically homogeneous gas as well as the number of
molecules of a mixture of gases by Avogadro’s law, we shall
turn first to the investigation of a system consisting of one
gaseous phase.

The complete solution of the problem consists in express-
ing ¥ in terms of T, p, and n,, n,, n,, ..., the number of
all the different kinds of molecules in the mixture.

Since we have, in general, by (75),

. U+ pVvV
V=0&€-—-" T

we are required to express the entropy @, the energy U, and
the volume V as functions of the above independent variables.
This can be done, in general, on the assumption that the
mixture obeys the laws of perfect gases. Such a restriction
will not, in most cases, lead to appreciable errors. Even this
assumption may be set aside by special measurement of the
quantities ®, U, and V. For the present, however, perfect
gases will be assumed.

2T
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§ 288. The laws of Boyle, Gay Lussac, and Dalton deter-

mine the volume of the mixture, for equation (16) gives
V=I—{E(n1+ ny+ .. .)=~I£1—" ny . . (191)
p p

By the first law of thermodynamics, the energy U of a
mixture of gases is given by the energies of its constituents,
for, according to this law, the energy of the system remains
unchanged, no matter what internal changes take place,
provided there are no external effects. Experience shows
that when diffusion takes place between a number of gases
at constant temperature and pressure, neither does the
volume change, nor is heat absorbed or evolved. The energy
of the system, therefore, remains constant during the process.
Hence, the energy of a mixture of perfect gases is the sum
of the energies of the gases at the same temperature and
pressure. Now the energy U, of n; molecules of a perfect
gas depends only on the temperature; it is, by (35),

U,=n(CoT+b), . . . (192

where C,, is the molecular heat of the gas at constant volume,
and b, is a constant. Hence the total energy of the mixture
is

U=3n(CT+b) . . . (19)

§ 234. We have now to determine the entropy ® as a
function of T, p, and n,, n,, ... the number of molecules.
P, in 80 far as it depends on T and p, may be calculated from
the equation (60),

a0 — U+ pdV

T

where the differentials correspond to variations of T and p,
but not of the number of molecules.
Now, by (193),

dU = z’nle,dT
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and, by (191), T
av = RZnﬂ(}—))

dT
therefore, d® = 27@1(0.,;,1,. + T

or, since C,, + R = Gy,
a® = 3, (0,77 — r%P)

and, by integration,
¢ = an(C,, log T—Rlog p+k,)+ C. (194)

Besides the constants &,, k,, k3 . . . which depend on the nature
of the individual gases, and on the units of T and p, another
constant Cis added. The constants k,, k,, . . . give a linear rela-
tion between the entropy ® and the number of the molecules
ny, My..., while the constant of integration may, and will
be found to, depend in a more complicated way on the com-
position of the mixture, 7.e. on the ratios of the number of
molecules. The investigation of this relation forms the most
important part of our problem.

The determination of the constant is not, in this case, a
matter of definition. It can only be determined by applying
the second law of thermodynamics to a reversible process which
brings about a change in the composition of the mixture.
A reversible process produces a definite change of the entropy
which may be compared with the simultaneous changes of
the number of molecules, and thus the relation between the
entropy and the composition determined. If we select a
process devoid of external effects either in work or heat,
then the entropy remains constant during the whole process.
We cannot, however, use the process of diffusion, which leads
to the value of U; for diffusion, as might be expected, and
as will be shown in § 238, is irreversible, and therefore leads
only to the conclusion that the entropy of the system is
thereby increased. There is, however, a reversible process
at our disposal, which will change the ~omposition of the
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mixture, viz. the separation by a semipermeable membrane,
as introduced and established in § 229.

§ 285. Before we can apply a semipermeable membrane
to the purpose in hand, we must acquaint ourselves with
the nature of the thermodynamical equilibrium of a gas in
contact with both sides of a membrane permeable to it.
The membrane will act like a bounding wall to those gases
to which it is impermeable, and will, therefore, not introduce
any special conditions.

Experience shows that a gas on both sides of a membrane
permeable to it is in equilibrium when its partial pressures
(§ 18) are the same on both sides, quite independent of the
other gases present. This proposition is neither axiomatic
nor a necessary consequence of the preceding considerations,
but it commends itself by its simplicity, and has been con-
firmed without exception in the few cases accessible to direct
experiment.

A test of this kind may be established as follows:
Platinum foil at a white heat is permeable to hydrogen, but
impermeable to air. If a vessel having a platinum wall be
filled with pure hydrogen, and hermetically sealed, the hydro-
gen must completely diffuse out against atmospheric pressure
when the platinum is heated. As the air cannot enter, the
vessel must finally become completely exhausted.*

§ 236. We shall make use of the properties of semi-per-

* This inference was tested by me in the Physical Institute of the
University of Munich in 1883, and was confirmed within the hmits of
experimental error as far as the unavoidable deviations from ideal con-
ditions might lead one to expect. As this experiment has not been published
anywhere, I shall briefly describe it here. A glass tube of about § mm.
internal diameter, blown out to a bulb at the middle, was provided with a
stop-cock at one end. To the other end & platinum tube 10 cm long was
fastened, and closed at the end. The whole tube was exhausted by a
mercury pump, filled with hydrogen at ordinary atmospheric pressure,
and then closed. The closed end of the platinum portion was then heated
in & horizontal position by a Bunsen burner. The sealing wax connection
between the glass and platinum tubes had to be kept cool by a continuous
current of water to prevent the softening of the wax. After four hours
the tube was taken from the flame, cooled to the temperature of the room,
and the stop-cock opened under mercury. The mercury rose rapidly
almost completely filling the tube, proving that the tube was to a certain
extent exhausted.



GASEQUS SYSTEM. 219

meable membranes to separate in a reversible and simple
manner the constituents of a gas mixture. Let us consider
the following example :—

Let there be four pistons in a hollow cylinder, two of
them, A and A’, in fixed positions; two, B and B’, movable
in such a way that the distance BB’ remains constant, and
equal to AA’. This is indicated by the brackets in Fig. 5.
Further, let A’ (the bottom), and B (the cover) be imper-

{71 (2)

7’)

ul

meable to any gas, while A is permeable only to one gas
(1), and B’ only to another one (2). The space above B is a
vacuum.

At the beginning of the process the piston B is close to
A, therefore B’ close to A’, and the space between them
contains a mixture of the two gases (1 and 2). The con-
nected pistons B and B’ are now very slowly raised. The
gas 1 will pass into the space opening up between A and B,
and the gas 2 into that between A’ and B’. Complete separa-
tion will have been effected when B’ is in contact with A.
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§ 285. Before we can apply a semipermeable membrane
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to which it is impermeable, and will, therefore, not introduce
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(§ 18) are the same on both sides, quite independent of the
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nor a necessary consequence of the preceding considerations,
but it commends itself by its simplicity, and has been con-
firmed without exception in the few cases accessible to direct
experiment.

A test of this kind may be established as follows:
Platinum foil at a white heat is permeable to hydrogen, but
impermeable to air. If a vessel having a platinum wall be
filled with pure hydrogen, and hermetically sealed, the hydro-
gen must completely diffuse out against atmospheric pressure
when the platinum is heated. As the air cannot enter, the
vessel must finally become completely exhausted.*

§ 236. We shall make use of the properties of semi-per-

* This inference was tested by me in the Physical Institute of the
University of Munich in 1883, and was confirmed within the limits of
experimental error as far as the unavoidable deviations from ideal con-
ditions might lead one to expect. As this experiment has not been published
anywhere, I shall briefly describe it here. A glass tube of about 5 mm.
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A, therefore B’ close to A’, and the space between them
contains a mixture of the two gases (1 and 2). The con-
nected pistons B and B’ are now very slowly raised. The
gas 1 will pass into the space opening up between A and B,
and the gas 2 into that between A’ and B’. Complete separa-
tion will have been effected when B’ is in contact with A.
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We shall now calculate the external work of this pro-
cess, The pressure on the movable piston B consists only
of the pressure of the gas 1, upwards, since there is a vacuum
above B; and on the other movable piston, B’, there is only
the partial pressure of the same gas, which acts downwards.
According to the preceding paragraph both these pressures
are equal, and since the paths of B and B’ are also equal,
the total work done on the pistons is zero. If no heat be
absorbed or given out, as we shall further assume, the energy
of the system remains constant. But, by (193), the energy
of a mixture of gases depends, like that of pure gases, on
the temperature alone, so the temperature of the system
remains constant throughout.

Since this infinitely slow process is reversible, the entropy
in the initial and final states is the same, if there are no external
effects. Hence, the entropy of the mixture is equal to the sum
of the entropies which the two gases would have, if at the same
temperature each by itself occupied the whole volume of the
mixture. This proposition may be easily extended to a mix-
ture of any number of gases. The entropy of a mizture of
gases 1s the sum of the entropies which the individual gases
would have, if each at the same temperature occupied a volume
equal to the total volume of the mizture. This proposition was
first established by Gibbs.

§ 2387. The entropy of a perfect gas of mass M and
molecular weight m was found to be (52)

M(g’ log T + g logv + const.),

m
where C, is the molecular heat at constant volume, as in
(192). By the gas laws (14), the volume of unit mass is

R T

v==.-,

m p

whence the entropy is
n(Colog T+ R logg + k),

=n(CplogT — Rlogp+ k), . .. . (195)
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where n = %, the number of molecules, and the constant %

includes the term log % Hence, according to Gibbs’s pro-
position, the entropy of the mixture is
D= 2”1(011. log T — R log p, + %,),

p, being the partial pressure of the first gas in the mixture.

Now, by (8), the pressure of the mixture is the sum of
the partial pressures, =p, = p, and, by § 40, the partial
pressures are proportional to the number of molecules of
each gas.

PriPeiee =My iMyi...
Hence = M
=y T ¥.. 7
n,
P = 2

or, if we introduce the concentrations of the different gases
in the mixture,

P .- WA . TR
T+t % ntn ..
P1=CP; Po=0CP . .« .« (196)

Thus the expression for the entropy of a mixture as a
function of T, p, and n the number of molecules, finally
becomes

@ = 3ny(Cp, log T — Rlog (c,p) + &;) . (197)

Comparing this expression with the value of the entropy of
a gas mixture given by (194), we see that the constant of
integration which was left undetermined is

C=——R2n110gcl .. . (198)

§ 288. Knowing the value of the entropy of a gas mixture,
we may answer the question which we discussed in § 234,
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whether and to what extent the entropy of a system of gases
is increased by diffusion. Let us take the simplest case, that
of two gases, the number of molecules being #, and n,, diffusing
into one another under common and constant pressure and
temperature. Before diffusion begins, the entropy of the
system is the sum of the entropies of the gases, by (195),

1,(Cp, log T — R log p + k,) + ny(Cp, log T — Rlog p + k,).
After diffusion it is, by (197),

ny(Cp, log T — R log (c,p) + k,)
+ ny(Cyp, log T — R log (c,p) + ko).

Therefore, the change of the entropy of the system is
— ny Rlog ¢; — n, R log c,,

by (196), an essentially positive quantity. This shows that
diffusion is always irreversible.

It also appears that the increase of the entropy depends
solely on the number of the molecules n,;, n,, and not on
the nature, e.g. the molecular weight, of the diffusing gases.
The increase of the entropy does not depend on whether the
gases are chemically alike or not. By making the two gases
the same, there is evidently no increase of the entropy, since
no change of state ensues. It follows that the chemical
difference of two gases, or, in general, of two substances,
cannot be represented by a continuous variable; but that
here we can speak only of a discontinuous relation, either
of equality or inequality. This fact involves a fundamental
distinction between chemical and physical properties, since
the latter may always be regarded as continuous (cf. Note to
§ 35).

§289. The values of the entropy (197), the energy (193),
and the volume (191), substituted in (75) give the function W.

vV = z’nl(cp, log T—R log (Clp) + kl —_— Cvl __ 'I;‘l _ R),

or, if, for shortness, we put
kl—C”I_R=k1_0P1=al" .‘(198“)
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and the quantity, which depends on T and p and not on the
number of molecules

CplogT— 21 _Rlogp+a,=p . . (199)
g T 1= Y
¥ =3n(y;—Rloge,) . . . (199)

§ 240. This enables us to establish the condition of
equilibrium. If in a gas mixture a chemical change, which
changes the number of molecules n, n,... by én,, on,. ..
be possible, then such a change will not take place if the
condition of equilibrium (79) be fulfilled, 7.e. if, when 8T = 0
and ép = 0,

¥ =0,

or 3 (y;— Rloge;)dn, + Sn,8(y; — Rloge,) = 0 (200)
The quantities y,, 9, ... depend on T and p only, therefore
Sy, =0y, =...=0.

Further,
n8logec, + ndloge, + ... = %11801-]— %2862—}— .
and, by (196),
=(ny+n+...)0;,+ 8, +...)=0,

since e+ e+ ...=1

The condition of equilibrium, therefore, reduces to

2(1,01 — Rloge,)0n,; = 0.

Since this equation does not involve the absolute values of
the variations n,, but only their ratios, we may put

ony:dny:...=wivi... . . (201)

and take »;, v,... to denote the number of molecules
simultaneously passing into the mass of each constituent.
They are simple integers, positive or negative, according as
the gas in question is forming, or is being used up in the
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formation of others. The condition of equilibrium now
becomes

2(‘/’1 — Rloge))v, =0,
_ V¥t veyet ...
. R = log K.

or v logec, + vyloge, + ..

The right-hand side of the equation depends only on tem-
perature and pressure (199). The equation gives a definite
relation between the concentrations of the different kinds of
molecules for given temperature and pressure.

§ 241. We shall now substitute the values of v,, y,, ...
If, for shortness, we put the constants

“vt+vtrt+...=». . . . (201a)

V10 + Vel + ...
R =log A,. . . (201d)
vy vby+ ...
5 =B. . . . (202
‘vlel + 1’20})’ + cee
R =C. . . . (203)
then from (199) the condition of equilibrium becomes
vyloge, + vy loge, + ...
=log A+ ClogT— 2 —vlog p=log K
or
cieh...=Ae2To%»=K . . . (203a)

§ 242. This condition may be further simplified by making
use of the experimental fact (§ 50) that the atomic heat of an
element remains unchanged in its combinations. By equation
(203), the product RC denotes the change, which the sum of
the molecular heats of all the molecules, or the heat capacity of
the whole system under constant pressure, 7,Cp, + 7,Cp, + . . .,
undergoes during the chemical reaction. If the molecular
heat of each molecule at constant volume is equal to the sum
of the atomic heats at constant volume, then, according to
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the above proposition, the heat capacity of the whole system
at constant volume would be, as the sum of all the atomic
heats, unchanged. Then

.Co,+ .00+ .. . =0,
and, therefore, C=»+ v+ ...=w».

It appears, however, that this supposition is not fulfilled with
sufficient approximation to justify its introduction.

§ 243. According to equation (203a) the influence of the
pressure on the equilibrium depends entirely on the number
Sv,, which gives the degree to which the total number of
molecules, therefore also the volume of the mixture, is increased
by the reaction considered. Where the volume remains
unchanged, as, e.g., in the dissociation of hydriodic acid,
considered below, the equilibrium is independent of the
pressure.

The influence of the temperature depends further on the
constants B and C, which are closely connected with the heat
of the reaction. For, by the first law,

Q= 0U + pdV,
which, by (193) and (191), T and p being constant, becomes
Q= 3(CuT + b, + RT)on, = 3 (CpT + by)dn,.

If we express the heat of the reaction in terms of the finite
numbers », instead of the infinitely small numbers &n, then the
heat absorbed is :

L= Z(CP‘T + b))y,
and by (202) and (203),

L=R(B+ CT)
or L = 1-985(B + CT) cal.

The heat of a chemical transformation in a system, which is
before and after the transformation completely gaseous, is
independent of the pressure and is a linear function of the
temperature.
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§ 244. Before proceeding to numerical applications, we
shall enumerate the principal equations.
Suppose that in a gaseous system

Ny My; Ny My; Mg Mg . .

(» the number of molecules, m the molecular weight) any
chemical change be possible, in which the simultaneous
changes of the number of molecules are

Ony:Omy:dmg:...=wiivgivgi...
(v simple, positive or negative, integers) then there will be
equilibrium, if the concentrations
=—-MEI'V‘.C=_$_‘—".;.
nt+ng+’ 2 m 4 n,+’
satisfy the condition

B
c1Mcyeg” ... = Ae TTCp— . . . (204)

¢

The heat absorbed during the change at constant temperature
and pressure is

L=1985B+ CT)cal. . . . (205)

while the change of volume is
v=TReX . . . . . . (206)
p

§ 245. Dissociation of Hydriodic Acid.—Since
hydriodic acid gas splits partly into hydrogen and iodine vapour,
the system is represented by three kinds of molecules :

ny HI; ny, Hy; ng 1y
The concentrations are :
G= b =g TR
Vomt g’ P g tmy’ T oyt
The reaction consists in the transformation of two molecules
of HI into one of H, and one of I, :

n=—2;n=1,r3=1;v=v,4+ v, + r3=0.
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By (204), therefore, in the state of equilibrium,
3
¢y 2t = Ae'zl‘ TC
or Q% _ MM pso1e. L (207)
51 3]
Since the total number of atoms of hydrogen (n, + 2n,)
and of iodine (n; + 2n;) in the system are supposed to be
known, equation (207) is sufficient for the determination of
the three quantities, n,, n,, and ng, at any given temperature.
The pressure has in this case no influence on the equilibrium.
This has been confirmed by the recent measurement of M.
Bodenstein. The measurements of the degree of dissocia-
tion at three different temperatures are sufficient for the
determination of the constant A, B, and C.

Thus the equilibrium of any mixture of hydriodic acid,
hydrogen, and iodine vapour at any temperature, even when
the hydrogen and the iodine are not present in equivalent
quantities, is determined by (207). Equation (205) gives the
heat of dissociation of two molecules of hydriodic acid into
a molecule of hydrogen and a molecule of iodine vapour at
any temperature.

§ 246. Dissociation of Iodine Vapour.—At high
temperatures iodine vapour appreciably decomposes, leading
to a system of two kinds of molecules :

ny Ly, ny L
The concentrations are :
ny Ny
= - - ; 02 —_ — .
Ny + Ny Ny -+ Ny
The reaction consists in a splitting of the molecule I, into
two molecules I,

== L= v = =1,
and in equilibrium, by (204),
1, 2 ny? A _pT 208
¢yl =% = Al T=
1o nq(n, + ny) (208)

§ 247. Graded Dissociation.—Since, by equation (208),
the concentration ¢, of the monatomic iodine molecules does
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not vanish even at low temperatures, the decomposition of
the iodine vapour should be taken into account in deter-
mining the dissociation of hydriodic acid. This will have
practically no influence on the results of § 245, but neverthe-
less we shall give the more rigorous solution on account of the
theoretical interest which attaches to it.
There are now four kinds of molecules in the system :
ny HI; ny Hy; ng I n, 1.
The concentrations are :

n n

_ 1 2
Cy =— Cy = s
Y gt g+ g 2T my A+ my - ng - my

n n

¢ 3 4

T g+ g+ ng+ ny AT n et ngt g
Two kinds of chemical changes are possible :
D yy=—2;v=1;v3=1;9=0;r=0;
2 v/ =0;9v'=0;9'=—1;9'=2;» =1
There will be equilibrium for each of these, if, by (204),
(1) ¢ Me"egscys = %21%3 = Z‘;:;s = Ae"ij Tc
and 2 2 o
wenemom — ‘4 — M —Ale"r
(2) exvemeg o = 03—”3("1+”2+”a+”4)—Ae ’
The total number of hydrogen atoms (n, + 2n,) and of
iodine atoms (n, 4+ 2ng + n,) being known, we have four
equations for the unique determination of the four quantities

Ny, Ng, Ng, Ny4.

§ 248. The general equation of equilibrium (204) also
shows that at finite temperatures and pressures none of the
concentrations, ¢, can ever vanish; in other words, that the
dissociation can never be complete, nor can it completely
vanish. There is always present a finite, though perhaps
a very small number of all possible kinds of molecules. Thus,
in water vapour at any temperature at least a trace of oxygen
and hydrogen must be present (see also § 259). In a great
number of phenomena, however, these quantities are too small
to be of any importance.



CHAPTER V.
DILUTE SOLUTIONS.

§ 249. To determine W as a function of the temperature T,
the pressure p, and the number n of the different kinds of
molecules in a system of any number of constituents and
any number of phases, we may use the method of the pre-
ceding chapter. It is necessary first to find by suitable
measurements the volume V, and the internal energy U of
each single phase, and then calculate the entropy & from
the definition (60). A simple summation extending over
all the phases gives, by (75), the function ¥ for the whole
system. On account of incomplete experimental data, how-
ever, the calculation of ¥ can be performed, besides for a
gaseous phase, only for a dilute solution, t.e. for a phase in
which one kind of molecule far outnumbers all the others in
the phase. We shall in future call this kind of molecule
the solvent (cf. § 220), the other kinds the dissolved substances.
If ny be the number of molecules of the solvent, n, ny, ng, . . .
the number of molecules of the dissolved substances, then the
solution may be considered dilute if 7, be large in comparison
with the sum of the numbers #n,;, n,, 7. ... The state of
aggregation of the substance is of no importance, it may be
solid, liquid, or gaseous.

§ 250. We shall now determine by the above method
the energy U and the volume V of a dilute solution. The
important simplification, to which this definition of a dilute
solution leads, rests on the mathematical theorem, that a
finite and continuous function of several variables with their
differential coefficients which have very small values, is neces-
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sarily a linear function of these variables. This determines U
and V as functions of ny, n,, n,, . .. Physically speaking, this
means that the properties of a dilute solution, besides depend-
ing on the interactions between the molecules of the solvent,
necessarily depend only on the interactions between the mole-
cules of the solvent and the molecules of the dissolved sub-
stances, but not on the interactions of the dissolved substances
among themselves, for these are small quantities of a higher
order.

§ 2561. The quotient U, v.e. the internal energy divided

mo
by the number of molecules of the solvent, remains un-
changed if the numbers, 7y, 7, n, ... be varied in the same

proportion; for, by § 201, U is a homogeneous function of
the number of molecules #n,, n;, n,, ..., of the first degree.

E is, therefore, a function of the ratios 1‘, ”2, ...,and also a
no no no

linear function, since these ratios are small, and the function
is supposed to be differentiable. The function is, therefore,

of the form
U g 4
ny - "0 l,no 2"’0 R

where, u,, u,, u, are quantities depending, not on the number
of molecules, but only on the temperature T, the pressure p,
and the nature of the molecules. In fact, v, depends only
on the nature of the solvent, since the energy reduces to
ny uy when n; = 0 = n, = .. ., and %, only on the nature of
the first dissolved substance and the solvent, and so on.
g, therefore, corresponds to the interactions between the
molecules of the solvent, u; to those between the solvent
and the first dissolved substance, and so on. This contains
a refutation of an objection, which is often raised against the
modern theory of dilute solutions, that it treats dilute solu-

tions simply as gases, and takes no account of the influence
of the solvent.

§ 252. If the dilution is not sufficient to warrant the use
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of this very simple form of the function U, a more accurate
relation may be obtained by regarding the coefficients u,,
4, . . . not as independent of the number of molecules but as

functions of the ratios gl, %, ... Then certain new constants
0

are obtained, which correspond to the interaction of the
dissolved molecules one with another. This should be a
possible way of constructing a rational thermodynamical
theory of sulutions of any concentration.* In this way is
found an explanation of the abnormal behaviour of solutions
of strong electrolytes (cf. § 273).

§ 253. We shall here keep to the simplest form, and write

U = nguy + nyuy + nyuy + . . . } (209)
and V=nge+nv,+n0+ ... " °
How far these equations correspond to the facts may be
determined by the inferences to which they lead. If we
dilute the solution still further by adding one molecule of
the solvent in the same state of aggregation as the solution,
keeping meanwhile the temperature T and the pressure p
constant, the corresponding change of volume and the heat
of reaction may be calculated from the above equations. One
molecule of the pure solvent, at the same temperature and
pressure, has the volume v, and the energy u,. After dilution,
the volume of the solution becomes

V= (ng+ 1) v + nyv; + ngvy + .
and the energy

U = (ng+ 1) upg+ nu; + ngttg + . . .
The increase of volume brought about by the dilution is
therefore

V= (V+ v),

v.e. the increase of volume is zero. The heat absorbed is, by
the first law (47),

U — (U + up) + p{V' — (V + v)}.
This also vanishes.
* Cf. H. Jahn, Zeitschr. f. phys. Chemie, 41, p. 257, 1902,
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These inferences presuppose that the number of molecules
of the dissolved substances remain unchanged, ¢.e. that no
chemical changes (e.g. changes of the degree of dissociation)
are produced by the dilution. If such were the case, the
number of molecules of the dissolved substances would have
values in the equations for U’ and V' different from those in
the equations for U and V, and therefore would not disappear
on subtraction. We may therefore enunciate the following
proposition : Further dilution of a dilute solution, if no chemical
changes accompany the process, produces neither an appreciable
change of volume nor an appreciable heat of reaction ; or, in
other words, any change of volume or any heat of reaction pro-
duced by further dilution of a dilute solution is due to chemical
transformations among the molecules of the dissolved substances
(cf. § 97).

§ 254. We now turn to the calculation of the entropy ®
of a dilute solution. If the number of molecules n, n,,
ny, . . . be constant, we have, by (60),

o — 90V

and, by (209),
dd = nod%-;pdv"—{- nldul _*i,pdvl + nzdu24r£MU2+ .

Since » and v are functions of T and p only, and not of n,
each of the coefficients of ny, n,, n, ..., must be a perfect
differential, ¢.e. there must be certain functions ¢, depending
only on T and p, such that

; \
ddy = Yo “’; pdvy |
dp, = @L;ﬂx (210)

dp, = duy ‘*'ipdvz }[
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We have, then,

O =nyy+ Myp; + Mg+ ... +C,. . (211)
where the integration constant C cannot depend on T and p,
but may be a function of the number of molecules. C may
be determined as a function of ny, n,, n,, . . . for a particular
temperature and pressure, and this will be the general expres-
sion for C at any temperature and pressure.

We shall now determine C as a function of » taking the
particular case of high temperature and small pressure. By
increasing the temperature and diminishing the pressure,
the solution, whatever may have been its original state of
aggregation, will pass completely into the gaseous state.
Chemical changes and changes in the state of aggregation
will certainly take place at the same time, ¢.e. the number
of molecules » will change. Partial evaporation, etc., will set
in. Only such states as lie very close to stable states are
realisable in nature. We shall, however, assume that the
process takes place in such a way as to leave the number of
the different kinds of molecules unaltered, and that the
whole system consists only of one phase, for only in this case
does C retain its value. This supposition is permissible, since
the number of molecules n, together with T and p, are the
independent variables of the system. Such a process is
possible only in the ideal sense, since it passes through
unstable states. There is, however, no objection to its use
for our present purpose, since the above expression for ®
holds not only for stable states of equilibrium, but for all
states characterized by quite arbitrary values of T, p, n,,
Ny, Mg, . . . Stable equilibrium is a special case, satisfying
a further condition to be established below.

At a sufficiently high temperature, and a sufficiently
low pressure, any gaseous system possesses so small a density,
that it may be regarded as a mixture of perfect gases (§ 21,
and § 43). We have, therefore, by (194), bearing in mind
that here the first kind of molecule is denoted by the suffix 0,
P = ny(Cp, log T — R log p + k)

+ n)(Cplog T —Rlogp+ %)+ . . . +C. (212)
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The constant C is independent of T and p, and has the value
given in (198). On comparing this with (211), it is seen that
the expression for @ can pass from (211) into (212) by mere
change of temperature and pressure, only if the constant
C is the same in both expressions, ¢.e. if, by (198),
C= — R(nylogcy+ nyloge, + . . . )

Here the concentrations are
- "o e —

Ng+ny+ny...0 1 mgtnytmy. ..
By (211), the entropy of a dilute solution at a definite tempera-
ture and pressure becomes

® = ny(dy — Rlogco) -+ ny(¢; — Rloge)) + . .. (213)

If we put, for shortness, the quantities which depend only
on T and p, and not on » the number of molecules

G

Uy + PL

¢o”9‘r’1’\‘p‘t'0=‘/’o
u

¢l__._1*,i7’ﬁ=% L. (214)
4 ¥

b,

we have, finally, from (75), (213) and (209),

¥ = no(yy — Rlog ¢g) + ny(y; Rlogc,)
+ ny(y; — Rlogcy) 4. . . (215)

This equation determines the thermodynamical properties of a
dilute solution. The characteristic function ¥ has a form quite
similar to that for a gas mixture in (199a). The only difference
lies in the fact that the quantities y here depend on the nature
of the solvent.

§ 255. We may now proceed to establish the conditions
of equilibrium of a system consisting of several phases. As
hitherto, the different kinds of molecules in the phase will
be denoted by suffixes, and the different phases by-dashes.
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For the sake of simplicity the first phase will be left without
a dash. The entire system is then represented by

’ ’ ’ ’ ’ 4
Ny Mg, Ny My, Ny My, . . . | By’ My’ s )" My My my's . ..
”n » ”n "
| ne” My, my" my", " my”, L) . . (216)

The number of molecules is denoted by %, and the molecular
weights by m, and the individual phases are separated by
vertical lines. In the general formula we signify the summa-
tion over the different kinds of molecules of one and the same
phase by writing the individual terms of the summation;
the summation over the different phases, on the other hand,

by the symbol 3.

To enable us to apply the derived formule, we shall
assume that each phase is either a mixture of perfect gases
or a dilute solution. The latter designation will be applied
to phases containing only one kind of molecule, e.g. a chemic-
ally homogeneous solid precipitate from an aqueous solution.
One kind of molecule represents the special case of a dilute
solution in which the conventrations of all the dissolved
substances are zero.

§ 256. Suppose now that an isothermal isobaric change
be possible, corresponding to a simultaneous variation

dng, dny, dmy, . . . 8ny', 8ny, 8ny’, .. . of the number of mole-

cules ng, nq, Ny, . .. My', My, my’, .. .; then, by (79), this change

will not take place, if at constant temperature and pressure
V=0

or, by (215), if
z(% — Rlog c)dng + (v, — Rlog ¢;)n; + (y, — Rlog c;)dn,

+ ...+ 2"08(% — Rlog ¢o) + n,6(y; — Rlogec,)
+ ny8(wy, — Rloge,) +...=0.
The summation 3 extends over all the phases of the system.

The second series is identically equal to zero for the same
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reason as was given in connection with equation (200). If
we again introduce the simple integral ratios

Sng:ony:dng:...:8my :8n, :8ny 1. ..
=vgivyivpi..aiv i) i L (217)

then the equation of equilibrium becomes

3,(vo— Rlog eyl + (y, — Rlog c))y,

+ (po— Rloge)vy+...=0
or
S log co+ vy loge; + vy loge, + . .
1
= szo%—i- vy, + .. .=logK. (218)

K like y,, ;, ¥, 18 independent of the number of molecules n.

§ 257. The definition of K gives its functional relation
to T and p.

ol K Bu;
Og 2: 08 0 ] ”la Y1 } ’,2 2 }

alogK oy atp
op RE 080 V‘apl ! vz ;

Now, by (214), we have for an infinitely small change of T
and p

dyo = dy — dyoipd;q_tﬁgép + Yot Py

and therefore, by (210),

dy, = 'fg'_f*__P”odT "’qgi’.

From this it follows that
@'/’o _ Ut Py, a’/’o _ Y

T T T  ep T
Similarly

Oyy _ Uy + pyy. a'l’x Y

- T . T
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Hence

dlogK 1

*-3%'— = R—T—22(”ouo T+ ) P+ v+ L)
dlog K 1

—%;5——: —R—Trzvo'vo'*—vlvl_*' PR

Denoting by » the increase of volume of the system, and by L
the heat absorbed, when the change corresponding to (217)
takes place at constant temperature and pressure, then, by
(209),

v = Evovo-{— (TUNE SR PONE SR
and, by the first law of thermodynamics,
L= 2(1:0140-{- v+ )+ Py + v L)

therefore T —RT2 - ° = - (219)
ologK  w
and W = — RT . . . . (220)

The influence of the temperature on K, and therewith on
the condition of equilibrium towards a certain chemical
reaction, is controlled by the heat of that reaction, and the
influence of the pressure is controlled by the corresponding
change of volume of the system. If the reaction take place
without the absorption or evolution of heat, the temperature
has no influence on the equilibrium. If it produce no change
of volume the pressure has no influence (cf. § 211).

The elimination of K from these two equations gives a general
relation between the heat of reaction L and the change of

volume, v;
oL Tav
I

in agreement with the general equation (79¢). The former
equations (205) and (206) are particular cases of (219) and
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(220), as may be seen by substituting for log K the special
value given in (203a),

logK:logA——,%’—f— Clog T — v log p.

§ 258. By means of equation (218) a condition of equili-
brium may be established for each possible change in a given
system subject to chemical change. Of course, K will have
a different value in each case. This corresponds to the
requirements of Gibbs’s phase rule, which is general in its
application (§ 204). The number of the different kinds of
molecules in the system must be distinguished from the number
of the independent constituents (§ 198). Only the latter
determines the number and nature of the phases; while the
number of the different kinds of molecules plays no part
whatever in the application of the phase rule. If another
kind of molecule be introduced the number of the variables
increases, to be sure, but so does the number of the possible
reactions, and therewith, the number of the conditions of
equilibrium by the same amount, so that the number of
independent variables is quite independent thereof.

§ 269. Equation (218) shows further that, generally
speaking, all kinds of molecules possible in the system
will be present in finite numbers in every phase; for instance,
molecules of water must occur in any precipitate from an
aqueous solution. Even solid bodies in contact must partially
dissolve in one another, if sufficient time be given. The
quantity K, which determines the equilibrium, possesses,
according to the definition (218), a definite, finite value for
each possible chemical change, and none of the concentra-
tions ¢ can, therefore, vanish so long as the temperature
and the pressure remain finite. This principle, based entirely
on thermodynamical considerations, has already served to
explain certain facts, e.g. the impossibility of removing the
last traces of impurity from gases, liquids, and even solids. It
also follows from it that absolutely semipermeable membranes
are non-existent, for the substance of any membrane would,
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1n time, become saturated with the molecules of all the various
kinds of substances in contact with one side of it, and thus
give up each kind of substance to the other side (cf. § 229).
On the other hand, this view greatly complicates the
calculation of the thermodynamical properties of a solution,
since, in order to make no mistake, it is necessary to assume
from the start the existence in every phase of all kinds of
molecules possible from the given constituents. We must
not neglect any kind of molecule until we have ascertained
by a particular experiment that its quantity is inappreciable.
Many cases of apparent discrepancy between theory and
experiment may probably be explained in this way.

§ 259a. All the foregoing propositions refer, of course,
to finite values of temperature and pressure. If, however,
the temperature T approaches the absolute zero, a glance
at equation (219) shows that the heat of the reaction, L,
remains finite, while log K becomes infinite, positive or negative,
according to the direction of the reaction shown by the sign
of the numbers ». From this it follows, that at the absolute
zero of temperature the reaction goes completely in one
direction or the other, so that at last the concentrations
of the molecules, which are being decomposed by the reaction,
become zero. This result agrees with the general conclusion of
§ 144, that at low temperatures the reactions proceed with an
evolution of heat. It still further defines that conclusion
since with dilute solutions it is, in general, only possible to
draw conclusions from the total energy and not directly
from the free energy. We may therefore annunciate the
following general law. If the temperature decreases indefinitely,
all molecules which are capable of transformations which evolve
heat, vanish from a solution, which s n thermodynamical
equilibrium.

We shall now discuss some of the most important particular
cases. They have been arranged, in the first place, according
to the number of the independent constituents of the system;
in the second, according to the number of the phases.
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§ 260. One Independent Constituent in One
Phase.—According to the phase rule, the nature of the phase
depends on two variables, e.g. on the temperature and the
pressure. The phase may contain any number of different
kinds of molecules. Water, for instance, will contain simple,
double, and multiple H,0 molecules, molecules of hydrogen
and oxygen, H2 and O,, also H,0, molecules and electrically

charged ions H HO and O etc., in finite quantities. The
electrical charges of the ions do not play any important part
in thermodynamics, so long as there is no direct conflict
between the electrical and the thermodynamical forces.
This happens when and only when the thermodynamical
conditions of equilibrium call for such a distribution of the
ions in the different phases of the system as would lead, on
account of the constant charges of the ions, to free electricity
in any phase. The electrical forces strongly oppose such a
distribution, and the resulting deviation from the pure thermo-
dynamical equilibrium is, however, compensated by differences
of potential between the phases. A general view of these
electromolecular phenomena may be got by generalizing the
expressions for the entropy and the energy of the system by
the addition of electrical terms. We shall restrict our dis-
cussion to states which do not involve electrical phenomena,
and need not consider the charges of the ions. We may treat
the ions like other molecules.

In the case mentioned above, then, the concentrations
of all kinds of molecules are determined by T and p. The
calculation of the concentrations has succeeded so far only

in the case of the fI and OH ions (the number of the O ions
is negligible), in fact, among other methods, by the measure-
ment of the electrical conductivity of the solution, which
depends only on the ions. Kohlrausch and Heydweiller
found the degree of dissociation of water, ¢.e. the ratio of

+ -
the mass of water split into H and OH ions to the total mass
of water to be, at 18°C.,,

14:3 x 10-10,
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This number represents the ratio of the number of dissociated
molecules to the total number of molecules. We may deter-
mine by thermodynamics the temperature coefficient of the
dissociation.

The condition of equilibrium will now be established.
The system is, by (216),

+ -
ny Hy0, n, H, ny OH.
Let the total number of molecules be

n=Ny+ Ny + Ny,

the concentrations are, therefore,

Co =

The chemical reaction in question,

Vo iy vy = Ongy: dn, : ny,

consists in the dissociation of one H,0 molecule into f‘i and
OH.
vo=—1;9=1;9=1;
and therefore, by (218), in the state of equilibrium
— log ¢y + log ¢, + logc, = K,
or, since ¢, = ¢,, and ¢, = 1 nearly,
2 log ¢, = log K.

This gives, by (219), the relation between the concentration
and the temperature :

dloge, 1
“oT R’
According to Arrhenius, L, the heat necessary for the disso-

-+ —
ciation of one molecule of H,O into H and OH, is equal to
the heat of neutralization of a strong monobasic acid and
base in dilute aqueous solution.

L
O )Y



242 THERMODYNAMICS.

According to the notation of § 97,
+ p—

L= (ﬁ, C—l, aq) + (ltI a, 6H, aq) — (Na, Cl, aq).
This gives according to the recent measurements of Wormann :
L= 27857 — 485 T cal.
From equation (221) it follows that

dloge, 1 (27857 _ 5)
9T ~ 2x 198\ T ~ T/

and, by integration,

logp e, = — QQ;L:& — 12125 log,y T 4+ const.

This equation, which shows how the degree of dissociation
depends on the temperature, agrees well with the measure-
ments of the electrical conductivity of pure water at different
temperatures by Kohlrausch and Heydweiller, Noyes,
and Lunden.

At the absolute zero of temperature, the dissociation
vanishes completely, in agreement with the general law
deduced in § 259a.

§ 261. One Independent Constituent in Two
Phases. The system consists of two phases let us say of
a liquid and a gaseous or solid phase. By (216), the system
is represented by

ng Mg | my’ My’

Each phase contains only one kind of molecule. The mole-
cules in both phases need not however be the same. The
liquid molecules may be any multiple of the gaseous molecules.
If now a liquid molecule evaporate or solidifies, then, in our
notation,
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and, according to the equilibrium condition (218),
0=1logK=—y,+ Dy, . . (221a)
My

Since K depends only on the temperature and the pressure,
this equation gives a definite relation between temperature
and pressure : viz., the law which states how the pressure of
evaporation or fusion depends on the temperature, and vice
versa. The meaning of this law can be obtained by considering
how K depends on p and T. On differentiating the last

equation, we get,

0 log K 0 log K{, _
aT + H
or, by (219) and (220),
L aT — :;dp =0.

If v, and vy’ be the molecular volumes of the two phases,
then the change of volume of the system for the transformation
under consideration is

v= "0y’ — 0,
- mol 0 0
hence,
my , dp
L= T(ﬁ:,vo — v(,)‘—i,-l-,,
or, per unit mass,
L v \dp
e — T<mo ﬁ(',)dT’
the well-known Carnot-Clapeyron equation (111).
(For further applications see Chapter II.)

§ 262. Two Independent Constituents in One
Phase.—(A substance dissolved in a homogeneous solvent.)
According to the phase rule, one other variable besides the
pressure and the temperature is arbitrary, e.g. the number of the
molecules dissolved in 1 litre of the solution, a quantity which
may be directly measured. The values of these three variables
determine the concentrations of all kinds of molecules, whether
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they have their origin in dissociation, association, formation
of hydrates, or hydrolysis of the dissolved molecules. Let
us consider the simple case of a binary electrolyte, e.g. acetic
acid in water. The system is represented by

+ —

ny H,0, n, CHg.COOH, n, H, n, CH;.COO.
The total number of molecules,
n =Ny + N, + ny 4 ng,

is only slightly greater than n,. The concentrations are

The only reaction
Vo i¥yiVyivg = Ong: dny: dny: Ony,

which need be considered consists in the dissociation of one
molecule of CH;.COOH into its two ions.

vo=0;v,=—1;v=1; =1
Therefore, in equilibrium,
— log ¢; + log ¢, + log ¢y = log K;;

or, since Cy = Cs,
2
@ _K . . . . . (22
s

Now, we may regard the sum

i+ e=c
as known, since the total number (7, + #,) of the undissociated
and the dissociated molecules of the acid, and the total
number of water molecules, which may be put= n, are
measured directly. Hence ¢, and ¢, may be calculated from
the last two equations

c
?1 n1+n2 \/1+ ;

G __

¢ nl—i-n= 20 \/1+ K
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&
c
in a definite manner approaching the value 1, 7.e. complete
dissociation. This also gives for the electrical conductivity
of a solution of given concentration Ostwald’s so-called law
of dilution of binary electrolytes, which has been experimentally
verified in numerous cases.

By considering the heat of dissociation we can, as in § 260,
by equation (219) find how K depends on the temperature,
and conversely from the change of the dissociation with
temperature we can calculate the heat of dissociation, as was
first shown by Arrhenius.*

The observed deviations from Ostwald’s dilution law in
the case of strong electrolytes may be explained by the fact
that the electrical conductivity of a solution is not always
a measure of the state of the dissociation. According to
J. C. Ghosh.t the salt molecules in dilute solutions of strong
electrolytes, like KCl and NaCl, are as good as completely
dissociated into their ions, but only a certain fraction of the
ions contribute to the electrical conduction. The slower
moving ions are held back by the attractions of the neighbour-
ing oppositely charged ions. This fraction increases with
increasing dilution on account of the decrease of the influence
of these attractions. Accordingly, the conductivity increases
with dilution according to a law which cannot be deduced
here, since in electrical conduction a state of equilibrium does
not obtain. This law deviates in essential points from Ost-
wald’s dilution law, as also from the laws of the lowering
of the freezing point and of the osmotic pressure of strong
electrolytes, deduced in § 273.

With increasing dilution (decreasing c), the ratio -2 increases

§ 268. Usually, however, in a solution, not one, but a
large number of reactions will be possible. Accordingly,
the complete system contains many kinds of molecules.
As another example, we shall discuss the case of an electrolyte

* The variation of K with pressure, as given by equation (220) was

experimentally tested and verified by Fanjung.
t Jnanendra Chandra Ghosh, T'rans. Chem. Soc., 113, p. 449, 1918.
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capable of splitting into ions in several ways, viz. an
aqueous solution of sulphuric acid. The system is repre-
sented by

+ — -_——
ny H;0, n, H,80,, n, H, ny HSO,, 7, 8O,.
The total number of molecules is
n = ng+ n, + ny + ng + n, (nearly equal to n,).

The concentrations are

5 G =

S
1)

S
~

3|3

Ny
n

Here two different kinds of reactions
Vo ivyivgivgivy= Ong:dn,:dn,: dng: dn,

must be considered; first, the dissociation of one molecule

of H,80, into H and HSO, :
vo=0;r=—1;9=1;95=1;»,=0;

second, the dissociation of the ion H§O4 into ﬁ and S_(S4
Y,=0;v,=0;v,=1;93=—1; y,=1.

Hence, by (218), there are two conditions of equilibrium :

— log ¢, + log ¢, + log ¢; = log K

and log ¢, — log ¢ -+ log ¢, = log K';
or 23K

51
and 2%_ g

C3

This further condition must be added, viz. that the total
number of SO, radicals (n, + n3 + n,) must be equal to half
the number of H atoms (2n, + m,+ ny); otherwise the
system would contain more than two independent con-
stituents. This condition is

2¢c4 + ¢3 = c,.
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Finally, the quantity of sulphuric acid in the solution is
supposed to be given :

ci+cg+cy=c.
The last four equations determine ¢, ¢,, ¢;, ¢,, and hence the
state of equilibrium is found.*

"~ For a more accurate determination it would be necessary
to consider still other kinds of molecules. Every one of
these introduces a new variable, but also a new possible
reaction, and therefore a new condition of equilibrium, so
that the state of equilibrium remains uniquely determined.

§ 264. Two Independent Constituents in Two
Phases.—The state of equilibrium, by the phase rule,
depends on two variables, e.g. temperature and pressure.
The wide range of cases in point makes a subdivision
desirable, according as only one phase contains both con-
stituents in appreciable quantity, or both phases contains
both constituents.

Let us first take the simpler case, where one (first) phase
contains both constituents, and the other (second) phase
contains only one single constituent. Strictly speaking
this never occurs (by 259), but in many cases it is a sufficient
approximation to the actual facts. The application of the
general condition of equilibrium (218) to this case leads to
different laws, according as the constituent in the second
phase plays the part of dissolved substance or solvent (§ 249)
in the first phase. We shall therefore divide this case into
two further subdivisions.

§ 265. The Pure Substance in the Second Phase
forms the Dissolved Body in the First.—An example
of this is the absorption of a gas, e.g. carbon dioxide in a liquid
of comparatively small vapour pressure; e.g. water at not
too high a temperature.

The system is represented by

n H,0, n, CO, | ny’ CO,.

* See the calculations of J. B. Goebel, Zeitschr. f. physikal. Chemie,
7, S. 652, 1910.
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‘We assume that the gas molecule CO, is identical with the
dissolved molecule CO,. The general case will be further
dealt with in § 274. The concentrations of the different kinds
of molecule of the system in the two phases are

The reaction

Vo: ¥y vy = Smg: oy dny
consists in the evaporation of one molecule of carbon dioxide
from the solution, therefore,

vo=0,v,=—1,9'=1
The condition of equilibrium
vo log cg + v, log ¢; + v, log ¢y’ = log K,
is, therefore,
—loge,=1ogK, . . . (223)

or, at a given temperature and pressure (for these deter-
mine K), ¢, the concentration of the gas in the solution is
determined. The change of concentration with pressure
and temperature is found by substituting (223) in (219)
and (220) :

dloge, 1 v

=R T (224)
a1 1 L
-g%f—‘ =—g (225)

v is the increase of volume of the system, L the heat absorbed
during isothermal and isobaric evaporation of one gram
molecule of CO,. Since v represents nearly the volume
of one gram molecule of carbon dioxide gas, we may, by (16),
put

p

RT
V=

and equation (224) gives
dloge, 1
@ P
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On integrating, we have
log ¢; = log p + const.
or ¢c;=Cp . . . . . . (226)

t.e. the concentration of the dissolved gas vs proportional to the
pressure of the free gas on the solution (Henry’s law). The
factor C, which is a measure of the solubility of the gas, still
depends on the temperature, since (225) and (226) give
dlogC_ 1 L
T ~ T R'T¥
If, therefore, heat is absorbed during the evaporation of the
gas from the solution, L is positive, and the solubility decreases
with increase of temperature. Conversely, from the variation
of C with temperature, the heat of absorption may be cal-

culated ;
L_ _RD @
= o 5T
According to the experiments of Naccari and Pagliani, the
solubility of carbon dioxide in water at 20° (T = 293), (ex-
pressed in a unit which need not be discussed here), is 0-8928,

its temperature coefficient — 0-02483; therefore, by (34),

1-985 X 2932 x 0-02483
L= e = 4700 cal.

Thomsen found the heat of absorption of one gram molecule
of carbon dioxide to be 5880 cal. The error (according to
Nernst) lies mainly in the determination of the coefficient of
solubility. Of this total heat an amount

RT = 1-985 x 293 = 590 cal.
corresponds, by (48), to external work.

§ 266. A further example is the saturation of a liquid
with an almost insoluble salt; e.g. succinic acid in water.
The system is represented by

CH, — COOH

CH, — COOH
ny H,0, n, é !
H, — COOH,

n,
H, — COOH,
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if the slight dissociation of the acid in water be neglected.
The calculation of the condition of equilibrium gives, as in
§ 223,

— loge, = log K,

¢, is determined by temperature and pressure. Further, by
(219),

L=—-RT28—1‘61~%"1. L. (227)

Van’t Hoff was the first to calculate L by means of this
equation from the solubility of succinic acid at 0° C. (2-88)
and at 8-5° C. (4-22)

dlogec; loge4-22 —log.2-88
= - = 0-04494.

This gives, for T =273, L= — 1-985 x 2732 x 0-4494
= — 6600 cals.; 7.e. on the precipitation of one gram mole-
cule of the solid from the solution, 6600 cals. are given out.
Berthelot found the heat of solution to be 6700 cals.

If.L be regarded as independent of the temperature,
which is permissible in many cases as a first approximation,
the equation (227) may be integrated with respect to T,

giving

log ¢, = RIJT + const.

§ 267. The relation (227) becomes inapplicable if the
salt in solution undergoes an appreciable chemical trans-
formation, e.g. dissociation. For then, besides the ordinary
molecules of the salt, the products of the dissociation are
present in the solution; for example, in the system of water
and silver acetate,

+ -
nH,0, n,CH,CO0Ag, n,Ag, n,CH;.COO | n,/CH,COOAg.
The total number of molecules in the solution :

n = ny+ n; + ny + ng (nearly = ny):



DILUTE SOLUTIONS. 251

The concentrations of the different molecules in both phases
are

n n
0. 1
PR PR s PP
07 p LTy 2

The reactions,
Vo:iVyivVyivgivy = gy :dn,: Ony: dng: dny,

are :
(1) The precipitation of a molecule of the salt from the

solution :
Y=0,9v=—1,9%=0,v,=0,9) = L.
(2) The dissociation of a molecule of silver acetate :
vo=0, v, =—Lyy,=19=1,9=0.

Accordingly, the two conditions of equilibrium are :

(1) — loge; =log K
(2) — log ¢; + log ¢, + log ¢; = log K’;
or, since ¢, = ¢,
o _
¢,

At given temperature and pressure, therefore, there is in
the saturated solution of a salt a definite number of undis-
sociated molecules; and the concentration (c,) of the disso-
ciated molecules may be derived from that of the undissociated
(¢,) by the law of dissociation of an electrolyte, as given in
(222).

Now, since by measuring the solubility the value of
¢, + ¢;, and by measuring the electrical conductivity the
value of ¢,, may be found, the quantities K and K’ can be
calculated for any temperature. Their dependence on tem-
perature, by (219), serves as a measure of the heat of the
precipitation of an undissociated molecule from the solution,
and of the dissociation of a dissolved molecule. Van’t Hoft
has thus given a method of calculating the actual heat of
solution of a salt, from measurements of the solubility of the
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salt and of the conductivity of saturated solutions at different
temperatures; s.e. the heat of the reaction when one gram

molecule of the solid salt is dissolved, and the fractxon
1 + dcﬂ

is dissociated into its ions, as is actually the case in the process
of solution.

§ 268. The Pure Substance occurring in the
Second Phase forms the Solvent in the First
Phase.—This case is realized when the pure solvent in any
state of aggregation is separated out from a solution of
another state of aggregation, e.g. by freezing, evaporation,
fusion, and sublimation. The type of such a system is

’ ’
Mg Mg, Ny My, Ng Mg, Ny My, . . . | By My'.

The question whether the solvent has the same molecular
weight in both phases, or not, is left open. The total number
of molecules in the solution is

n=mny+ n,+ ny+ ng+ . .. (nearly = n).
The concentrations are,

n, n n n
0. 1. 2. ’ 0 _
=3 06==2;...¢="2=1

Cn =
" n n

A possible transformation,
Voi¥y.. . 1¥y =8my=0ny...:8ny,

is the passage of a molecule of the solvent from the first
phase to the second phase, 7.e.

vo=—1;7,=0; %, =0; ...5 =_0. (228)
0
Equilibrium demands, by (218), that
—logcy+ 0 log ¢ = log K,
My

and, therefore, on substituting the above values of ¢, and ¢’

log 2 = log K.
g”o g
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But £=1+n1+n2+n3+...
7, ny

and, therefore, since the fraction on the right is very small,
i T N —logK.

o

I

(229)

By the general definition (218), we have
]. 13 ’
log K = R("o’l’o T+ vyt .+ vwo),

and, therefore, on substituting the values of » from (228),

iyt ng ... 1/my .
t _R<m;,""’° — )= logK . (230)

This expression shows that log K also has a small value.

Suppose for the moment that log K = 0, .e. that the pure
solvent takes the place of the solution

ny+n+4...=0,
then, by (230),
Yo _ Yo
my My

This equation asserts a definite relation which the tempera-
ture and the pressure must fulfil, in order that the two states
of aggregation of the pure solvent may exist in contact. The
pressure (vapour pressure) may be taken as depending on
the temperature, or the temperature (boiling point, melting
point) as depending on the pressure.

Returning now to the general case expressed in equation
(230), we find that the solution of foreign molecules, 7, ny, ng,

. affects the functional relation between T and p, which
holds for the pure solvent. The deviation, in fact, depends
only on the total number of dissolved molecules, and not on
their nature. We can express this by taking either p or T
as the independent variable. In the first case, we say that
at a definite pressure (p), the boiling point or the freezing point
(T) of the solution differs from that of the pure solvent (T);
in the second case, at a definite temperature (T) the vapour
pressure, or the pressure of solidification (p) of the solution
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differs from that of the pure solvent (p,). We shall calculate
the deviations in both cases.

§ 269. If the boiling point or the freezing point of the pure
solvent at pressure p is T, then by (221a)
(log K)yr—7,=0
and by subtracting from (230), we have

logK — (log K)r =1, = w;j“__
0
Since T differs only slightly from T, we can by Taylor’s
Theorem and equation (219) write :

ologK L oyt
oT . (T - To) - RToz(T - TO) - g .
Hence it follows that :
2
T—T, =”1+’:fo+"'.RE° .. (1)

This law of the elevation of the boiling point, or of the depres-
sion of the freezing point, was first deduced by van’t Hoff.
When the process is one of freezing, L is negative. Since n,
and L are multiplied together, nothing can be deduced about
the number of molecules 7, or about the molecular weight
my of the liquid solvent. If L is expressed in calories, we
substitute 1-985 for R.

By the evaporation of 1 litre of water nyL is approximately
equal to 1000 x 539 cal., T, = 373, and therefore the elevation
of the boiling point of a dilute aqueous solution is

1-985 x 3732
T— To=17.0'5“>>:—5§("1+ ng+my+ .. .),
= 0-51°%(n, + ng + ng+...). . (232)

Further, by the freezing of 1 litre of water under atmospheric
pressure, n,L.’ = — 1000 X 80 cal. approximately, T,’ = 273,

and, therefore,

, 1-985 x 2732
T —T= 1000 x 80 AT Mt st )

=185(n,+ Mg+ ng+...) . . (233)
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§ 270. If the vapour pressure of the pure solvent at tem-
perature T is p,, then, by (221a),

(log K)pmp,= 0
and, by subtracting from (230), we have

log K — (log K), - ,= l‘xj‘lz;*‘_;-_-_

1O

Since p differs only slightly from p, we can, with the help of
(220), write
dlog K
~op
Hence it follows, if v is put equal to the volume of the gas
molecule which arises on the evaporation of a liquid molecule :
my RT
my p
Po—P_m Mttt . gy
? My ()

This law of the relative lowering of the vapour pressure
was first deduced by van’t Hoff. Since n, and m, occur only
as a product, no conclusion can be drawn from the formula
about the molecular weight of the liquid solution. This
relation is frequently stated thus:—The relative lowering of
the vapour pressure of a solution is equal to the ratio of the number
of the dissolved molecules (n; + ny, + ny + . . .) to the number
of the molecules of the solvent (ngy), or, what is the same thing in
dilute solutions, to the total number of the molecules of the solution.
This proposition holds only, as is evident, if my= m,’, i.e.
if the molecules of the solvent possess the same molecular
weight in the vapour as in the liquid. This, however, is not
generally true, as, for example, in the case of water. It may
be well therefore to emphasize this fact, that nothing concern-
ing the molecular weight of the solvent can be inferred from
the relative lowering of the vapour pressure, any more than
from its boiling point, or freezing point. Measurements

(2 — po) = — qplP — P0) = ?—‘i—";j—': g
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of this kind will not, under any circumstances, lead to anything
but the total number (n,+ m3+ .. .) of the dissolved
molecules.

§ 271. It is of interest to combine the special relations
deduced in these last paragraphs with the corresponding
equations which we deduced, in §§ 224, 226, and 228, for the
same physical system, on general grounds, independent of
any molecular theory.

We must then according to our present notation put for
c of (162):

_M,_nymtnemy ...
C—E— =t T h;ﬁo'—*”"" . . (235)

Further, we must note that there m, the molecular weight
of the gaseous solvent, is here denoted by m,’, and that there
L, the heat per unit mass, is here denoted by L/m,.

On carrying out the substitution, we see that in fact
equations (181) and (183) are identical with (234) and (231), if
we substitute for the characteristic positive quantity y the
value

_ B+ m4..)
w_n1m1+n2m2—{— e (236)

§ 272. The value of the osmotic pressure p follows naturally
from the general equation (190), if we substitute for the
characteristic quantity y the value deduced in equation (236),
and for c the expression (235)

R
P——-—T—(nl-}-nz-{—ns-{—...) .. (237)

ng My v

Here v denotes, as formerly, the specific volume of the solution.
The product n, m, v is nearly equal to the total volume of the
solution, V, and therefore

P=¥(nl+ nyg+mg 4 ...). . (238)

This is the well known relation of van’t Hoff; which is
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identical with the characteristic equation (16) of a mixture of
ideal gases whose numbers of molecules are n,, ny, 75 . . .

Each of the theorems deduced in the preceding paragraphs
contains a method of determining the total number of the
dissolved molecules in a dilute solution. Should the number
calculated from such a measurement disagree with the number
calculated from the percentage composition of the solution
on the assumption of normal molecules, some chemical change
of the dissolved molecules must have taken place by dissocia-
tion, association, or the like. This inference is of great import-
ance in the determination of the chemical nature of dilute
solutions.

Raoult was the first to establish with exactness by experi-
ment the relation between the depression of the freezing
point and the number of the molecules of the dissolved sub-
stance; and van’t Hoff gave a thermodynamical explanation
and generalization of it by means of his theory of osmotic
pressure. Application to electrolytes was rendered possible
by Arrhenius’ theory of electrolytic dissociation. Thermo-
dynamics has led quite independently, by the method here
described, to the necessity of postulating chemical changes
of the dissolved substances in dilute solutions.

§ 278. All the conclusions of the preceding paragraphs
depend on the assumption of the equations (209), that the
energy and the volume of a dilute solution are linear functions
of the number of molecules. Many measurements of the
influence of dilution on the freezing point and on the osmotic
pressure of solutions of strong electrolytes have shown remark-
able deviations from Ostwald’s dilution law. It is easy to
imagine that these assumptions are responsible for these devia-
tions. Infact by introducing a generalization of these equations
as suggested in § 252 on the lines adopted by J. C. Ghosh for
the electrical conductivity of strong electrolytes we obtain a
good agreement with the measurements on the lowering of
the freezing point. This will be shown for the special case
of a binary electrolyte, say KCI or NaCl.
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According to J. C. Ghosh, all the dissolved molecules are
completely dissociated into their ions. The system is there-
fore, according to (216) represented by

’ ’
Ny Mg, Ny My, Ny My | 1y’ My,

where ny, n,’, my, and m," are the number of molecules and
the molecular weights of the solvent (water) in the two phases
in contact, n, = m,, m, and m, are the number and weight of
the ions in the dilute solution.

The concentrations of the molecules, neglecting vanishingly
small quantities, are :

2n,

R e A
ny ny
Ci=0Cp = —"FF— = —=¢ 238a
1 2 n0+nl+n2 ,no ( )
colzgq'=

To determine the expression for the characteristic function
¥ of the solution we use the same method as in §§ 250 to 254,
only with this difference, that we suppose that the coefficients
of n, in the expression for the energy of the solution

U = ngug+ ny(u; + up)

depend on the concentration ;ﬂ =c.
0

Since with vanishing ¢, or with n, increasing without limit,
while 7n, remains constant, the correction term vanishes,
the energy necessary to completely separate the ions, or the
electric potential of the ions, will be approximately inversely
proportional to the mean distance of two neighbouring
oppositely charged ions, or, what evidently comes to the same
thing, directly proportional to the cube root of the concentra-
tion c.

Instead of (209), we put

U=mnyuy+ ny(@—Bect) . . . (238))
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where u still depends on temperature and pressure, while
the positive quantity § is regarded as constant.

Accordingly, all further steps for determining ¥ are indi-
cated. We may neglect all terms multiplied by p, since we
may suppose the pressure as vanishingly small. For the
entropy of the solution we get as in (211)

P = ”0¢0+ ”14;+ C,

where $ =T

and
C = — R(ny log ¢y, + n, log ¢, + n, log c,).

Finally, for the characteristic function of the solution, we get,
instead of (215) :

U —
‘P:@—Tz'nozpo—nl(\zp +%c*>+ C, . (238¢)

where v=¢—

|:|

Thermodynamical equilibrium between the liquid and solid
phases requires the condition :

8V 4 ¥ = 0.

If further, as in (228), we put
, m,
Sng:8ny: dmy: dny = —1:0:0:7—’-&)‘l

and consider that :

8¢ = nl Sno, 8C= — Rloge, . dn,

- ’/’o+3”1 r_%c_',n_:é"*" Rlogco‘f‘,,h:/%’ =0
or, by (238a),

1/my , _ — d _@_ 1
R<ﬁ?"’° — ;) =log K =20—3omct (2389)
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This relation takes the place of equation (230) and gives for
the change of the freezing point instead of the simple van’t
Hoff theorem (231) the expression

1 RT?

T — T0= 2C<1 —_ 6%6‘)—1_, .
which is in agreement with the results of the measurements to
date.*

It is easy to extend this theory to partially dissociated
electrolytes. This generalisation shows complete analogy
with the theory of the usual characteristic equation of a gas.
Just as the deviations in the behaviour of a gas from that of
an ideal gas may be ascribed to two quite different causes,
to chemical actions (dissociation) or to physical actions
(attractions between the unchanging molecules), so may
the change, which the quotient of the lowering of the freezing
point and the concentration of the dissolved molecules with
progressive dilution shows, be caused either by chemical
changes or by physical interaction between the dissolved
molecules. According as one or the other or both together
are active, we obtain for the influence of progressive dilution
Ostwald’s or Ghosh’s or a more general law of dilution, which
contains the other two as special cases.

§ 274. Each Phase contains both Constituents in
Appreciable Quantity.—The most important case is the
evaporation of a liquid solution, in which not only the solvent,
but also the dissolved substance is volatile. The general
equation of equilibrium (218), being applicable to mixtures
of perfect gases whether the mixture may be supposed dilute
or not, holds with corresponding approximation for a vapour
of any composition. The liquid, on the other hand, must
be assumed to be a dilute solution.

In general, all kinds of molecules will be present in both
phases, and therefore the system is represented by

. (238¢)

’ ’ ’ ’ ’ ’
N Mg, Ny My, Ny My . . . | By My, my' my',my' my . . .

* Cf. Noyes and Falk, J. Amer. Chem. Soc., 82, 101, 1910; J. C. Ghosh,
Trans. Chem. Soc., 113, 707, 790, 1918.
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where, as hitherto, the suffix 0 refers to the solvent, the
suffixes 1, 2, 3 . . . to the different kinds of the dissolved
substances. By adding dashes to the molecular weights
(mg', my', m,’) we make it possible for the molecular weight
of the vapour to be different from that of the liquid. The total
number of molecules is, in the liquid,

n=mny+ n,+ n,+ ... (nearly = n),
in the vapour,
n=mn+n'+n"+ ...

The concentrations of the different kinds of molecules are,
in the liquid,

7 n n,
0 1 2
Cpn=—= —,Cq = —=, Gy =— — ,
T I 2T g
in the vapour,
! ! !
’ Ny ’ n, ’ Ny
Co =750 =, 0 = =5

Since this system is capable of different kinds of changes,
there are different conditions of equilibrium to be fulfilled,
each of which refers to a definite kind of transformation. Let
us first consider the reaction :

=8ng:On :8ny:...:8ny 18ny 1 omy 1. .
which consists in the evaporation of a molecule of the first kind,
and therefore

r_m ’

vo=0,7,=—19,=0,...7 =09, :m—l,,vz =0,.
The equation of equilibrium becomes

— log ¢, + :—:—:—, logc,” =log K

my

’ m ’

c 1

or 1 =K,
41
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This equation enunciates Nernst’s law of distribution.
If the dissolved substance possesses the same molecular
weight in both phases (m,” = m,), then there exists a fixed
ratio of the concentrations, ¢, and ¢,’, in the liquid and
vapour, which depends only on the pressure and temperature,
but is independent of the presence of other kinds of mole-
cules. If, however, the dissolved substance is somewhat
polymerised, then the necessary relation of the last equation
takes the place of the simple ratio.

If, on the other hand, a molecule of the solvent evaporates,
we have,

m,

0 ' ’
=—,v,=0,v, =0...;
monl sy Vo ’

!’

rp=—1v=0,7=0,...9
and the equation of equilibrium becomes

— logcy + 7%’, log ¢y’ = log K,

where
. RN Ryt ..\ e
log co_logno—log(1+ e )-— ny (239)
Tl T i + Zo logecy =1logK, . (240)
Mo my
where 711, :sz’ . . ., the concentrations of the molecules dis-
o "o

solved in the liquid, have small values. Two cases must be
considered.

Either, the molecules m, in the vapour form only a small
or at most a moderate portion of the number of the vapour

molecules. Then the small numbers ZJ, g’, .. . may be
o "o
neglected in comparison with the logarithm, and therefore

m, ’
m_(? log ¢y’ = log K.

An example of this is the evaporation of a dilute solution,
when the solvent is not very volatile, e.g. alcohol in water.
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Or, the molecules m, in the vapour far outnumber all
the other molecules, as, e.g., when alcohol is the solvent in
the liquid phase, water the dissolved substance. Then ¢,
is nearly equal to 1. We may make this simplification of the
conditions of equilibrium but not without considerable error.
Rather have we, as in (239),

Ayt

log ey’ =
0 ’
Mo

Equation (240) then becomes

n n Lo, om, n 4+ mn 4+ ...
bt ... — =0 2 T 2 7 ' + 2,+ = log K.
Ny My g

If we deal with this equation exactly as we dealt with equation
(230), we get finally, as in (231),

R e T e o e o ~>§E% . (240a)

’ ’
Ny My ny My L

T—T,=

Here L is the latent heat of evaporation of a gram molecule

of the solvent, so m£ is the latent heat of evaporation per
0

unit mass.

We may again point out that the mass and not the number
of molecules or molecular weight of the solvent enters inte
the formula. On the other hand, it is the molecular state of
the dissolved substance that characterizes its influence on
the evaporation. Besides, the formula contains a generaliza-
tion of van’t Hoff’s law of the elevation of the boiling point
in that here instead of the number of the dissolved molecules
(ny + mg + . ..) the difference of the molecules dissolved in
unit mass of the liquid and of the vapour occurs. The solution
has a higher or lower boiling point than the solvent according
as the liquid or the vapour contains the greater number of
dissolved molecules. In the limit when both are equal, and
the mixture boils at constant temperature, the change of
the boiling point will be zero, as has already been shown
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from a general standpoint (§ 219). Naturally, corresponding
laws hold for the change of the vapour pressure.

Exactly analogous theorems may, of course, be deduced
for other states of aggregation. Thus, the more general
statement of the law concerning the freezing point would
be : If both the solvent and the dissolved substance of a dilute
solution solidify in such a way as to form another dilute solution,
the depression of the freezing point ©s not proportional to the con-
centrations of the dissolved substances wn the liquid, but to the
difference of the concentrations of the dissolved substances in
the liquid and solid phases, and changes sign with this difference.
The solidification of some alloys is an example. Eutectic
mixtures, which do not change their composition on freezing,
form the limiting case. The freezing point of the eutectic
mixture does not depend on the concentration of the solution
(cf. § 2190).

While these laws govern the distribution of the molecules
in both phases, the equilibrium within each phase obeys the
laws, which were deduced in § 262, etc. We again meet with
the laws of dissociation, association, ete.

§ 275. Three Independent Constituents in one
Phase.—Two dissolved substances in a dilute solution will not
affect one another unless they form new kinds of molecules
with one another, for there is no transformation possible, and
therefore no special condition of equilibrium to fulfil. If two
dilute aqueous solutions of totally different -electrolytes
which have no chemical action on one another be mixed,
each solution will behave as if it had been diluted with a corre-
sponding quantity of the pure solvent. The degree of the
dissociation will rise to correspond to the greater dilution.

It is different when both electrolytes have an ion in
common, as, for example, acetic acid and sodium acetate.
In this case, before mixing there are two systems :

ny H,0, n, CH,.COOH, n, H, n, CH,.CO0,
+ -
and ny’ H,0, n," CH;.COONa, n,’ Na, ng' CH,,€0O0,
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As in (222), for the first solution,

2 3
%2 _Ko2 =K, . . . (24)
51 nngy
@ g oot g

for the second, o = K/, or g = K.. . . (242

After mixing the two, we have the system

+ o+ -
n,H,0, #,CH;.COOH, #,CH;.COONa, #,H, 7,Na,7;CH;.COO,
where, necessarily,

My = my + n,’ (number of H,0 molecules
Py + Ay = n;" 4 n,’ (number of Na atoms)
A, + fg = n,; + n, (number of H atoms)
By + iy = 7z (number of free ions)

|
[ (243)

The total number of molecules in the system is

B= iy + A, + 7y + fig + 7y + Ty (nearly = 7).

The concentrations are

o, g, =

o — Mo Ay 7 fig, o _ T
0™ p 7l

- 8. —_ . —
n’cz—ﬁ:as*‘ﬁ'rcd—%»cs_

In the system there are two different reactions,

Voi¥y iV Vg iy V= Ong: 0N, : Ony : Oty : 8Ty : Oy,
possible; first, the dissociation of one molecule of acetic acid
Yo=0,v,=—1,9=0,v9=1,v=0,v,=1,

and therefore the condition of equilibrium is, by (218),

— log ¢, + log ¢, + log &; = log K,

o 82 _ g o Pacls_ T
- '] - < ’
Gy Ny My By(ng+ ng)

second, the dissociation of a molecule of sodium acetate,

=K;. (244)

Yp=0,7=0,1,=—19=0,9=19v=1,
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whence, for equilibrium,

04 Cq4Cs5 __ =K,
23

— log ¢, + log &, + log ¢5 = log K’, or 12

Ng. Mg Ry Mg 1y
or g Ty Tiglitg  17) K. . . (245
The quantities K and K’ are the same as those in (241) and
(242). They depend, besides on T and p, only on the nature
of the reaction, and not on the concentrations, nor on other
possible reactions. By the conditions of equilibrium (244)
and (245), together with the four equations (243), the values

of the six quantities #y, #;, . . . 7z are uniquely determined,
if the original solutions and also the number of molecules
Ny, My, - . . and ny, ny" . . . be given.

§ 276. The condition that the two solutions should be
1sohydric, i.e. that their degree of dissociation should remain
unchanged on mixing them, is evidently expressed by the
two equations

fi, = n,, and 7, = n,/,

t.e. the number of undissociated molecules of both acetic
acid and sodium acetate must be the same in the original
solutions as in the mixture. It immediately follows, by
(243), that

Ny = Mg, Ty = My, Ny = Ny + M.

These values, substituted in (244) and (245), and combined
with (241) and (242), give

my(ty + 7y) g M
- b
ny(ne+ 7g) Ny M
ny'(ny 4= 1y') K — ny'2
N —
n,'(ny + no) ny' ny

whence the single condition of isohydric solutions is

n, n,
2 2 — e — !
;L; = ”_o” or ¢, = ¢ (= ¢3= &),
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or, the two solutions are isohydric if the concentration of the

common von CH,COO 1s the same in both. This proposition
was enunciated by Arrhenius, who verified it by numerous
experiments. In all cases where this condition is not realized,
chemical changes must take place on mixing thesolutions, either
dissociation or association. The direction and amount of these
changes maybe estimated byimagining the dissolved substances
separate, and the entire solvent distributed over the two so
as to form isohydric solutions. If, for instance, both solutions
are originally normal (1 gram molecule in 1 litre of solution),
they will not be isohydric, since sodium acetate in normal
solution is more strongly dissociated, and has, therefore, a

greater concentration of CH;.COO-ions, than acetic acid.
In order to distribute the solvent so that the concentration

of the common ion CH;.COO may be the same in both solutions,
some water must be withdrawn from the less dissociated elec-
trolyte (acetic acid), and added to the more strongly dissociated
(Na-acetate). For, though it is true that with decreasing
dilution the dissociation of the acid becomes less, the con-
centration of free ions increases, as (262) shows, because the
ions are now compressed into a smaller quantity of water.
Conversely, the dissociation of the sodium acetate increases
on the addition of water, but the concentration of the free
ions decreases, because they are distributed over a larger
quantity of water. In this way the concentration of the

common ion CH,;.COO may be made the same in both solutions,
and then their degree of dissociation will not be changed
by mixing. This is also the state ultimately reached by the
two normal solutions, when mixed. It follows, then, that
when two equally diluted solutions of binary electrolytes
are mixed, the dissociation of the more weakly dissociated
recedes, while that of the more strongly dissociated increases
still further.

§ 277. Three Independent Constituents in Two
Phases.—We shall first discuss the simple case, where the
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second phase contains only one constituent in appreciable
quantity. A solution of an almost insoluble salt in a liquid,
to which a small quantity of a third substance has been added,
forms an example of this case. Let us consider an aqueous
solution of silver bromate and silver nitrate. This two-phase
system is represented by

1oH,0,1,AgBrO,n,AgNO, 1y Ag,n BrO,n;NO; | ny’AgBrOy.
The concentrations are
co=%; c1=%1; cz=z:—f;...; co'=%:«,=l,
where n'= ny4 n; + ny + ng + ng 4 ng (nearly = n,).
Of the possible reactions,
VoIV vy ivg iV Vgl = Oy 8ny :8ny: Sng: Sny: Smg: Ony,
we shall first consider the passage of one molecule of AgBrO,
from the solution, viz.
vo=0,v,=—1,9=0,...v/=1
The condition of equilibrium is, therefore,
— log ¢, 4+ log ¢y’ = log K

or cl=%§ ..o (246)

The concentration of the undissociated molecules of silver
bromate in the saturated solution depends entirely on the
temperature and the pressure, and is not influenced by the
nitrate.
We may now consider the dissociation of a molecule of
AgBrO;, into its two ions.
vo=0,v=—19n=0r=1v=1v=0,9=0,
and, therefore,
— log ¢, + log ¢ + log ¢, = log K’,
B%_ g
¢ ’

’

or, by (246), Gl=TF» - - - - . (247)
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+ -
t.e. the product of the concentrations of the Ag and BrO,
ions depends only on temperature and pressure. The con-

+
centration of the Ag-ions is inversely proportional to the
concentration of the B;Oa—ions. Since the addition of silver
+
nitrate increases the number of the Ag-ions, it diminishes

the number of the BrO;-ions, and thereby the solubility of
the bromate, which is evidently measured by the sum ¢, + c,.

We shall, finally, consider the dissociation of a molecule
of AgNQ; into its ions.

70=0’1’1=0”'2= - 1”’32 1,1’4':0”’5: 1;1’01=O;
whence, by (218),

“%_K" . . . . . (248
Co
To equations (246), (247), and (248), must be added, as a
fourth, the condition
€3 = C4 + Cg,

and, as a fifth, the value of ¢, 4 c;, given by the quantity of
the nitrate added, so that the five unknown quantities, c,, ¢,,
C, C4y C5, 8T uniquely determined.

The theory of such influences on solubility was first
established by Nernst, and has been experimentally verified
by him, and more recently by Noyes.

§ 278. The more general case, where each of the two
phases contains all three constituents, is realized in the
distribution of a salt between two solvents, which are them-
selves soluble to a small extent in one another (e.g. water
and ether). The equilibrium is completely determined by
a combination of the conditions holding for the transition of
molecules from one phase to another with those holding for
the chemical reactions of the molecules within one and the
same phase. The former set of conditions may be summed
up in Nernst’s law of distribution (§ 274). It assigns to
each kind of molecule in the two phases a constent ratio of
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distribution, which is independent of the presence of other
dissolved molecules. The second set is the conditions of
the coexistence of three independent constituents in one
phase (§ 275), to which must be added Arrhenius’ theory of
isohydric solutions.

§ 279. The same method applies to four or more inde-
pendent constituents combined into one or several phases.
The notation of the system is given in each case by (216),
and any possible reaction of the system may be reduced to
the form (217), which corresponds to the condition of equili-
brium (218). All the conditions of equilibrium, together
with the given conditions of the system, give the number of
equations which the phase rule prescribes for the determina-
tion of the state of equilibrium.

When chemical interchanges between the different sub-
stances in solution are possible, as, e.g., in a solution of dis-
sociating salts and acids with common ions, the term degree
of dissociation has no meaning, for the ions may be combined
arbitrarily into dissociated molecules. For instance, in the
solution

+ +
ny H,0, n, NaCl, n, KCl, n; NaNO,, n, KNO,, n, Nf" ng IS,
nq Cl, ng NOg

we cannot tell which of the ﬁa-ions should be regarded as
belonging to NaCl, and which to NaNO,. In such cases
the only course is to characterize the state by the concen-
trations of the dissolved molecules.

The above system consists of water and four salts, but,
besides the solvent, only three are independent constituents,
for the quantities of the Na, the K, and the Cl determine
that of the NO,. Accordingly, by § 204 (« = 4,B=1) all
the concentrations are completely determined at given
temperature and pressure by three of them. This is inde-
pendent of other kinds of molecules, and other reactions,
which, as is likely, may have to be considered in estabhshmg
the conditions of equilibrium.
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§ 280. If in a system of any number of independent
constituents in any number of phases, the condition of
equilibrium (218) is not satisfied, 7.e. if for any virtual
isothermal isobaric change.

zvologco—}— v, loge, + vzlogcz—i—...zlogK,

then the direction of the change which will actually take
place in nature is given by the condition d¥ > 0 (§ 147). If
we now denote by w, v, v, . . ., simple whole numbers,
which are not only proportional to, but also of the same
sign as the actual changes which take place, then we have,
by (215),

2”0 log ¢y + v, loge; + »yloge, + ... <log K, (249)

for the direction of any actual isothermal isobaric change,
whether it be a chemical change inside any single phase, or
the passage of molecules between the different phases. The
constant K is defined by (218).

To find the connection between the difference of the
expressions on the right and left and the time of the reaction
is immediately suggested. In fact, a general law for the
velocity of an irreversible isothermal isobaric process may be
deduced, by putting the velocity of the reaction proportional
to that difference. We shall not, however, enter further into
these considerations since the proportional factor cannot
be determined without bringing in special atomic considera-
tions.



CHAPTER VI.

ABSOLUTE VALUE OF THE ENTROPY.

NERNST'S THEOREM.

§ 281. WE have repeatedly remarked that the whole thermo-
dynamical behaviour of a substance is determined by a
single characteristic function, a knowledge of which is suffi-
cient once and for all to determine uniquely all the conditions
of the physical and chemical states of equilibrium which the
substance may assume. The form of the characteristic
function depends, however, on the choice of the independent
variables. If the energy U and the volume V are the inde-
pendent variables, then the entropy is the characteristic
function. If the temperature T and the volume V are the
independent variables, then the characteristic function is
the free energy, F. If the temperature T and the pressure p
are the independent variables, then it is the function, ¥
(cf. § 152a).

The expression for the characteristic function may in each
case be determined by the integration of certain quantities
whose values can be determined by suitable measurement.
In the expression for the entropy there remains, however,
an additive constant a quite arbitrary, in that of the free
energy a function of the form aT 4 b (§ 146), in that of the

function ¥ one of the form a 4 % (cf. §§ 1528, 239). These

additive terms can have no physical significance since only
the differences of the energy, of the entropy, of the free energy
ete. of the substance in different states play a part in natural
processes. The additive terms compensate one another.

If the additive term is once fixed for any definite state
272
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of a substance, it, of course, maintains that value for all
other states of the substance. This is true not only for the
same state of aggregation, and the same chemical modification,
but also for other states of aggregation and other modifications,
which the substance may assume.

Suppose that, after the value of the characteristic function
has been determined for a definite arbitrarily selected modifica-
tion of the substance, it is required to find it for some other
modification, then we must search for a reversible physical
transformation from one to the other which is measurable.
This is necessary in order that the integration may be carried
out along the path of the transformation. Such transforma-
tions are in many cases not realizable, since they often pass
through regions of unstable states. As a rule, then, it is
not possible to draw conclusions about the thermodynamical
properties of one modification from that of another.

§ 282. This gap in the theory has been filled by a theorem,
which was developed by W. Nernst in 1906,* and which, since
then, has been amply verified by experience. The gist of
the theorem is contained in the statement that, as the tempera-
ture diminishes indefinitely the entropy of a chemical homo-
geneous (§ 67) body of finite density approaches indefinitely
near to a definite value, which is independent of the pressure,
the state of aggregation and of the special chemical modifica-
tion.t

The interesting question as to the meaning of this theorem
according to the molecular kinetic conception of the entropy
cannot be answered here, since here we are concerned only

* Nach. d. Ges. d. Wissensch. zu Gottingen, Math. phys. Kl. 1906, Heft I.

8itz.-Ber. d. preuss. Akad. d. Wiss., V. 20, Dezbr., 1806.

t This conception of the theorem is more comprehensive than that
given by Nernst himselt. According to Nernst, the difference of the entropies
of such a in two different modifications is equal to zero in the limit
when T = 0. {l'hu still leaves open the possibility of ltr=o entropy = — oc .
This distinction and others wllre be of practical importance when we como
to discuss the value of the specific heat at the zero of absolute temperature
(§ 284).

See a more general discusaion b%v P. Gruner, Verh. d. Deutschen Physik.
Gesellschaft, 14, 8. 655, 8. 727, 1912,
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with general thermodynamics.* We must, however, deal
with the important conclusions about physico-chemical
equilibria to which it leads.

It is easy to see that since the value of the entropy contains
an arbitrary additive constant, that, without loss of generality,
we may write liy_, entropy = 0. The Nernst heat theorem
then states that, as the temperature diminishes indefinitely,
the entropy of a chemical homogeneous body of finite density
approaches indefinitely mear to the value zero. The additive
constant @ of all chemical homogeneous substances in all
states has herewith been uniquely disposed of. We can now
in this sense speak of an absolute value of the entropy.

On the other hand, according to § 281, there remains in
the value of the energy U, and of the free energy F of a body
still an additive constant b, and in the value of the function
V¥ an additive term of the form b/T undetermined, and arbitrary.

§ 283. For the later applications of Nernst’s heat theorem
we must select the independent variables. We shall again,
ag in our former presentation, select the temperature T and
the pressure p, since these quantities in the first place are
easy to measure, and in the second place possess the advantage
that in a system consisting of several phases they have the
same values in all phases. With T and p as independent
variables, it is necessary to choose ¥ as the characteristic
function. For determining ¥ we have the general equation
(150) of § 210,

V= I% C .. (250)
where, by (1500),
T
o= | QerE .. .. @)
and H=U+pV . . . . (259

If ¥ is known as a function of T and p, then, by § 152a,

* On the relation of Nernst’s heat theorem to the quantum theory,
;ef sgl Planck, Vorlesungen iber die Theorie der Warmestrahlung, 4 Aufl.,
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the values of the heat function H, of the volume V, and of the
entropy ¢ are uniquely determined as functions of T and p:

ov

H=TZ,. . . . . . (259)
ov

V=T (2

b =V+ T‘w ... . (255)

In order to introduce Nernst’s heat theorem into these
quite general equations, let us consider a special system con-
sisting of a chemical homogeneous solid or liquid body. The
theorem is not directly applicable to a perfect gas, since
perfect gases at the absolute zero of temperature do not possess
a finite density. According to the theorem (§ 282), & =0,
when T = 0.

It follows from (251) that

o=

Since both C, and T are evidently positive, this equation
18 satisfied if, and always if, the lower limit of the integration
is zero. Since the lower limit is independent of the tempera-
ture T, then

®= /TC” ... (256)

holds for any temperature.
This equation is the mathematical expression for Nernst’s
heat theorem in its widest sense (cf. § 284). It follows from

(250) that,
¥ = jc”dT .. .(@5)

or, on substituting the value of H from (150a),
Cp T
v = ] 24T — T/c,,d'r. .. (258)
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The characteristic function ¥ for a chemically homogeneous
solid or liquid body is hereby determined from measurements
of the heat capacity Cp except for an additive term of the form
b/T, which depends on the lower limit of the second integral.
Although b is independent of the temperature, it may depend on
the pressure p and on the chemical composition of the body.
An additive constant remains arbitrary (cf. § 282).

§ 284. Important conclusions with regard to the thermo-
dynamical behaviour of solid and liquid substances at low
temperatures may be drawn from the last equations. First
of all from equation (256) the remarkable conclusion may be
drawn, that the heat capacity of a chemically homogeneous
solid or liquid body approaches indefinitely near to the value
zero as the temperature is indefinitely decreased. Otherwise
the entropy at finite temperatures could not possess a finite
value.* Although this result is so striking at the first glance,
yet measurement up to now have completely verified it.

Nernst’s heat theorem also leads to an interesting con-
clusion with regard to the volume of a body. From equations
(84b) and (256), we get :

vV ad_ [T10C,
=" 3y =~ |1 30T

If we use equation (85),

ov ToV ov  [(eV
then, o= J,om®T = o7~ <a‘T>o
ov
and therefore <8T>o= 0,

* According to Nernst’s conception the following equation,
TG,/ —
¥ —t= f G’ =Cogy
o T

takes the place of (256), where & — ¢ denotes the difference of the entropies
of a solid or liquid body in two different modifications. From this we can
only conclude that Cp’ = C,, when T = 0, but not that Cp’ = C, = 0.
Should C, and C,’ remain finite, then the entropy would not be equal to
zero, when T = 0, but equal to — oc. It is therefore of importance to note
that should the conclusion C, = 0 not be substantiated by experience,
then Nernst’s conception of the theorem could still be maintained as correct.
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1.e., the coefficient of expansion of a chemically homogeneous
solid or liquid body is in the limit, when T = 0, equal to zero.
This conclusion is also in good agreement with experience,
since the coefficient of expansion of most bodies show a marked
decrease with decreasing temperature.

§ 285. P. Debye * has deduced from the quantum hypo-
thesis the following formula for the free energy of a solid
body at low temperatures

F=U,— AT¢, . . . . (258)

where U, is the energy at absolute zero, and the factor A
depends only on the volume. It follows from (79a) that

oF an Uo A

0?F
and Co=— T8T2 = 12AT3, . . . . (258¢)
in excellent agreement with the measurements.
The compressibility k has the value — at absolute

1

op
V0(5v>“
zero. Therefore the thermal coefficient of expansion at low
temperatures is

oV @ZI)‘) PA L _ G
V0<8T),, V "5""< > = 4T%y X ko = 34 gyko
av

The ratio of the coefficient of expansion to the specific heat
is independent of temperature. This law was empirically
deduced by E. Griineisen.

§ 286. Let us now consider two phases of the same chemic-
ally homogeneous solid or liquid substance in contact (e.g.
at the melting point, or at the temperature of transformation

* P. Debye, “ Wolfskehl-Vortrige tiber die Kinetische Theorie der Materie
und der Elektrizitit,” Gottingen, 1914, p. 19 (Leipzig, Teubner).
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of allotropic modifications). If » and n’ denote the number of
molecules of both bodies, then
V= ny V' = n'y’

where y and y’ are the values per molecule m and m,. They
depend only on T, p, and ‘the nature of the phase. We shall
denote the entropy @, the energy U, the heat function H,
and the volume V per molecule m by the corresponding
small letters ¢, u, &, v, without or with dashes, according as
they belong to the first or second phase. On the other hand,
to avoid confusion with the specific heat ¢y, we shall denote
the molecular heat by Cj.

The condition of equilibrium is, according to § 261 equation
(221a),

Y _¥Y_o
m m
or, by (257)
T1/Cy Cp AN
J, 1oy = o = 3= ) =0
here %, — %’3 =Ac . . . . (259)

the difference of the specific heats, and

h’ _h_ L

m  m
the heat absorbed when unit mass passes from the phase
without a dash to one with a dash by an isothermal isobaric

process. We may write this shortly

/ Bopgp Lo . (261
or also, since by (150a) and (260)
oL
Ap=3p - - . . . (26la)
T
Whop Lo . . .. @

o ToT T
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This equation may be used to calculate the melting point,
or the temperature of transformation of a substance, if the
heat of the transformation, L, is known as a function of the
temperature from heat measurements.

According to the measurements of Broensted, the heat
of transformation of rhombic sulphur into monoclinic sulphur
is given by

L=157+4 1156 x 10-5T2 cal.
approximately.

This formula, which, to be sure, must be inaccurate at low
temperatures, since by (261a) it leads to a contradiction of
Debye’s law of specific heats (258¢), gives at the temperature
of transformation T

2:3 X 103T — },?z — 115 x 10-5T =0
or T = 369-5,

while measurement gave 368-4. For ice, at its melting point,
we have

L = 80, T = 273.
Hence, from (261),
78 Ac, 80
jo 70T = 5o = 0:293,

Now the difference of the specific heats of water and ice

at 0°C. is
Acp = 1-:00 — 0-51 = 0-49.

So this difference with decreasing temperature does not
approach zero as a linear function of the temperature, but
falls quicker and quicker with falling temperature, quite
in the sense of the Debye Law.

§ 287. While the entropy of solid and liquid chemically
homogeneous bodies under any pressure converges to the
limiting value zero at the absolute zero, the entropy of an
ideal gas at low temperatures has only a meaning if the pressure
p is less than the saturation pressure p, of the gas at the
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temperature T. At higher pressures, the gaseous state is
no longer stable, and also not perfect. Therefore we take
p < ps. For a perfect gas, by equation (195),

®=n(CprlogT —Rlogp+ k). . . (263)
Hence, we have
O>n(CplogT —Rlogps+ k). . . (263a)

(See the end of § 288 about the value of p,.) From the energy
of an ideal gas, as given in equation (192),

and the volume
v=nlT .. (265)
P

we have for the heat function,

H=U+pV=nC,T+b),. . . (266)
and therefore for the characteristic function of a chemically
homogeneous ideal gas

H b
V=27 — T =n(CplogT—Rlogp—}-a—T>=mp(267)

This formula, which we have already deduced, possesses here
a new interest through the meaning of the constant a. For,
according to § 282, this constant, which Nernst called the
chemical constant of the particular gas, and which is of import-
ance for all physical and chemical reactions of the gas, can be
determined absolutely. In order to find it, we must transform
the gas into the liquid or solid state along a reversible path,
which lends itself to measurement. That can be most simply
done by direct condensation. The search for the laws of a
saturated vapour is the most direct way of determining the
chemical constant a.

§ 288. For the equilibrium of a chemically homogeneous
liquid in contact with its chemically homogeneous vapour,
we have

vy
m - m

according to § 261, equation (221a).
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If we substitute for y, which depends on the liquid mole-
cule m, the value from equation (257) and for y’, which depends
on the gaseous molecule m’, the value from equation (267),
assuming that the vapour is a perfect gas, we have

C,,’logT—Rlogp—}-a——,lb,:m(/Tcﬁd ,’1’1>

This equation shows how the pressure of the saturated vapour
depends on the temperature. The constant b, together with
the additive constant contained in A, may be expressed in
terms of the latent heat of evaporation. The heat function
is, by (266),
M=GC'T+ b

per molecule of the vapour.

Also the latent heat of evaporation is per molecule of the
vapour m/,

’

, omy o, m
L==#h ——mh—Cp T4+ b— mh . . (268)
Substituting this in the last equation, we have,
, , _ L, m(TC
Gy log T+ Gy — Rlogp -+ “*T+’m/0 2dT  (269)

At absolute zero the latent heat of evaporation L, is, by
(268),

’

Lo=b—"h,

m

also L—Lo=CT—" (h— k),
and, by (150a),
L—L,= c,,'T—"’] CpdT.

This gives for the pressure ps; of a saturated vapour, on
eliminating L from (269),

Cy’ L ‘1T
log p.= logT_R%+§+gR(T/ CpdT

/ C”dT) .. (210)
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At very low temperatures we may negleet the integral
and write for the pressure of a saturated vapour *

logp= o logT— 22+ % . . (1)

Therefore, the chemical constant a of a chemically homo-

geneous vapour may be found from vapour-pressure measure-
ments, particularly at low temperatures. The factor %—

in the first term is for monatomic gases nearly equal to 25—,

since g: , 2?5; for monatomic gases, and C,’ — C,/ =R
always.

The methods of the quantum theory permit a direct
calculation of the chemical constant from the molecular
weight of the vapour without any particular measurement.
This calculation cannot, however, be gone into here. If
we compare (271) with (263a), we see that the entropy of a
perfect gas assumes the value 4 oc at the absolute zero of

temperature.

§ 289. The laws of saturated vapours may be derived in
another way. We have seen by the application of the second
law of thermodynamics (§ 172) that the pressure of a saturated
vapour may be completely determined from the characteristic
equation p = f(T, v), of a homogeneous substance applicable
to the liquid and the gaseous states. If v, and v, denote the
specific volumes of the vapour and the liquid, p, and p, the
corresponding pressures, then the pressure of the saturated
vapour, as a function of the temperature, is given by the two
equations

1= p, and /:Pdv = P,(v) — ).

The integration is to be carried out at constant temperature.

* Cf. W. Nernst, Verh. d. Deutschen Phys. Ges., 11, p. 313, 1909; 12,
p. 565, 1910. F. Pollitzer, “ Die Berechnung chemischer Affinititen nach
dem Nernstschen Wirmetheorem,” Stuttgart, F. Enke, 1912.
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From this it follows at once that the chemical constant
a can be calculated if the general characteristic equation of
the substance is known, and that therefore the chemical
constant must occur in the general characteristic equation.
Already a number of forms of the characteristic equation
have been proposed, besides that of van der Waals (12) and
that of Clausius (12a), there is a series of others, which in
certain limited regions fulfil their purpose with good approxi-
mation. None, as far as I see, is sufficiently comprehensive
to be applicable to liquids at the lowest temperatures. Accord-
ingly no equation gives a formula for the pressure of a saturated
vapour which passes into equation (271) at low temperatures.

Van der Waals’ equation, for instance, as can be shown
by a simple calculation, gives the relation

log ps = —logbz- . (272)
a bRT

for the pressure of the saturated vapour at low temperatures.
The log T term is missing. This depends on the fact that
according to van der Waals’ equation the specific heat of
the vapour converges towards the same value as that of the
liquid in the limit when T = 0. This cannot be reconciled
with Nernst’s theorem. Another requirement of the theorem,
which none of the proposed characteristic equations fulfils,
is that the coefficient of expansion of a liquid substance
vanishes when T == 0 (§285). Before we can hope to calculate
the chemical constant from the characteristic equation, a
form of that equation must be found which, when T = 0 and
the pressure is finite and positive, is consistent with Nernst’s
theorem.

§ 290. A mixture of perfect gases with the number of
molecules n,, ny, n; . . . has, by (197), the entropy

b= 2”1(01'. logT — Rlog(c;p) + ky), . (273)
the heat function, by (193) and (191),
H=U+ pV= an(Cp, T+b), . . (274)
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and the characteristic function, by (199) and (199a),
V= Snl(C,,‘ log T — R log (¢,p) + @, — %), . (275)

where ¢;, ¢, €5, . . . denote the molecular concentrations

— Lo P e
Nyt ng+mg+...0 2 n - npgtng ..

The chemical constants a,, @, aj, . . . have particular
values for each kind of molecule. They may be derived from
the behaviour of each single chemical homogeneous component
of the mixture, e.g., from vapour pressure measurements.
‘When this is done, we can, for each chemical reaction between
the different kinds of molecules of the mixture,

¢

my:dmy:...=w v,

give immediately the characteristic constant of equation
(201d)

18, + v+ ...
R = log A.

Accordingly, the constants of the equilibrium condition (203a)

B
clvnczl'ica”a .. .= Ae T Top"z K . (276)

are each derived from independent measurements. B is
calculated, according to (205), from the heat of reaction,
and C, according to (203), from the specific heat of each kind
of molecule, while », according to (201a) denotes the increase
of the number of the molecules caused by the reaction.

The constants a,, @, . . . maintain their meaning, not
only in reactions within the gaseous phase, but also in each
reaction in which the gas mixture takes a part. The reaction
may be combined with the precipitation of solid or liquid
substances. This is true, since the expression (275) of the
characteristic function governs quite generally the laws of
thermodynamical equilibrium. We have only to substitute
in the general equation (145), the values of W obtained
from equation (275) for a gaseous phase, and from equation
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(257) or (258) for a chemically homogeneous solid or liquid
phase.

§ 291. Let us now consider the behaviour of solid or liquid

solutions. Such a solution is, by (216), represented by
ny My, Ny Mg, Ng Mg, - . .

The solution need not be dilute, and therefore the suffix 0
is dropped. This notation differs from our former notation.

In finding an expression for the characteristic function
¥ of the solution, we shall first of all investigate the entropy
of the solution. The entropy of a solution is certainly not
equal to zero, when T = 0, as it is for a chemically homo-
geneous body according to Nernst’s heat theorem (§ 282).
A glance at the expression (213) shows that the entropy of a
dilute solution does not converge to zero as we approach
the absolute zero. The expression contains additive terms,
which are independent of the temperature. We may assume
that the terms of @, which depend on the temperature, vanish
when T = 0, like the entropy of a chemically homogeneous
substance, and that, when T = 0,

D= — Ran log c;.
This will also hold for solutions of any dilution, since the
expression — Ran log ¢, occurs as an additive term in values

of the entropy, not only for small but for any values of the con-
centrations ¢,, ¢,, . . . independent of the state of aggregation,
solid, liquid, or gaseous. This has been proved for perfect
gases, equation (197), and we can always imagine solid and
liquid bodies, by suitable changes of temperature and pressure,
to pass continuously into the gaseous state, while the number
of molecules n is kept constant.

Nernst’s theorem applied to a chemically homogeneous
body is expressed in the equation (256). We shall now extend
the theorem to any liquid or solid solution with the molecular
numbers 7, 75, n3 . . . . The entropy of such a solution is

T(
¢ = joT"dT—Rznllogc,,. . .(2m)
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where the integration with respect to T has to be carried out at
constant pressure and constant n. The characteristic function
¥ of the solution is, therefore,

T H
W:]oT”dT—Rznllogcl—T. . (278)

and the remaining thermodynamical properties of the solution
are according to § 283 uniquely determined. When the sub-
stance is chemically homogeneous, the equations, of course,
are the same as those already derived, since then¢; = 1,¢,=0,
cg=10....

? In the special case of a dilute solution, of course, all the
relations, which were deduced in Chapter V, hold good. To
these must now be added the conclusion, which comes readily
from equation (277), that the terms ¢,, ¢,, ¢5 . . ., which
appear in the expression for the entropy of a dilute solution,
vanish when T = 0.

§ 292. From equation (277) it follows directly, just as in
§§ 284 and 285 from equation (256) in the case of a chemically
homogeneous body, that both the heat capacity and the coefficient
of expansion of each solid and liguid body converges towards
the value zero when the temperature ts indefinitely decreased.

§ 298. If a system consist of any number of solid and
liquid phases, then the system is represented by

’ ’ ’ ’ L4 ” ” L4
NyMy, Mgy, ... |0y my',my my .| my" m my L
The general condition of equilibrium
S8 =0

holds good for a possible isothermal and isobaric transforma-
tion of the kind

ony:8ng:...:8n :8ny ... 8n," :8my ...
Also = iv...0 L N v, 1wy
ov ov
zgﬁﬁ a“n,”*'*' cee=0, . . (279)

where the summation extends over all the phases. If we
substitute the value of ¥ from (278), we see that the equilibrium
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&, ac—p,...andél—l,ﬁ...
on,’ on, ony’ ong
i.., it depends on how the heat function H, and the heat
capacity Cp, of each phase vary with the number of molecules.
Cy is, of course, determined through H, since by (150a).
oH
Cp = a_,r.

Accordingly, the determination of the laws of chemical
equilibrium is made to depend on measurements of heat
capacity and heat of reaction. To be sure, the experimental
results available are not sufficiently extensive to test completely
this far-reaching conclusion of the theory.

To shorten the notation, we shall write

oH oH
%;Z kl’ é—n; == hz, . . . . (280)

evidently depends on the values of

and therefore by (150a)
°C, _ oh, o0, _ o,
on, 0T’ on, 0T
The conditions of equilibrium of the whole system may then,
with the help of (278), be written

Evl( T dT Ry R log cl>

(281)

00T T T
Teh, AT A
Now
z'vlkl—}-vzkz—}—...:L

is the heat absorbed when the isothermal and isobaric trans-
formation represented by » takes place. Hence the conditions
of equilibrium is more simply represented by

ToL dT L

WAT T T R<2vllogcl+v2logcz+ ...>=0

or
S loge, + vy loge, + . ..
1//ToL 4T L

=L oa_T_—T-—-T)=logK )
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This form of the equation is in complete agreement with
the condition of equilibrium (218) of a system of dilute solu-
tions. There is, however, an evident difference. First of all,
the quantity log K appears here to be completely determined
from the heat of reaction L without an unknown additive
constant.* In the second place, the quantity K, as well as L,
depends, besides on T and p, also on the finite concentrations
€y Cp - . . This was not the case before. This arises from
the fact that here the equilibrium concentrations cannot be

expressed directly as functions of T and p, as is possible
with dilute solutions. Since the quantity K is finite, gIT‘

must vanish when T = 0. From this it follows that the heat
of a reaction between solid and liqguid bodies has no temperature
coefficient at absolute zero. This law forms an important
preliminary condition which each empirical formula must fulfil
if the formula is to be used for determining K.

Instead of equation (282), we may often with advantage
use the exactly equivalent relation

zvllogcl—{— vologe,+ ...
( ———dT — I%) logK, . . (283)

where L, denotes the heat of reaction at T = 0.

Log K is evidently infinite when T = 0. This is in com-
plete agreement with the conclusion, which we drew in § 2594
about dilute solutions, that at absolute zero all reactions with
a finite heat value proceed until the reactions are completely

finished.
§ 294. The relations (219) and (220)
dlogK L dlogK v
hold here also. This is found directly by differentiating the

* The integration with respect to T is, of course, to be carried out at
constant pressure and constant concentration.
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equation (282) with respect to T and p, remembering that
the change of volume v of the system is given by the general
formula (79¢)

oL (v P
5§="T’5'I‘(‘>=”"T . . (285)

T oT

Equation (282) gives the absolute value of the equilibrium
constant K, while (284) leaves the integration constant still
undetermined. If, for example, L = 0, then it follows from
(284) that K is independent of the temperature, but its value
remains undetermined. On the other hand, from (282),
log K=0. Therefore a solution of two enantiomorphic
forms of an optically active compound can be in stable equili-
brium only if it forms a racemic, optically inactive mixture,
a conclusion peculiar to the Nernst theorem. Without this
theorem we can only conclude that the composition of the
mixture does not change with temperature.

§ 295. Calculation of the Degree of Dissociation
of an Electrolyte from the Heat of Dissociation.—
If we teke a solution of an electrolyte e.g., acetic acid in water,
then the system, as in § 262, is represented by

+ -—
n, H,0, n, CH;.COOH, ngH, n, CH;.COO.
The total number of molecules is
n=ny + g+ ng+ g,
The concentrations are
M T, T, e

U= T e T Ty
The dissociation of a molecule of acetic acid gives

1’1=0,1’2= - 1,1’8= 1’7‘= 1.

Therefore in equilibrium, by (283), since ¢; = ¢4,

o _ — [fL=Logp _Lo
Rlogcg—RlogK—fo 52T — 72,
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¢, and ¢y can each be calculated from this, since the sum
¢ + ¢y is the total sum of the undissociated and dissociated
acid molecules in the solution. Of course, the equilibrium
formula can be used in general only if we know how the heat
of dissociation depends on the temperature as well as on the
concentration. With dilute solutions it is sufficient to know
the temperature coefficient, since L may be taken as nearly
independent of the concentration.

§ 296. Calculation of the Solubility from the
Heat of Solution.—Let us consider the equilibrium of a
salt solution in contact with a solid (ice, salt). The system

is represented by
’ ’
ny My, Ny my | 0y My

The suffix 1 refers to the substance present in both phases,
the suffix 2 to the substance present in the solution. The
concentrations in the two phases are:

n _ Ny r__ 1y

1 .
Cy== —— "y Cy == —“—_ C
1 n1+ "2’ 2 1+ nzl 1 ”1

Here we cannot, of course, speak of a definite solvent, since
both substances in the solution may occur in any proportion.
When one molecule of the liquid is precipitated, the values
are:
= — == = ml
»w=—1v=07 m"

Therefore, by (283), the condition of equilibrium is,

TL—L L
—RlOgCl=]0 _Th—i)dT—-To'

— L is the heat set free by the preéipitation of a molecule
of the liquid. This equation gives the value of the concen-
tration ¢;, and accordingly of the ratio n, : n,, if L is known as
a function of the temperature and the concentration. We may
also draw a conclusion as to the molecular state of both sub-
stances in the solution.
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§ 297. If in the system considered there be, besides any
number of solid and liquid phases, also a gaseous phase, and
if, as formerly, we suppose this phase to be a perfect gas,
the condition of equilibrium (283) may be easily, from equation
(79), with the help of (275), generalized to

Sviloge,+ mloge+ ...
1(TL L 286
=R o,l—@dT—E%—{—ClogT—vlogp—{—logA[( )
= Jog K.

where, for shortness,
=L—-L,—RCT . . . (287)

The constants A, C and » refer, as in (276), to the gas phase

alone.

This last equation (286) contains all the conditions of
equilibrium established in the last three chapters as special
cases (changes in the state of aggregation, solubility, dissociation,
lowering of the freezing point, raising of the botling point, etc.).
Let us therefore, in conclusion, once more summarize the
meaning of the symbols used therein.

On the left, the summation 3 extends over all the phases

of the system. ¢,, ¢;, ¢5...denote the molecular concentra-
tions of the individual kinds of molecules with the number of
molecules 7,, 7y, 7, . ..1n each phase:

6 = ™ — Ny
e L T o R A R

¥, Vg ¥3 . . . are the simultaneous changes of the molecular
numbers n,, ny, ng . . . in any isothermal and isobaric trans-
formation of the system, should it take place in any single
phase, or in the passage of molecules from one phase to another
phase.

On the right, R denotes the absolute gas constant, L’ the
expression (287), L the total heat of reaction of an isothermal
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and isobaric transformation, positive, if heat is absorbed,
L, the value of L, when T = 0. The constants A, C, and »
refer to the gaseous phase alone, if there is one. According
to (201a), v is the change of the total number of gaseous
molecules produced by the transformation. A is found
from the individual kinds of gas molecules by (2015), and C
from the specific heat by (203). The integration with respect
to T is to be carried out at constant pressure and constant
concentration.

In order that the temperature integral may have a finite

value in spite of the lower limit 0, L’ as well as % must vanish,
when T = 0. The first can be seen directly from (287), the
latter can be understood, if we remember that g,II", by § 105,
is in general equal to the difference of the heat capacities of
the system after and before the transformation. This difference
vanishes at T = 0, when the phases are solid or liquid, but,
by (203), is equal to RC, when the phase is gaseous.

Often it is of advantage to write the temperature integral
in the form

[iem==1+ [

L [ )

since g—g may be determined from measurements of heat

capacities,

When the system is condensed, », C, and log A are equal
to zero. When it is a single gaseous phase, then, by (205),
I'=0. When it is a chemically homogeneous body, the
terms with the concentrations c,, ¢,, . . . vanish.

In each special case the simple equations, which were
formerly derived, result.
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Nernst’s Theorem (heat), 272-292

Neumann, 37

INDEX.

Neutralization, heat of, 756
Nitrogen oxides, 24; peroxide, 32
Non-variant system, 185

Noyes, 242, 260, 269

(V)

Osmotic pressure, 212, 256
Ostwald, 70

Ostwald’s law, 245

Oxides of nitrogen, 24

P.

Pagliani, 249

Partial pressures, 10

Passive resistance, 119

Perfect, gases, 60; system, 46

Phase, defined, 179; rule, 185

Phosphorus pentachloride, 32

Planck, 274

Planck’s quantum theory, 274

Plank, R, 133

Point (a + 2)ple, 185; of inflection,
19; of inversion, 132; tnple, 161;
quadruple, 186; quintuple, 186

Pollitzer, F., 282

Porous plug experiment, 50

Potassium chlorate, 189

Potential, energy, 46;
dynamic, 118

Precipitation, heat of, 209

Pressure coeflicient, 8; of mercury, 9

Pressure, fundamental, 160; os-
motic, 212, 256; reduced, 20; of
saturated vapour, 280, 283

Principle of Bertholet, 116

thermo-

Process, adiabatic, 112; endo-
thermal, 39; 1sothermal, 113;
isothermal-isobaric, 118; exo-

thermal, 39
Processes, periodic, 85; reversible
and irreversible, 84

Q.
Quadruple point, 186
Quantity of heat, 34
Quintuple point, 186

R.

Raoult, 257

Ratio of specific heats, 62

Reduced pressure, * temperature,
volume, 20



INDEX,

Regnault, 61

Resistance, inertia, 119

Reversibility of a process, condition
of complete, 97

Roozeboom, Bakhuis, 185

Rumford, 38

S.

Saturation point, 17

Schames, 133

Scheel, 163

Schulze, 132

Second law of thermodynamics,
introduction, 79; proof of, 89;
possible limitations, 105; deduc-
tions, 108; test of, 154

Semipermeable membranes, 210

Silbermann, 76

Silver acetate, 250; bromate, 268;
nitrate, 268

Singular values, 39

Sodium carbonate, 75; hydrate, 75

Solidification, heat of, 209

Solutions, isohydric, 266;
229271

Solvent, 204

Sound, velocity of, 64

Specific, density, 7; entropy, 125

Specific heat, 35: at constant
pressure, 58, 126; at constant
volume, 58, 126; influence of
pressure on, at constant pressure,
130; influence of volume on,
at constant volume, 126; of
saturated vapour, 157; of stecam,
154

Specific heats, difference of, 126;
ratio of specific heats of gases, 62;
of mercury, 127

States, corresponding, 20

States of aggregation, 71; coexis-
tence of, 159

Stohmann, 73

Sublimation curve, 162, 167; theory
of, 142

Succinic acid, 249

Sulphur, 33; dioxide and water,
equilibrium, 186; monoclinic,
279; rhombie, 279

Sulphuric acid, dissociation of, 246

Surface, developable, 170

System, condensed, 187; divanant,
187; gaseous, 215-225; homo-
geneous, 125-138; non-variant,
185; perfect, 46; univariant, 187

dilute,

297

T.

Tammann, 178

Temperature, absolute, 8, 1356—138;
critical, 18, 168; critical solution,
188; definition of, 2, 3; funda-
mental, 160; fundamental, of ice,
160

Thallium chlorate, 189

Theoretical regions, 19

Thermal equilibrium, 2

Thermochemical symbols, 70

Thermodynamic potential, 118

Thermodynamical theory of fusion,
evaporation and sublimation, 142

Thermometer, gas, 3

Thiesen, 147

Thomsen, J., 70, 75, 249

Thomson, 31, 90, 153. See Joule
and Thomson

Transformation, heat of rhombic
sulphur to monoclinic, 279

Triangle, fundamental, 165

Triple point, 161, 186

U.

Unit of heat, 39
Univariant system, 187

V.

Van der Waals’ constants for CO,,
15; equation, 14

Van’t Hoff, 250, 255

Van’t Hoff’s laws, 255, 260, 263

Vaporization, curve, 162, 167 ; theory
of, 149

Vapour densities, abnormal, 30

Vapour pressure, lowering of, 207,
255

Variable, internal and external, 184

von Linde, C., 132

W.
Warburg, 129
Water, dissociation of, 240
Weights, molecular and equivalent,
23

Work and heat, analogy between,
54; external in reversible process,
54; maximum, 114

Wormann, 242

Waullner’s law, 207

Z

Zero, absolute, 135-138; calorie, 35
Zero energy, state of, 46
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