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/
$�(� � 0�'123�:
�5�  �-��:λ �
ε

 �
 �� ���-�� 6�-� ���-7�a���� �� ��8�!:
{a}* = {ε , a , aa, aaa, …}

 �
 �� ���-�� 6�-� ���-7�a �b���� �� ��8�!:
{a,b}* = {ε, a, aa, aaa, … b, bb, …. , ab, abb, ….. , bbb , …} 

���9� ���-7� �:� �5� �� ��;�' $#:
{a}+ = { a , aa, aaa, …}

�9<;�:Σ={0,1}
 34�5� 	�
� ,�6#7 �6� �
��
��
Σ*8%�.

��=�> ( !� �<3 �5�? @9A �� � ���� �� ,�8 �
 �
 �� ���-�� 6�-�:
L={0*1} 
 

��=�B (���� ,�8 �
 �
 �� ���-�� 6�-�:
L={(0,1)*1} 
 

��=�C  (D �>"��E� #��(� �
:є
L={0n1n | n>=0} = {ε,01,0011,000111}

��=�F(��$�# �<3 #�& #��(� �
 �� ���-��:
L={02n+1 | nєN}

��=�G ( 	$�H�� 0$�3 �
 �� ���-��01..10�I�E�:
L+{(01)n(10)n | nєN} = {λ,0110, 01011010, …}

 ���-��9<;� ����J:
<identifier1>  �2 <letter><X>
<letter3> � a | b | c | d | e | … | z | A | …
<X> � <letter> | <digit>
<digit> � 0 | 1 | 2 | 3 | … | 9

� �%���
2	 ��:
;���<.�
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��K!�L 	�
�  ����J ���-�:
<program> � begin <statements> end.
<statements> � <statement> ; <statements>

����J /
�(�:

=
 �
 ����$4 � >� >*�5� �
�����?:

G={V,T,S,P}

V:���<.�

T:���
�@

S:A������<.�

P:���� : �- 6B�

��=�:
S ���� a S b | λ G:{{S},{a,b},S,{S����aSb| λ}} 
 

	� .
 �$���
 $ �6#C �
) >� 8%�
 �C �D�) �
 4�C ���@ E��.�� �F�G�4 =
.

S � aSb � aaSbb � aabb

#C =
 �$�8%� �� /@ >��4� �� H�@ >F�� ���4 	�H� �6#C �4 E�IF� ,� J
 �� �6:

{ab,b, λ }�� /@ � ab � �� H�@{ λ ,a,ab}

W=U.V � {U:Prefix, V:Postfix}

 �.�� �
� >K%� L���4 	�H� �6#C �% E�IF� ,� J
 �� �6#C =
 �$�)substring (8%�.

Pre �post�./� �.�� �
� �� O�P A � =
�.
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�������

DFA :��
 M��N �O P�Q�E� %��
|��$�# ��8

 S6T� ��F �U:

V��
�
 +���C W6�:

A���V4�-X��

��=�>  :(00)*

0 1

0

2

0

11

0,1

0 1

(1,0)/1

(0,0)/1

(0,0)/0
(0,1)/1

(1,0)/1
(1,0)/0

(0,1)/0

(1,1)/1

sisiht

>���P

��*�Y

V4��� S
�*

0 1

0/0 1/0

0/1
1/1
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��=�B  :(00)+

��=�C:
Σ={a,b} 
L={w| ���
 a [�4 X�Y }

 S�T�	��
DFA U�& ��=� V��
:
DFA{Q, Σ , q0, F, δ} 
Q: 5\��� 8�

Σ:{a,b}
q0: q1
F={q3}
δ = Q * Σ � Q

��=�F(
L = a(a,b)+a

S�aAa
A�aB|bB
B� λ|A

��=�G(
L={w|���
abab  �.�� �
� S��� �7 �
�� �.��w}

q1 
a

q2 q3 
a,b

q4 
a

b

ab

q5 
b

1 2
a,b

4

a,b

3
b

a
a,b

0 1

0

3 1
1

0,1

2
0

0

1
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��=�W(
L={w|���
a  �P) �� [�4 X�Y �7 �
�� �.�� [�6�}

��=�X(
L={w|����
 �.��4a  �^7��Y �7 �
�� �.�� [�6�_�� }

��=�Y(
Σ={0,1}
L={w| �
_���
�
`@ ab
 w���
�
4�-}

0 1

3

1
2

0 11

0

0

0
�
 +���6�:�
_�
��
c

�
 +���6�:�
_�
��
d

�
 +���6�:�
_�
��
U

1 2

5

4

b

3

b b b

a

a a a

1 2

4

3

a

b

b

b

b

a

a

a

1
a

2 3 4 5

b

b

b b

a a

a

a,b

1
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 	�
� ,�I�)S���A �
:(
 �$�DFA
� ��� �.�� [�6� �7 ���
 �.��4 4 �� ����7 3 G: �� 	�

L={a*b}

3�^� (DFA4�
`f
 �� �
� 	�
� �7 ���7 �%�:

L={w| n(01)=n(10)}  � 101 010 0110 1001

��:A: �$�L1 � ����L28%� ���� "�� ���) g��.�� � A�6.�� +�h�) L ���
 ���� 	�
� i
 "��.

M1={Q1,Σ,q01, F1, δ1} δ1=Q1*Σ � Q1
M2={Q2,Σ,q02, F2, δ2} δ2=Q2*Σ � Q2

M1UM2 ���� M={Q,Σ,q0, F, δ}
Q=Q1*Q2
Σ=Σ 

 q0=(q01,q02)
δ=Q*Σ�Q
δ((q1i,q2j),a)=(δ1(qi1,a),δ2(qj2,a))

Union: F={(qi,qj)|qiєF1 or qjєF2}
Intersects: F={(qi,qj)|qiєF1 and qjєF2}

��=�(
Σ={a,b}
L1={wєΣ* | 4��4 a 4��5� �7 �
�� �.�� S��� j�� w} 

0

1
1

1

1

1

1

0
0

0

0

0

0

1

1 2
b

3a,b
a,b

a
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L1={wєΣ* | 4��4 4�* b4��5� �7 �
�� �.�� S��� w} 

L1 U L2

W 4��5� �7 �
�� �.�� S���a 4��5� �
 j��b4��4 4�*:

L1 L2

 j�� 4��5� ��a 4�* 4��5� �� �b4��4:

NFA :��(��� ���I�� "�������
���
 ����# #�N� Z�� �
 	��!$ "��
 ��E� �
 @A��' �� �I� �� ��9A �$ ���$ �����.

��=�(���
 i
 �P) �� [ % X�Y �$�:

1,1 1,2 

a

b

b

2,22,1

a
b

b

a a

1 2
1

3 4

0 1

0,1 0,1

1
0

1,1 1,2 

a

b

b

2,22,1

a
b

b

a a

1 2
b

a

b

a

1 2
a

b

a

b



 �� ����� � �� 	�
� �
���–���� ��� 	�
�l

hh tt
tt pp

:: //
// ww

ww ww
.. mm

ss jj
aa vv

aa nn
.. tt

kk

�\��: �� �J�λ	��� �� ] #�� S#�<�!�#�� M�^��� �$ S��^;# "��  �()� �� �
 ��!
 	��
 S�T�NFA:

{Q, Σ, δ, q0 , F}     δ(qi,a)={EFGHIJ}
P=2Q

δ: Q*(ΣU{λ}) � P

��=�(
{ababn | n>=0} U {aban | n>=0} 
 
DFA:

NFA:

a
a

b

b

a
a

m
b a

a

a ab
b

a,b

b

b
a

a b

a,b

b

a
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 @
�9�NFA �
DFA:

��=�B(

��\� : �
 	���
 �J� `LNFA !� ,�I� �� #�� �� 0�9a� ] #�� �'��b 	�
� �
 "��
 ,�.

{0}

{0,1}

0

{0,2} {0,1,3}

{0,2,3}

1

1

0

1
0

10

0

{0, 3} 

1

0

1

0 1 20

0,1

31 0

0,1

{0}

{1,2}

{}

a

a

b

b

{1} 

{0,2} {0,1}

{2} 

{0,1,2}

0 1 2a λ

b

a
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�
�-�( ��I�  
�a �J�A ���
 ,�I�AR !� ,�I� ���.
Q' = Q
Σ' = Σ
δ' = δ-1 U {q0'}*{λ}*F
q0' = q0
F' = {q0}

��\�:
 �
DFA �I*  !� �\-� 	�
� �
 �;� �I� �� ��9A �$ 	�
� �
 cH&DFA�I� ��9A �$.

 "��! S#�!DFA:
d�
�� +�$ [�6�+�$ �� ���/� ���) ���
 �7 ��� X`Y �� 4���� 4 �� A��� ����7.

U�����o� ��� 8�5\� [�p4�

6�d#� e�$:) "�� S�JB �C @9A ��=� $#��� S�� 6�d#�(

√4

√3

√√2

2,42,4√1

4321

1
3

2

b

a

a 4

b

a

a

1 2 4

b

aa,b

b

a,b

a

b
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��=�B(

56,5

4

34,5

26,46,3

14,52,36,3

65432

  ,�I� 0$�9�����,�I� 	�
�
,�I� 0$�9� /��^� f����:

>gλ
BgA
Cgr2 , r1����r1Ur2        r1.r2         (r1)       r1* 

��=�((a.a)*(bb)*b

1 2

b

1

b

b

1

1

a

a
a

a
b

1
3

2

b

a
c

6

c

b

a

4

5
b,c

b,c

c

a,b

c

a

b,a

1

2

5

a

ab 3

4

a,b

b
b,c

c

c c
c

b,a

+�� +4�%
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 �J�L1 � ,�I� 	�
� �
L2 ���
 ,�I� 	�
� �
L1UL2  !� ,�I� ���.

 �J�L1 � ,�I� 	�
� �
L2 ���
 ,�I� 	�
� �
L1.L2  !� ,�I� ���.

 �J�L1 � ,�I� 	�
� �
L2 ���
 ,�I� 	�
� �
L1* !� ,�I� ���.

λ

λ

L2:L1:
λ

λ

λ

λ

λ

L2:

L1:
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��=�((a.a)*(b.b)*b

 ,�I� 	�
� �
 ,�I� 0$�9� 	#$�?  !�
) �
 �N�� �
DFA:(
DFA ���� GNFA ( !� ,�I� 0$�9� �5;�
 hE*�
)

��=�( ���$ �
� @��� �� ���
�aba����9:) 	�
� %�\(� �#�(�aba (
� +���
`@ 	�
�aba

a b a
a a,b

b

r1

r2 r3

r4

r1U(r2.r4*.r3)

λ

a

a.a

a

a λ

(a.a)*
λ

a

λ a a

λ

(b.b)*
λλ b b

λ

(a.a)*(b.b)*
λλ a a

λ

λλ b b
λ

λ

λ
λ

λ b

λ

λ
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� 	�
� � o5�aba

,�I� 0$�9� 	#$�?  !�
:

1
a

2 3 4
b a

a a,b

b

accept
start

λ

λ
λ

λ

λ

1
a

2 3
b

a

b

accept
start

λ

λ
λ

λ

1
a

2

accept
start

λ
λUb

λ

a a
bb

acceptstart 1
λ

b*U(aa*bb)

λU(aa*(bUλ))

start accept
(b*U(aa*bb))*.(λU(aa*(bUλ))

a b a
a a,b

b
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�
�-�( �� �
�� ���$ �
i�
 /
#$C���
 �I�
�L /
#$ �
��
)�
� "�9<;� �
 �N�� �
(:

}
1
1

,
1
0

,
0
1

,
0
0

{
2 
































=∑

q�\ � : 4��-� �� 4��� r��� �7 8
�
 �� �����7)� o5� ,� J
(

 !� ,�I� ���
 e$�-� @
�A ���
� �J�.
 j
�b �� 0�9a�j
$�� ,;)pumping:(

 �
 	? "��
 	��� �� �  !� ,�I� 	�
� ,�I� �� k�&DFA#�� ,!$ . �
 �$ 	? 	��� �� `L
  -EA �!xyz#�� ,�EH�.

��=�>(
L={WWR}  � ���� s#P t�* � 4�
`f
 �� 	�
� �
� �7 4��4 4 ��DFAi


 �
� ��� 8�5\� 4��5�DFAm8%�  :ambmbmam є L
|xy|<=m
|y|>=1 

 
x=am-k 

y=ak m>k>=1 
z=bmbmam

xy0z = w0 = xz = am-kbmmmak � 8/�� 	���.� � L 8/�� ����

��=�B(L={w | na(w) <> nb(w)}

��
 4��5� �7 �.F�Y ��5
  L 8/�� ���� E * 	�
� uo- �7 ���7 �� 8
�v L 3�^� �
� 	4 G� ���� ,�Gv� �a �b �
��


 ��.%)SG: 3�^� �����(

x y z









0
0









0
0









1
1 








1
1









0
1









0
1









0
1









1
0









1
0









1
0
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��=�C ( �7 ���7 8
�vL8/�� ����:

}
1
1

,
1
0

,
0
1

,
0
0

{
2 
































=∑

L={Σ2| 8%� ���
�@ �.�� � o5� �
w�
 �.��}

pp

























0
0

1
1

0
0

|xy|<=p
|y|>=1

x= 
kp−









0
0

y=
k









0
0

z=
p

















0
0

1
1

i=0 � xz � L
pkp

∉























−

0
0

1
1

0
0

#$�# #�N� ����J �
 ,�I� 	�
� �� "��
.
(V,T,S,P)
a* ���� S ���� aS|λ

 �28 ����J :#�$ $�\
 ���l�� �
 �=���' �����A  !�$  -! �J�
g! �28   !�$  -S����abcA
�   m*  -! �28S����Aabc

��:A> : �� 	�
� !� ,�I� 	�
� �
  !�$ �28 ����J.
��=�(

S���� aaB
B ���� bB|λ

S T1
b

B

Vf

aa

λ
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��:AB :#$�# #�N�  !�$ �28 ����J �
 ] ,�I� 	�
� �� "��
.
,�Gv�� �%�DFA	) ��� �� ����$ �.� � �

M={Q,Σ,q0,F,δ} 
 
G={V,S,P,T}
T=ΣU{λ} 
V=Q
S=q0
P: δ(qi, a)=qj ���� Qi����aQj

 �� ���� �
δ �4 	 ��: i
P �� �� �
��� ��� 8�\� L ���7 �� s
�5� ���� : �
���7 �� �*�\�

If qiєF ���� Qi����λ

��\� : "��
 ��:A �
�NFA !� U#�3 ���:
δ(qi , a) = {qi … qk} Qi ���� aQL

Qi ���� aQm
…
Qi ���� aQk

�=�� ( ���$ �
� @��� �� ���
�D>D���
:

Q0 ���� 0Q0 | 1Q0 | 0Q1
Q1 ���� 1Q2
Q2 ���� 0Q3
Q3 ���� 0Q3 | 1Q3 | λ

1101 ���� Q0 ���� 1Q0 ���� 11Q0
���� 110 Q0 ���� 1101Q0 …
���� 110 Q1 ���� 1101Q2

#�
nL �� �$ 	�
� �
 %�\(� m* �28 ����J.
L(G) L(G')

Vi ���� Vj t1…tn ���� Vi' ���� tn...t1Vj'

L(G) = LR(G')

��=�:
%�\(�����J

S ���� A1   ���� S ���� 1A 
A ���� A0|λ    ���� A���� 0A|λ 

 

q0 q1 q2

0,1

q2
0 1 0

0,1
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,�I� 	�
� �# "��E� �+��+* o�^p�:

 L E�IF� L g��.�� L A�6.�� �
 8G/� ���� 	�
�star8%� �./
 � o5� � �6.� L

(L1-L2) U (L2-L1) = λ $�����
 �
��
 �

���� (L1 ∩ L2') U (L2 ∩ L1') 

�$�4 
 ��� P ��� 34�5� L ���G� 	) �
 ���/� �F� ���
 �.��4 �$� �
 L ���
 �.���� �
��� 8�5\� L �B�.�

�I�E� ��E
 ��� @)�<� @-� �
  9E� ,�I� "�5��
� �
��
�I


  �.�� i
 	� � �� W
�� i
 x% � ��h(σ)=w �)h:Σ�Σ' (
 ��4�7 8��h� �h
4 	�
� �
 	�
� i.

σ h(σ) 
a cdd
b eee

L={wєΣ | �
��
b �� SG:��a ����
 j�� a 4��5� } � (aa)*b*   -h(σ)� (cddcdd)*(eee)*

,�EH� �+�-�:

L1/L2  ���� {x|xyєL1 , yєL2} 

��=�(
1) L1= a*b*  L2=b   L1/L2 = a*b* 
 
2) L1= a*b  L2=b   L1/L2 = a*

3) L1= a*  L2=b   L1/L2 = {}

4) L1= b*  L2=b*   L1/L2 = b* 
 
5) L1 = b L2=b   L1/L2 = λ
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��� �� @H�E� "�� 	�
�)C.F.L(
LanguagesFree-Context

 �.� �� S�./� ����$ i
 	) ���
 �7 8%� �.� �� S�./� ���
�)CFG (���
 �.��4 4 ��:

{V,T,S,P}
AєV 
A�T
A�(VUT)*

3�^�d(

1) anbn S�aSb|λ

2) WWR S�aSa|bSb|λ

3�^�U(��7 �� ��F � �� �\�
� ,���G- [�6� �
� ����$

E ���� E+E | E*E | (E) | a | b

  ��F � ���
 '^�a + b * a4�7 �( �� �
� E��.�� ��� �F�G�4 �� �o
 	� � ��:

1) E � E + E � a + E � a + E * E � a + b * E � a + b  * a

2) E � E * E � E + E * E � a + E * E � a + b * E � a + b * a

 8F�Y �4 �7 8%� �
� �4 E * �F�G�4 �4 ,��y�d 8F�Y �4 ��� L 4 H�� [�B�� W6� uf% � z�\ ��.
� LU � W6� ��.
�

4 H�� [�B�� z�\ uf%.

 ��� 	�
��.��� S�./�

���� ��� 	�
�

DFA,NFA
���� ,��G-

{? �
 8%�� �KP����$

����.� ��*�Y

E

E E

E E

a b

a

*

+

E

E E

E E

b a

a

+

*

2 1
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��\�: 0��<�� U�H���  8$# �# �� "����J �
)U�H��� �;�9�# �# �
m* ( ] ���
 ����# ���$ �
 "��

�I
�J ,59� ����J.) !� ,59� q���r S�+�? ] #�� /
�(� ,59���d ����J 	���� ���
� "��
 �J�(

#�-� "�I
  
�;�� ����� �� ] @9A ����J $# 6�5
� s&$ "��
:
E ���� E+T | T
T ���� T*T | a | b

 ���
 E��.�� �F�G�4 '^�a+b*c8%� �
� ,� J
:

E � E + T � T + T � a + T � a + T * T � a + b * T � a + b * a

�
�6� (��/
 �
 �.� �� S�./� ����$ �
� ,���G- ���


1) anbn

S � aSb | λ

2) anbm n<>m
S � AS1 | S1B
A � aA | a
B � bB | b
S1 � aS1b | λ

3) anbmcn+m

S � aSc | T
T � bTc | λ

4) anbnambm

S � AA
A � aAb|λ

5) anbnambm n=m 8/�� �.� �� S�./� 	�
�)8/�� �.� �� S�./� "�� 	) �6.�(

6) anbmambn

S � aSb | A
A � bAa | λ

7) anbm n<=m+3 
 i
 r��

S � a | aa | aaa | λ | aSb | SB
B � bB | b
�4 r��

S � aS1M | S3
S1 � aS2M | S3
S2 � aS3M | S3
S3 � aS3b | M
M � Mb | λ
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8) anbmck k<>n+m  86/: �6.�_ (k>n+m or k<n+m)

S � S1 | S2 | S3
k = n+m

S0 � aS0c | T
T � bTc | λ

k>n+m
S1 � S0C
C � cC|c

k<n+m �.H�
 a�


S2 � AS2 | AS2C | T1
A � aA | a

k<n+m �.H�
 b�


S3 � aS3c | AT1
T1 � bT1c | bT1 | b

9) anbm  2n<=m<=3n 

 S � aSbb | aSbbb | λ

t !� 	�
� u�N ���$ �
?
A � B  �o
 ���� :

B � A 

S � λ  ���� :λ

A #�N� �
 �N�� �
  !� ���� �
� �J��v�L �
 ,�
$�+;� �
 U�& �����) ;�' �
���
(
|p| + |p|2 + … + |p|2|w| 

 !� "��! �I�5
 �
 ���� ] �J��v�L w��� "��
:
gS#�<�!�1
 �����A Zn'
g��;�� @
�A��d "�����l�� Zn'

3�^�d(

T = {S����aS | A | C , A����a, B����aa, C����aCb}
������<.�B �CE * ���� : �4��./� +4�y.%�'
:

) �
 +�hD�� �P) �
 3�� �� �%��
 �4B��%� �6� . �� +�hD�� L 3�� �
 �P) �� �%��
 �4C�
 H�6� j��P(!

S

A C

B
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��;�� @
�A��d "�����l�� o�^p� ,�
$�+;�)��� �
 �8? �� �!$�
(

V1={}
Repeat next step until not change V1

-for each AєV , A� X1X2…Xn Xiє(V1UT)*
Add A to V1

- P1 Include rules of P that every of
Symbol rules exist in (V1UT)*

��=�(
V={A,B,S,C}
T{a,b,c}
S � aSb | A | BB | C
A � aA | B
B � bB
C � Sc|c

P1={c�c , S�aSb , S�C , C�Sc}

��=� ( �����A Zn'λ:
S�AbaC
A�BC
B�b|λ
C�D|λ
D�d

�
) �� �4 �
� ,� J
 X`Y �� �5
:

S�AbaC | Aba | AaC | BaC | Aa | Ba | ac | a
A� BC | B | C
B�b
C�D
D�d

��=�(�\
 �����A Zn':
S�AA | B
B �A
A�a

�
) �� �4 �
� ,� J
 X`Y �� �5
:

S�AA|a
B�a
A�a
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��=�(
S�a|aA|B|C
A�aB|λ
B�aA
C�cCD
D�ddd

d(+4�y.%�'
 ���� : X`Y:

S� a|aA|B
A�aB|λ
B�aA
C�cCD
D�ddd

U(��F � S
�:��p ���� : X`Y:

V1={S,D,A,B}
T={a,c,d}
P1={S�a, D�ddd, A�λ, S�aA, B�aA, A�aB , S�B}

_ (

S�a|aA|B
A�aB|λ
B�aA

}(��� : X`Y�o
 �:

S�a | aA
A�aB | λ
B� aA

��=�(
S�AaB | aaB
A�λ
B�bbA|λ

 �����A Zn'λ:
1) S�AaB | Aa | aB | a | aaB | aa

B� bbA | bb

2) S � aB | a | aaB | aa
B � bb

S

A B

CD

S

A B

CD
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�\E��* ����� @\�)Chomsky(
��� h;�A:

A����BC
A����a

 � �\
 ] S#�<�!�1
 �����A  E
�
 �� ���
�λ#�� Zn'.

3�^�d (��/
 �
 �o/��? [�* ,� J
:

S�aSaA | A
A�abA|b

d (�o
 ���� : X`Y:

S � aSaA | abA | b
A � abA | b

U (�o/��? 3���� [�*

S�BaSBaA | BaBbA|b
A�BaBbA | b
S�BaD1 | BaD2 | b
D1 � SD3
D2 � BbA
D3 � BaA
A � BaD2 | b

3�^�U (��/
 �
 �o/��? 3���� [�* �
:

A�BAB | B | λ
B � 00 | λ

1) S�A|λ
A�BABλBBλB 

 B�00|λ 
 

2) S�A|λ
A�BAB|BA|AB|A|BB|B
B�00

3) S�BAB|BA|AB|BB|00|λ 
 A�BAB|BA|AB|BB|00

B�00

4) S�BD1 | BA | AB | BB | B0B0 | λ
D1 � AB
B0 � 0
A � BD1 | BA | AB | BB | B0B0
B�B0B0
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 �J��v�L �
 ,�
$�+;�w3
 w
�-�L "��)�\E��* 6�&(

W=a1…an
Vij = ai…aj V11=a1 Vii=ai

If A����ai ���� AєVii

Vij = {A | ∃A����BC (k=i..j-1), BєVi,k , CєVk=1,j}

 �J�  
�5� $#SєV1n  !� 	�
� u�N `L ] ���


��=�(
 �.�� �
) �7 ���7 �%��
aab4 H�� �.*�
`@ �
� ����$ x% �m��P �


S����AB
A����AD1|D2D2
D1����D2D2
D2����a
B����BD3|b
D3����b

V13=aab

1) V11 V23 V33
{D2}   {D2}  {D3, B} 

 

2) V12 k=1:V11V22 V23 k=2:V22 V33

{D1,A}  {}

3) V13 k=1: V11V23 D2 {}
k=2:V12V33 D1 D3

A   B
{S} 

 � ~"� +�� +4�4 �.�� u@8%� 	�
.
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 "� ��pL "�������)PDA(
Push Down Automaton

��;��  �()� :q0

"#�$� :U
��pL :X

�I
�+
�N :W
 "�(
  �()�q1

PDA M=(K,Σ,Г,∆,S,F)
K:�� 8�5\�

Σ:�GyF�

Г:�.H@ ��GyF�

∆:���� :

S:A���

F:	�
�@

∆ ⊆ (K*Σ*Г)*(k*Г)

��=�>(

PDA L={anbn | n>=0} 
 

q0
λ,λ,$

q1 q2 q3
b,a,λ λ,$,λ

a,λ,a b,a,λ

Finite
State

Contol
Input Accept/Reject

Stack

q0 q1

U,X�W
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��=�B(
anb2n 

 

 ��=�C(
anbmck n=m+k

��=�F(
anbn n>5 
 

S ���� aaaaaaS1bbbbbb
S1 ���� aS1b | λ

��=�G(
anbn  �� �
�:�G���9� n

 r��d(

S����aS1b
S1����aS2b | λ
S2����aS3b | λ
S3����aS4b | λ
S4����aSb  | λ

λ,λ,$ a,λ,a a,λ,a a,λ,a

a,λ,a

a,λ,a a,λ,aλ,$,λ b,a,λ

a,λ,ab,a,λ

q0
λ,λ,$

q1 q2 q3
b,a,λ c,a,λ

a,λ,a b,a,λ

q4
λ,$,λ

c,a,λ

c,a,λ λ,$,λ

q0
λ,λ,$

q1 q2 q3
b,a,λ b,λ,λ

a,λ,a b,a,λ

q4
λ,$,λ
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 r��U(

S����aS1b | aaS1bb | aaaS1bbb | aaaaS1bbbb
S1���� aaaaaS1bbbbb|λ

��=�W(
anbn  �� �
�:�G ���
 n

S����aaaaaSbbbbb|λ

 ��=�X (
anbm n<=m+3 
 

λ,λ,$ a,λ,x a,λ,x a,λ,x a,λ,a

b,λ,λ b,λ,λ b,λ,λ

b,a,λ

a,λ,a

b,a,λ
b,λ,λ

b,λ,λ

λ,a,λ

λ,λ,$ a,λ,a a,λ,a a,λ,a a,λ,a

a,λ,a

λ,$,λ

b,a,λλ,$,λ
b,a,λ

λ,λ,$ a,λ,a a,λ,a a,λ,a a,λ,a

a,λ,a

λ,$,λ

b,a,λ
b,a,λ b,a,λ

b,a,λ
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��=�Y(
anb2n 

S � aSbb | λ

��=�x(
anbm n<m

S  �aSb | S1
S1 �bS1 | b

��=�>D(
anbmck

n=m or m<k

λ,λ,$ b,a,λ c,λ,λ

λ,λ,$

λ,$,λ

b, λ,b c,b,λ c,$,λ

c,$,λ

a,λ,a b,a,λ c,λ,λ

a,λ,λ b,λ,b c,b,λ

λ,λ,$ λ,λ,S λ,$,λ

λ,S,b

λ,λ,S

λ,λ,a

λ,S1,S1 λ,λ,b

b,b,λ
a,a,λ

λ,S1,b
λ,S,S1

λ,λ,$ λ,λ,S λ,$,λ

λ,s,λ
a,a,λ
b,b,λ

λ,S,b

λ,λ,b λ,λ,S

λ,λ,a
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��=�>>(
(ab)na*(ba)n

 f����PDA:
�(2A :anbn

�(2A��d :wwR

 j
$�� ,;:
i
 �o�
� ��bH� ���
4�� �� ��o
 8/�� �.� �� S�./� ,��G-.

|w|>=m

w=uvxyz

|vy|>=1 
 
|vxy|<=m

uvixyiz є L

q0
λ,λ,$

q1 q2 q3
λ,λ,λ λ,$,λ

a,λ,a
b,λ,b

a,a,λ
b,b,λ

q0
λ,λ,$

q1 q2 q3
b,a,λ λ,$,λ

a,λ,a b,a,λ

λ,λ,$ λ,λ,λ b,x,λ a,λ,λ

a,λ,λ

a,λ,x b,λ,λ 

λ,$,λ

λ,$,λ

b,x,λ

S

A

A

u z

v w

v w



 �� ����� � �� 	�
� �
���–�.H@ ����� ���.� �� S�./� ��� 	�
� �;2

hh tt
tt pp

:: //
// ww

ww ww
.. mm

ss jj
aa vv

aa nn
.. tt

kk

��=�> (��I�  
�aanbncn E�� ��� �� @H�E�:

|vxy| <= m � vxy  = am

v=ak1  � k1+k2>=1  � am-k1-k2bmcm ∉L
y=ak2 

� vxy
v=ak � k >1  � am-kbm-kcm ∉L
y=ak

��=�B (��I�  
�aL:WW E�� ��� �� @H�E�:
L:WW � ambmambm є L

1) � v=ak1  k1+k2>=1 , i=0 ,  am-k1-k2bmambm ∉L
y=ak2 

 
2) � v=ak1  k1+k2>=1 , i=0 ,  am-k1bm-k2ambm ∉L

y=bk2 

 

3) � v=bk1  k1+k2>=1 , i=0 ,  ambm-k1am-k2bm ∉L
y=ak2 

 

��=�C (

L:
2na � amm є L

v = ak1  k1+k2>=1 , i=0 ,  uxz : am.m-k1-k2  ∉L
y = ak2 

(m-1)2 = m2-2m+1 
 M > k1+k2 >= 1 � 2m-1 > k1+k2 
 

��=�F (
2mmba

� v=ak1  m>k1+k2>=1 , i=0,   am-k1bm.m-k2  ∉L
� y=bk2     m2-k2  8/�� S��7 W
��

�

j
$�� ,; �� S#�<�!� �
 �28 ����J #�N� 6�� 0�9a�:

|uvyz| <= m ���� uxz

��=�(S����S1S1 ,  S1����aS1b | λ:
L:anbnapbp � ambmambm є L

v = ak1 , y=bk2 

uxz  � am-k1bmambm-k2 ∉L
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� "�� 	�
� ���-7�E 9E� ��� �� @H�f�-�N� @-� �
/U�T;�/�I�E� ��E
 $��!�:

L1 U L2 ���� S����S1 | S2

L1.L2  ���� S����S1S2

L1*  ���� S����SS1 | λ

 ] ��� �� @H�E� 	�
� �# z����� E�� ��� �� @H�E�:
L1 ∩ L2 
 � L1: anbncm

� L2: apbxcx � L1∩L2: anbncn

�I�E�� ��E
 ��� ,-�� �
  9E� ��� �� @H�E� "�� 	�
�:
L1 ∩ L2 = (L1' U L2')' 

��:A : �J�L1 � ��� �� @H�E�L2 S�+�? ���
 ,�I�L1∩L2  !� ��� �� @H�E�.

L1 {Q1, Σ, Г, δ1 , q01 , F1} � PDA
L2 {Q2, Σ, δ2 , q02 , F2} � DFA

δ1 = Q1 * Σ * Г  � Q * Г
δ2 = Q2 * Σ � Q2

Q=Q1*Q2
q0=(q01 , q02)
F={(qi, qj) | qiєF1 , qjєF2}

Q*Σ*Г � Q*Г
δ((qi, qj) , a , b) = (δ1(qi, a, b) , δ2(qj , a) , c)

��=�>( !� ��� �� @H�E� ��
�$ 	�
� ���# 	�p�:
L={anbn : n>0 , n<>100}

L1: {a100 , b100}
 �6.� u@ L ���
 �� ���� L ���� 	�
� i
L1' 8%� ����

L1' ∩ {anbn , n>0} = L 8%� �.� �� S�./�

��=�B( !� ��� �� @H�E� @
�H� 	�
� ���# 	�p�:
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L={anbn : n>0 , n<>2} 
 
1) L1=a2b2 �DFA

2) L1'  �DFA

3) L2=anbn � PDA

4) L1'∩L2 
 

��
 $ ������p �������$ �� �� � �6� �.P 3������ �
 �7 �
������$.

S � S1a
S1 � aS1b

 �4 ��#Y �
 ��4 i
 �$�DFA��� 	�
� 	) +�h�) L ����
 �.��44 
 ��� P ����. .

S � AB
A � Sa

4 
 ��� P ����.��� "�� ���
 �.��4 4 �� ��#Y �$� L ���7 �� �%� �� ����$ �
 � 
�� X��$.

0
a

1 2 3
a b

4

5

b

a
abb a,b

a,b

0,0
λ,λ,$

1,0 1,1 1,2
a,λ,a a,λ,a

a,λ,a b,a,λ

2,3

1,52,5

b,a,λ

a,λ,a

0
λ,λ,$

1 2 3
b,a,λ λ,$,λ

a,λ,a b,a,λ

0
a

1 2 3
a b

4

5

b

a
abb a,b

a,b
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{I
$�� �����:
 �� � ,�
 .I� L 8�5\� �� �4)��7 �� +���� �� �7 �*�Y ( � 4 H�� ��F � 	�o� 	�6� �4 ����P L �#5* 8�5\� �

� �� ��5
 8�5\� �
 �
�)4�7 87�Y 8%�� �
 � {? �
 	� � ��(

M = (Q,Σ,Г,δ,q0,B,F)

δ:Q*Г � Q*Г*{L,R}

��=�>(
anbn

8*�: δ(q0,a) = (q1,x,R ) , δ(q1,a) = (q1,a,R) , δ(q1,y)=(q1,y,R) , δ(q1,b)=(q2,y,L) 

8H$�
: δ(q2,x) = (q2,y,L) , δ(q2,a) = (q2,a,L) , δ(q2,x)=(q2,x,R) 

 

��=�B(
{anbncn , n>=1} 

 

q0
a�x,R

q1 q2

q4

b�y,R

y�y,R
a�a,R

z�z,R
b�b,R

x�x,R

q5
□�□,R

y�y,R

y�y,R

q3
c�z,L

a�a,L
y�y,L
b�b,L
z�z,L

q6
z�z,R

z�z,R

q0
a�x,R

q1 q2

q3

b�y,L

y�y,R
a�a,R

a�a,L
y�y,L

x�x,R

q4
□�□,R

y�y,R

y�y,R
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��=�C(
anbmanbm

��=�F(
F(x,y)=x+y

��=�G(
q0w ���� qfww � w=01101 � 01101# � 01101#01101 � 0110101101

1�1,R 
0�0,R

1�1,R 
0�0,R

□�#,L □�□,R 0�x,R 

1�1,R 
0�0,R 
#� #,R

□�0,L 

1�1,L 
0�0,L 
#� #,L

x�x,R
y�y,R

1�y,R □�1,L 

1�1,R 
0�0,R 
#� #,R

#�#,R #�0,R 

#�1,R 

0�#,L 1�#,L 

□�□,L 

#�□,L □�□,R 

1�1,L 
0�0,L 
x�0,L 
y�1,L

1�1,R

□�□,R

1�1,R

+�1,R □�□,R 1�□,L

1�1,L

1�1,L

a�x,R b�b,R

a�a,R y�y,R
b�b,R

x�x,R

□�□,R

b�b,L

a�y,L

a�a,L
y�y,L
b�b,L

x�x,R b�z,R y�y,R b�f,L

b�b,R y�y,R

f�f,L
y�y,L
b�b,L

y�y,R

y�y,R
f�f,R
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t !� �� �I* �
 $��� �I* �#�(� �� �
 �
 $��� �I* �
?

δ(qi , x1 , x2) = (qj , y1 , y2 , d1 , d2)

d2,d1 є {L,R,S}

 �� �� #�p�� ��&�J �7��� ] U�& @\� �
 �N�� �
k �
 	����� �$ "��2k+1  $���#�� #�7
�!

��=�W ( 	�
� �� ��I� �'��b �+I
$�� �����
n

a2
��# o�^p� �$:

a aa aaaa aaaaaaaa
q�\ �:���7 �� sJ� 	4�7 ��/�� �
 �� �.�� ��
 ��...

x�x,R x�x,R

a�x,R a�a,R a�x,R

□�□,R

x�x,R

a�a,R

x�x,R

□�□,L
□�□,R

a�a,L
x�x,L

#

# a b c

#   X

# a a b c

#       X

a b c

a a b c
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��=�X (
aibjck k=i*j

 �� ���� �
a [�6�b �
 S
�G� �� ��y �� ���� �
 � ���7 ��b i
c �
 S
�G� ��z���7 �� . [�6�� �� u@b +��
�4 ��

 �
 �� ���)b ���% � ���7 �� S
�G�a�
�� �� ��5
 . �.:� ��.�� �4a ���7 �%��
 �
�
 �� [�6� ��c���
 +���6� �:�
.

aabbcccc� xaybzccc� xayyzzcc� xabbzzcc� xxybzzzc� xxyyzzzz

��=�Y(
an!

 �.�� �
�
 �
 �� �� 4��-� �
 ��/��U4 � �5
 �
.

 i
 �
�
 �b.�� �4a���6
 �:�
!

 4��-� r��6� ���
U���7 �� +4�y.%� [�4 �� � �� �5
 �
 .

 ���
 '^��#Y�� �
 ��/��U:

aaaaaa
�

xaxaxa
�

xaxaxa

xa xa xxa
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s��N {I
$�� ����� :numaratorE
� �
�
���7 �7 �� ��
� � ���� . �����
 W��� ��
� � ����� �
 .    W���� ���
� � ������ +��h�)     ��7 �
��� �.��� [��6�

��7 �� ��F � �� 4�
`@ �� +�� �7 ��
� �:

δ(q1,a) = (q2,b,R) � 0101011011010

8%���6� �
 $ 4��-� �- 6B� .��7 	��
 ���) �� i
 �� r��6� ���
 �G���� ���� .�� ��
��

8/�� ���6� ����Y 4��-� �- 6B�:

0 / 2 4 6 …

0 / 1 2 3 9 …
0 / 2 3 4 9 …
0 / 6 3 5 7 . . .

1
2
3

 4�- �� ��
� L 4���� 4 �� +�� r��6� 4��-� �- 6B� �4 +��) 8%�
 4�-k �:� �4k8%� ,��y.� 4�- �
� �
 [�!

�5�G( 4��-� �- 6B� �
�)��� � �- 6B� (8/�� ���6�.

2|n|

{1},{2},{3}… 
{1,2},{1,3}… 
{1,2,3}… 
 

1 2 3 4 5 6 7 …
1
2
3
4
.
.

0 0 1 0 0 0 0 …
0 0 0 0 1 1 0 …
1 0 0 0 1 0 1 …
1 0 1 1 1 0 1 …
…
…

0 : �- 6B� ~"� 4�-k8%� [�

1 : �- 6B� �
� ~"� 4�-k8%� [�

 �
�� �- 6B� 	4��) 8%�
 ���
)8%� +�H� r��6� �7 ( z�b.�� 8%� +�� �bH� �7 �� � &- �- 6B� �� ��

���7 �� .uo5F�
 � �
��`$ �� i
 4 
 �y� �$� . SG: 4�� � �� i�D��  &- �7 �
) �� 8%�
 �� �- 6B� �
��
��


8/�� . 8/�� ���6� ��� � �- 6B� �
��
��
 :1110…

...
4
3

2
3

1
3

...
4
2

2
2

1
2

...
3
1

2
1

1
1
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Σ={a,b}

Σ* 8%���6� � λ , a , b , aa , ab , ba , bb , aaa , aab  …

�*�Y i
 �*�Y�4 �*�Y �% …
1 2 4 8 …

 �7���: 	�
� x% � �7 �
�GyF�Σ      ���GyF� ��
 	� �.�� ��7 �
�����
� �6� �- 6B� ��� 8%���6� 4 H�� ��F �*Σ  L 8�� �

8/�� ���6�!�- 6B� �
��
��
8/�� ���6� ���) �����
� �6� �- 6B� �F� 8%���6� ��
� � �������� �6� . ���
� u@

4���� 4 �� ������ 	) ���
 �7 4��4 4 ��.

 ��5
 �% ��&* �4 r��6�)i,j,k(

{I
$�� ����� f����»
 ��4�6��
 �.H$��
)�
`@ ��bH� :( H� s: .� ����� 8%� �o6�8%� 	�
� ~"� �.�� �7 ��
 h
 ���� � �� x�* � 4

 �.H$��
)�
`@ ��6J� :(4 � �� �bH� 	�
� �4 4 �� [�- �
 � 4 �� � 4 � �� s: .� �����

     �.��� � 4��6�� ��� �� ,w��Y �6� 8
��� �4 �7 8��4 �5��� ����� L �� i
 � �� � i
 �
 	� .�� �
`@ ��6J� ���


��7 �� �%��
 �� s#.b� ���.    ��.o? �7 ���� �.��� +�h�) L �� ��F � ��� 4� � �.�� �� �.$�"
 �.�� i
 �$� u@

8/�� 	�
� ~"� L 8%� +�H� ��F � �7.

4�7 +4�y.%� 8
����
 ��5
 �4 ����� � �� �
�
 �
`@ ��bH� 4� � �4 ��� . �4 � 4 G� 	�
� ~"� �.�� i
 �$� u@loop

4 � �6� �h
4 ��� �.�� ��F � W��� 4�.*� .���7 �G� �
�
 z� � 	4��) 8%�
 ���
 �
��
��
!

,�Iy�

 i
 "�� �Iy� �� �4

���7 �� ���:�
 �����
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4���� 4 �� �h�
� � ����� 	) ���
 �7 8/� 	�
� ���7 8
�v:

M1,M2,… 
L(M1), L(M2) , …

L = {ai | ai є L(Mi) } bcde fghij ا`_

L' = {ai | ai ∉ L(Mi) }
 ���
 �
��
��
L'�� 4 �� �h�
� � �����4�� .8��4 �� 4 �� �$� ��
�:

L(Mk) = L' � ak ∉ M(k)
Ak ∉ L � ak ∉L' �:���

� ak є L(Mk)
 u@L'8/�� �
`@ ��bH�.

g ��pJ��
 �-�' ��pJ��
 	�
� ,-��)�
nL ,�-.� ( !�
g��pJ��
 "�5��
� ,-�� E�� ��#�-��
 ��pJ��
 ����; ] ��#�-��


 ��H��� ����J) 
#��T� 	��
:(
8%� ��
� � ����� 34�5� ����$ �
�:

X ���� Y

X є (VUT)+

Y є (VUT)*

��=�>(
anbncn

S�aAbc | λ
A�aAbC|λ
Cb�bC
Cc�cc

�� 6� ���
:

S 1� aAbc
3� aaAbCbc 
3� aaaAbCbCbc 
4� aaabCbCbc 
5� aaabbCCbc 
5� aaabbCbCc
6� aaabbCbcc 

5� aaabbbCcc 
6� aaabbbccc
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��=�B(
{ u[u] | u є Σ* }

3�� r��:

S � A[] | []
A �aXA | bYA
Xb � bX
Xa � aX
Yb � bY
Ya � aY
Y[ � [b
X[ � [a

[�4 r��:

S � aA[a] | bA[b] | []
A � aAX | bAY | λ
Y[ � [Y
Ya � aY
Yb � bY
Y] � b]
X] � a]
X[ � [X
Xa � aX
Xb � bX

��� �
 %�E' ����J
��/Y �������$ �.H$��
 �6.Y �.� �
)�
`@ ��6J� (��./�

8/�� �.� �
 ��/Y �6.Y L �.H$��
 ����$ �� �F�.

X ���� Y
X є (VUT)+

Y є (VUT)+

|X| <= |Y|

{Gi …} �.� �
 ��/Y

{ w0 , w1 ,…} �.H$��


L:{Wi | Wi є Gi}
L = L(Gk)
Wk є L(Gk) � Wk ∉L
wk є L � wk ∉L(Gk)

 �.� �
 ��/Y 	�
� �� �
��
��
 8%� �.H$��
 �6.Y)       	��
� ~"�� ��h
4 L 4 �� �.�H�
 �.��� �� aF ( E��.�� �F�G�4 �.:�

8/�� (8/�� �.� �
 ��/Y �.H$��
 	�
� �� �F�) .����$ �.� �
 ��/Y �����F4�5� �KP ������7 ��
� � ����� �
(



 �� ����� � �� 	�
� �
���–8
4��I� 	��
 ��� 	�
� � ��
� � �����R;

hh tt
tt pp

:: //
// ww

ww ww
.. mm

ss jj
aa vv

aa nn
.. tt

kk

��=�>(
anbncn

S � aAbc | abc
A � aAbc
Cb � bC
Cc � cc

��=�B(
anbmcndm m,n>=1 

3�� r��:

S� aSC | S1
S1 � bSd
dC � Cd
bC � bc
cC � cc

[�4 r��:

S � S1S2 
S1 � aS1c | ac
S2 � BS2d | Bd
cB � Bc
aB � ab
bB � bb

* "�I
 �H9b�� 	�
� #$�� $# �\E��


4��I� 	��
 8)��4�6��
 �.H$��
 (�
`@ ��bH�

�.� �
 ��/Y

�.� �� S�./�

����


