CHAPTER 10

10.1. In Fig. 10.4, let B = 0.2cos 1207t T, and assume that the conductor joining the two ends
of the resistor is perfect. It may be assumed that the magnetic field produced by I(t) is
negligible. Find:

a) Vup(t): Since B is constant over the loop area, the flux is ® = 7(0.15)?B = 1.41 x
1072 cos 1207t Wb. Now, emf = Vipo(t) = —d®/dt = (1207)(1.41 x 1072)sin 1207t.
Then Vi (t) = —Vie(t) = —5.33sin 1207t V.

b) I(t) = Via(t)/R = 5.33sin(120mt) /250 = 21.3sin(1207t) mA

10.2. In Fig. 10.1, replace the voltmeter with a resistance, R.

a) Find the current I that flows as a result of the motion of the sliding bar: The current is

1 1do
I==-¢E-dL=—-——-—"
R%

found through

R dt
Taking the normal to the path integral as a,, the path direction will be counter-clockwise
when viewed from above (in the —a, direction). The minus sign in the equation indicates
that the current will therefore flow clockwise, since the magnetic flux is increasing with

time. The flux of B is ®,, = Bduvt, and so

1 d®,, Bdv .
|| = T % - R (clockwise)

b) The bar current results in a force exerted on the bar as it moves. Determine this force:

d d 2 72
B B
F:/IdeB:/IdacamxBaZ: ﬂaszazz— @
0 0o R R

a, N

¢) Determine the mechanical power required to maintain a constant velocity v and show

that this power is equal to the power absorbed by R. The mechanical power is

(Bdv)?
P, =Fv= W
"TR
The electrical power is
Bdv)?
p—rr=BW _p




10.3. Given H = 300 a, cos(3 x 108t — y) A/m in free space, find the emf developed in the general
a, direction about the closed path having corners at

a) (0,0,0), (1,0,0), (1,1,0), and (0,1,0): The magnetic flux will be:

/ / 30040 cos(3 x 103 — y) dz dy = 3000 sin(3 x 10%t — y)|3
= 3004 [sin(3 x 10% — 1) — sin(3 x 10%¢)] Wb
Then
de 8 -7 8 8
emf = i —300(3 x 10%)(4m x 1077) [cos(3 x 10%t — 1) — cos(3 x 10°¢)]

= —1.13 x 10° [cos(3 x 10% — 1) — cos(3 x 10%¢)] V

b) corners at (0,0,0), (27,0,0), (27,27,0), (0,27,0): In this case, the flux is
® = 27 x 30040 sin(3 x 103 — y)[2™ =0

The emf is therefore 0.

10.4. Conductor surfaces are located at p = lcm and p = 2cm in free space. The volume 1cm <
p < 2cm contains the fields Hy, = (2/p) cos(6 x 1087t — 272) A/m and E, = (2407 /p) cos(6 x
1087t — 2m2) V/m.

a) Show that these two fields satisfy Eq. (6), Sec. 10.1: Have

E o7(24 48072
VxE= % ay = w sin(6 x 10%7t — 272) ay, = 82” sin(6 x 10%7t — 272)ay
Then
B 2 108
a@t = M sin(6 x 1037t — 272) a,
~ (Brx1077)(6 x 10%)m 48072

sin(6 x 1037t — 272) = sin(6 x 10%7t — 272) ag

p
b) Evaluate both integrals in Eq. (4) for the planar surface defined by ¢ = 0, lem < p < 2cm,
0 < z < 0.1m, and its perimeter, and show that the same results are obtained: we take
the normal to the surface as positive ag, so the the loop surrounding the surface (by the
right hand rule) is in the negative a, direction at z = 0, and is in the positive a, direction

at z = 0.1. Taking the left hand side first, we find

.01

24

7{E -dL = / On cos(6 x 10%7t) a, - a, dp
02 P

.02

240

+ / i cos(6 x 1087t — 27(0.1)) a, - a, dp
o0 P

1 2
= 2407 cos(6 x 10%7t) In <§> 4 2407 cos(6 x 1087t — 0.27) In (I)

= 240(In2) [cos(6 x 107t — 0.27) — cos(6 x 10%7t)]



10.4b (continued). Now for the right hand side. First,

0.1 .02 7
8 10~
/B ds = / / T ——————cos(6 x 1087t — 272) a, - a4 dpdz
01

= / (87 x 1077) In2 cos(6 x 1037t — 272) dz
0

=—4x 107" In2 [sin(6 x 10°7t — 0.27) — sin(6 x 10%t)]

Then
d 8 8
— B - dS = 2407 (In 2) [cos(6 x 10%7¢ — 0.27) — cos(6 x 10°7t)] (check)
10.5. The location of the sliding bar in Fig. 10.5 is given by = = 5t + 2t3, and the separation of the

two rails is 20 cm. Let B = 0.8z2%a, T. Find the voltmeter reading at:
a) t = 0.4 s: The flux through the loop will be

0z ro 1 1
= / / 0.8(2")? da’ dy = ﬁ s 0 6(5t+ 2t3)3 Wb
0 0 3 3
Then
d® 0.16 312 9 312 9
emf = = T(3)(5t+2t )?(54+6t°) = —(0.16)[5(.4) +2(.4)°]°[6+6(.4)“] = —4.32 V

b) x = 0.6 m: Have 0.6 = 5t + 2t3, from which we find ¢t = 0.1193. Thus

emf = —(0.16)[5(.1193) 4 2(.1193)%?[5 + 6(.1193)?] = —.293 V

10.6. A perfectly conducting filament containing a small 500-§2 resistor is formed into a square, as
illustrated in Fig. 10.6. Find I(t) if
a) B = 0.3cos(120nt — 30°) a, T: First the flux through the loop is evaluated, where the

unit normal to the loop is a,. We find
b — / B dS = (0.3)(0.5)2 cos(120rt — 30°) Wh
loop

Then the current will be

£ 1d®  (120m)(0.3)(0.2
I(t) = = = —E‘;—t _ 07r)(5%§)(0 %) Sin(120mt - 30°) = 57sin(1207¢ — 30°) mA




b)

B = 0.4 cos[rr(ct — y)] a, pT where ¢ = 3 x 10® m/s: Since the field varies with y, the flux

is now
& 0.2
o = / B-dS = (0.5)(0.4)/ cos(my — wet) dy = — [sin(wet — w/2) — sin(mwet)] pWb
loop 0 Q

The current is then

f 1do —0.2
I(t) = % = _Eil—t = 5%06 [cos(met — m/2) — cos(met)] pA
_ 8
= % [sin(met) — cos(mwet)] pA = 120 [cos(met) — sin(wet)] mA

10.7. The rails in Fig. 10.7 each have a resistance of 2.2 2/m. The bar moves to the right at a

constant speed of 9 m/s in a uniform magnetic field of 0.8 T. Find I(t), 0 <t < 1 s, if the bar

iIsatx=2mat¢t=0 and

a)

a 0.3  resistor is present across the left end with the right end open-circuited: The flux

in the left-hand closed loop is
¢, = B x area = (0.8)(0.2)(2 + 9t)

Then, emf; = —d®;/dt = —(0.16)(9) = —1.44 V. With the bar in motion, the loop
resistance is increasing with time, and is given by R;(¢) = 0.3+2[2.2(249¢)]. The current

1S now

emf; —1.44
I(t) = =
(®) Ri(t) 9.1+ 39.6t

Note that the sign of the current indicates that it is flowing in the direction opposite that

shown in the figure.

Repeat part a, but with a resistor of 0.3 2 across each end: In this case, there will be
a contribution to the current from the right loop, which is now closed. The flux in the

right loop, whose area decreases with time, is
¢, = (0.8)(0.2)[(16 — 2) — 9¢]
and emf, = —d®, /dt = (0.16)(9) = 1.44 V. The resistance of the right loop is R, (t) =

0.3 + 2[2.2(14 — 9¢)], and so the contribution to the current from the right loop will be

—1.44

L(t)= =
)= 51930061



10.7b (continued). The minus sign has been inserted because again the current must flow in the

10.8.

10.9.

opposite direction as that indicated in the figure, with the flux decreasing with time. The

total current is found by adding the part a result, or

1 1
Ip(t) = —1.44
r(?) 61.0 —39.6 0.1+ 39.6¢

Fig. 10.1 is modified to show that the rail separation is larger when y is larger. Specifically, let
the separation d = 0.2 + 0.02y. Given a uniform velocity v, = 8 m/s and a uniform magnetic
flux density B, = 1.1 T, find V35 as a function of time if the bar is located at y = 0 at t = 0:

The flux through the loop as a function of y can be written as

Yy p.2+.02y Yy
o = /B -dS = / / 1.1dxdy = / 1.1(.2 + .02y") dy’ = 0.22y(1 + .05y)
0o Jo 0

Now, with y = vt = 8¢, the above becomes ® = 1.76¢(1 + .40t). Finally,

dd
Vig = ——~ = ~L76(1 + 801) V

A square filamentary loop of wire is 25 cm on a side and has a resistance of 125 € per meter
length. The loop lies in the z = 0 plane with its corners at (0,0,0), (0.25,0,0), (0.25,0.25,0),
and (0,0.25,0) at t = 0. The loop is moving with velocity v, = 50 m/s in the field B, =
8cos(1.5x 103 —0.52) uT. Develop a function of time which expresses the ohmic power being
delivered to the loop: First, since the field does not vary with y, the loop motion in the y
direction does not produce any time-varying flux, and so this motion is immaterial. We can

evaluate the flux at the original loop position to obtain:
.25 .25
o(t) = / / 8 x 107% cos(1.5 x 103 — 0.5x) dx dy
0 0
= —(4 x 107°) [sin(1.5 x 10% — 0.13z) — sin(1.5 x 10°)] Wb

Now, emf =V (t) = —d®/dt = 6.0 x 10? [cos(1.5 x 10%¢ — 0.13z) — cos(1.5 x 10%¢)], The total
loop resistance is R = 125(0.25 4+ 0.25 + 0.25 4 0.25) = 125 Q. Then the ohmic power is

P(t) = ) _ 2.9 x 10° [cos(1.5 x 10% — 0.13z) — cos(1.5 x 10°¢)] Watts




10.10a. Show that the ratio of the amplitudes of the conduction current density and the displacement
current density is o/we for the applied field £ = E,, coswt. Assume p = pg. First, D =
eE = €eE,, coswt. Then the displacement current density is 0D /0t = —weE,, sinwt. Second,
J. = 0FE = oE,, coswt. Using these results we find |J.|/|J4| = o /we.

b. What is the amplitude ratio if the applied field is E = E,,e~ /7, where 7 is real? As before,
find D = €E = eEpe 7, and so Jg = 0D/t = —(e/7)Epme /7. Also, J, = oE,e /7.
Finally, |J.|/|J4a| = o7 /e.

10.11. Let the internal dimension of a coaxial capacitor be a = 1.2 cm, b = 4 cm, and | = 40 cm.
The homogeneous material inside the capacitor has the parameters e = 107! F/m, p = 107°
H/m, and 0 = 107° S/m. If the electric field intensity is E = (10°/p) cos(10°¢)a, V/m, find:
a) J: Use
J=0E=—)cos(10°t)a, A/m
p

b) the total conduction current, I., through the capacitor: Have

I. = //J -dS = 27pl.J = 207l cos(10°t) = 8 cos(10°t) A

c¢) the total displacement current, I, through the capacitor: First find

5 —11 6
oD Q(EE) _ (10%)(1071)(10%)

ot ot P

1
Ji= sin(10°t)a, = - sin(10°t) A/m

Now

Ig = 2mplJy = —2nlsin(10°t) = —0.87sin(10°t) A

d) the ratio of the amplitude of I to that of I.., the quality factor of the capacitor: This will

be
|14 0.8
= —=0.1
el 8




10.12. Show that the displacement current flowing between the two conducting cylinders in a lossless
coaxial capacitor is exactly the same as the conduction current flowing in the external circuit

if the applied voltage between conductors is V{ cos wt volts.

From Chapter 7, we know that for a given applied voltage between the cylinders, the

electric field is

eV cos wt
pn(b/a)

Vo cos wt
= Sin(bja) a,V/m = D=

Then the displacement current density is

a, C/m?

8_D _ —welpsinwt a
ot pla(b/a) 7

Over a length ¢, the displacement current will be

oD oD  2mlweVy sinwt dVv
I - - " == 2 _— - — = _— IC
d // gr IS =2ty In(b/a) O

where we recall that the capacitance is given by C' = 27el/In(b/a).

10.13. Consider the region defined by |z|, |y|, and |z| < 1. Let ¢, = 5, u, = 4, and ¢ = 0. If
Ja =20cos(1.5 x 10% — bx)a, uA/m?;
a) find D and E: Since J4 = 0D/0t, we write

20 x 10~
D= [Jydt+C=""""_
/ adt + €= T2 108

=1.33 x 10~ sin(1.5 x 10%¢ — bx)a, C/m?

sin(1.5 x 10% — bx)a,

where the integration constant is set to zero (assuming no dc fields are present). Then

D 1.33x 1071 | 8
E = T Bxssm x0T sin(1.5 x 10°t — bx)a,

= 3.0 x 1073 sin(1.5 x 10% — bz)a, V/m

b) use the point form of Faraday’s law and an integration with respect to time to find B and

H: In this case,

E. B
VXxE= %az = —b(3.0 x 1072) cos(1.5 x 10% — bx)a, = _aa_t

Solve for B by integrating over time:

b(3.0 x 1073)

B=
1.5 x 108

sin(1.5 x 103 — bx)a, = (2.0)b x 10~ sin(1.5 x 108 — bx)a, T




10.13b (continued). Now

H==="2""""""__ 4n(15 x 10% — bx)a,
4><47r><10—7sm( 5 x 10°t — bx)a

= (4.0 x 107%)bsin(1.5 x 10% — bx)a, A/m

B (20)bx 107
7

c) use VxH =J;+J to find J4: Since o = 0, there is no conduction current, so in this
case

0H,

oz

VxH=-—2a,=4.0x10"%?cos(1.5 x 10% — bz)a, A/m? = J,

d) What is the numerical value of b? We set the given expression for J; equal to the result

of part ¢ to obtain:

20x107%=40x10"%? = b=+50m!

10.14. A voltage source, Vjsinwt, is connected between two concentric conducting spheres, r = a
and r = b, b > a, where the region between them is a material for which € = €,.¢g, 4 = po, and
o = 0. Find the total displacement current through the dielectric and compare it with the
source current as determined from the capacitance (Sec. 5.10) and circuit analysis methods:

First, solving Laplace’s equation, we find the voltage between spheres (see Eq. 20, Chapter

7):
(1/r)—(1/p) .,
V(t)= ———F"~Vpsinwt
(1/a) = (1/b)
Then
Vo sinwt €,-€0Vp sinwt
E = — V = - a, = = ——F———-a,
V= St ja— 152 201 ja—1/b)>
Now
T 6_D _ &eowlp coswta
170t T r2(La—1/b) "
The displacement current is then
dmercowVpcoswt _ dV

— 27, — -
fo=dmde=—q, "3 = “a

where, from Eq. 47, Chapter 5,
dre,€q

©= Wa—-1/p)

The results are consistent.



10.15. Let 4 =3x107° H/m, e = 1.2x 107 F/m, and o = 0 everywhere. If H = 2 cos(101%¢— 3x)a,
A/m, use Maxwell’s equations to obtain expressions for B, D, E, and : First, B = yH =
6 x 1075 cos(10'°t — Bz)a, T. Next we use

OH . oD
VxH= = 23sin(10'% — Bx)a, = v
from which
D= /25 sin(10'°t — ) dt + C = 71%—?0 cos(10't — Bz)a, C/m?

where the integration constant is set to zero, since no dc fields are presumed to exist. Next,

D 2 10 10
— e T 10°°t — = —1. 10104 —
E € (1.2 x 10-10)(1010) cos(10°t — Bz)a, 675 cos(10°°t — fx)a, V/m
Now
_0E, 2 10 0B
VxE= Waz = 1.675%sin(10"t — fz)a, = o
So

B=— / 1.674%sin(10'°t — Bx)a,dt = (1.67 x 10719)5% cos(10'°t — Bz)a,

We require this result to be consistent with the expression for B originally found. So

(1.67x 1071982 =6 x 107° = B = =4600 rad/m

10.16. Derive the continuity equation from Maxwell’s equations: First, take the divergence of both

sides of Ampere’s circuital law:

V.VxH=V.J+2v.D=v.34+
—_——

ot o Y

0

where we have used V - D = p,,, another Maxwell equation.

10.17. The electric field intensity in the region 0 < z < 5, 0 < y < 7/12, 0 < z < 0.06 m in free
space is given by E = C'sin(12y)sin(az) cos(2 x 10!°t) a, V/m. Beginning with the V x E
relationship, use Maxwell’s equations to find a numerical value for a, if it is known that a is

greater than zero: In this case we find

0E, oLE,
VXE:Way—a—yaz

= C'[asin(12y) cos(az)a, — 12 cos(12y) sin(az)a,] cos(2 x 10'%¢) = _9B

ot



10.17 (continued). Then

1
H=-—— VXEdt+Cl
Ko

= _ﬁ [asin(12y) cos(az)a, — 12 cos(12y) sin(az)a,]sin(2 x 10'%) A/m
Ho

where the integration constant, C; = 0, since there are no initial conditions. Using this result,

we now find

_ 9D

sin(12y) sin(az) sin(2 x 10'%¢) a, = wr

2
o H - [aHZ _8Hy] o _Cute)

dy 0z 1o(2 x 1010)
Now

C(144 + a?)

(2 % 1010)2 sin(12y) sin(az) cos(2 x 10'°t) a,
Ho€o

D 1
E———/—VXHdt-FCg—
€0 €0

where C; = 0. This field must be the same as the original field as stated, and so we require

that
C(144 + a?)
poco(2 x 1010)

Using poeg = (3 x 108)72, we find

7 = 1

(2 x 1010)2 1
= |15 —144 = 66
T B x108)2 S
10.18. The parallel plate transmission line shown in Fig. 10.8 has dimensions b = 4 cm and d = 8
mm, while the medium between plates is characterized by u, = 1, €, = 20, and ¢ = 0. Neglect
fields outside the dielectric. Given the field H = 5cos(10%t — 8z)a, A/m, use Maxwell’s
equations to help find:

a) B, if § > 0: Take

v X H = —aézy a; = —5ﬂ Sin(logt - /Bz)ax - 206088_:?

So

[ =58 . 9 . B 9

E = / 20e sin(10°t — Bz)a, dt = (@ x 109¢q cos(10°t — Bz)a,
Then
_0E, P g __OH

VxE= 0z By = (4 x 10%)¢g sin(10°% = fz)ay = o

So that

52

T os(10% —
@ 10 e B2)

_62 . 9
H= [ — 2 «in(10% — B2)a, dt =
/ T 107 me0 sin( Bz)a

= 5cos(10%t — B2)a,



10.18a (continued) where the last equality is required to maintain consistency. Therefore

/6»2

——————— =5 = =149 m~}
(4 X 1018)M0€0 A=149m —

b) the displacement current density at z = 0: Since 0 = 0, we have
V xH=J;=-58sin(10°t — Bz) = —74.5sin(10t — 14.92)a,

= —74.5s5in(10%)a, A/m at z =0

c¢) the total displacement current crossing the surface x = 0.5d, 0 < y < b, and 0 < z < 0.1

m in the a, direction. We evaluate the flux integral of J; over the given cross section:

0.1
Iy = —74.5b/ sin(10%¢ — 14.92) a, - a, dz = 0.20 [cos(10°t — 1.49) — cos(10%¢)] A
0

10.19. In the first section of this chapter, Faraday’s law was used to show that the field E =

—%kBo pekta¢ results from the changing magnetic field B = Bye*ta,

a) Show that these fields do not satisfy Maxwell’s other curl equation: Note that B as stated
is constant with position, and so will have zero curl. The electric field, however, varies
oD

with time, and so V xH = 5= would have a zero left-hand side and a non-zero right-hand

side. The equation is thus not valid with these fields.
b) If we let By = 1 T and k = 10 s~!, we are establishing a fairly large magnetic flux
density in 1 ps. Use the V x H equation to show that the rate at which B, should (but

does not) change with p is only about 5 x 107¢ T/m in free space at ¢t = 0: Assuming

that B varies with p, we write

ap ayp % dp e €0 ot 26() ope
Thus
dB, 1 9 10*2(1)p 6
P S TE RS TID E P

which is near the stated value if p is on the order of 1m.



10.20. Point C(—0.1,—0.2,0.3) lies on the surface of a perfect conductor. The electric field intensity
at C is (500a, — 300a, + 600a.) cos 107t V/m, and the medium surrounding the conductor is
characterized by u,. =5, €, = 10, and o = 0.

a) Find a unit vector normal to the conductor surface at C, if the origin lies within the
conductor: At ¢ = 0, the field must be directed out of the surface, and will be normal to

it, since we have a perfect conductor. Therefore

+E(t=0) 5a, —3a, + 6a,
=

n= = 0.60a, — 0.36a, + 0.72a,
[E(t =0) V25 +9 + 36 .

b) Find the surface charge density at C: Use
ps = D gy face = 10¢q [500a, — 300a, + 600a,] cos(107t) - [.60a, — .36a, + .72a,]
= 10¢q [300 + 108 4 432] cos(107t) = 7.4 x 1073 cos(107t) C/m?

= T4 cos(107t) nC/m?

10.21. a) Show that under static field conditions, Eq. (55) reduces to Ampere’s circuital law. First

use the definition of the vector Laplacian:
VZA=-VXxVxA+V(V-A)=—uJ

which is Eq. (55) with the time derivative set to zero. We also note that V - A = 0 in steady
state (from Eq. (54)). Now, since B =V x A, (55) becomes

-VxB=—puJ = VxH=J

b) Show that Eq. (51) becomes Faraday’s law when taking the curl: Doing this gives

VxE:—VxVV—%VxA

The curl of the gradient is identially zero, and V x A = B. We are left with

VxE=-0B/ot



10.22. In a sourceless medium, in which J = 0 and p,, = 0, assume a rectangular coordinate system in
which E and H are functions only of z and ¢. The medium has permittivity ¢ and permeability
p. (a) If E= E,a, and H = H,a,, begin with Maxwell’s equations and determine the second
order partial differential equation that E, must satisfy.
First use
0B 0F, OH.

VX ot 0z T THTy M

in which case, the curl has dictated the direction that H must lie in. Similarly, use the

other Maxwell curl equation to find

_dD OH, OE,
VxH="%" = —5 a =gy

Now, differentiate the first equation with respect to z, and the second equation with

respect to t:
O*E, 0*H, 0*H, O’E,

02~ Poto: M ozt T o

Combining these two, we find
O*E, O*E,

02 Mo

b) Show that E, = Ej cos(wt — Bz) is a solution of that equation for a particular value of (:

Substituting, we find

82E$ 2 82E$
5.2 = —[B*Eqgcos(wt — 3z) and pe 92

= —w?peEy cos(wt — B2)

These two will be equal provided the constant multipliers of cos(wt — 3z) are equal.

¢) Find 8 as a function of given parameters. Equating the two constants in part b, we find

B = w/pe.

10.23. In region 1, 2 < 0, ¢ = 2 x 107" F/m, p; = 2 x 107% H/m, and o7 = 4 x 1073 S/m; in
region 2, z > 0, €2 = €1/2, o = 2p;, and o9 = 01 /4. It is known that E; = (30a, + 20a, +
10a,) cos(10%t) V/m at P;(0,0,07).

a) Find En1, Ey1, Dy, and Dy;: These will be

Exi = 10cos(10%)a, V/m E; = (30a, + 20a,) cos(10%) V/m

Dy = e1Eni = (2 x 10711)(10) cos(10%)a, C/m? = 200 cos(10°t)a, pC/m?




10.23a (continued).

Dy = e1Ey = (2 x 10711)(30a, + 20a,) cos(10%t) = (600a, + 400a,) cos(10°t) pC/m?

b) Find JNl and Jtl at Pli

Jn1 = 01Eni = (4 x 1073)(10 cos(10°t))a, = 40 cos(10t)a, mA /m?

Ji = 01Ey = (4 x 107%)(30a,, + 20a,) cos(10°t) = (120a, + 80a,,) cos(10%¢) mA /m?

¢) Find E;, Dyo, and Jio at Pp: By continuity of tangential E,

E;» = Ey; = (30a, + 20a,) cos(10°t) V/m

Then

Dyo = e2E4p = (10711)(30a,, + 20a,) cos(10°t) = (300a,, + 200a,) cos(10¢) pC/m?

Ji2 = 02E = (107%)(30a, + 20a,) cos(10%¢) = (30a,, + 20a,) cos(10%t) mA /m?

d) (Harder) Use the continuity equation to help show that Jyi — Jy2 = O0Dn2/0t — 0D N1 /0t
and then determine Epyo, Dy2, and Jy2: We assume the existence of a surface charge layer
at the boundary having density p; C/m?. If we draw a cylindrical “pillbox” whose top and
bottom surfaces (each of area Aa) are on either side of the interface, we may use the continuity

condition to write
0ps

A
at —¢

(JNQ — JNl)Aa = —

where ps = Dy — Dn1. Therefore,

0
IN1 — In2 = a(DN2 — Dn1)

In terms of the normal electric field components, this becomes

0
o1En1 — 02E N2 = a(GzENz —e1En1)

Now let Ene = Acos(10%¢) + B sin(10%t), while from before, Enq = 10 cos(10%¢).



10.23d  (continued)
These, along with the permittivities and conductivities, are substituted to obtain
(4 x 1073)(10) cos(10%t) — 1073[A cos(10%t) + Bsin(10%¢)]
= % [107 "' [A cos(10°t) 4+ Bsin(10%¢)] — (2 x 107 '1)(10) cos(10%)]
= —(1072Asin(10%) 4+ 1072 B cos(10°t) + (2 x 10~ 1) sin(10%¢)

We now equate coefficients of the sin and cos terms to obtain two equations:
4x1072-10°A=10"°B

—1032B=-10"24+2x 107"

These are solved together to find A = 20.2 and B = 2.0. Thus

En2 = [20.2cos(10%) + 2.0sin(10%¢)] a, = 20.3 cos(10%¢ + 5.6%)a, V/m

Then
Do = e2Eng = 203 cos(10°¢ + 5.6°)a, pC/m?

and

Jno = 09ENg = 20.3 cos(l()gt +5.6%)a, mA/m2

10.24. In a medium in which p, = 0, but in which the permittivity is a function of position, determine
the conditions on the permittivity variation such that

a) V-E =0: We first note that V- D = 0 if p, = 0, where D = ¢E. Now
V- D=V (cE)=E-Ve+eV-E=0

or
Ve
€

V-E + E- 0
We see that V-E =0 if Ve = 0.

b) V-E = 0: From the development in part a, V - E will be approximately zero if Ve/e is
negligible.



10.25. In a region where p,, = €, = 1 and o = 0, the retarded potentials are given by V = z(z — ct)
V and A = z[(z/c) — tl]a, Wb/m, where ¢ = 1/,/p0¢€o.

a) Show that V- A = —pue(0V/0t):

First,
A,
\% JA:8 — = T4/ M0o€0
0z
Second,
ov T
Y _ep = —

ot Vot

so we observe that V- A = —pp€ep(0V/0t) in free space, implying that the given statement

would hold true in general media.

b) Find B, H, E, and D:

Use
0A, z
B—VXA——an—(t E)ayT

Then

B 1

H:—:—(t—i>ay A/m

Mo Mo c

Now,
0A
E=-VV - i —(z —ct)ay —ra, +zva, = (¢t — z)a, V/m

Then

D = ¢E = ¢(ct — 2)a, C/m?

c¢) Show that these results satisfy Maxwell’s equations if J and p, are zero:

i. V-D=V-¢ct—2)a, =0

i. Vv.B=V.(t—=z/c)a, =0

H 1 /
V><H:—8 Ya, = —a, = e—oaw
0z HoC Ho

which we require to equal 9D /0t:

iii.

oD a an
a, — €oCagy = —dg
ot ’ Ho



10.25¢

10.26.

2)

(continued).

iv.
VxE= aéixay:—ay
which we require to equal —9B/0t:
0B
s

So all four Maxwell equations are satisfied.

Let the current I = 80t A be present in the a, direction on the z axis in free space within the
interval —0.1 < z < 0.1 m.

Find A, at P(0,2,0): The integral for the retarded vector potential will in this case assume

po80(t — R/c)
A= / iR ——— " a,dz

the form

where R = v/22 +4 and ¢ = 3 x 10® m/s. We obtain

1 —6
1 1 8 x 10 1
~—dz| =8 x 10_6tln(z + /22 + 4)‘ -z
,/22 /'1 c :| -1 3 x 108 -.1
—8x%x10 %In Hi v4.01
—.1++4.01

80
A, = Mo

) —053x107 " =80x%x10""t—0.53 x 10~ 4

So finally, A = [8.0 x 1077t — 5.3 x 10~'*] a, Wb/m.

Sketch A, versus t over the time interval —0.1 < ¢ < 0.1 us: The sketch is linearly increasing
with time, beginning with A, = —8.53 x 10~ Wb/m at t = —0.1 us, crossing the time axis
and going positive at ¢t = 6.6 ns, and reaching a maximum value of 7.46 x 107'* Wb/m at

t=0.1 us.



