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2-10*. 
 
MATLAB CODE 
% Principal Value Problem 
% Enter strain matrix 
e=[2,-2,0;-2,-4,1;0,1,6]*0.001; 
% Calculate principal values L and directions N 
[N,L]=eig(e); 
fprintf('Principal Values') 
disp(diag(L)') 
fprintf('Principal Directions') 
N1=N(:,1)' 
N2=N(:,2)' 
N3=N(:,3)' 
 
SCREEN OUTPUT 
>> Principal Values   -0.0047    0.0026    0.0061 
Principal Directions 
N1 = -0.2852   -0.9543    0.0893 
N2 = 0.9570   -0.2784    0.0815 
N3 = -0.0529    0.1087    0.9927 
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3-8*. 
 
Using MATLAB the first principal stress contours are: 
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% Exercise 3-6 
% Maximum Shear Stress Contours for Flamant Problem 
clear; 
% Generation of variable space 
[x,y]=meshgrid(-3:0.05:3,0:0.05:3); 
% Calculation of Nondimensional Maximum Shear Stress 
sxy=y./(x.^2+y.^2); 
hold on 
axis equal 
axis off 
% Plot contours with reversed y-axis 
contour(x,-y,sxy,20); 
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% Elasticity 2e - Prof. M. Sadd  
% Displacement Vector Plots 
% Beam Problem Example 8-2  
clc;clear all;clf 
nu=0.3;L=10;c=2; 
[x,y]=meshgrid(-L:L/10:L,-c:c/2:c); 
ux=-x.*y; 
uy=(nu*y.^2+x.^2-L)/2; 
quiver(x,y,ux,uy,'color','k') 
hold on 
axis equal 
axis([-1.2*L,1.2*L,-4*c,4*c]) 
rectangle('Position',[-L,-c,2*L,2*c],'linestyle','--') 
% X=[-L,-L,L,L,-L];Y=[-c,c,c,-c,-c]; 
% line(X,Y,'color','k','linestyle','--') 
title('Displacement Vector Field for Example 8-2') 
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14-9*. 
 
MATLAB plot of hoop stress in rotating disk problem 
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Similar to the radial stress behavior, the hoop stress becomes unbounded at the origin 
for the case with n < 0, while for n > 0, the hoop stress goes to zero at the origin.   
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15-11. Continued 
MATLAB Plots of effective moduli ratios and comparison with isotropic dilute case : 
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MATLAB Contour Plots of Doublet Mechanics Solution – 
p1 and p2 Microstresses for Flamant Problem 
 

 

 p1 – Contours  p2 – Contours 

+ 

-

+ 

- 

Copyright © 2009, Elsevier Inc. All rights reserved.

www.spowpowerplant.blogfa.com

-



16-1. 
 

functions ionapproximator  ioninterpolat  theare)(
2

1),( where

),(

)(
2

1)(
2

1)(
2

1

])()()[(
2

1),(

),(for  form original  theinto results  thesengsubstitutiBack 
,, and element,  theofarea   theis   wherewhere

)(
2

1,)(
2

1,)(
2

1
 constants for the equations  three theSolving

),(
),(
),(

  node eachat  Evaluating
),(  :ionApproximatLinear 

3

1

333322221111

332211332211332211

332211333221123322111

33321333

23221222

13121111

321

yx
A

yx

yxu

uyx
A

uyx
A

uyx
A

yuuuxuuuuuu
A

yxu

yxu
xxyyyxyxA

uuu
A

cuuu
A

cuuu
A

c

ycxccuyxu
ycxccuyxu

ycxccuyxu

ycxccyxu

iii
e

i

i
ii

eee

e

jkikjijkkjie

eee

γ+β+α==ψ

ψ=

γ+β+α+γ+β+α+γ+β+α=

γ+γ+γ+β+β+β+α+α+α=

⇒

−=γ−=β−=α

γ+γ+γ=β+β+β=α+α+α=

⇒
++==
++==
++==
⇒

++=

∑
=

 
 
 
 
 
 
 

Copyright © 2009, Elsevier Inc. All rights reserved.



16-2. 
 

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

⋅⋅⋅⋅⋅⋅
⋅⋅⋅⋅⋅⋅
⋅⋅⋅⋅⋅⋅
⋅⋅⋅⋅⋅⋅
⋅⋅⋅⋅⋅⋅
⋅⋅⋅γγ+ββγβ+γβγ+β

=

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

βγβγβγ
γβγβγβ
γβγβγβ

⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

βγ
γβ
βγ
γβ
βγ
γβ

=

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

βγβγβγ
γγγ

βββ

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

βγ
γβ
βγ
γβ
βγ
γβ

=

⇒
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

βγβγβγ
γγγ

βββ
=

=

662111216611121166
2
111

2
1

663663662662661661

223123222122221121

123113122112121111

33

33

22

22

11

11

332211

321

321

66

2212

1211

33

33

22

22

11

11

66

2212

1211

332211

321

321

4

0
0

0
0

0
0

4

000
000

00
0
0

0
0

0
0

0
0

4
][

00
0
0

][,000
000

2
1][

with,]][[][][
element,r  triangulastrainconstant  For the

CCCCCC

A
h

CCCCCC
CCCCCC
CCCCCC

A
h

C
CC
CC

A
hK

C
CC
CC

C
A

B

BCBAhK

e

e

e

e

e

e

e

T
ee

 

 
 
 

Copyright © 2009, Elsevier Inc. All rights reserved.



16-3. 
 

{ }Tyxyxyx
ee

exxx

y

x

y

x

y

x

y

x
T

y

xT

y

xT
e

FFFFFFAhF

AFdxdyFdxdyF

F
F
F
F
F
F

F
F

F
F

dxdy
F
F

hF

ee

e

3
}{

componentsother  allfor  likewise and,
3
1

forces,body constant  wise-element of case For the

000
000

][

][}{by   given is vector forcebody   thegeneral, In

11

3

3

2

2

1

1

321

321

=∴

=ψ=ψ

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

ψ
ψ
ψ
ψ
ψ
ψ

=

⎭
⎬
⎫

⎩
⎨
⎧

⎥
⎦

⎤
⎢
⎣

⎡
ψψψ

ψψψ
=

⎭
⎬
⎫

⎩
⎨
⎧

ψ

⎭
⎬
⎫

⎩
⎨
⎧

ψ=

∫∫

∫

ΩΩ

Ω

 
 
 

Copyright © 2009, Elsevier Inc. All rights reserved.



16-4. 
 

12

12

1233

21

12
11111

12

12

3

3

2

2

1

1

0
0

2
][

   sevaluation integral  theof all Collecting
. on 0 since  vanish will terms  thecontaining integrals while

 patterns, identicalfollow   and  involving componentsother   theof Integrals
2

)(
2

1Now  

0
0

2
][

ractionsboundary tconstant withelement,angular linear tri For the

12

121212

1212

⎪
⎪
⎪
⎪

⎭

⎪⎪
⎪
⎪

⎬

⎫

⎪
⎪
⎪
⎪

⎩

⎪⎪
⎪
⎪

⎨

⎧

=
⎭
⎬
⎫

⎩
⎨
⎧

ψ

⇒
Γ=ψψ

ψψ

=γ+β+α=ψ=ψ

⎪
⎪
⎪
⎪

⎭

⎪⎪
⎪
⎪

⎬

⎫

⎪
⎪
⎪
⎪

⎩

⎪⎪
⎪
⎪

⎨

⎧

=

⎪
⎪
⎪
⎪

⎭

⎪⎪
⎪
⎪

⎬

⎫

⎪
⎪
⎪
⎪

⎩

⎪⎪
⎪
⎪

⎨

⎧

ψ
ψ
ψ
ψ
ψ
ψ

=
⎭
⎬
⎫

⎩
⎨
⎧

ψ

∫

∫∫∫

∫∫

Γ

ΓΓΓ

ΓΓ

n
y

n
x

n
y

n
x

e
n
y

n
xT

e

e

e

n
xe

n
xe

n
xe

n
y

n
x

n
y

n
x

e

n
y

n
x

n
y

n
x

n
y

n
x

en
y

n
xT

e

T
T
T
T

Lhds
T
T

h

Lhdsyx
A

ThdsThdsTh

T
T
T
T

Lhds

T
T
T
T
T
T

hds
T
T

h

 

 
 
 
 

Copyright © 2009, Elsevier Inc. All rights reserved.



16-5. 
 

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

ν−
⋅⋅⋅⋅⋅

ν−
−

ν−
⋅⋅⋅⋅

ν−
−

ν−ν−
⋅⋅⋅

ν−⋅⋅
−νν−⋅

ν−ν−
−

ν−
−

ν−

ν−
=

⇒

=γγ+ββ=γβ+γβ
ν+

=γ+β⇒

===γ=γ−=γ−=β=β=β

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

⋅⋅⋅⋅⋅

ν−
⋅⋅⋅⋅

−
ν−ν−

⋅⋅⋅

ν
ν−

−
ν+

−
ν−

⋅⋅

ν−
−

ν−
−

ν−ν−
⋅

ν−ν−

ν−
=

⇒
ν−

−=γγ+ββ=γβ+γβ
ν−

−=γ+β⇒

===γ−=γ=γ=β=β−=β
ν+

=μ=
ν−
ν

=
ν−

==

2
3

2
1

2
3

2
1

2
1

2
1

101
101

2
1

2
1

2
100

2
1

)1(2
][

matrix stiffness  thein componentsother  allfor similarly  and

...,0,0,
)1(2

1,2/1,1,0,1,1,1,0 , 2element For 
1

0
2

1

1
2

1
2

3
2

1
2

1
2

3

0
2

1
2

1
2

1
2

1
0101

)1(2
][

matrix stiffness  thein componentsother  allfor similarly  and

...,
1

,0,
1

1,2/1,1,1,0,0,1,1 1,-15  Examplein 1element For 
)1(2

,
1

,
1

:case stress plane isotropic For the

2
)2(

662111216611121166
2
111

2
1

1321321

2
)1(

26621112166111211266
2
111

2
1

1321321

6621222211

E

CCCCECC

hA

E

ECCCCECC

hA

ECECECC

K

K

 
 
 

Copyright © 2009, Elsevier Inc. All rights reserved.



16-6. 
 

mT

V
U
V
U

T

T

V
U
V
U

T

T

V
U
V
U

E

T

T

V
U
V
U

KK
KKKK

KKK
KKKK

11

3

3

2

2

3

3

2

2

9

3

3

2

2

3

3

2

2

)2(
44

)1(
66

)2(
34

)1(
56

)2(
33

)1(
55

)1(
46

)1(
45

)1(
44

)1(
36

)1(
35

)1(
34

)1(
33

10

030.0
441.0
081.0
492.0

system  theSolving

0
2/

0
2/

8.151
08.151

4.1104.418.151
6.274.41698.151

10

0
2/

0
2/

2
3

0
2

3

1
2

1
2

3
2

1
2

1
2

3

)1(2

0
2/

0
2/

bygiven  matrix was system global reduced  the1,-15 Example From

−×

⎪
⎪
⎭

⎪
⎪
⎬

⎫

⎪
⎪
⎩

⎪
⎪
⎨

⎧

−

=

⎪
⎪
⎭

⎪
⎪
⎬

⎫

⎪
⎪
⎩

⎪
⎪
⎨

⎧

⇒

⎪
⎪
⎭

⎪
⎪
⎬

⎫

⎪
⎪
⎩

⎪
⎪
⎨

⎧

=

⎪
⎪
⎭

⎪
⎪
⎬

⎫

⎪
⎪
⎩

⎪
⎪
⎨

⎧

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

⋅⋅⋅
⋅⋅

−⋅
−−

⇒

⎪
⎪
⎭

⎪
⎪
⎬

⎫

⎪
⎪
⎩

⎪
⎪
⎨

⎧

=

⎪
⎪
⎭

⎪
⎪
⎬

⎫

⎪
⎪
⎩

⎪
⎪
⎨

⎧

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

ν−
⋅⋅⋅

ν−
⋅⋅

−
ν−ν−

⋅

ν
ν−

−
ν+

−
ν−

ν−

⇒

⎪
⎪
⎭

⎪
⎪
⎬

⎫

⎪
⎪
⎩

⎪
⎪
⎨

⎧

=

⎪
⎪
⎭

⎪
⎪
⎬

⎫

⎪
⎪
⎩

⎪
⎪
⎨

⎧

⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢

⎣

⎡

+⋅⋅⋅
++⋅⋅

⋅

 

 
 
 
 

Copyright © 2009, Elsevier Inc. All rights reserved.

www.spowpowerplant.blogfa.com

-



16-7. 
 
MATLAB PDE Toolbox: FEA Solution to Biaxial Loading Problem in Exercise 8-14  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

1000 

FEA Model: 
(w/d ≈ 7, 2792 Nodes, 5376 Elements) 

y 

x 

1000 

Comparison of  σy Results: 
FEA Solution: (σy)A ≅ 1900 ,  (σy)B ≅ 300 

Analytical Solution: (σy)A ≅ 2000 ,  (σy)B ≅ 0 

• 

• 

A 

B 
• B 

Comparison of  σx Results: 
FEA Solution: (σx)A ≅ 200 ,  (σx)B ≅ 1900 

Analytical Solution: (σx)A ≅ 0 ,  (σx)B ≅ 2000 

• A 

σy - Contours σx - Contours 
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MATLAB PDE Toolbox: FEA Solution to Biaxial-Shear Loading Problem in  
Exercise 8-15 (Figure 8-15)  
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FEA Model: 
(w/d ≈ 7, 2792 Nodes, 5376 Elements) 

1000 
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y 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

σx - Contours 

Comparison of  σx Results: 
FEA Solution: (σx)A ≅ -270 ,  (σx)B ≅ 3300 

Analytical Solution: (σx)A ≅ 0 ,  (σx)B ≅ 4000 

• 

• 

A 

B 

Comparison of  σy Results: 
FEA Solution: (σy)A ≅ -3500 ,  (σy)B ≅ 280 

Analytical Solution: (σy)A ≅ 4000 ,  (σy)B ≅ 0 

• 
• 

A 

B 

σy - Contours 
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MATLAB PDE Toolbox: FEA Solution to Curved Beam Problem shown in Figure 8-32.  
Choose case b/a = 4, to provide simple match with analytical results given in Figure 8-33 
 
 

1000

FEA Model: 
b/a = 4 , 2009 Nodes , 3872 Elements 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

• 

•B  

A  
 
 
 
 

σx - Contours 

 
 
 
 
 
 
 
 Comparison of  σx Results: 
 FEA Solution: (σx)A ≅ -8973 ,  (σx)B ≅ 3875 
 An 1 alytical Solution: (σx)A ≅ -10,000 ,  (σx)B ≅ 257
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MATLAB PDE Toolbox: FEA Solution to Torsion Problem in Exercise 9-17/18  
 
 

FEA Model: 
(b = 0.267, a = 0.8, 2129 Nodes, 4096 Elements) 
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