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1-1.

(@) a; =a, +a,, +a, =1+4+1=06 (scalar)
Q@ = Ayy8yy + 85,8, T 8383 T8y 8y + 8585 T 838, T 858y T 8585 + 85585
=1+1+1+0+16+4+0+1+1= 25 (scalar)
1 1 11 1 1] [1 6 4
a;a;, =0 4 210 4 2|=|0 18 10| (matrix)
01 1j0 1 1| |0 5 3
'3
a;b; =ayb, +a;,b, +a;;b, =| 4| (vector)
2
a;bb; =ay;bb +a,bb, +a,bb, +a,b,b, +a,b,b, +a,b,b, +asbb, +agb,b, +a,b;b,
=1+0+2+0+0+0+0+0+4 =7 (scalar)
b,b, bb, bb, 1 0 2
bb; =|bb, b,b, b,b,|=/0 0 0| (matrix)
b,b, byb, byb, 2 0 4
b,b, =bb, +b,b, +bb, =1+0+4 =5 (scalar)

(b)a; =a, +a,, +a,, =1+2+2="5 (scalar)
88 = 838y + 84,8y, + 8383 + 85,8y T 885, + 855855 + 85,85 + 83583, + 83385
=1+4+0+0+4+1+0+16+4 =230 (scalar)
1 2 01 2 0| |1 6 2
a;a;, =0 2 10 2 1|=|0 8 4| (matrix)
0 4 2|0 4 2| |0 16 8
4
a;b; =a;b, +a;,b, +a;,;b, =| 3| (vector)
6
a;bb; =a,,bb, +a,,bb, +a,;bb; +a,b,b +a,b,b, +a,b,b; +agb;b, +a,bb, +a,b.b,
=4+4+0+0+2+1+0+4+2=17 (scalar)
bb, bb, bb, 4 2 2
bb; =|bb, b,b, bb,|=/2 1 1]|(matrix)
bb, byb, b;b, 2 11
b,b, =b,b, +b,b, +b,b, =4+1+1=6 (scalar)
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(c)a; =ay, +a, +a,; =1+0+4 =5 (scalar)
88 = 838y + 84,8y, + 8383 + 85,8,y T 885, + 855855 + 85,85 + 83583, + 83385
=1+1+1+1+0+4+0+1+16 =25 (scalar)
11 1)1 1 1| (2 2 7
qa;,=|1 0 21 0 2|=/1 3 9 |(matrix)
0 1 4/0 1 4| (1 4 18
2
a;b; =a;b, +a;,b, +a;,b, =| 1| (vector)
1
a;bb; =a,bb, +a,,bb, +a,;bb; +a,b,b +a,b,b, +a,b,b, +agb;b, +a,bb, +a,b;b,
=1+1+0+1+0+0+0+0+0=23(scalar)
bb, bb, bb, 110
bb; =|bb, b,b, bb,|=/1 1 0] (matrix)
bb, b, bb,| |0 0 O
b,b, =b,b, +b,b, +bb, =1+1+0 =2 (scalar)

1-2.
1 1
(a) a; =E(aij +aji)+5(aij _aji)

2 11 0 1 1
_1 18 3 +1 -1 0 1
2 2

1 3 2 -1 -1 0

clearlya;, and ag;, satisfy the appropriate conditions

1 1
(b) q; =E(aij +aji)+§(aij _aji)

2 20 0 2 0
1o 4 5]+l -2 0 -3
2 2

05 4 0 3 0

clearlya;, and ag;, satisfy the appropriate conditions
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(c) q; =%(aij +aji)+%(aij _aji)

2 21 0 0 1
_1 2 0 3 +1 0 0 1
2 2

1 3 8 -1 -1 0

clearlya;, and ag;, satisfy the appropriate conditions

1-3.
a;b; =-a;b; =-a;b; =>2a;b; =0=3a;b; =0
2 To 1 17
From Exercise1-2(a): aay :%tr 18 3|-1 0 1| |=0
1 -1 -10
2 2 00 2 of
From Exercise1-2(b): a,ay; :%tr 2 4 5|-2 0 -3 (=0
05 4/0 3 O
2 2 1o o 1T
From Exercise1-2(c): ay,ay =%tr 2 0 30 0 1| [=0
1 3 8)|-1 -10

1-4.
0118 +0,8, +0,,8, aQ
Sijaj =08,,8, +90,,8, + 0,8, =| 0,8, +0,,8, +0,,3, |[=| 8, |=8
05,8, + 95,8, +05,3, a,
0118y; + 01,8, +01385  Oyy@y, +01,8, +838  Oy83 0,8 +0,585
d;a; =

ij

d; 8y, Ay
=81 8y 8y =8
8y 8;p Ay
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1-5.
det(aij) = €jj A8y jAgy = €1p3818,5)855 + €3 81,Ax385; t €51,81385 A5,
F 832181385,85; T &13781185383, + €9138,87 85,
= 8189833 + 889385 + 81385183 — 138,585 — 81385383 — 81,8853
=8y (a22a33 - a23a32) —ap, (a21a33 - a23a31) + a3 (a21a32 - azzam)
8; 8, &
=18y 8y Ay
d3 83 Ay

1-6.

45° rotation about X, -axis= Q; = \/_/2 \/_/2
\/_/2 \/_/2
1 17 [1
From Exercise1-1(a): b/ =Q;b;, =| 0 \/_/2 \/_/2 0|=[2
0 —~2/2 V22| 2| |V2
1 0 0 J1 1 11 o 07 (142 0
a;=Q,Q,a, =|0 ~2/2 J2/2|0 4 2|0 +2/2 J2/2| =|0 4 -1
—J212 V2120 1 1|0 —v2/2 J2/2| |0 -2 1
1 0 0 27 [2

From Exercise1-1(b): bf =Q;b; =| 0 V212 N212|1|=|2

0 —+2/2 J2/2|1 0
1 0 0 T1 2 o1 0 o1 [1 V2 -2
aj =Q,Q,a,,=|0 2/2 2/2|0 2 1|0 +2/2 +2/2| =0 45 -15
0 —/2/2 J2/2[l0 4 2|lo0 —2/2 212 0 15 -05
1 0 0o T1 1

From Exercise1-1(c): b/ =Q;b; =| 0 V212 N212)1)=| V212
0 —v2/2 V212]0| |-V2/2

1 0 0 1 1 11 o0 0o 1 J2 0
a, =Q,Q,8,, =0 ~2/2 W2/2|1 0 2(0 +2/2 V2/2| =| J2/2 35 25
0 —+2/2 J2/2[0 1 4|0 =2/2 212 ~J2/2 15 05
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1-7.

~ {cos(x{, x,) cos(x., xz)} _{ cos cos(90° — 9)} _ { cosO  sin e}

COS(X5,X;) COS(X;,X,) | |cos(90° +0) cos 0 —-sin® cos6
b= Qb = cos® sin® | b | | bcosO+b,sin6d
' _sin® cos@ | b, | |—b,sin0+b,coso
. cos® sin®|a, a,| cosd sind !
35 = QppQye8p =| _ . _qi
sin@ cosO|a, a,, |—sin® cosO

| &y, cos’0+(a, +a,)sin0cosO+a,sin’6 a,cos’ 0 —(a, —a,)sinOcos®—a,, sin’ O
a, cos’ 0—(a,, —a,,)sin0cos0—a,sin®0 a,sin’0—(a, +a,,)sin0cos0 +a,, cos* O

1-8.

a'8 =Q,Q;4a8,, = aQ,Q;, = ad;

1-9.

o'8;0)y + P68 +7'9,8 = QnQ;y Qe Qi (016,16 1y + B 1,0, + 18140 10)
= 0Q; QnQupQip + BQIMQ ;1 QunQin + ¥Qin QnQun Qi = 08,8,y + B8y 8 + v8;6

1-10.

Cijkl =008 + P08 +70;0; =0ad;d, +B(6ik8jl +6il6jk)
= 08,y8;; +B(8,;8; +8,;8;) =Cy

1-11.
A, 0 0
Ifa={0 A, O
0 0 A
l,=a; =M +A,+A,
Ao O A, O] A
I, = + + =MA, + XA+ AA,
0 A, |0 A4 [0 A,
A, 0 O
Mm,={0 %, O0|=AAA,
0 0 A

Copyright © 2009, Elsevier Inc. All rights reserved.



1-12.

-1 1 0
@a=|1 -1 0[=1,=-1,1,=-2,11,=0
0 0 1

. Characteristic Eqnis —2> -2 +2A=0= A(X* +1-2)=0= A(AL+2)(A—-1) =0
Roots=> A, =-2, A, =0, A, =1

A, =—2 Case:
1 1 0]/ n® n® +nf’ =0
11 0[n?®|=0= n® =0 =n® =-n{ =+2/2, n® = +(~/2/2)(-1,1,0)
0 0 3|n{ n®? +n®% +n®* =1
A, =0 Case:
-1 1 0]n -n® +n® =0
1 -1 0|n,|[=0= n® =0 =n =n,=+/2/2= n® =+(/2/2)(110)
_0 0 1 n, n1(2)2+n§2)2+n§2)2=1
A, =1Case:
(-2 1 0]n -2n® +n{® =0
1 -2 0fln,|=0= n®-2n® =0 =n=n,=0, n{ =1=n® =£(0,0,1)
(0 0 0fn, n®” +n@’ +n®* =1
1 -1 0
The rotation matrix is given by QijZ\/E/ZJ. 1 0 |and
0 0 2/2
1 -1 0 -1 1 ot -1 o ] [-2

, 1
a=Q,Qu8,==1 1 0 |1 -10|1 1 o0 |-=

2
0 0 2/4J2]0 0 1[0 0 2/42
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1-12.

2 1 0
b)a,=| 1 -2 0|=1,=—4,11,=3,11,=0
0 0 0

. Characteristic Eqnis —2* —4)* -3A=0= A(M* +41+3)=0=A(A+3)(L+1) =0
Roots=> A, =-3, A, =-1,A;=0

A, =—-3 Case:
1 1 0f[n¥ n? +n{’ =0
11 0(nP|=0=> nd =0 = n® =-n{ =+/2/2, n® = £(~/2/2)(-1,1,0)
0 0 3| n® N0’ n®? 4 p®% 1
A, =—1Case:
-1 1 0]n -n? +n =0
1 -1 0|ln,|=0= n® =0 =n =n,=+/2/2 = n® =+(/2/2)110)
[0 0 Ijn n®’ +n@* +n@* =1
Ay =0 Case:
(-2 1 0]n -2n® +nl® =0
1 -2 0fn,|=0=> n®-2n® =0 =n=n,=0, n{’ =1= n® =+(0,0,))
0 0 Ofn, n® +n®” +nP’ =1
1 -1 0
The rotation matrix is given by Qij:\/EIZl 1 0 |and
0 0 2/\2
1 -1 0 7J-2 1 0t -1 o7 [-3 00
2 =Q,Q,a, =21 1 0 |1 -20[1 1 0 |=0 -10

2
0 0 2/J/2] 0 0 0ll0 0 2/42 0 0 0
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1-12.

1 1 0
©a=|1 -1 0/=1,=-2,11,=0,1,=0
0 0 0

. Characteristic Eqnis —A*—2)* =0or A>(L+2)=0
Roots=> A, =-2, A, =%, =0

A, =—2 Case:

1 1 0] n¥? n® +nf’ =0

11 0|nP|=0= n® =0 = n® =-n® =+42/2, n® =+4/2/2(-1,1,0)
0 0 2{n{ n®* +n®* +n®* =1

A, =A; =0 Case:

-1 1 Offn, -n,+n,=0

1 -1 0|ln,[=0= , *, 2, =n=n,n’=1-2n2= n=(kky1-2k?)
0 0 on, n~+n,” +n" =1

for arbitrary k, and thus directions are not uniquely determined. For convenience we may choose
k=+2/2and0togetn® =+/2/2(1,1,0) and n® = £(0,0,1)

1 -1 0
The rotation matrix is given by Qij:ﬁ/21 1 0 |and
0 0 2/42
1 -1 0 -1 1 0ot -1 o] [-2

, 1
aij=Qinjpapq=§1 1 0 |1 -1012 1 o 0
0 0 2/V/2]|0 0 o0 0 2/42 0

o O O
o O O

1-13*. 5 (A TS I TR R R TR A Sk |
| —— Value 1 | : ] ] i i i

|' —— Value 2 | : ] :
| —= Value 3

Absolute Principal Values

1 1t 12 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2
X
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1-14.

(@) u=xe, +XX,e, +2%XX,X;€;
Viu=Uy, +Uy, +Ugg =14 X +2XX,

€; €, €;

Vxu=010x, 010X, 0l0X; |=2XXe, —2X,Xze, + X,e;
X, X Xy 2% Xy Xg

V?u=0e,+0e, +0e, =0
1 0 0

Vu=| X, X 0 |, tr(Vu)=1+Xx, +2xX,

2X, X3 2X X3 2XX,

(b) u=x’e, +2X X,e, + Xoe,

Veu=U, +U,, +Uy, = 2% +2X, +3X;

€ € €;
Vxu=0/0x, 0l0x, 0l0x%;|=0e,—0e,+2x,e,
X 2xX, X

V?u=2e,+0e, +6x,e, =0

2x, 0 0
Vu=|2x, 2% 0 |, tr(Vu)=4x, +3x’
0 0 3%

(C) u=Xe, +2x,%,e, +4x’e,
Viu=U;, +U,, +U;; =0+2X;+0
e, e, e
Vxu=|010x, 0l0X, 0l0X;|=-2X,e, —8Xe,—2X,e,
2 2
X;  2X,X3  4X]

V?u=2e,+0e,+8e, =0

0 2x, O
Vu=| 0 2x; 2X, |, tr(Vu)=3x,
8, 0 0

Copyright © 2009, Elsevier Inc. All rights reserved.



1
q = _Esljka‘jk
1 1 8ii 8im 8in 1
Emdi = 2 Ijkglmnajk E 8ji 6jm 8jn ajk 2 (Sjmskn _Bjnskm)ajk
8ki 8km 8kn

1 1
=—=(@,,—a,)=—-=(@,, +a,,) =-a
2( mn nm) 2( mn mn) mn

1-16.

(a)

V(W) = (W) = dW  +0,W = VoY + ¢V

Vi (oy) = (OW) i = (OW 4 +0,W) | = OW i O, W i + 04 W 1+ W =W+ OV o +20
= (V2O)y +§(V?y) +2Vo-Vy

V- (¢u) = ((I)uk),k = ¢uk,k +(I),kuk =Vo-u+o(V-u)

(b)
V x (du) = g5, (0U, ) ; =& (dU ; + 0 U, ) =€ ;U +dey U, =Voxu+d(V xu)
V(uxv)=(euUV )i =5 UV UV ) = Vgl +Ug Vi =v-(Vxu)—u-(Vxv)

VxVo=g;(9,); =&y, = 0becauseof symmetryandantisymmetryin jk
V.-Vo= (¢,k),k = ¢,kk =V ¢

(©)

V-(Vxu)= (U, ;)i =&yl ;i =0, because of symmetryand antisymmetry in ij
Vx(Vxu)=¢,,; (Sijkuk,j),n =Eim&ijk Ui jn = (8,0
=V(V-u)-Vu

ux(Vxu) =gy U; (€mlnm) = i€l jUpm = (8;n0 Ujlnm = Ul —U

jonm im“jn |n Jm) j

6mk8nj )uk,jn = un,nm - um,nn

mj ~ nk

u

m-i,m

=%V(u~u)—u~Vu

Copyright © 2009, Elsevier Inc. All rights reserved.



1-17.

Cylindrical coordinates: &' =r, £ =0, £* =z
(ds)? = (dr)? + (rd®)? + (dz)> = h, =1, h,=r, h, =1

e, =cosfe, +sinbe,, e, =—sinbe, +cosbe,, e, = e,
6ér_é %__A aé,_ﬁé(,_aéz_aéz_aéz_o
00 ’’ 00 "or or or 00 oz
V=éri+éali+ézg

or r 00 0z
Vl‘zéri+e70lﬂ+Azﬂ

r r 0o 0z

B R Xa I
ror r 00 0z

2 2
Vv f =——(rij+%g+g
ror\ or r° oo 0z

Vo= [1 X, _%jé, +(a“r - a“zjé,, +1(§(rue) 9 je

u
r oo oz 0z or r 00

Copyright © 2009, Elsevier Inc. All rights reserved.



1-18.

Spherical coordinates: &' =R, &2 =¢, £° =0
Xl = };l sin aZ COS§3 ’ X2 — &1 sin aZ sin aS , XS — &l cOS éz
Scale factors :

2_8xk8xk= . 2 i 2 24 _ _
(h,) __85,1 —a&l (sin¢pcosB)” + (sinpsin®)” +cos”" op=1=h, =1
“ ox" 2 3
(h,)* Eﬁi = h, =R
(h,)* _8?; Pl 2sin” ¢ = h, = Rsin¢

Unit vectors:

e, =C0s0sin de, +sin Osin de, + Cos de,
e, = Cos0cos e, +sin BCOSs de, —sin de;
e, =—sin0Oe, +cos e,

oe, . Oe, . Oe,

=0, =e,, = sin e
oR TR R
oe, 6‘e¢ . Oe,
— = —é,, —2 =cos¢e,
oR " 0 00
oe, _0, oe, _0, e, :—cosd)éq)
oR o 00
Using (1.9.12) - (1.9.16) =
~. 0 ~10 . 1 0
V=t —+e,——+e———
R °*Rop  *Rsing o0
Vf:éRﬂ+é¢lﬂ+6z 1 a
R Ra¢ Rsm¢ae
1 0 0
— sin sin Ru
Rsm¢8R( Be) 2sin ¢a¢( du,)+ n¢ae( o)
0
2 S —
RZaR( Ug) + ( nou,) + RS ¢69()
A i(RZsm—}%a( Y CUARE AR I
R*sin¢ R oR no o 26" R? smq) 00 ‘sing 00
2
=i2ﬂ(R2ﬂj+ 1 o4 <I>) _1 &t
R° OR OR 2sind 0 b~ RZsin*¢ 00

Copyright © 2009, Elsevier Inc. All rights reserved.



1-18. Continued

L e
Rsin¢ 00

qu:( 1_ [Q(Rsin¢ue)—%(Ru¢)]JéR+(

0 b .
R?sin¢ a¢ (UR)—a—R(Rsmd)ue)]J%

190 0 -
+ Eﬁ[(Ruq))_@_d)(uR)jee

i au, ) 1. .
= l i(sinq)ue)——d’ ép + l Ny 10 Ru,) |e
| Rsing| 06 00 Rsing 606 R OR ’

1( 0 Oug ||
+ E{E(Ru‘b)—@—cpJ}ea

www.mechanicspa.mihanblog.com

SilSia (oudiga pula S5 — Sl wniga S0
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2-1.

(@ u=Axy,v=Bxz*, w=C(x*+y?)

Ay %(AXJF Bz?) Cx
& :%(ui’j +uj’i)= 0 Bxz + Cy
0
0 %(AX—BZz)
1 1
O E(ui,j_uj,i): _E(AX_BZZ) 0
Cx —Bxz+Cy
(b) u=Ax?,v=Bxy, w=Cxyz
- L 1
2Ax =By =Cyz
: i
eij ZE(UU +iji) = Bx ECXZ
Cxy
\ 1 YA\
0 —-=By —-=Cyz
2 y 2 y
1 1 1
o; E(ui’j -Uu;;) EBy 0 _ECXZ
1Cyz 1sz 0
L2 2 ]

(€) u=Ayz®,v=Bxy?, w=C(x* +z?)
0 %(Az3+By2) %(BAy22+2Cx)

1
€ij =E(ui,j +uj,i) =

1
ij :E(ui,j _uj,i):

2Bxy

—Cx

Bxz —Cy
0

0

2Cz

0
1
- (A2 ~By")

—~ %(SAyz2 - 2Cx)

%(Azs—ByZ)

%(3Ayz2 — 2CX)

0 0

0

0

Copyright © 2009, Elsevier Inc. All rights reserved.



2-2.
u=k(x*+y?,v=k(2x-y),w=0
ou ov
=28, =—+—=2ky+2k=2k(1+y)

~ M ke, =N = kg,
oy

e =— =

|

o ox
1(ov ou 1
=2 ———=|==(2k-2ky) =k(1-
o, 2l oy 2( y) d-vy)
2

|

Y 2k(dy)

ay

dy

Copyright © 2009, Elsevier Inc. All rights reserved.



2-3.

Assumetwo - dimensiona behaviorin x,y - plane
ou
e, :&:C1 = Uu=Cx+ f(y)

ov
€ =5=—Cz =>v=-C,y+g(x)

e, :@:O:w:h(x,y)
0z

_1[a_u+@):0:>df dg _,_ df _ dg

€y = —+—=0=> —=——=constant = a
2l 0y ox dy dx dy dx

o f=ay+d, and g =-ax+d,

e, :1 Q+@ :o:@=0:h= f,(x)
2\ oz oy oy

1(ow ou oh
e, :E[&+5):O:> &:0: h=g,(y)
- h=constant =d,
Combining theindividual resultsand redefining the constants of integration gives
u=Cx-o,y+u,
v=-C,y+m,X+V,
W =W,

Note therigid body motion termsdefined by relations(2.2.9)

Copyright © 2009, Elsevier Inc. All rights reserved.



2-4.

ex=a—u:Az:>u=Azx+f(y,z)
OX
v
e,=—=Az=>Vv=Azy+g(X2)
ow 1_,
e, =—=Bz = w==Bz° + h(X,
= 5 (x,y)
exy—i 6_u+@ :O:ﬂ+a—g:0:>ﬂ:—a—g:L(z)
2\ 0y ox oy OX oy
eyzzl @Jr@ =O:>Ay+a—g:—a—h:>a—g=—Ay—@=l\/l(x)
2\ oz oy oz oy oz oy
ezx:1 %4‘8_“ :038—h=—AX_i:>a_h=_Ax_ﬂ:N(y)
2\ ox oz OX 0z OX oz

From the previousthreerdations, L'(z) = -N'(y), L'(z) =-M'(x), M'(x) = -N'(y)
=>L(2)=M'(X)=N'(y)=0= L(z)=a,M(x)=b, N(y)=c

i: L(z)=a= f =ay+ f,(x,z) and

%:—AX—N(y):—AX—CS f=—Axz—-cz+ f,(X,y)
z

Tosatisfy eachform f = —Axz +ay —cz +d,. Formsfor g and h followingin similar fashion giving
g=Azy-ax+bz+d, and h =—%Ay2 —by +cx+dj.

Combining theindividual resultsand redefining the constantsof integration gives
u=Axx-0,y+®,Z+U,

V=Azy -0, Z+®,X+V,

W=%(BZZ —AY?) — o, X+, Y + W,

Copyright © 2009, Elsevier Inc. All rights reserved.



2-5.

* _— — —
U =U,-0,y+0,Z,V* =V, —0,Z+0,X, W =W, -0 X+0,Y

* * *

X 8u _0, eyzav :O,ezzaw _0

OX oy 0z
* *

exy:1 u +8v :1(—032—1-032):0
2Ly ox ) 2

eyZ=1 v +8W =—(-0,+0,)=0
2\ oz oy 2
1(ow* ou*) 1

e, =— + =—(-o, + =0

* =2 ox azJ oyt ey)
ou

eX:——O:>u_f(y,z)
OX

e _v_ 0=v=09(z,x)

b0y

ezzﬂ—O:W:h(x,y)
0z

AR 0[RRSI TS
2\ 0y oXx oy OX oy OX

eyzzlﬂ av)_ 038_g+@202>6_g:_8_h: (x)
2\ 0z oy oz oy oz oy

e, =2 Xy a—“j 05 Lo Mo T _\y)
2\ ox oz o az OX 0z

From the previousthreerelations, L'(z) = -N'(y), L'(z) =-M'(x), M'(x) = -N'(y)
= L(2)=M'(X)=N'(y)=0= L(z)=a,M(x)=b, N(y)=c

_of
oy
Tosatisfy eachform f =ay —cz +d,. Formsfor g and h followingin similar fashion giving
g =-ax+bz+d, and h=-by+cx+d,. Combining theindividual resultsand redefining the
constantsof integration givestherigid body motion form
Uu=u, -0,y +o,z

—=L(z)=a= f =ay+ f,(x,z) and %:—N(y):—c: f=—cz+ f,(x,y)
z

V=V, —0,Z+®,X
W=W, —o, X+0,Y

Copyright © 2009, Elsevier Inc. All rights reserved.



2-6.

cos® sno
o[, )

—sin® coso
Usetwo - dimensiond transformation theory

Cole eg cosd sno| e e, |cos® —sind
& = =QpQuly =| -
€o € —-sin6 cosO|e, e, [sin6 cosO
e,+e, e ,—¢e e, —€,
- 2

= *c0s20+e,, sin20 sin20 +e,, cos20

e, €, . e, +e, e —e
*—>sin20+e,, cos20 L
2 2

~-cos20—e,, Sin20

2-7.

e, =e, cos”30° +e, sin?30° + 2e, sin30° cos30° =

0.001=e, §+ e, l+eXy ﬁ
4 4 2
e, =e, cos’90° +e, sin”90° + 2e,, SiN90° cos90° =
0.002=¢,
e, =e,cos’150° +e, sin*150° + 2e, sin150° cos150° =

3 1 J3

0004=e,—+e,——e, —
4 V4 72
Solvingfor thestrains: e, = 0.0027,e, = 0.002, e,, =-0.0017

Copyright © 2009, Elsevier Inc. All rights reserved.
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2-8*.

e, =—0.001+ 0.003cos26 + 0.001sin 20
e, =—0.001-0.003cos20 —0.001sin 26

e,, =—0.003sin26 + 0.001cos26

The maximum valuesarefound to be
(€)) e =0.0022 @ 6 =9.2°,189.2°
(€)) max =0.0022 @ 6 =99.2°,279.2°
(€ )mex = 0.0032 @ 6 =144.2°,324.2°
The MATLAB Plotisgiven by

N w -
l'
Ly
o
-
\
i

—
=
~
-
~.
v
~ o
- e,
e -
L
-
~,
g
-~

Strain

0 pi2 pi 3pi/2 2pi
Angle (radius)

Copyright © 2009, Elsevier Inc. All rights reserved.
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2-9*, Ay
Definedirectionsn andt in the shaded plane as shown.

For directionn: |, = icose, m =sind, n = icose
J2

V2

N 1 . 1 .
For directiont : |, = ——=sin®, m, = cos6, n, =——=sin0
V2 ’ o2

Relations(2.3.3) =

e, =&l +e,m’ +e,n’+2(e Lm +e,mn +e,nl)
= (3cos?0 — 4sin?0 —+/25in20) x10°°

ey =ell, +e,mm, +enn, +e (Lm, +ml,)+e, (mn, +nm,)+e, (nl, +1n,)
= (—3.55in20 — v/2c0520) x10°

The MATLAB plot of theserelationsare

x10°

: [ — Normal strain
1= shearStain

Strains

0

H N i
0 pilB pifd 3pirg pif2
Angle (radius)

Copyright © 2009, Elsevier Inc. All rights reserved.
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2-10*.

MATLAB CODE

% Principal Value Problem

% Enter strain matrix
e=[2,-2,0;-2,-4,1;0,1,6]*0.001;
% Calculate principa values L and directions N
[N,L]=eig(e);

fprintf("Principal Values)
disp(diag(L)’)
fprintf(‘Principal Directions)
N1=N(:;,1)'

N2=N(:,2)'

N3=N(:;,3)'

SCREEN OUTPUT

>> Principal Values -0.0047 0.0026 0.0061
Principal Directions

N1=-0.2852 -0.9543 0.0893

N2=0.9570 -0.2784 0.0815

N3=-0.0529 0.1087 0.9927

2-11.

Volumeof Undeformed Element =V, = dxdydz

Volumeof Deformed Element=V, = (1+e,)dx(1+e,)dy(1+e;)dz

= dxdydz + (e, +e, +e,)dxdydz + termsof O(e?,e®) = (1+ 9)dxdydz = (1+ 9)V,
LAV =V, =V =Q+9)V, -V, =9V, = 3 =?/—V

0

2-12.
2 -2 0
e, =|—-2 -4 1|x10°
O 1 6
4/3 0 0
SphericaIStrain:é'ij:%ekkSijz 0 4/3 0 |x10°
0 0 4/3
2/3 -2 0
DeviatoricStrain: §; =e; —&, =| -2 -16/3 1 [x107°

0 1 14/3
€, =2/3-16/3+14/3=0= No volumetric changesassociated with &,

Copyright © 2009, Elsevier Inc. All rights reserved.
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2-13.

ou o%, d%u
e, =—= =
OX oy®  oxoy?®
ov  O%, o
- =
y 2 2
oy OX OyoX
1(ou ov %, U o3
ey == —t+—|=>2 = +
2\ oy ox OX0y  Oyoxoy OXoxoy
If thedisplacementsaresingle- valued and continuous, we can interchange
theorder of differentiation
0%, 0% o%e

y Xy

= +
oy>  ox? OXoy

2-14.
8ij 8im 8ip

N = &€ jmpCipim =[0§  Om o [Cipem
5, 5, o

Ip
3 [Sij (Skm8|p _Skpslm)_Bim (Skj6|p _Skp8|j)+8ip (Skjslm _Skmslj))k

= 8ij (ell,kk _ekl,kl)_ell,ij +ejk,ki +e|i,j| _eji,kk

Ip,km

If indicesk and | aretaken to be thesame, thefirst term will drop, and we get
My = (& T €uij —Cik.jk —Eix) =0, Whichisthesameas(2.6.1) withk =1
VxexV=-VxVxe

Vxe= 8imnejn,m = VxVxe= 8qugimnejn,mq = 8imngquenj,mq = T]ip

Copyright © 2009, Elsevier Inc. All rights reserved.
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2-15.

Nii = €€ jmpCipkm

MN11 = €1 EampCipm = €2233 T €3320 — 28,53 23

N2 = €20€ompCipkm = €3311 T €133 — 2833

Nz = €30 E3mpCipkm = €110 T €211 — 2855,

N2 = Ea€ompCipim = €3320 T (_912,3 +€xy, 7t e31,2),3

N2z = €20 €ampCipkm = €113 T (—€231 €310 +€123) 1

Na1 = €30 EampCipm = Com t+ (—€312 +€123+€5331) 5

Nij,i = MNiza T Niz2 T Nizz =

=155 = Maag FMazp FNags = (622,331 €330 ~ 2623,231)"' (_ €120 +(—€1p3 + €55, + e31,2),32)

= (_ €213 T (_631,2 +€ps Tt e23,1),23): 0
Likewisefor thei = 2andi = 3cases

2-16.

Starting with thefirst three compatibility equations,

0% 0% 0%, o o' o',
ezx+ 2y=2 = 2eX2+ 2y2=2 yz (a)
oy OX Oxoy oy“oz® ox‘oz oXoyoz
o%e 4 o%e o'e 4 o'e
2y+8ezz=2 == 2yz+ azezz=2 y22 (b)
0z oy oyoz OL°0X® 0Oy“oX 0y0z0OX
0%, 0%, 0%, o'e o'e, o'e

=2 = Lo+ =2 e (*
ox*  oz° 0z0x  oxoy® or’oy®  oOroxoy? (©)

4 8 oe oe
(@)+(c)-(b) = azex ~ = 0" [ Pn, %u By
oy“o0z°  oxoyoz ox oy oz

4

o'e 8 oe oe
B+ (@) - () =~y =0 |- Fx B B
O0L°0X®  oXoyoz oy oz OX

84ez 83 ( any ae)’l aezx J

©)+®) (@)=

= - + +
ox’oy? oxoyoz\ oz ox oy
Using thelast threecompatibility equations (2.6.2) 5 ,

a 2
0yoz
8 2
020X
a 2
OXoy

(2.6.2),, givesthefirst fourth order equation

(2.6.2) givesthesecond fourth order equation

(2.6.2), givesthethird fourth order equation

Copyright © 2009, Elsevier Inc. All rights reserved.
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2-17.

The given strains must satisfy the compatibility equations (2.6.2)

0%, 0%, 0%, 2
SR Ry — BAY + 6AX = 2B(2x+2y) = 6A=4B = A= B
oy®  ox oxoy 3

(26.2),5456= 0=0

(2.6.2), =

2-18.
u:v:O,w:itan’ll
27 X
LW g W g g, L )
OX oy 0z 2l oy ox
v ow) b oy b X
¥ 2oz oy ) 4mnoy X' 4Anx’+y
ezle(@_Fa_uj:ii(tan_ll :_i 2y 5
2\0x 0z) 4mox X 4 X“+y

Thesix compatibility equations (2.6.2) yield

0=0
0=0
0=0
oe
oX{ ox oy OX
oe

02—2[—%—“+JJ:—3(0):0:0=0

oy\ oy 0ox oy
0=0

Thusall compatibility equations are satisfied even though the displacements
aremulti - valued.
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2-19.

From thefiguregeometry,

ou, 2 ,OUg 291/2
' AB dr or
AC -AC AC -AC
€, = + —
AC AC

ou,
(U, +%+ rdé —u,)—rdo . (r +u,)d6 - rde
rdo rdo

lou, u,
=——+
roo r

e = L(/CAB- /CAB) =

_1 (%g%&)
2 2

or roo r
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2-20.

au, 1( 6u9) 1(1(’}ur ou, uej
er=_’eG=_ ul’+_ ’er9=§ — 4+ -

or r 00 r o0 or r

A 1(A . B
ae=—7,6=———BsnO|, e, =——cosO
@ e r2’ r(r j ©or

(b) e, =2Ar , g, :%(Ar2+Brcose), €. :%(Bsine—Bsine):O
(€ e =0, ¢, :1(A9n6+ Bcos— Asind—Bcosh)=0
r

e :l E(Acose—Bsin6)+C—E(Acos€)—Bsin(9+Cr) =0
"2l r
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3-1.

A
X 0 0 y
GU = O \/ 0 Os
0 0O ys,,/s
T" 6,1, n=(~sin6,coso) n\ 7K
Txn:(anx:_xSine ’//, e\ s

T, =c,n, =YcosO

Stresseson obliqueplane S:

65 =0\ =0,8N*0+0,cos’ 621, sinBcos= Xsin®6+Y cos” O

T4 =T, =—0,SiNBCOSO + o, sinBcoso + 1, (cos” 6 —sin’ 6)
=—-Xsin0cosO+Ysin0coso = (Y — X)sinbcoso

3-2*.
2 1 -4 4 1 O
@o;={1 4 0 |,n=(cos0,sn6,0) (0) oy ={1 -6 2|,n=(cosb,sin0,0)
-4 0 1 0 2 1
T, =cn,+1,N, +1,N, =2C0S0+Sn6O T =oc,n,+1,N, +1,N, =4C0S0+sn0O
T =1,n,+o,n +1,n, =Cc0SO+4sn0 T, =t,n +o,n, +1,n, =COSO—6SNO
T =1,n,+1,n +06,n, =-4c0s0 T =1,n +1,n +0c,n,=2sn0
T = T T 107 =19+ 200520+ 65020 [T7= [T+ T + ;7 =29-12c0520—sin20
MATLAB Plots:
6.5 n
""""" part(a)
"""" part(b)

5.5

[T

a1

o
P
s,
<
.

Y

~

>~
Y
~
.
~
~
S
~

Ay
Ay
‘\
‘\
‘\
45 N 4
4 \‘ /
/ //K

4 \ /

35
0

0.5 1 1.5 2 2.5 3 3.5
Angle,0
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ro

G, =0}, = 6,005’0 +0,siN”0+ 21,,SiNOHCOSH

_0,+0,

O

(e} .
Y c0s20 + T,SN20
2

o ] 20 H
Gy =0, =0,8N"0+0,cos" 6 - 21, SinHcosb

_0,+0,

p .
Y.cos20 - 1,,SN20
= -, 5inBcosb + o, sinBcoso + 1, (cos’ 6 —sin® 6)

(e) (¢} .
—Xg5in20+ 1., C0S20
2 Xy
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3-4.

6, Ty O

Planestress o, =|t,, o, O
0O 0 O

det(o, —08,)=0=| % ¥

Z>GZ—(GX+Gy)G+GXGy—’C§y =0

1
01, =,l(6,+0,)% (0, +0,) - 40,0, -7)

2
o, +0O c, —O
__X Y 4 X Y| 412

3-5.

. .. . . 1 1 1

Using principal coordinateswithn=| —,—,—
o prnep (@ NE @J

6., =0;NnN —E(G +0 +G)—EG —EI

oct — Oijlh 1—3 1 2 3 —3 kk_3 1

2 2 2 2
T =IT" " =N =Gijnj6iknk_(6ijninj)

G ot rod) =S (0,40, o)’

1

= 5[2(612 +05+62)-2(6,0,+ 6,04+ 0301)]
- 2fnz-21)-21,]- 21z -61,]

:%[(01 _62)2 +(o, _03)2 +(o, _01)2]

Next using given Xx,y,z axes
1 1

Cost = =0k =—|1=E(GX+G +0,)
3 3 3 y

2 _
Tot = O

1
iN O Ny _(Gijninj)z 25[2|12 _6|2]

:%[(Gx —Gy)2 + (Gy —(52)2 + (o, —GX)2 + GTiy +6r§z +61§X]

Copyright © 2009, Elsevier Inc. All rights reserved
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Silia mudiga aala KBy — Silse nigs S
3-6.

Xy
1. 1 1. 1
=§|1i‘/Z(lf—4|,_,)=§|1i‘/Z|f—|2
c,—C [1
Tmax:%: ZIJ.Z_IZ

..the principal and max shear stressesarefunctionsof theinvariants
and thus must beindependent of the coordinate system, so

2 2
o,to G,—GC c,.+0o G, —0C
_ y X y 2 _Mr 0 r 0 2
Gy, = + +Ty = + +Tr
2 2 2 2

2
c,+0 c,—OC 3P
C12 = y+\/( y] e —3[Xyi\/(cz—y2)2+xzy2]

2 2 Y 4c
Principal Directions:
3_P[2Xy_xy$\/(cz_y2)2+xzy2 Cz_yz :l{nl(lz)}:o:
4¢3 C2—y2 O—xyi\/(cz—y2)2+x2y2 n;(11,2)

2 22 L u2,2
n2 _ Xyi\/(c -y°) +X%y n2
1 - 2 2 2

c -y
Thus the principal directions can be expressed by

n®? = [(ny_r\/(c2 —y?)? + x%y? )el +(c2 - yz)ez]x constant

Copyright © 2009, Elsevier Inc. All rights reserved.



3-8*.

Using MATLAB thefirst principal stress contours are:

3-9.
Setting up the principal valueproblemwithc;; = Pf; (x,) =

(o, —o8,)n, =0= (Pf, (%) —o8, )0, =0= (fij (xk)—%ajjnj -0

and thus the principal valuesof this problem would beof theform

G123
P

The principal directionsfollow from

(Pfij (%) — 01239 )nlgl,z,e,) =0= (Pfij (%) — P9, 539 )n§1’2'3) =0= (fij (%) = 912,30 )n§1'2'3) =0

and thus the principal directionswill not depend on P

= 91,2,3(Xk) = 0,3 = Pgl,2,3(xk)

Copyright © 2009, Elsevier Inc. All rights reserved.



3-10*.

ey Ry Py
TC(X2+y2)2 ! y TC(X2+y2)2 ! TC(X2+y2)2

J(]> J(—W—w]ﬁ( ~2Pxy?) J Py
2 i n(x? + y?)? n(x? + y?)? (X + y?)

MATLAB Codeand Plot :

x —

% Exercise 3-6

% Maximum Shear Stress Contours for Flamant Problem
Clear;

% Generation of variable space
[X,y]=meshgrid(-3:0.05:3,0:0.05:3);

% Calculation of Nondimensional Maximum Shear Stress
SXy=y./(X.2+y.N2);

hold on

axis equal

axis off

% Plot contours with reversed y-axis
contour(Xx,-y,sxy,20);

3-11.

n |2 2,2 2.2 2.2
| T" ["=o1n{ +o35n; +o3n;
2 2 2
N =0, +0,Nn; + o,
SZZ’-IVFIZ

= annZZ(Gl - 62)2 + I’]22n§(c52 - 53)2 + n32nf(53 - 01)2

2 2.2 2.2 2.2 2 2 22
—N® =01 +0o5n; + 03Ny —(o,n] +0,N; +6,M)

Copyright © 2009, Elsevier Inc. All rights reserved.



3-12.

Using S, :%(01—03) in theequation of circle: S*+(N-o6,)(N-0,)=0=

1 1
2(61—63)2 +(N-0;)(N-0,)=0=N =§(61+G3)

Using (3.4.9) =
1 ,» (1 1
o S24+(N-0,)(N-5,) _ 4(51 C3) +(2(61+63) sz[z(cl"'ca) 53) :1
(0,-0,)(c,—03) (0,-0,)(c,—03) 2
e STHIN-0)(N-0)) _ 0 _
(6,—05)(c,—0,) (c,—03)(c,—0,)
1 1 1
L SNo-ay 4 oy -o jeron-e]
’ (03-0,)(05—0,) (63—0,)(c;—0,) 2
3-13.
311
c; =|1 0 2|isthegivenstressmatrix and using the previously determined principal directions,
1 20

2/6 146 1/46
Q, =|-1/v3 1/43 1/43 | wouldbetheproper transformation matrix
0 -2 U2

Using standard tensor transformation theory

2/J6 U6 163 1 112146 16 16|
6 =QuQiOm =|-1/v3 143 1431 0 2||-1/43 13 1/43
0 -1/+2 1421 2 o]l 0o -142 12

I
o O b
o +— O

o O

Copyright © 2009, Elsevier Inc. All rights reserved.



3-14.
The characteristic equation for the deviatoricstresstensor isgiven by det[s,, —5,5,]=0.

Since G, = —%ckksij , thiseguation can be written as
1 q 1
det[Gij _gckkSij _Gdaij] = et[Gij _(gckk +Gd)6ij] =0.
However, the characteristic equation for thestresstensor o isdet[c;; —cd;] =0, and thus
it followsthat o = %Gkk +04 OF G4 = G—%Gkk :

If nistheprincipal direction of thestresstensor o , then (c;; —cd;)n; =0, and thiscan

ij?
be written as (cij —(%cskk +04)9; jnj =0 or (6; —5,48;)n; =0. Thereforen aso the principal

direction of thedeviatoricstress G .

3-15.
2 1 -4 4 1 O
@o;=|1 4 O (0) ;=1 -6 2
-4 0 1 0O 2 1
7/3 0 0 1 -1/3 0 0
G, =—0yd;=| 0 7/3 0 G} =§Gkk5ij = 0 -1/3 0
0 0 7/3 0 0 -1/3
L -1/3 1 -4 1 13/3 1 0
3 3
-4 0 -4/3 0 2 4/3
3-16.
311
With 6, =|1 0 2|=0,=4,0,=1,06,=-2
1 20

G vonMises = %[(51 _62)2 +(o, _03)2 +(o, _(71)2]1/2 = %[(3)2 + (3)2 + (6)2]1/2 = \/E =5.196

cyoct :%(Gl +62 +03) :1

Toct =%[(Gl _62)2 +(o, _63)2 +(o, _01)2]1/2 :%[(3)2 + (3)2 + (6)2]”2 =%\/a = \/6 =2.449
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3-17.

0t O
c;=|t 00
0 0O
-c T 0
detlc; —c5;]=|t -o O =o(t*-0%)=0
0O O -o
=0,=1,6,=0,06,=-1
o, =1 Case:
(0, —0,8;)n® =0= n® = +1/+/2(1,1,0)
6, =0 Case:
(O'ij —028”)!‘1}2) =0=n®? =+(0,0,)
o, =—1 Case:

(0, 05, )n® =0= n® =+1/4/2(1,-1,0)
For theoctahedral plane,n, =n, =n, =1/ J3

T =622 1+ 0202 +02n% = L (02 +02 +02) = (% +17) = 21
3 3 3
1 T T
N:csln12+02n22+03n§:§(Gl+62+03):§—§:0
S= T”2—N2: %r:\/EIIB
3-18*.
o T 2_ 2
FromExercise3-7, o, =| * 7 :3_Ps 22xy2 ¢y
Ty Oy| 4C7|C°-y 0

2
o, +0C c,—OC 3P
o12= T i\/( 2 ] ”iy:—4Cs[wi(cz—y2>2+x2y2]'63=0

1/2

(@

1
vonMises — _2[(01 _02)2 +(o, _63)2 + (o, _01)2]1/2 = [Gf —0,0,+ GS]

MATLAB stresscontours:

——— A
— N

Copyright © 2009, Elsevier Inc. All rights reserved.
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O ANiniia s (lasige (51 g (ot an e - o5 0 )l ) s 4es S5
3-19.

Z F,=0= 8Gy
o, +—=dy,
(o, + do, dx)dy — o dy + oy dy
X — Oy T —
OX __>yx ay
ot arxy

+ (1, + —2dy)dx— 1, dx+ F,dxdy =0

"oy AR, T
Dividethrough by dxdyand letdx,dy -0  °x ‘ o T ) T:X o+ 9%y 4
X

o
a T
= %0y Fom, F.=0 N
ox oy o

Y F,=0=

a v Gy
(0, + = dy)dx— o, dx

oy

ot
+ (1, +a—xydx)dy—rxydy+ F,dxdy =0
X

Dividethrough by dxdy and let dx,dy — O
0 0

= Ty DBy, F, =0
oX

DM =0 (@center) =

5
(ot kY s Y

oy 2 2

ot dx dx
(o + 2 gy E . y P o
(Txy+ax )y2 T

Dividethrough by dxdy and let dx,dy — O

:Txyzryx

3-20.

%_F&_VXZO:Q 8_2(1) +£ _ﬂ =0
ox | oy axloy? ) oyl axay
a’c_xy+%:0:>£ _ﬂ +£ @ EO
ox oy ox\ oxoy ) oyl ox?

.. both equilibrium equationsareidentically satisfied

Copyright © 2009, Elsevier Inc. All rights reserved.



3-21.

Z F=0=
oo ot
“dr)(r +dr)dd—oc, rdo + +
~dr)(r +dr)do—o,rd0 + (zy, +

—1,,dr cos(do/2) — (o, + 5(;‘69 do)dr sin(d0/2) —c,dr sin(do/2) + F,rdrdd = 0
Dividethrough by rdrd6 and let dr,d6 — O
oo, E@Ter +Gr VAT, +F =0
o r 00 r

> F=0=

8;9 dr)(r +dr)do —t,,rdo + (t,, + a;g d0)dr sin(do/2) + 7, dr sin(do/2)

6;99 doé)dr cos(d0/2) — c,dr cos(d6/2) + F,rdrddo =0
Dividethrough by rdrd6 and let dr,d6 — O
at_f@.}.l%{. Zrer
o r 00 r
>'M =0 (@center) =
oT, dr dr
Gre dr)(r + dr)d9?+ rrerdeg— (T +
Dividethrough by rdrd6 and let dr,d6 — O

= Tyg = Ty

o 49)dr cos(do/ 2)

(o, +

=

(Tpo +

(Ge +

+F, =0

T goyar 190 o ar 190 g
26 2 2

(Tpo +

Copyright © 2009, Elsevier Inc. All rights reserved.



o, = 7T 3 ,0,=6,=T,,=1,=0
0

8ch+ y"+8TZX+FX_O _yam 2y 0

OX y 0z | dx 3l

a 2 2

By Py TZV+F_O:>(R y)dViO

OX oz "’ 3 dx

arxz+8Tyz+662+FZ:O:>O:O

ox oy oz

.. The approximate mechanicsof materialsstresses
do not satisfy the equilibrium equations.

3-23.

GX=GX(X),Gy=GZ=’CXy=Tyz=’CXZ=O, F,=p9,F,=F,=0

oo, Ot, ot 0o X
X 4 +—2%+F,=0=>—2+pg=0=0, =—| pgdx=pg(l — X

et th 1+ o, =—| pgdx=pg(l —x)
0 0 0
v Py Ta L E 20=0=0
oXx oy 0z

0
aTXZ+ TyZ+aGZ+FZ:O:O:O
ox oy oz
3-24.

-p O 0
c;=-p5; = 0 -p O
0 0O -p

G”'J+F|:O:>—p’18”+|:,:0:>p,|:F|Orvp:F
Using ascalar approach

0
an+ TVX+6’CZX+FX—0:>@=FX
oX oy 0z X
0 0 0
Dy DOy sz+F),_O:>@—Fy
OX 0z y

0
O l-yz+aGZ+FZ:O:>@:FZ
OX oy 0z Z
L Vp=F

Copyright © 2009, Elsevier Inc. All rights reserved.



3-25.

oc=¢T +¢,T,+e,T,

T =0, +1,6 +1,,€

2=z

T, =1,€ +0,6,+7,€

T,=1.,6 +1,€6,+0,8,
From (1.9.14) or exercise1-16, V-u = Ei(rur) +E%+%

ror r oo oz
_oT,  Ap  doT, ot

=V-.o =T, + £
or r r o6 oz
0 1
= E(Urer + Treeﬁ + Trzez) + ?(O-rer + Tr()eﬁ + Trzez)
0
+=—(7,€ +0,6, +7,8€,)+ E(Trzer + 17,6, + azez)
0o ot ot 1
= o : r are € t arz €, +_(Grer + 1,06 +Trzez)
r r r r

1 [8rr6 oo, ot j
+= e +1,8 +—2€ -G8 +—2e
00 00 00

ot ot oG
+—2e +—%e, +—Le,
0z 0z 0z

Collecting termsin each coordinate direction and adding
the appropriated body force gives

écr+Earre+8rr2+l(cr_ce)+|:r:O
oo r oo oz r

Ot +lacje + Oy +zTre +F,=0
or r 00 oz r

ot , 10T, + do, +Errz +F,=0
o r oo oz r

Copyright © 2009, Elsevier Inc. All rights reserved.



4-1.

From relation (4.2.1)
c, =Cpe +Cpe, +Cpe. + 2C14exy + 2C15€yz +2Ce.,
c, = C,e + szey +Cpe, + 2C24exy + 2C25eyz +2C, e,

o, =Cye + C3Zey +Cgpe, + 2C34exy + 2C3Seyz +2C4e,,

T, =Cpe, +Cpe, +Cpe. +2C e, +2Ce, +2C, e,
T, =Cge, + Cszey + Cge, + 2C54exy + 2C55eyz +2Ce.,

1. =Cge + Cszey + Cge, + 2C64exy + 2C65€yz +2Cge.,

While from (4.2.3)

6, =Cype, + CllZZey +Cge, + 2C11126xy + chlzseyz +2C e,

G, = Conse, + szzzey +Cppee, + 2C221Zexy + 2C2223eyz +2C,pe.,
o, =Cype, + C33zzey + Cype, + 2C33126xy + 2C3323eyz +2Cye.,
Ty = Cie, + ClZZZey + Cppgee. + 2C121zexy +2C e e T 2C e,

T,. = Cygie, + Cppe, + Cpgge. +2C 3,6, +2C e, +2C e,

yz

T, =Cype, + Calzzey +Cqge, + 2C3112exy + 2C3123eyz +2Cyze,,

Comparing these two relations implies the result

Cin Cup Cugp Cupp Cug Gy
Con Com Cuzz Cpip Crps Coy
C = Can Cam Cazzz Cazp Cagpg Cagyy
=
Con Gy Cig Chop Cig Crog
Coann Cop Crzz Cogp Corzoz Cogyy
Cann Can Cuzn Canp Capg Capy |
4-2.
6; =Cyey » 0, =Ciyey
6, =6, = Cye, =Cye, = Cy, =C,, whichis (4.2.4),
1 1
G, = Cg/klekl = E Cijklekl + E ik €r
1 1 1 .
= E Cijklekl + E i€ = E (Cijkl + Cijlk)ekl = Cijklekl

but from the definition of C;,, it is symmetricin & and /, and thus C,,, = C;,, which is (4.2.4),

Copyright © 2009, Elsevier Inc. All rights reserved.



4-3.

G, = yklekl ((18 Oy + BBikSﬂ + Y6i18jk)ekl
= aekk6ij + Beij +ye,; = (xekkﬁij +(B+ y)e,.j

lettinga.=Aand (B +y) = 2y,

o, =heyd, +2ue,

4-4.
From (4.2.6) =
G, = yklekl (OL8 Oy + Bsikajl + y8i18_jk)ekl
= aekkSi/ + Bey +ye, = ocekkSy + Bei/ +7ve;
Comparing this with relation (4.2.7) =
a=randB=p,y=p= Cy, =A6,6, +u(d,5, +35,3,)

. 2 2
Since L=k —gh= Cy =1(8,0, +6,8 )+ (k —gu)éiy.éik,

Ev
—andr=——=
2(1+v) @+v)@-2v)

Ev E
cC, =———— 808, +—Mm—
o A+v)A-2v) T 2(+v)

Sincepn =
(80 +643,)

4-5,
O
(31 +2w)

(4.2.7) = ¢, =i6ij A ——eud, = 1 —0; —;GMSF
Y 2u 2u 2u 7 2u(3h +2p) !

o, =heyd, +2ue;, = o, =(Bh+21)e, = e, =

1+v A
and
E 21 (31 +2u)

and this will be true if £ =MGA+21) g _

This will equal form (4.2.10)providing ZL =
il

(A +p) 2(h+p)
4-6.
Fromexercise 4 - 3,
:M:MZJr A =u2+2v)=>pu= E
(A+p) A+ 2(1+v)
= }\' :>L:M:1+E: _}.L
2(h+ ) 2v A A 2(L+v)A
E 1 1-2v Ev
— =] = s A=
20+Vv)A  2v 2v @+v)L-2v)

Copyright © 2009, Elsevier Inc. All rights reserved.
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4-7.

If 5, and n;” are the principal values and directions for the stress, then (c;; — 6,3

i9j

)’ =0
For isotropic materials, 6, = Ae,, 3, + 2ue; and thus

iy g}

] = (heyd, +2pe, —0,8,)n’ =0= (eij —i(si - kekk)SU,jnf =0

which can be written as (e, —e,3;

)n’ =0 wheree, = i(csi —-Xe,,)
2u
However, the principal value problem for the strain can be expressed as

(ey. - ei.8

8, )n; =0 where e; and »; are the principal values and directions for the strain.

These results for isotropic materials then imply thatn’ = »n; and o, = 2ue, + Le,,

4-8.

e, =e,C0s’60° +e¢,sin”60° + 2¢, sin60° c0s60° =

300x10°° :eY£+e,§+ex ﬁ

442
e, = e,€0s° 90" +e,sin*90” + 2¢, 5in90° c0s 90" =
400x107° = e,
e, =e,C0s°120° + e, sin*120° + 2e,, sin120° c0s120° =
100x10°° :exi+e E—ev ﬁ

4 T4 V2
- . 6 6 200 o6

Solving for the strains: e, = -400x10 e, = 400x10°°, e, :fxlo

All other strain components are assumed to vanish.

Using Hooke's law with elastic moduli for steel (A =111GPa, p = 80.2GPa)
o, =MAe, +e,)+2ue,=-64.16MPa

c,=MA(e, +e,)+2ue =64.16MPa

T,, = 2pe,,=18.52MPa

Copyright © 2009, Elsevier Inc. All rights reserved.



4-9.

ou M@-V? ov M@A+v)v
MOV v My

x - 1 €, =
ox EI Yoy EI
2 2
em,:1 8_u+@ =—M(1 v)x+M(1 V)xzo,ezzexz:ezzo
T2\ oy ox EI EI 7
Hooke's law gives the following in - plane stress components
My

o, =Me, +e,)+2pe = —T
c,=Me, +e,)+2ue,=0

T, =2pe,,=0

Thus this state of stress corresponds to pure bending of a rectangular beamin the x,y — plane
4-10.

FromTable4-1,

E =3k(1-2v)andsoif £ >0andk > 0,then v < %

E =2u(l+v)andsoif E>0andp > 0,thenv > -1

.'.—1<v<1
2
Noting that A = L, and if we choose the more restrictive inequality
(1+v)1-2v)
0<v<%:>7»>0
4-11.
0,v=0
}L:m: 2E/5,V:1/4
VT v=1/2
El2,v=0
E
u:2(1+v): 2E/5,v=1/4
EI3,v=1/2
E/3,v=0
k:ﬁ: 2E/3,V:1/4
Vol w, v=1/2

For v =1/2, A and & become unbounded.

Copyright © 2009, Elsevier Inc. All rights reserved.



4-12.
(@) Aluminum: E = 68.9GPa,v =0.34,u=25.7GPa ,k = 71.8GPa

— 0 0
E 2.17 0 0
Simple Tension : ¢, =| 0 —%c 0 |=| 0 -074 0 |x10°
v 0 0 -0.74
0 0 -—0
E
0 t/2n 0 0 146 0
PureShear:e, =(t/2p 0 0|=|146 0 0|x10°
0 0 0 0 0 O
_P 0
3k -2.32 0 0
Hydrostatic Compression: e, =| 0 —i 0 [=| O -2.32 0 [x10%
0 0 -2.32
o o -Z
3k
(b) Steel : E = 207GPa,v = 0.29, u = 80.2GPa,, k = 164GPa
S 0o o
E 1.45 0 0
Simple Tension: ¢, =| 0 —%c 0 |=| 0 -042 0 |x10°
v 0 0 -042
0 0 -—0o
E

0 t/2n 0 0 0935 0
PureShearie, =(t/2p 0 0]|=|0935 0 0x10°
0 0 0 0 0 0

_P 0
3k -1.02 0 0
Hydrostatic Compression: e, =| 0 —i 0 [=] O -1.02 0 |x10°
0 0 -1.02
o o -L£
3k
(c) Rubber : £ = 0.0019GPa, v = 0.499, 11 = 0.000654GPa, k = 0.326GPa
° 0 0
E 7894 0 0
Simple Tension : ¢, =| 0 —%c 0 [=| 0 -3939 0 [|x10°
v 0 0 —3939
0 0 -—0o
E

0 =t/2u O 0 531 0
PureShear:e;, =|t/2p 0 0|=|5351 0 O x10°
0 0 O 0 0 O

_P 0
3k -511 O 0
Hydrostatic Compression: e, =| 0 —i 0 [=| 0 -511 0 [x10°
0 0 -511
o o -Z
3k

Copyright © 2009, Elsevier Inc. All rights reserved.



4-13.

1 A 1 ~ 1 - 1

G, :Eckksij ,0,; =0, —gckkSij, €; :§ekk8ij e, =¢; —gekkS

o, = he,d, +2ue;, = o, = (3L +2u)e, = G, = 3ke,

i

1
G, =Meyd,; +2ue; — §(3k +2We, 5, =2u(e; — 3 ekkS ) =2ue;
4-14.
Withe, =26, ,0,. =1, =1, =0,Hooke's law gives

e —1[0 -v(o,+0o )]—l c —EVG _2—\/0
X E X y V4 E X 2 X 2E X

=0, = 22E e, and the slope of the uniaxial stress - strain curve s 5
-V -V

4-15.
For steel, E = 207GPa ,v =0.29

=1[cx ~v(o, + oz)]zi[zo—o.zg(so)]xlo* =54x10°
e, =—[o ~Vv(o. +0 )]_20 [30-0.29(20)]x10® =11.7x10°°

e = E[cz ~v(o, +0,)|= 277[— 0.29(50)]x107% = ~7.0x10°°
Ax =1 e, =(300)(5.4x107°) = 0.0164mm

Ay =1, =(200)(11.7 x107°) = 0.0234mm

Az =1e. = (4)(—7.0x107°) = —0.00028mm

4-16.
For steel, E =207GPa ,v=0.29

=i[cx ~v(o, + cz)]zi[— 50 - 0.29(50)]x 10" = ~3.1x10"
e, :—[0 —v(o. +o )]—207[50 0.29(-50)]x10"* = 3.1x10*

1 .
e :E[cz ~v(o, +cy)]=2—07[— 0.29(-50 + 50)]x10™° =0

z

Ax =1e_=(300)(-3.1x107*) = -0.093mm
Ay=le, = (200)(3.1x107*) = 0.062mm
Az=1e =(4)(0)=0

Copyright © 2009, Elsevier Inc. All rights reserved.



4-17.

No axial strain = e, = 0and no transverse stresses > ¢, =c, =0
Hooke's law (4.4.4) then gives

e, :%[Gx -v(o, +GZ)]+ ol =0=>o0c,=-EaT
e, :%[Gy -v(o, +Gx)]+ ol =vEaT + ol =1+ v)aT

e, :%[GZ -v(o, + Gy)]+ ol =1+v)al

4-18.

c; =Meyd; +2ue; — (A + 2T —T,)5,;, =
o, =Me, + e, + e.)+2ue —(3r+2W)a(T -T))

= (h+ 2u)e, + (e, +e.) = (3h+ 2wl = T)
Using Table4-1=

E E
o :m[(l—v)ex +V(€y +e,)]- (1-2v) (T -T,)
Similarly
E E
0, = Ao ve Fvlere)l- s ar 1)
E E
o :m[(l—v)ez +v(e, +e))]- (L—2v) (T -T,)

Shear stresses follow from the original equation

E E E

=—e¢ , 1. =——e_,7.=——=¢e
1+v ¥ 7 14v 7

Txyzzuexy z ! Zx:l+V

zx

Copyright © 2009, Elsevier Inc. All rights reserved.



S
A y —> —> —>
p

WO AN
1 %

/ f’

/ ﬁ

ﬁ a ﬁ X

i ' w X

% 7
° (b)

T,(x0)=T,(x0)=0
T,(%b) = pcos40° , T, (x,b) = —psin40° T(0y)=T,(0y)=0
u(0,y) =v(0,y) =0 T.(w,y) =T, (w,y)=0
u@y)=v(@y) =0 T (xh) =S, T,(x,h) =0

u(x,0) =v(x,0)=0

.
——— —— —— — —

R ,
<
J>
A <

30°(_

7 X
7 I
P
(d)
(©)
T.(,y)=0c,(,y)=0
T, (x0)=1,,(x0)=0 T,(y)=1,(,y)=0
T,(x0)=0,(x0)=0 T.(xh) =1,(xh)=-T

T,(xh)=0,(x,h)=0

T, (x~h) = 1, (x~h) =0
T,(x~h) =—c,(x~h) =0
u(0,y)=v(0,y)=0

T (x~xtan30°) =0, T (x~xtan30°) =P
u(0,y) =v(0,y) =0

Copyright © 2009, Elsevier Inc. All rights reserved.



5-1. Continued

0
P2 i r
' \a
r | b
—> <« R
/ 2
(f)
(e
T.(r,0)=p,,T,(r,0)=0 T.(a,0) =T,(a,0) =0
Tr(rZ’e):_pz 1Te(r21e)zo Tr(b,9)=T9(b,9)=0

T.(r,00=0,T,(r,0)=-p
u (r,m/2)=uy(r,n/2)=0

Bottom Surface: n, =sina, n, =—cosa
T,=o,n,+1,n, =0,T =1,n +c,n =0
T,=T,sna-T, cosa

T, =T, cosa+T, sna

ST, =T, =0=>T, =T,=0

Copyright © 2009, Elsevier Inc. All rights reserved.



5-3.

(@) u(x,0) =Vv(x,0) =0 VA

Gx(o,y):x% %V/ +2u2—_o v, (0,y) = p{@+@j= l}lls

s (ay) =2 %%; +2u%=0,rxy(a,y)= (—“+—]= )

o, (xa) =1 %#% +Zu%:—8,txy(x,a) u(a—;+&j=o ﬁ_)&
(b) u(0,y) =v(0,y) =0 (a) J

ou ov
oy

ov ou ov)|
c,(x0) = 7{5+—J+2 5—0 T,y (X,0) = u(qu—xJ—S YT

T.(X,(x—a)tana) = o,

(5
oxX oy OX

T,(x,(x-a)tana) =1, N,

y:0:>

sino + [p(%; + %B(— cosa) =0

+o,n, =0=>

N, +71,N

Mau av
W+
oy OX

5-4.

j +[k 8_u+@ +2M
OX

(a) Material (1):
u®(x,0)=v?(x,0)=0
c?(0,y)=0,15(0,y)=0
cP(@ay)=0,1(ay) =0
Material (2) :

@ (x.h +h)=-S, 1@ (xh +h,) =0
c?(0,y)=0,1(0,y)=0
c?(@y)=0,19(ay)=0

InterfaceConditions:
u® (xh) =u®(x.h), v®(xh)=v?(xh)
o (xh) =P (xh), 19 (xh) =15 (xh)

J( cosa) =0

(b)

(2 hy
(1) h
X
G
(a)

Copyright © 2009, Elsevier Inc. All rights reserved.



5-4. Continued

(&) Materia (1) :
Bounded stresses & displacementsatr =0

Materia (2) : @
o2 (r;,8)=~p, 17 (r,,0) =0 —
Interface Conditions:
U (r,,0) = U (r,,0) , ug” (r,,0) = ug” (r,,6) r
o (r,,0) =0 (r,,0) , 7 (r,,0) = <Y (. 6) /

5-5.

(@) Materia (1) : A
u®x0=v?x0=0 Tl
6(0,y)=0,1%(0,y) =0 ! [ l l ls
o (ay)=0,1(ay) =0 2 2 hy
Material (2) :
oA (x,h +h)=-S, 12 (x,h +h,)=0 (1) hy
o (0,y)=0, 1t (0y)=0 o X,
s (ay)=0,12(ay)=0 ?
Interface Conditions:

v (x 1) =V (x, ) @)

oy (xh) =c (x.h), 1Y (xh) =1 (xh)=0

l p

(@) Materia (1) :

Bounded stresses & displacementsatr =0

Materia (2) :

c?(r,,0)=-p, 12(r,,0) =0 (2

Interface Conditions:

u®(r,,0) = u?(r,,6)

o (,,6) =01 (r,,60) , 73 (r,,0) = 117 (r,,6) = 0 2

(b)

Copyright © 2009, Elsevier Inc. All rights reserved.



5-6.
(b) jOWTX(x,O)dx =-sw, [ T, (x0)dx =0, [ T, (x,0)xdx = Swh

©f _TOydy=0] T,

@[ Tydy =T, [ T,0.ydy =0, [ T,0.y)ydy =Tih

T,(0,y)dy =—Pl/cos30° j . Tx(0y)ydy = PI?/2c0s30°

S-7.

Thecompatibility relations(5.1.2) withk =1 aregiven by €; , + €4 ;j — €y i — ik =0
Using Hooke'slaw (5.1.4), into theserelations=>

A%
Gij ik T Oucij ~ Oik,jk ~ O jk,ik = —1+ v (Gmm,kkSij + Gmm,ijskk - Gmm,ijik - Gmm,iijk)
A% A%
= (Gn“m kk6 + BGmm ij mm,ji - Gmm,ij) = (Gmm,kksij + Gmm,ij)
1+v 1+v
From the equilibrium equations o;, ; = —F and using thisresultin the aboverelation gives
1 %
., +—0,,. =——0O o —F . —F..
ij,kk 1+ v Kk, ij 1+V mm,kk™ij i,j ji

1+

For thecasei = |, theaboverelation gives G , = — . »and using thisresult back into the

compatibility statement yieldsthe desired result

1 v
Gij Kk +m6kk,ij = _ESH Fok — Fi,j -F

joi
5-8.

Equaton (5.4.1): o;; = (A + W)U, , & +u(u; ; +U;;)
Usingin equilibriumequations: ¢, ; + F =0 =
)+F =0

A +puy e +u(u ; +u;;)+F =0

O\’+M)uk kj6|J +“(u| jj + U,

i

uu; g + (A + H)Uk,ki +F =0

Copyright © 2009, Elsevier Inc. All rights reserved.



5-9.

Relation (5.4.3) gives
g +(A+pu g +F=0=

Ui e +Muk1ki +F =0
Ev N E
™ @+v)1- 2;) 2(1+v) U, +F =0
2(1+v)
Ui e +((1—2\;v) +1juk'ki +F =0

=0

1
Ui e +1—Uk,ki +F;

Copyright © 2009, Elsevier Inc. All rights reserved.



5-10.

. vpgz z
Strainfield: e =g, =- FI):_g _ﬂ 8, =6,=6,=0
ou _ vpgz vpgzx
=—=—"=U=—""—+f(y,Z
&= E = e Ty
:@:—&gzzv: Vpgzy+g(xz)
oy E
oW _ pgz pgz’
= = — h y
< 0z E - W 2EJr (%)
o v (D) (D oy
oy oX oy OX

f(y,22=F(2y+G(2), 9(x,2) =-F(2)x+H(2

o N W o, VoW 097  NXY) o,
62 ay E 0z ay

oh(x.y) _

VP
——= —F'(2)x+
= (2)

and thus H'(z) also must equal a constant = H(z) =C,z+C,

o W Au_o_ oh(xy) veox (2D _,_,
oX 0z OX E oz

8h(8x, y) VF::_gx +F'(2)y=-G'(2) = G(2) = Cz+C,
X
Alsofrom the aboverelationsit can be shown that
2 2 2
1)) _ "IN _ piy g = OOV g
0yoz ox0z oxoy

@)= FR)=12)

= F(2)=Cz+C,

\%
h(xy) =22 (¢ +y) - Cox~Cyy+ C;

Applying the boundary conditonsof no displacement and rotation at (0,0,1) gives

__vPOXZ | vpgyz
E )

> W:g—g[zz+v(x2+y2)—lz]

Copyright © 2009, Elsevier Inc. All rights reserved.



5-11.

csszxy,csyzO,TxyzBJrCy2
Equilibrium Equations:

ot
%Jr_xyzoﬁ Ay+2Cy=0=C=-A/2
ox oy
ot 0o
oX oy

Compatibility Equations(7.2.7) with no body forces:
2 2

Vi(o, +0,)= [%+(§7

If weconsider therectangular domain0> x>1 ,—h>y>h with| >> h, thestressfield

givesalinearly varying bending stress and a quadratic shear stress distribution in the beam domain,

while satisfying thefollowing boundary conditions:

6,(0,y)=0,1,(0,y)=B+Cy’

o (,y)=Aly, 1,,(I,y) = B+Cy*

o, (xth) =0, 1, (xxh) = B+Ch?

Notethat if B =—Ch?, then theshear stresswill vanish on top and bottom of beam

Thissuggests that thefield could be used to represent a cantilever beam bending problem supported at
the right and under end loading asshown in thefigure. For thiscase, strength of materialstheory =

J(Axy+0) -0 .. saisfied

My Pxy vQ P .,
= _ y = X = = — h —_
T By = T YY)
: P Ph? P - :
With constants A = T B= ,C= o the elasticity results match exactly with SOM theory.

2l
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o, =y’ +v(xX* =y, o, =c[X* +v(y* = x*)] ,5, = cv(X* + y*)

Tyy = —2CVXy, Ty, =Ty =0,c=0

To beasolutionto elasticity problem, stressfield must satisfy both equilibrium and compatibility.
Equilibrium equation check (no body forces) :

0
do, + Ty +8T” =0 = 2cvx—2cvx+0=0 (checks)
ox oy 0z
0 0 0
2 + Oy + ALY =0 = —2cvy+ 2cvy + 0= 0 (checks)
oXx oy o0z

0
O Tz, 992 _ (), 040+ 0=0 (checks)

ox oy oz

Beltrami - Michell compatibility equation check :
2
1+ Vv)V’c, + a—z(csX +0,+0,)=0=
OX

c(1+ V)V3[y? + v(x* - yH)] + ;;;[c(lJr v)(X* + y*)] =0 = 4c(1+ v) =0 (doesnot check)

.. stresses satisfy equilibrium but not compatibility, and thusare not a proper elasticity solution.

Copyright © 2009, Elsevier Inc. All rights reserved.
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Stressfield for problem (a) :
o@ — _ 2Px’y o@ = _ 2Py’ @ — _ 2Pxy*
TC(X2 + y2)2 'y TE(XZ + y2)2 TTXy TC(X2 + y2)2
Stressfield for problem (b) :
SO Px*y L POx+ a)’y
§ n(x*+y*)?  a[(x+a)® +y?]?
o _ _( Py’ Py j

+
Y n(x* +vy?)? a[(x+a)®+y?]?

(&

Xy

o Pxy? . P(x+a)y?
n(x*+y*)?  a[(x+a)®+y?]?
At pointsfar away from theloadings, Q>4,|y|)—>w = (x+a)~xand(y+a)~y
Investigating the horizontal normal stress:
o _ Px’y . P(x+a)’y . Px?y . P(x)*y
" n(x*+y?*)?  l(x+a)*+y*] n(x*+y*)*  a(x)*+y*]

o 2Px%y @
TC(XZ + y2)2

Thus at largedistancesfrom theloading, the stressesfrom problems(a) and (b) areidentical.

and similar arguementscan be madefor the other stress components.

X )

Thefollowing MATALDB resultsfor the specific casesof y =10a and y =100a areshown below

-3
003 x10

_- T T T = T T T T T —
y=10a y = 100a

0.021

0.01

-0.01

002NN e e
N

-0.03}

004}

-0.05

N p
-0.06 RN __,// E 8L

-0.07

. . . . : : . . .
. . . ‘ : . \ . . .
10 -8 6 -4 -2 0 2 4 6 8 10 100 -80 -60 -40 -20 0 20 40 60 80
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6-1.
du = J’G* (G + a_cdx)d (u+ 6_udx)dydz — J' * sdudydz + IGX F, dudxdydz
0 OX OX 0 o 7

—I (cdudydz +<5d(a jdxdydz +a—dudxdydz+a—6d( )(dx) dydzj

- _[ ** odudydz + j:x F, dudxdydz

= j ( ( jdxdydz+(a—+FJdudxdydzJ j d(a—ujdxdydz
0 OX

1 od - \axdydz = O dxdydz
IOG(E) Y=o W

Thus the strain energy density is given by
dU o Eel 1

X _ X _
=_-0,6

Tdxdydz 2E 2 2

6-2.
1
U(e) = Ekejjekk + 18, €;

1
Now I, =e; =g, , Il :E(e..e.. e;) = ee; =1 -2,

e i jj

“U(e) =1x|§+u(|§—2ne) L (%muﬂj—zune

+Vv A%

AlsoU (O') = E uGij _Ecjjckk
oy =l andoyo; =17 -21,

~U(e )_1+—V(I 2|2)—llf:i(lf—2(1+v)|2)

2E

6-3.

1 1 1
U _Ec”e" _E(kekkﬁij +2ue;)e; _Exejjekk + 1e;€;

1 2 2 2 2 2 2 2
= Ek(eX +e,+e,)" +u(e +e, +e; +2e +2e, +2e,)

1 2 2 2 2 1 2 1 2 1 2
:Ek(ex +ey +ez) +M(ex +ey +€, +§ny +E’sz +EYZX)
1 _1 1+v v 1+v %
V=208 =Y T T O E OO )T e %1% e Oitk
1+v

2 2 2 2 2 2 A4 2
= (GX+Gy+GZ+21Xy+21yz+212X)—E(GX+Gy+GZ)
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6-4.

1
U(e) = E?»e i T HE;E;

oe. Oe;. oe.
v —ix(e ae—kk+—”ekkj+;{eij 4 +—”eij]

oe. 2\ Voe = oe e oe,

. oe;
Now since —-=35,,3,,

0 mn
o 1
g = Ex(ejjskmskn + 8jm8jnekk )+ H(eijSimSjn + 6im8jneij>
= %7\.(9“—8“1 + ekk6mn) + 2l’lemn = }\’ekkSmn + 2Memn = cSmn

6-5.

LU _doy _ U _ ooy, _ U
" oe;  oe, Oe,0e; O 00k,

SinceU is a continuous function, the order of differentiation can be interchanged giving

0o _ oy
oe,  Og;
oe;
Likewise starting with e; = Y and following similar steps would give —- = Py
0c;; oo, 0oy

ij
. 0oy
Now since i = Cyu and %ou _ Cuij = Cia =Cyyj
€ 8eij

6-6.
1- - 1(1 1 1
U, =§Gijeij =E(§Gkk8ij j(geIIBij] =Eckkejj
1 1-2v 1-2v 1-2v ’
=Ec5kk = il= oE ijGkk=6—E(GX+Gy+GZ)
B 1+v A% 1-2v 1+v 1+v
U, = _UV_EGHGI] _E iOk — 6E GiiOw = oF G0y — 6E G iOw
1 1

2 2 2 2 2 2
:EG” i —mcjjckk :E[(GX -0,) +(o,—0,) +(0,—0,) +6(t, + 71, +7,)]
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6-7.

2
oy =l andoyc; =17 -2,

1-2v 1-2v ,
T TeE i
Us=U-U, =i0ij(’ij _igjjckk = (1221 -1
4u 12n 4u 12p
1 1
- e -1)= i)

1
Ud :m[(cx _Gy)2 + (Gy _Gz)2 + (Gz _Gx)z + 6(Tiy + Tiz + Tix)]

2 _
oct —

Ud = ig'cict = iTict = E“_Vrgct
12u 4u 2 E

From Exercise3-5=1 %[(GX -06,)°+(0,-0,)’ +(c,—0,)* +61;, + 61}, + 617;]

6-9.

o, T, O
c; =T, o, O

0 0 O

1+v
U IE(Gi +0f, +2r§y)— (o, +(5y)2
=i((5i+6y 2VGXGy)+—V‘Eiy

6-10.

Givenstressfield:GX:—Sﬂsy,cy:cZ:r =1,=1,=0
2c

Xy yz X

ol 19M* , 9m? ,

“2E 2E ac° ) T8Ec’’

c 2 2 c 2 2
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co,=0,=0,=1, =0, 1, =—pay, 1, =—pox

1+v

2.2
U= e (ZMZOLZXZJFZMZOLZYZ):lEV uzaz(x2+y2)= Ear

4(1+v)

Total Strain Energy :

0. = oy L2 ] o 4y

_1+V 2 2 2n R 2 _1+V 2 2 TCR4
—?M o LJ.O J.O r rdrde—?u (0 LT
2| b4
:1+Vnu2a2LR4 _ Era’LR
2F 8(1+v)

6-12.

Reciprocal Theorem : I T.Ou?ds +j FOuPdv =J' T@uds +j FPu®dv
S \Y S \Y
Choose firststate as :u® = Ax., £ =0, T, = 3KAn,, and second state as u,, F,, T, =

[ 3KANUS =[ T Axds + [ FAxdV = [ nuds :i[J‘STixidS + Fixidvj

From the Divergence Theorem :J'S nu,ds = J.V U, dv = J.V e; dV

LAV =] e dv = i(LTixidS +[, Fixidvj

Copyright © 2009, Elsevier Inc. All rights reserved.



6-13.
. \ .
W, :sing = w= chsinm

|
(' E d*w
_IO 2 | dx?

J-a
LG SRR

N =2 Case:
El * 1 X . 27X
MN=—— csm +4c sin dx — C, Sin— + ¢, sin—— |dx
2,4L( | |j qj( | |j
Elz* (1 , ) 2c,|
=——|=cl1+8cl |-q,—+
21* (2 ' 2) b
61‘1 Elr* 2
=0=>———c¢l-q—=0
ac, TR
al_,_, Eln’ =T 16¢,1 =0
aoc, 21*

. . 4q,1* : o
Solving for the coefficients: c, = % , ¢, =0, and thus the approximate solution is
T
|4 |4

4d, —0.0131%"
El

Elr®

W=

4
sin ™% andatmid-spanw(I/Z):4q°I
l Eln®

2 4 4
%x(l —x), and at mid - span w(l /2) = gq " 0.0104%!

Results from Example 6.2 are w =
6El El

4 4
The exact solution isw = —2>— (I3 +x* = 2Ix*),and thus w(l / 2) _ﬂ =0.015 %l”
24 384El El
6-14.
2 2
S VY T L Ly
I dx? dx
d’w_ q,l* q,l?
Example6-2: 6, =—E——y="-V, (6,) . =0,(/2)=0.08332—y
dx 121 I
2
Exercise 6-10: o, = :l y= 4q° sml—y (6,0, :cx(|/2)=o.129%y
d’w

2
Exact Solution : 5, =~E~— y :g—‘;(lx— X2)Y, (6,)max = 0, (1/2) = 0.125%3/

dx?
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7-1.

cle(ex+ey)+2pex - GX+Gy=2(7\,+},l)(eX+ey)

o, =\(g +€)+2ue,

2e, =M(Gx+6y)+2_t(cx_cy) =
1 1 1-2
2e, = 201 (o, +0,) —Z—(GX -c,) :w(c& +0,)———
e, =V~ v)o, - vo,]
e, =1+?V[(1— V)G, — VG, ]
T,y =216, = exy=ir =1+—VT
Xy ou Y E Y

Gy —60y= Zu(ex _ey)
_ @+v)Q-2v)

Copyright © 2009, Elsevier Inc. All rights reserved.
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7-2.

Navier's Equations:

au

_x(a_u+_)+2 = _X(a—u+—)+2 v = (a_u —)

5)’ oy ox
0
Dap 0 +F_O:>i7‘au 8\/ 6u —M(—u+—)+FX=0
ox oy o Mo Hox ) oy ey T ax
0 0
e Y R I
ox oy x| oy E% ox oy
ua‘2‘+a—“) i—+—+F_o
oy?  ox? ax OX
u6\2/+8v) +(A+ )i @+@ +F,=0
oy?  ox* oyl ox oy
Beltrami - Michell Compatibility Equation :
_l+v 1+v 1+v
[(1 v)o,—Vvo,], e = [(1 v)o, -vo,], eXy:?Txy

aex+6ey:28exy
oy>  ox? OXoy

0% (1+v 0% (1+v 0% (1+v
o ( [(A-V)o, - ]jJraX ( [l-v)o, —vo ]j Zaxay( E rxyj:

=

0%t 02 0%
L=V (o, +0,)=2— 24 200, =
oxoy  0Ox oy

But from equilibrium equations,

0 2 0°
6(5_X+&+FX:O:_6FX:80X+ Oy
ox oy X ox*  oxoy
oty 0o oF, d°c, 0%t
24— 4F =0 =42
ox oy oy  oy?  oyox
0% 2 0%c F, oF
28 Ty 070y OOy [OFy Py , and using this result into compatibility relation gives
oxoy  ox? oy’ ox oy
oF, ©oF
(l—v)Vz(chJrcy):— X X
OX oy
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7-3.

ou ov ou ov

Navier equations: uV2u + (A + 1) —| — + — +F =0, VV+(L+u)—| —+—|+F =0

eq u (A +n) [ax ayj 0 ( ”)ay[ax ayj y
0 s Oo(ou ov 0 ou ov
—uVU+ A+ p)—| —+— |+ F ——uVV+ (A +p)—| —+— |+ F 0=
éy{u (A +n) 8x(8x 8yj } ™ {u (A +w) (ax 6‘yJ }
ivzu =ivzv (a)
oy OX
0 ) Oo(ou ov 0 ) O0(ou ov
—uwVu+(A+p)—| —+— [+ F +—uVV+(A+p)—| —+— |+ F, ;=0
ax{“ ( ”)ax(ax 6‘yj } 6’y{“ ( ”)ay(ax 6y] Y} -
Ovu=—Ivry ... ()
OX oy

I+ Z(@=0= vwu=0
OX oy

0 0
—(@-—((M)=0= Viv=0
ax() 8y()

7-4.

Choosetotal solution assum, ¢ =, + ¥
c,=v(o,+06,),00) = Ax+By+C
For zero resultant forceat endswith cross- section A:
R=[,00"dA=0= [ .(c,+0)dA=0=
~ - 1
IAGZ dA=- L\(Ax+ By + C)dA = —CA (for principal axes) = C = —KJAGZ dA

For zero resultant momentsat ends:
_ ) _ (© _
M, =[ o ydA=0= [ (c,+0'")ydA=0=

IAGZ ydA=— IA(Axy+ By® + Cy)dA=-BlI, (for principal axes) , wherel = IAyz dA
1
— B= —KJAGZ ydA

M, =[,c0xdA=0= [ (o, +0'")xdA=0=

jAcz di:-jA(sz +Bxy +Cx)dA=—Al, (for principal axes) , wherel , = ijz dA

:A:—ij,czdi
I, YA
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7-5.

Stresses must satisfy equilbriumand compatibility equations:
o, , O 4

X 4 XN — _— i_l 2| = =

0 0
Oy 0 g :o:i(_lkyz)+i(kx):0:> 0=0
ox oy ox\ 2 oy

oF
LR, D)L v2(ay+ kg = 0= 0=0
1-vl ox oy
Theout - of - planenormal stressmust dsosetisfy o, = v(o, +0,)

v(o, +0,)=v(ky+kx) = vkx(1+ y), which also checks

Vi(o,+0,)=—

7-6.

1 E
eX=E(c5X—vcy) GX+Gy=1—(eX+ey)

1 = E =
ey:E(Gy_V"x) Gx_cy:m(ex_ey)

E E E
ZGXZE(ex+ey)+m(e>(_ey):>Gx:1 z(ex+vey)

E E E
20, ZE(EX +ey)—m(eX -g,)=>o0,= = (e, +ve,)

—1+V1: =T, =
E ° W 1+vexy
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7-1.

E (ou ov E (ov au E ou ov
G, = —+v—|,0,= —FV— |, Ty = —+—
1-vilox oy) 7 1-v*ley ox) Y 2@+v)loy ox
Substituteinto equilibrium equations:
oo, Oty 8 E (ou ov 0 E (ou av
—+v—||+— +F,=0=
OX 8y 6x 1-vZ{ox oy oy| 2(1+v) ay X
E (0°u 0% E (0°u 0%
5 >tV + >+ +F=0=>
1-v°{ox oxoy ) 2(1+v)\oy® oyox

uvau+ E o av +F, =0
2(1- v)ax 6x ay

ot,, 0o, 0 E ou ov ol E (ov odu
— Y4 +F,=0=>— —+—||+= S| —+v_—||+F,=0=
ox oy ox| 2(+v){oy ox oy|l-v-\oy 0Ox
E (0°u 0% E (0 0o
+— |+ 5 StV +F,=0=
2(1+v)\ oxoy ox 1-v-\oy OYox
oy E a[au avj +F, =0

2(1-v)oylox oy
Beltrami - Michell Compatibility Equation :

1 1
e, =E(GX -VvG,), € =E(Gy —VvG,), €y ?’Exy

o%e, O’e, _0%, 8% (1 o2 (1 02 (1+v
> t— =2 = —|=(co,-vo,) |+—| =(co,-vo,)|=2 — Ty | =
oy oX oxoy oy \ E ox“\ E

But from equilibrium equations,

0 2 o?
%+&+FX:0:>—8FX:662X+ b
ox oy oX oX oxoy

2 2
&—W+8G—V+Fy=o:>_8':y:82y+a%
OX oy oy oy OyOX

o’t, 0%, 0%, oF, oF,
= — +
oxoy  Ox oy ox oy

VZ(G +0c )——(l+v)[alj( %]

j , and using thisresult into compatibility relation gives
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7-8.

e = e = w=ege,z+ f(X,y), where f (x,y) isan arbitrary function
z

Notethat e, = —1L(eX +¢,) =functionof x,y
%

eyzzl @_Fa_vv :Oj@:_a_ezz_ijvz_lﬁ_ezzz_
0z oy

—z+9(X,
2 0z oy oy 2 oy oy 9(x.y)
1({ou ow ou oe of loe, , of
== —+—|=0> —=—"2z2-—=Vv=—"—"272"——27+h(X,y)
2\ 0z oX 0z OX OX 2 OX OX

where g and h arearbitrary functions

.. Theseresultsimply that the displacements will depend on theout - of - plane
coordinate z, and thus thefield will be three- dimensiona.
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The three non - vanishing compatibility relationswhich were not included in the
planestressformulation are:
o%e, 02 0% 2
2y+aezz:2 yz:>8e;:0

0z oy oyoz oy

2 2 2 2
e, Oe _y0% 0,
OX 0z 0Z0X OX

2 2
a_ezzi _ae><y+aeyz+aez>< :>an:0
oxoy o0z\ 0z ox oy oxoy
Intergrating these threeresultsgives:

2
“%-0=2-1(y)

ox? OX
0° 0
=0 oy I
d%, : :
=0= f'(y)=d'(X)=0= f(y)=constant=a and g(x)=b
Oxoy
% _f(y)-a=e-ax+F(y)

% =g(X)=b= F'(y)=b= F(y) =by+c, wherecisan arbitrary constant
c.e,=ax+by+c

. A% Vv
Relation (7.2.2), = e, = _E(GX +o0,)= —E(eX +)
In general thein - planestressor strain field will not belinear, and so the result from
integrating the compatibility relationswill not be satisfied for a general problem.
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Planestressto planestrain:

E v
3 Ev 3 1-v21-v _E v(1-v) 3 Ev
(1+v)(1-2v) Y ya—2-V ) 1-vZ (l-v+Vv)A-v-2v) (@1+Vv)(1-3v)
1-v 1-v
E
W B 1 B v | E
21+ v) 21+ V) 1-v? 20-v+v) 2(1+vV)
1-v
Planestrain to planestress:
E@+2v) v
" Ev  (@+v)? 1+v E(@+2v) v(l+v) _ Ev
@A+v)1-2v) @Y )a-2-") 1+v)? A+v+Vv)A+v-2v) (@+v)A-V)
1+v 1+v
E@Q+2v)
E  @+v)?  E@+2v) 1+v  E
b o) Vo (4v)? 2levey) 20+v) ¢
2(1+1—)
+v

Notice that the shear modulusdoes not changefor either case!
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(8 Equation (7.15),: uv2u+ o+ 1) 2| M+ Y|4 E 20
OX\ OX

oy

Converting to planestress using theresultsfrom Exercise7-10 =

P Ev E )a(au avj \F.<0
@+v)@-v) 2(1+v) ox\ ox oy

TR (CIRELS [P
2(1 V)" ox| Ox 8y
Likewisefor relation (7.1.5),

which reducesto: uv2u +

oF
Equation(?.l.?):V2(0x+cy):_ 1 (anJr yJ

1-vi ox oy
oF oF
= V%o, +0,)=— 1 al:X+ Y= V%, +0,)=—(1+V) F Ty
X y X y
-V ox oy ox oy
1+v

(b) Equation (7.25),: uV2u+—- )8[5” a"j LF, =0

2(1-v) ox\ ox oy
Converting to planestrain using theresultsfrom Table7-1=
A\E\
2
MV2u+1—V)a(au aVJ-FF =0= uviu #)a(a%a\/}rﬁ:o
21— \ ) ox\ ox oy 20+v)(A-v) ox\ ox oy
1-v
which reducesto: uv2u+(x+p)3 u v +F =0
ox\ ox oy
Likewisefor relation (7.2.5),
oF, 8Fy
Equation (7.2.7):V?(c  + G y)=—(1+v)
OX 6y
oF oF
= V3o, +0,)=-(1+ V) aF"+ > | = V(o +0,)=- 1 aFX+ Y
1-v'{ ox oy 1-v{ ox oy
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(a) PlaneStrain — PlaneStress: E—>E(1;2\2/), v LW, X—)L
@+v) 1+v @+v)@-v)
o, =Me, +ey)+2uex—>L(eX +e,)+ E e = E (& +ve)
@+v)@-v) 1+v 1-v

E E
(e, +e&)+ e = (e, +ve,)

Likewise:c, =A(e, +€,) +2ue, — 1+v ¥ 1-v

Ev
T+v)QA-v)

E
Ty = 216, — 2ue,, =mt

Results properly match with expressionsgivenin Exercise7 - 6.

Xy

(b) PlaneStress — PlaneStrain : E—>i2, \,_)L, u—pu, kaL
1-v 1-v 1+v)@1-3v)

1 1-v? Vv 1+v
eXZE(GX—VGy)—) = (cx—ﬁcyj:?[(l—v)cx—vcy]

ey:é(ﬁy—\/@x)—)l_v [G - Y ij:l—l—_\/[(l_v)cy_vcx]

E O Y E
v
1+ 1+1—v 1+v
Xy E Ty E Ty = E Ty
1-v?

Results properly match with expressionsgivenin Exercise7 - 1.
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Plane Stress Results: u=—MXy,v= M [vy® + x> —1%], -1 < x<|
El 2El
PlaneStress —» PlaneStrain: E —» Ez,v—> M
1-v 1-v

_ 2
. PlaneStrain Results: u =_M(1_V2) V= MA-vT)| v Y2+ X2 12
El 2El 1-v

Along x-aixs(y=0):

M 2 2 VPSr 1 (ij
Vv =—[x° —| = s T |
Pares — 2F [ ] MIZ/EI 2|UI

= M (1—IV2)[X2 _|2] = Ve.srain  _ (1_V2) [(Ejz — }

V ) —
P-Srain 2E MI2/El 2 |

When Poisson'sratio — 0, the two displacements becomeidentical.
Using MATLAB, plotsof the planestressand planestrain displacementsaregiven by

Exercise 7-13 Note |wplane stess| > |v-plane strain|
0 T T T

plane stess
----- plane strain | 4

-0.1

U
U

-0.2

-0.3

-0.4

~-___..—’

-0.5 S~

Dimensionless Displacement, v(x,O/(M /Z/E/)

-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1
Dimensionless Distance, x/
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7-14*.

2
PlaneStrain Result : u, = T(l—gv){(l— 2V)r +i}
r

E@+2v) v \Y
1+v)? ' 1+v

A%
u :MKL ZLjr +i} =T1+\[1_V r +i}
" OE@+2v) 1+v r E |[1+v r
(1+v)?
Non - dimensiondizing :
Ueaan _ g, v){(l— 2v) L+ } U eses g, v)[l_—vl+ : }
Tr,/E norin Tr, /E 1+vr il
When Poisson'sratio — 0, the two displacements becomeidentical .
Using MATLAB, plotsof the planestressand planestrain displacementsaregiven by

PlaneStrain — PlaneStress: E —

Exercise 7-14 Note |ur-plane stess| > |ur-plane strain|

20

18 plane stess | |
I | [ T N S S S [ .
g‘\' 16 plane strain | |
~
'S, 14
=h v=0.4
T 12
e
3
i
= 10
0
a
m 8
(%)
k)
& 6 —
£ 4 _
= T
D -

\ __,.// I R o
2 Y et suSu I My P
0
0 1 2 3 4 5 6 7 8 9 10

Dimensionless Distance, r/rl
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Exercise 7-14 Note |u r—plane stess| > |u r—plane strain|
25 T T T

plane stess
----- plane strain

-
-
-
T T
-~
-
-
-~
-~
-~

~
Bl
-~

1.5

0.5

Dimensionless Boundary Displacement, ur/(TrJ /E)

0 0.05 0.1 0.15 0.2 0.25 03 035 04 045
Poisson Ratio, v

2 2
RV RV N
X

Yoooaxoy ' X ox Y oy

oF
PlaneStrain: V?(c, +0,)=— Lo, =
1-v{ ox oy

(8¢+V+a‘l’ +V)=1 (az\£+az\£j:v4¢:_1—2vv2\/
6‘y OX 1-v\| ox 6y -V

oF
PlaneStress: V*(o, +0,) =—(1+ V)(@ + _yj —

ox oy
2,0%0 _¢ o ﬂ 4y _ 1
V? (6'y +V+6x +V)=(1+ )(6X2+6yzjz>v¢— (1-v)VV

Copyright © 2009, Elsevier Inc. All rights reserved.
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7-16.

ex:a—:i(urcose—uesine):aur . 0 6—%sine—ueisin6
OX 0OX OX OX OX OX
e :@:i(u sin®+u, coso) = N, i 0 Ny cose+ueﬁcose
oy ay 8y oy oy
€,y :%[au 8v] (a (u, cosb —u, sm9)+i(u sno+u cose))
_1fe rcose+u —cose—au"sme ueism(ﬂa Lsin6+u, 2sme+a ecose+ueicose
2 oy oy oX " OX OX oX
. 2 .
icose: sn“9 ,isine_ cos'0 isme_icose_——smecoSe
OX r oy r ' ox oy r
0 0 sneo o . .0 cosb o
—=c0s0—————, —=9Nf———
OX or r 00 oy or r oo

e =e,cos’0+e,sn*0+2e,sinOcosh

:(aaur cose+uricose—aue sno - ueisnejcos 0

X OX OX OX
+ ou, . 0 ou cose+ueicoserm 0
ay 8y oy oy
+ sin0coso
0
cose + U, —C0s0
8x ax oX ’ ox
— aul‘
or
Likewise,

g =exsinz(9+eycosze—ZeWsinecose:%+%%e

) . . 1(10u oJu, u
=—e sin0cosO+e sin0cosd+e, (cos’0—sin®Q)=—| —— 40 _ 06
Go = & y & ( ) Z(r 20 or rj
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7-17.

Strain - Displacement Relations:

au 1( auej 1(1 ou, , 0u, uej
€ = =Y 160 = - T
00 2\r 00 or r
or 8e,9_ Z,Haue_aue
00 00 orod 00

2
2% _ 2 —iz(ur +aueJ+1 o, | Oy
or r 00 ) r{or oroo
ou, [ou o,
=—U ——24r +
00 or  oroo

3 2 2
Q(Zr% Zaeej ar(au u—raurj=au' O _ % oe

or 00 or 00> or oro06? o’ 002 or
E(Zr%_ﬁ@_e@j . 98 0% _
or 00 or o 00°

www.spowpowerplant.blogfa.com

Q\)ﬁ&j&bﬁ@&\ﬁ@amﬂﬁf-olsjﬁ}ajlgjdjg?wsmj
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G, =\ o, +l u, +% +2uau’
o r 00 or

G, =M o +l u, +% +2uE u, +%
o r 00 r 00

_(1@i+@£_%J

oMY e e
Equilibrium equations:

aGr +Ea’rre +(Gr_69) r
or r oo r

o roo|llr oo o

ofou u

1lou
VAU, -2 (A ) — | L =
“( SRR rzj ( ”)Gr(ﬁr . raeJ

0(1du, Ou, Uy;) AOd(ou 1 ou,
u—| = + 22y +=|lu, +— ||+
or\r 00 or r roo\ or . r 00

20U U 10 (ou u 1lou
Vau, +2  A(AepySSLA T I T U6
“( "7 o0 rzj ( “)rae(ar r o8

Beltrami - Michell equation: (Note 6, +6, =0, +G,)

1
Vi(o, +6,) =———(V-F)=———
(0, +0,)=—=—(V-F) ==

or r r oo

2
}Li[aur +E(ur +%j}+ ZM—a u" +Ei|:(lai+%_u_e

r r

r

2o
r oo

-

F =0

[+

j+Fe=O

1 [aFr F 1a|:ej
+—L+—
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00

ou,

or
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r
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e

10u,

r 00

ou,
+ _
00

or

au,

+F =0

r

Uy
r

—J+Fe=0



7-19.

E (ou v ou,
o, = +—|u, +—=
1-vZl o r 00

E (1 au, au,

Gy = S|l |tV —

1-ve\r 00 or

E lou, oOou, u,

Tro = + T
21+ v)

ree o v
Equilibrium equations:
aGr +Ea‘cr9 + (Gr _Ge)

o r 00 r
E ofou v ou, 1 E 0|(10u, Ou, u,

e +—|u, + += —I| = -2

1-vZorl or r 00 r2+v)ooj\r o0 or r

+ii u, +Y u, +% 1 u,+% —vau’ +F =0=
1-v2rl o 0 ) r 00 or

u Vzur _i%_u_r + E i 8ur +u_r+£% +Fr =0
20-v)orior r r 00

+F =0=

+= + +F,=0=
o r 00 r

E 8(15Ur+ﬁue_u_ej+ E 13(1[ur+6uej+vaurJ+ E }(Eaur+aue_u_ej+l:e=0
0

20+v)arlr 80 or 1) 1-v2roelr 00 or ) 1+vrlroo o r
W Vzue_{_%ai_u_g + E Ei au’ +U_r+£% +F6:

r< oo r 20—-v) r e\ or rr oo
Beltrami - Michell equation: (Note 6, + 6, =0, +G,)

F, 18F9j
_+__

Vz((sr+cse)=—(1+v)(V-F)=—(1+v)[aa%+ o

Copyright © 2009, Elsevier Inc. All rights reserved.



0 _cogpl SN0 0

OX or r oo

02 02 . 10 1 02 1 o 1 02

— =00’ 0— +sn’6| =+ —— +2$|necose ==

OX or ror r? o002 200 r orod

i—si 0 cosb 0

oy or r oo

2 2 2 2

a——sm ea—+cos 0 liJriza—z —2sin0cos0O ii—l 0

oy® or? o r° o0 200 roroo

2 2 2 2

O _sin6coso 6—2—12—%6—2 — (cos® 6 —sin® 0) izi—i g

oxoy o ror r°o0 r<o0 r orob
2 2 2

zea_‘l)zsirﬁe (l)+cos of 120 iza—(l) —2sin0cos6 —@—l ¢
oy r ror r<o0 200 roroe
2 2

cyzﬁ—i):coszea—i)+sin ) 106 iza—i) +2sin6coso 7@_} 0%
X or ror r<aoo r<od r oroo

1

oxoy o ror r?oe® 00 1 oroe
Usestresstransformation rules:

Ty =— 0% _ smecose(a 0% 1% 1% ¢]+(cos 6-sin e)(—@—l 0 (I)]

o, =0, c08’0+0c,sin*0+ 21, SinBCOSO =

2 2 2
_{sn 62 ¢+cos 6(16(1) l 0 ¢J ZSlnecose(i@—E 0 ¢Hcosze
r?

or 120’ r>o0 roroo
2 2
+ coszea—i)drsinze E@+iza— +2sin0cosh i@—la o sin’o
or ror r?oe? r>o0 roroo
2 2
+2 —sinBcoso o* ?—}@—%8—? +(cos® 8 —sin® 0) %@—la o sin@cosh
o ror r°oo r<oe roroo
100 1 0%
=t —
ror r?o0?
i ) 2 : 62(1)
cy, =0,SNn“6+c,Cos e—eryslnecose:f}r—2
Ty =—6,SiN0cosO + o, iNOcoso + 1, (cos” 6 —sin?6) = —i(l@j
or\r oo

Equilibrium check followsthrough direct substitution.
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7-21.

L )
or

1 ou, ou

g=—|U+—|=0=>—"L=-u =—f(0) = u, =—| f(0)do+g(r

er[r aej = == f(0) = u, ==[ {(6)d0+g(r)
:1(2%+%_u_ej:0:1%+% U

€0 -——=0=
2\r 00 or r

ros or r
% £/(0) + g’(r)+%j f (O)de—%g(r) 0= 1/(0)+ ] £ (0)d0 = g(r) —rg'(r) = constant = K
g(r)—rg'(r)=K = g(r) =Cr + K , but theconstant K must be zero to satisfy e,, =0
f’(G)+If(6)d9=0:> f"(0)+ f(0)=0= f(0) = Asin0+ BcosO
- u, =Asin0+Bcoso , u, = Acosd —Bsino +Cr
Check Cartesian Form::
u=u, cosb—-u,sind

= (Asin0+ Bcosb) cosd — (Acos6—Bsin6+Cr)sin6 =B-Crsin6 =B-Cy
V=u, SinO+u, coso

= (Asinb+ Bcos0)sin6 + (Acos6 — Bsin6 + Cr) cosd = A+ Cx
whichisthesameas(2.2.9)

Copyright © 2009, Elsevier Inc. All rights reserved.



8-1.
0= ApX* + ApX°Y" + Ayy*

Vi =24A,+8A, +24A, =0 =
3A,+A,+3A,=0

Copyright © 2009, Elsevier Inc. All rights reserved.



=% 3c2

By inspeciton V*$ =0
:@:_3P>;y+ﬁ,cy:@:o’T 0% 3P{1_y
oy 2C 2c oX
Boundary Conditions:
o,(x+c)=0, satisfiedidentically
T,y (XxC) =0, satisfied by inspection

3P xy3]+N )

X

[ o, y)dy=N = jfc%dyz N | satisfied

2
[ 0 ydy=-P= —i—P [1—y—2de=—P satisfied
Y c-¢ C

[ o 0yydy=-0= j% ydy =0 , satisfied

3Py +ﬁjdy= N, satisfied
2c 2c

[ oyay=n= ]|

C C 2
J‘icrxy(L, y)dy=-P = _3p 0[1— y de:-P, satisfied

4c 2
2
j o, (L, y)ydy=—-PL :>.[ —3PLZ LNy dy=-PL , satisfied
- -c 2c 2C
N =0 Case:
3Pxy 3P(, y°
== = ,Gy—O,er —E(l—c—zj

Strength of MaterialsSolution: M (x) = Px, V(x) =-P
2

S My Py g, R Y
It 4c C

X I 2c® Y

.. Elasticity and Strength of Materialsgiveidentical results.
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3Pxy N 3P,y
T T o +2— ,6,=0,1, :——(1——2)
ou 1 1,6 3Pxy N 1, 3Px? y N
—=e,=—(o, - =— +—)=>Uu=— x + f
x & TECTYIT e o e ae )+ 1)
oV 1 \Y 3ny N \Y 3ny
—=e,=—(o, - =—— > V=—— —y)+g(x
ay y E(Gy VGX) E( 2 3 2C E( 4C3 Y) g( )
2
NNy, ) M Y
oy OX E
3Px* 3Pvy? 3A+Vv)P . y?
- + f'(y)+ +g'(X)=—1-=
4EC® ) 4EC® 9 2Ec ( c2)
Rearranging and separating the variables=
3Px* 3L+Vv)P . y? 3va
_ +g'(X)=——"— 2 (-2 -’ = constant =
4Ec? g 2Ec ( cz) )=
Px? Pvy® 3(1+V)P y®
Sg(x) = +o X+Vv, , f(y)=- — o, y+U,
90) = T OXH Vo, T(Y) = = g =y~ 3Cz) oY
3Px’y N Pvy® 3(1+V)P y?
= + X— - - ®, y+Uu
4Ec® 2Ec  4Ec? 2cE y 302) oY o
3Pvxy® Nv Px®
V= - y+ 5 T O X+V,

AEC® 2Ec” 4Ec
In order to complete the solution, we must choose additional boundary conditions to

properly constrain the cantilever beam; thus choose

ov(L,0) 3PL? 3PL?
=0= st0, =020, =-———+
oX 4Ec 4Ec
u(L,0)=0=u, =&L
2EC
3 3
V(L0)=0=v, =- PL —o,L = PL

4ECc® °  2EC®
Note that we cannot ensure pointwise conditions such as
u(L,y) =0andv(L,y) = 0 with our approximate St. VVenant typesolution
For thecaseN =0
Px* 3PL? pL®
- X+
AEC’ 4EC’ 2EC’ 4ECY

v(x,0) = (x* —3L%x+2L%)

From Strength of Materials v(x) = i(x3 —3L%x+2L°%) = Ls(x3 —-3L%x+2L%)
6El 4Ec

Therefore the two displacement solutions are the samel!

Copyright © 2009, Elsevier Inc. All rights reserved.



8-4.

o =C x> +C,x’y+C,y° +C,y° +C.xy°
V4 =0=120C,y +24C.y =0 = C, = -5C,

X

82(1) 3 ) aZ(I) .
c =F=603y+04(20y -30x%y), o, =2~ 26+ 2C,y-10C,y

T, =— 0% = —2C,x+30C,xy*
Xy X0y 2 4

Boundary Conditions:

1,,(x€)=0= C, =15C,c?

o,(xc)=-q=C, +C,c-5C,c’=—q/2

1, (X—¢) =0= C, =15C,c’ (same)

6,(x—€)=0=C, -C,c+5C,c° =0

Conditionsat freeend x = 0:

jfccx(o, y)dy =0 = jfc(603y+ 20C,y*)dy =0 , satisfied

jfcrxy(o, y)dy=0= 0=0,satisfied

| fccx(o, y)ydy=0= | (6C,y” + 20C,y*)dy = 4C,c® +8C,c° = 0

Solving for thefour constants= C, =-q/4, C, =-3q/8¢,C, = q/20c,C, = —q/ 40c®

3 d , 5 ou2 qa ay(, Y 3ox(, y°
=2 qy-— (Y -3%y), 0, =—a->3-L | 1 =01 L
Ox loqy 4c3(y ¥ o, 2 40( czj Ty 4c£ c?

Check remaining conditionsat fixedend x = L :

J oty =0= [ Say- (v -3ty |y -0, stifed
C C 2
[“ty(Ly)dy=aL :%jc(l—ZTjdy: oL, satisfied

[ oLyydy=qtiz= I_Z(%q —%(ytsfy)}ydy:qﬁ/z,satisfied

Copyright © 2009, Elsevier Inc. All rights reserved.



) OV A A A
¢_4(Xy+c+cz c ¢
s(, ¥ Y
= — [N A A — — :0
(I)x 4( c CZJ:d)XX (I)xxx ¢xxxx
s(. 2y 3y’
%:z( o Czj:»m_o

Gx=¢,w=§(2| 6I2y_§_6>;y] i( +ﬂj(l—x)

Boundary Conditions:
c,(x*c) =0, satisfied
17,,(X,C) = s, satisfied
T,,(X—C) =0, satisfied
Conditionsat fixedend x = 0:

[ o0, y)dy——j [1+ 3yjdy o | satisfied

jcch(O,y)dy:—chc( %—%de 0,satisfied

J: c,(0, y)ydy——j (1+ 3y)ydy dc, satisfied
Conditionsat freeend x=1: Notethat c,(l,y)=0
" J.:Gx(hy)dyzo & IC c,(l,y)ydy =0, satisfied

ICCTXY(LY)dy:—ZICC( %—iijdy 0 satisfied

Copyright © 2009, Elsevier Inc. All rights reserved.



8-6.

3 3 3 3,3 5
Xy Xy Xy Xy

Cxy+C,—+C, +C +C +C
¢=Cpy 6 6 ‘6 > 9 ® 20

V9 =0 = 8Csxy+6C,xy =0= C, Z_%CS
_0%
oy’

Ty =— :X;; (C +;Cx +1C4y +C. X’y +1C6y)

Boundary Conditions:

o

2
—C4xy+§C X}y +Cexy®, o, == ?:C2x+Caxy+%C5xy3

Gy(X,C):—pX/L:>C2+C30+§C503=_p/L
Gy(x,—c)=o:>c2—csc_%c5c3=o

1 2 1 4 1 )
rxy(x,ic):O:Cl+EC4c +ZCGC =0and Ecs+C5C -0

fcox(o, y)dy =0, indentically satisfied

¢ 1., 1. .
[ 500 Y)dy=0= C,+2C,c*+_-Cc* =0

fcox(o, y)ydy = 0, indentically satisfied
fcox(L, y)dy =0, indentically satisfied
J'_Ccrxy(L, y)dyzé pL , satisfied using previousresults

J'_CCGX(L, y) ydy :% pL? , satisfied using previousresults

Using thesix conditionsfrom differential equation and boundary conditons
on top, bottom and free end determinesthe six constants

c--Pc-Pc-3Rc-3c_3c__ P
400 oL Alc’ 7t T10Le T 8Le’ olc

o, =N (5x* —10y® +6¢%) , o, =— px3(203+3czy—y3)
C 4Lc

= i(ic4+3022 =c’y? 3xy+y“)
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8-7.

d=C Y +C Y +C Y +CY° + X+ XY+ C XY+ GXY°
V% =0 = 24c, +120c,y + 8¢, + 24c,y =0 = 3¢, +¢, =0 and 5¢, + ¢, =0
0%

O, =y =20+ 60,y +1200y* +20,y° + 26,x° + 60,x"y
y
—62¢—20 2c,y +2¢,y% + 2¢,y°
Oy =52 =20s + 20y + 20,y + 26y
) 2
Txy axay 6 C7Xy CBXy

Boundary Conditions:

o,(X%c) =0 = 2¢; + 2c,c+ 2¢,c” £ 2¢,c° =0
T, (X—C) =0 = 2c; —4c,c+6c,c* =0

T, (X, C) = =1, X/ = 2¢5 +4c,c+6c,C° =1,/
[ o 0ydy=0=c +2cc =0

[* 1,(0.y)dy =0, indentically satisfied

I_C c.(0,y)ydy=0= ¢, +2c,c* =0

I_Cccx(l, y)dy=1./2 ,I_Ccrxy(l, y)dy =0, J'_Cccsx(l, y)ydy =t lc/2

Using the eight conditionsfrom differential equation and boundary conditons

on top, bottom and free end determines the eight constants

C1:TLC’C21_0103:_1_0’C4:_T—OZ’C5:__’CGZ__O!C7: 1 G = T02
12| 201 24cl 40c”! 8l 8l 8cl 8c”l

Using these values, the boundary conditionsat x = | arefound to be satisfied

7,C T T,

- =’COC+3’E0 y— T, Y- T, yo+ To w2, 31, X2y
* 6l 10 2cl 2¢?l 4cl 4¢?
Toc To To (2 To 3
ST T T a Y Tac?
oy To Xy — 31, xy?
Y4 20 4¢?

Copyright © 2009, Elsevier Inc. All rights reserved.




8-8.
cl):K[ x? tan o+ xy+(x*+y?)(a—tan* y)}

_ pcota

- 2(1-oacoto)

—16xy* 16x3y
K| | by = K| |,
d)vXXXX |:(X2+y2)3:| ¢,yyyy |:(X2+y2)3 p
8xy* —8x>

O gy = K{W} 2 V=0 vy

oy =0, =2K a—tant Y- ny Gy =0, =2K a—tano—tan?Y + L
X X +y X x*+y?

yz
T, =— =-2K
Xy  xy X2+ y?

Boundary Conditions:
o, (x0)=-p,1,(x0)=0
T, (x,xtana) = o,n, +1,,n, =0, T, (X, xtana) =1, N, +c,n, =0, wheren, =-sina , n, = cosa

Choosing x = L to bethelocation of thebuilt - in end, the resultant forcesand moments must satisfy
Ltana Ltana Ltana 1 2

[, etydy=0, [ ey (Lydy=—pL, [ o, (Ly)ydy=—2pL

c,(x0)=2K[oa—tana]=-p, 1,,(x,0) = 0 (stisfied)

pcos’ asina  pcos’ asina

n,+1t,n = - =0 (satisfied
Oxlx T Ty y‘y=xta"°L 1-acoto 1-acoto ( )
i a2 : o2
Txynx+cyny‘ _ Pcosasin®a  peosasin“a _ (satisfiied)
y=xtano 1-acota 1-acota
Ltana _ Ltan _1y |_y
[ oL y)ay =2k [ (o tan LY
Ltana
:ZK{ocy—[ytanl%——log(Lery )]——Iog(L2+y )}
0
Ltana
=2K[ay—ytanlﬂ —[aL tana — al tana] = O (satisfied)
0
Ltan y2
jo Ty (L, y)dy_—sz —F—dy=-2KL(tana - o) = — pL (satisfied)
L +y?
Ltano B tano 3 _1y |_
Jo oLy =2k [ (ot - Yy
Ltana 1
- K[ocyZJr(Lz—yz)tanl%—Ly} =2 pL? (setisfied)
0
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Dimensionless Stress o, Ip

8-8. Continued

Evauation of stressesat x=L =1foro=30° = 1/6: = h=Ltan30° =1/+/3

pcota p p
2K = = =
(l-acota) (tana-a) 1 =
J3 6
2
6. =2K|loa—tanty——Y | 1 ——2kY
X { y 1+ yz} ad 1+ y?
Strength of Materialsstresses:
1 h
o CpLi(--y)
My 2" %2 ( y) c
= = =9p 1-2V3= |=> —
< h3/12 P V3 L
o™ _g%)12
vQ 4 18p Tyy
T, =——= = — L-— \/§ - —
a It h*/12 L? o y3) p
MATLABPlots:
10\ [ [ [
8 e N e Strength of Materials
\., Elasticity
e 1 o
2 N8 > é
\\ n
0 Sag; @
N 3
2 N < é
) \\~~ . lg
5 3 < (a)
-8
-10
0.1 0.2 0.3 0.4 0.5
Distance, y

Xy

\ -------- Strength of Materials
05 \ Elasticity
. \\
1.5 -
O"’
2 \ -
22,5 e S S =<

[
[l

A
o

o
’s

/|

/

&
o

0.1 0.2 0.3

Distance, y

0.4 0.5
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8-9*.
Converting from Cartesian to polar form gives:
2 2
¢ =K[r?(0.—0)+r?sinfcosd —r?cos’ Otana] = K{rz(a -0) +r7sin26—%(1+ c0s20) tanoc}

¢, =2K[r(a—0)+rsindcosd —r cos’ O tanay]
0, = 2K[(o.—0) +sinBcosh — cos’ Htana] = 5,
0, =K[-r®+r?cos20+r?sin20tana] , ¢, =2Kr[-1+cos20+sin20tana]= -1,

$ oo = 2K[-r?sin20+r? cos20tan
Vi=¢, Jr%(l),r +ri2¢'99 = 2K[-sin20 + cos20tana] = V*p =0

Boundary Conditions:

pcota [0 — tana] = p(ocot o —1) _
2(1-acota) (1-acota)

o, (r,a) = 2K[sina.cosa — cos” atana] = 0, satisfies
1(r.0) =0 ,(r,0) = 0, satisfies
To(r,0) == ,,(r,a) = 2Kr[-1+ cos2a + sin 2o tana] = 2Kr[-1+1-2sin® a.+ 2sin®a] = 0, satisfies

Other conditionsand plots would be the sameas Exercise8- 8.

o, (r,0) = 2K[a —tana] = 2 —p, satisfies

8-10*.

Example8- 2, Displacement Field Solution :u = —% V= %[vy2 +x*-17]

MATLAB Solution Codeand Plot :

% Elasticity 2e - Prof. M. Sadd Displacement Vector Field for Example 8-2
% Displacement Vector Plots 8 - - - -
% Beam Problem Example 8-2
clc;clear al;clf
nu=0.3;L=10;c=2; 4l 4
[x,y]=meshgrid(-L:L/10:L,-c:c/2:c);
UX=-X.*y; 2r f
uy=(nu*y."2+x.22-L)/2; ok
quiver(x,y,ux,uy,'color’,'k") \
hold on 2}
axis equal
axig([-1.2*L,1.2*L ,-4*c,4*c]) 4r ]
rectangle('Paosition’,[-L,-c,2*L,2* ], linestyl€','--")
% X=[-L,-L,L,L,-L];Y=[-c,c,c,-C,-C];

% line(X,Y 'calor','k', linestyl€','--") -8
title('Displacement Vector Field for Example 8-2')

-10 25 0 5 10
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From Example8- 3, the normal stresswasgiven by
3

w w(y® c?y
Wy s WY EY
o=y 77Xy |(3 5)

3 2 3
Ateschendx=+, o, (+l,y)= | ¥ _CY | W1y 1y
{3 5 2(3c® 5c¢
Thisstressgives zero resultant force but clearly does not vanish itself.

A MATALB plot of thisdistribution isshown.

02

01F

§

-0.051

Dimensionless Stress
[=)
T

o,(l,y)/w

01

-0.15F

02 L 1 1 ) L 2 1 L 1
-1 08 -06 -04 -02 0 0.2 0.4 0.6 0.8 1

Dimensionless Distance,y/c
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8-12*.

Resultsfrom Example8-4:
o, =B sinBx[(AsinhBy + C(BysinhBy + 2coshBy) + Bcosh By + D(By cosh By + 2sinh By)]

—qosinhn—c qocoshn—c
C- . | D= . I
212‘:T|;C+S.nhﬂ;CCOShﬂ|:Cj| ZTICZ[?T'C—sInhRICcoshnIC}
T

A=-D(Bctanhpc+1) , B=—-C(Bccothpc+1) , le—

nycosh™ +21sinh™ —[ rctanh Z€ 41 |sinh ™Y
Oy ., TC . TIX I I I
o, =——smh|—sm|— pvs s
2 nc+lsinh|—cosh|—
nysinhnly+2l costhy—[nccothnlc+choshn|y
- C C
nc+|sinh7‘Tcosh"T
For thecasel >> c:
5
D~-3% c.0,Ax-D,B=0
4c°m
3 2
. z——3q§| - (n—ycoshn—y+sinhn—yjsinn—xz——3q§| > ysinn—x
4cn” \ | | | | 2C°n |
qolzsinnx y
: My 2 20 3gl° . mx
Strength of MaterialsTheory: 6, = ——2 = = =——2 _ysin—=-
J Y Ox I 2¢®/3 2c’n? y I

and thusstrength of materialsand elasticity predictionsare the same
For thecasel / ¢ = 3,the MATALB plot isshown

Dimensionless Stress
o

05}

— 0,/q, Elasticity
7" 0, /q, Strength of Material

45 1 1 . \ L 1 . " .
-1 08 06 -04 -02 0 02 0.4 06 038 1
Dimensionless Distance,y/c
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For theaxisymmetric case, the stresses were given by

c, =2a3Iogr+%+a3+2a2 ,cse:Zaglogr—%+3a3+2a,Z y T =0

Using strain - displacement and Hooke'slaw for planestress

e = aaur :é(cf —vce)=é{2a3logr+i2+a3+2a2—v(Zaalogr—%+3a3+2a2ﬂ =
r r r

u, :é{Zaa(r logr —r) —%+a3r + 2a,r —v(2a3(r logr —r) +%+3a3r + 2a2rﬂ+ f(0)

= i{— (1+v) a, +2(1-v)agrlogr —(1+ v)asr + 2a,(1- v)r} + 1(0)

E r
1 ou 1
S :F[ur +a_eej:E(Ge — Vo)

=é[2aslogr—%+3a3+2a2—v(2a3logr +%+a3+2azﬂ =

ou, r ar
_899=E[2a3|ogr—%+3a3+2a2—v(Zaglogr+%+a3+Zagﬂ—Ur=Eas—f(9):>
4r0
Uy = a, - [ £(6)do+g(r)
1(10u, ou, u 1+v , '
e’eza(?a_eJra_re_Tej: = T,,=0= f (e)+rg(r)+jf(e)de—g(r):O:

f'(0) +I f(0)dd = g(r) —rg’'(r) = constant = K =

f(0) = Asn6+Bcosb and g(r)=Cr+D
Notethat D must be dropped for consistent tangential displacement, and thus

u = i{— (1+v) a, +2(1-v)asrlogr — (1+ v)a,r + 2a,(1- v)r} + Asin0 + Bcos0

" E

r
U, :ﬂeaﬁ AcosO - Bsin6+Cr
E

Copyright © 2009, Elsevier Inc. All rights reserved.
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106 1 0% 0% 0 (100
¢:a4e:>Gr:?§+FW:0’GGZ&_ZZO’T =——|——=|=

Boundary Condition: 1, (r,) =t = a, =1, .. T, =15

: d
Displacements: e, = A PN u, =constant, butu, (r,)=0,..u, =0
1+v 1+v r7 1(16u, du, u,
o= T == T =5 T T |
E E r 2lr o6 or r
duy, uy 2(1+V)Tr22i:>i Uy ) 20+ 1
dr r E r? dr\ r E r3

1 2 1 2
ST L et uy(r) =0 = EEVT 1
r E r

A+v)wr(r 1
e ey
e r

Solution :u, =

Copyright © 2009, Elsevier Inc. All rights reserved.
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AxisymmetricCase: u = u,e, ,and from Examplel- 3,

d 1d d(ld
V—era , V-u_?a(rur) , V(V-u)—a(Fa(rur)jer
1d, du u
Viu=vi(ue)=|vay ~dle =[ 2L Ly _U g
(ue) ( ' rz]r (rdr( dr) rzjr

Navier's Equationswith no body force: pViu+ M\ +p)V(V-u)=0 =

1d,du, u d(1d
—_ _ry_—r 7\‘ - :0
”(rdr e rz)eﬁ( +“)olr(r or (rur))ef =

2
(k+2p)(d Y +Edur —&J:O:

d? rdrr?
dzur+}dur_C_ d(}i
r dr

=0
ar rdrr? dr (rur))

Integrating the differential equation= u, =C,r + G
r

Using thestrain - displacement relations,
du C u C
e — r_C; =22 , =T _C +=2
T T T ST T e
The stressesfollow from Hooke'slaw (planestrain case)

C, = X(er + ee) + Zuer = }\,(ZC]_) + ZH(C:L — C_sz
r

c, =Ae +¢)+2ue =A(2C) + ZM(Cl + %j

T,=0

Note these stresses do not contain thelogarithmic termsgivenin the general solution (8.3.8).

Copyright © 2009, Elsevier Inc. All rights reserved.
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Using relations(7.6.1) and (7.6.2) and Exercise7-1

e - du, :1+—V[(1— v)o, —vo,] =1+_V{(1_V)(A2+ Bj—v(—é-# BJ}
E E r

dr r

1+v| A 1+v A
=—| —+01-2v)B|=>u =—r[1-2v)B——

3 Lz ( ) } = [( ) r2]

Using the valuesdetermined for Aand B then gives
U = 1+v [_ r12"22(pz - p) £+ (1-2v) r12 P — r22 P, I}

r 2 2 2 2
E ry—r r ry—r

8-17.

General Axisymmetric Solution : o, =A+ B,o, :—A+ B

PlaneStrain Hooke'sLaw :

1+v 1+v| A

e = c [A-V)o, —vo,] = E [r—2+(1— 2v)B}
1+v 1+v A

ee :?[(1—\/)(76 —VO'r] :?|:—r—2+(1— 2V)B:|

E
U

Strain - displacement relation: g, = ur

u, = H—V[—é+ a- 2v)Br}
E r

Boundary Conditions:

cr(rz):O:A2+B:0:> B=—A2

2 r2

u (1) =8= “?V[—rﬁ+ (1-2v) Brl} =3

1
Solving for theconstants Aand B gives

2
Ao oE i rr, | B=—A/r?= OE : r i
1+vir, +(1-2v)r, 1+v|r, +1-2v)r;

Copyright © 2009, Elsevier Inc. All rights reserved.
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General planestrain axisymmetric solution was given by relations(8.4.1) and (8.4.5) =

6, = 1B,o,=-21B,u, :“—V{—£‘+(1—2v)8r}
r r E r
Materia 1:
o :i21)+ B® , o :—i21)+ B® |
r r

but for finitestressesatr =0 = AY =0

1+v,)(1-2v
G&l) _ Gg) - B® | ur(l) _ ( 1) 1) B®y

E,
Material 2:
c552) _ A(22) LB ng) _ A(22) +B® |
r r
. A®@ A®@
Boundary conditon ¢'?(r,)=-p=—-+B® =—p= B® =—p- e
2 2
A(2) A(2) 1+v A(2) A(2)
L e @ _ 2
o= —p,u? ="_"2|_ -(@1-2v + r
r rz r22 p E2 rz ( 2) p r22

Matching conditions@r =, :

L B (2) (2
U0 (1) =u () = LV 2Y) go :m{‘ A —(1—2v2>(p+ A ﬂ

El EZ r‘l r.2
A(Z) A(Z)
() _ ~2 @ _
Gr (rl) - Gr (rl) = B - 2 2
1 2

Solve matching condition relationsfor B® and A® to completesolution.
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Solutionsfrom Exercise8-18:

_ @+v)@-2v,)

Materia1:6" =’ =B® , u® B®r
El
(2) (2) (2) (2)
Material 2: o2 =2 AT p o= AT Ay
r; r r,
1+v,| A® A®?
(2) 2
u? ==—2/———(1-2v,) p+ r
r E2 |: r2 ( 2) p r22

Two Equations From Matching Conditions@r =, :

1 1 1 (1-2v,) E,(1+v,)1-2v,)
_ AP _BW® — , + 27 |pA® _| =2 1 7 BO =_(1-2
( 2 2] P [ 2 2 ] ( E,(1+v,) j 1-2v,)p

r.1 r2 1 r.2

Using MATLAB to Solve Matching Relationsand Then Cal culateand Plot Stresses and Displacements
for theCaser, = 0.5, r, =1.0 Notethat , isnot continuous across theinterface.

Radial & Hoop Stresses - Composite Cylinder Problem
T T T T T T T

-0.7

-0.751 ,

-0.81

-0.91

o, /P o /P

-0.95F b,

-1.05f T

-1.1F G , 0 4

0.1 0.2 03 04 05 06 0.7 0.8 0.9 1
Radial Distance, r

X 10'12 Radial Displacement - Composite Cylinder Problem

u Ip
w

_6 1 1 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Radial Distance, r
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8-20.

General solutionfrom (8.4.3),
_ rlzrzz( P, — pl) i + r12 P — r22 P,

r22 _ r12 r2 r22 — r12

For thecasewith p, = pand p, =0

2 2

np I

(O = 3 1+—2
r, —r r

From thedefinitions: t=r, —r, and r, :%(r1 +1,) =

0 =

rz2 _r12 = (r, —r)(r, + 1) = 2tr,
Thin-walledcylinder = r, ~r,~r, =1

p(, ) P Pr,
Lo, =—|1+% |~ 1+1)=
° o atr, ( r?) 2 (1+1) t

o]

8-21.

Solution (8.3.9), without Rigid - Body Motion : u,= A'LEea3

CyclicJump Condition :uy(r,2m) —uy(r,0) = ar = S—Eras =or = a; = Z—E
T

General Stress Field Solution :

o, —a,1+logr) + % +2a, , o, —a,(3+ 2logr) - % + 22,

Boundary Conditions: o, (1;) = a,(1+10og ri)+%+ 2a,=0, c,(r,) = a,(1+logr,) +%+ 2a,=0

2r’r?log(r, /) 5, r?(1+2logr,) —rZ(1+2logr,)
r02 - ri2 % 2("02 - riz)
.. All Constants Are Determined and the Stress Field | s Found

Solvingfor Constants: a, =

Copyright © 2009, Elsevier Inc. All rights reserved.
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i YITVTY VT
1) )

Using superposition asshown, the solution to the biaxial loading problemisgiven by

® (2 @ (2) @ (2

G, =6,"+06,7 ,0,=04 +0y" , T, =T +T1o

Thesolution to problem (1) followsdirectly from Example8- 7, (8.4.15)

2
o®=T[1 2 |, T R PP
2 r 2 re r?

2
og)—T 1+ a_ Ty 31 c0s20
2 r2) 2 re

@ = T(1—3i Za] sin2o
2 r

0
' r

Thesolution to problem (2) isgiven by thesameexpressionswith6 — 0 + g

c? = ( J ( 32 _4a° Jcos(ze + 1)
r r?
o = [ J——[l B’ri] cos(20 + )

@ — ;(1—31 2a° jsn(29+n)
r

ro
r
Sincecos(26 + ) = —c0s20 , Sin(20 + 1) = —-sin20

2 2

a a

.6, =6 +c? —T(l——zl , G, =) +c? —T(1+—2j T =10 +19 =0
r r
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ERENRR!

~

! = —
". I >
.: — -« —
O = 0O -
4_': = 4_‘: =
4—{ :‘—V 4_( :‘—b
-« > -« />

D

Using superposition asshown, the solution to the biaxial loading problemisgiven by

Thesolution to problem (1) followsdirectly from Example8- 7, (8.4.15)

2 4 2
e :I[l_a_zj+1(1+3i4— 42 jcosze

o200 2 r r?
2 4
c’ _T 1+a_2 T 1+314 c0s20
2 r 2 r
4 2
@ =—I(1-3i4+2""2 }sinZG
r r

Thesolution to problem (2) isgiven by thesameexpressionswithT — —T and6 — 6 +g

2 4 2
o = _%(1_‘:‘_2]_%(“3%_ 4ra; jcos(29+n)

T a’) T(, 3a*
@ _
T 3a* 2a%).
@ _
2 _E(l_r—4+ 2 jsm(29+n)
4 2
o, =c® 4+ =T(1+3i4_ 4a2 ]00529 *
r r

4

c, =0 +c? = —T{1+ %JCOSZ@

2a’®
2

3a*
T,=70+19 = —T(l——+

4

jgnze
r r

_ oo(a,0)/T
Noteasr — o with =+45° 6, =6, =0, 7, ==£T

Copyright © 2009, Elsevier Inc. All rights reserved.
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2
¢: [sm Ologr + 6sinfcosb —sin 6] [sm 6Iogr+;esm26 sin 6}
T T

2

Tof {sinzelogr +6c0526—%sin26}

o, = [2sin*0logr +6sin20—sin®0], ¢, =
T

2
o' _[cos26logr —6sin26]

o, = T_O[ZSinzeIogr +Gsin26+sin29], G oo =
T

Do Laplacian First and Simplify :
2 2 2
V2= 6(1) 1a¢+i26<l>=210logr ~ Vi o li+i282 27, logr 0
or? ror r®oe T o rar r2oe T
100 1 0% T

6, =——4+—-—=-—-2(0sin20+sin*06—2cos’ Blogr
" ror r?oe® T ( 9r)
% 1, . . .
Cy :Fz—sne(ZSmelogr+2€)cos€)+sme)
r T

_ _2(1@] — — "o (sin20logr +%sin 20 + 0 Cos20)
T

Boundary Conditions:
o,(r,0) =0, satisfied
T,,(r,0) =0, satisfied
o,(r,m) =0, satisfied

T, (r,m) =—1, = ——2(ncos2r) = -1, , satisfied
T

Stressesaresingular at the origin where the abrupt changein loading occurs.
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8-25.

General Flamant Solution:

¢ = (a,rlogr +a,ro)coso + (b,rlogr +bro)sno
1 :

G, = ?[(aﬂ +2b,5) cos6 + (b, — 2a,5) sin 6]

Gy :%[a12 cosO + b, sing]

T, :%[aizsine—b12 cos6]

Boundary Conditions:
o,(r,a)=1,(r,a)=c,(r,B)=1,,(,p)=0=>a,=b,=0
.. O, :%[b15 cosb-a,sinb],oc,=1,=0

X = —Lfc, (a,0)acos0dd = b [(sin2a —sin2B) + 2(a. — PB)] + a,5(cos2a. — cos2pP)

Y = —J'fcs, (a,0)asin0do = a, [-(sin2B —sin2a) + 2(a — B)] + b, (cos20 — cos23)

Solving the previoustwo relationsfor a,; and b,; gives
_ X(cos2a.—cos2B) + Y[(sin2a. —sin2P) + 2(a. — B)]
® " (cos2a—cos2B)? + (sin2a —sin2B)? — 4(o — B)?
_ X[(sin2a —sin2) + 2(a.—B)] - Y (cos2a — cos2P)
Bs = (cos2a.— cos2B)? + (sin20. — sin2B)? — 4(a — B)?
and thusthe problemissolved.
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Thesolutionfor thesingle vertical downward force acting at the originisgiven by

b= Pro cos0 = P xtan‘l(lj =PF(x,Y) , whereF(Xx,y) = ﬁtan‘l(lj
T T X T X

Using superposition and taking thelimitasd — 0, thestressfunction for the moment problemis

b = lim[o(x, y)—¢<x+d,y)]=—yrg[pd F(x+d,y) - F(x, yq

d

__M “m[F(x+d,y)—F(x, y)}:—M oF _ 0
d OX oX

=—d g(f xtanl(ljj = —M(— A tanl(zn = —M(e —sin6cosh)
T

X\ X nl x*+y? X

d—w

and thestressesfollow from the standard differentiation relations

o, =—4—leinecose
nr

c,=0
2M .

Tro :—an 0

Copyright © 2009, Elsevier Inc. All rights reserved.
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o, = _23[2(92 ~0,)+(sin20, —sin20,)]
T

o, = _2£[2(92 —~0,)—(sin20, —sin20,)]
T

Ty = 2—'1[005292 —cos26,]

izﬁ\/z— 2(sin20, sin 20, + c0s20, c020,)
I

pV2
2n

=t

J1-c0s2(0, - 0,) =+Lsin(, -0,) =¥ Lsin(0, - 0,)
7T Y

Tmax - Contours

Copyright © 2009, Elsevier Inc. All rights reserved.
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Since: o, = —2—Xcose Gy =T,=0=
r

o, =G, COoS 9_—2—Xcos >0, G, =0, sin 6_—2—Xcosesm 0, Ty =0, smecose_—z—xcos 0sind

mr mr mr
But, dX =trd6/sin6 =
2t cos’0
do, = —— =
T Sno
:__J-ezcos :__J' [&S’e—gnecose}de 4log — Sinb, —C0s20, + €0s20,
% sind 0 2n sino,
2t .
do, = -—sin6cosbdo =
T
c, = —Ejezsinecosede = L[cosze2 —c0s26, |
T 2n
dr,, = —gcos2 0do =
T
2t o, t . .
Ty = _¥Ie1 cos? 6do = _2_11[2(62 ~0,)+sin20, —sin 20,
8-29.
From (8.4.36), and Exercise8-28,UsingY = pds, X =tds =
oy 22X . do __2p(s)  (x-9)%y o 2A(9) (x-s)°
n(+Yy?)? (X’ +y?) ” n [(x=9)"+y°]? n [(x-9)*+y?)?
_ ZYI p(s)(x-9)° ds—gr t(s)(x—s)’ ds
a[(x-9)*+y*]? a[(x—s)* +y*]*
2Y 2Xxy? 2p(s 3 2t(s) (x-9)y’
Oy =— 2y322_ 2xxy22:>d6y:_ () yz 22dS— _{ 2)y22
(X" +y7)" w(X"+Yy°) n [(x=9)"+Y7] n [(X=9)"+Yy]
o, = ZVI p(s) 2y I t(s)(x—s)
a[(x-s)? +Y] a[(x—9)* +y*]*
2 2 2 2
Ty =7 22nyz 2 22XX yz 2 = drwz_zp(S) (X_zs)y 2 2ds_ A3 (X_zs) yz 2
(X" +y)" (X" +y) n [(x=95)"+y] n [(X=9)"+y]
N % J‘ p(s)(x-s) 2yI t(s)(x—s)
Y a[(x—s)? +y] a[(x—s)*+y*]*
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¢ =r"[AsinA0 + BcosA + Csin(A —2)0 + D cos(A — 2)6]
G, =" ?[AL(L -1 sin0 + BAL(A —1) cosrO
+CO2 —5\ +4)sin(L — 2)0 + D(32 — 5\ + 4) cos(A, — 2)6]
G, = MA—Dr*?[Asini0 + BcosA0 + Csin(A — 2)0 + D cos(A — 2)6]
7,0 =—(A=)r**[ AL cosid — BLSINAO + C(A — 2) cos(h — 2)0— D(A — 2) sin(L — 2)0]

Boundary condtionson the problem gave A :g ,D=-B,C=- (XXLAZ) =

Substituting these resultsinto the general stressrelationsgives

c, = —%%[A(sm 26+55|n—) + B(COS;O-‘F 2005—)}

G, ZE%P‘(S” 29 3sm—) + B(cosze cos—)}

Top = —%%{A(cosge cos—) B(smge—%sm—)}

Changing theangular coordinate: 3 =n—-6 = 6=n-39

o, = i\/l_{A( 00339+5(:os—)+ B(- S|n§8+ gsm—)}
= —%%0032(3—0058)—%sin—(l—%os&)

G, —%T{A( 00528 Scos—)+B( smg\f} sm—)}
= —%%cos—(ﬂ cos9) —%sin—(l+ cos9)

T, = —%%{A( smgs sm—) B(- 00528—5005—)}
= g%sina(h Cos9) + %COSE (1-3cos9)
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Model :

crz—Eicosg(B cos9)
2Jr 2

o :—Eicosg(u cos9)
24r
3 A

T = 2\/_sm (1+cosS)

2
. \/(%j e
3

—A (1- cos9)? cos? 3 L dn? §(1+ cos9)?
2 2

3A 4sm4§coszg+sin2§4cos4§
“odr 27 2 2 2
_3A 4sin? gcos2 g(sin2 9 + cos? ﬁ} Tmax - Contours— Mode |
oJr 2 2 2 2
3A .. 9§ 3 3A
=——29N—C0S—=——-8NnY
2Jr 2 Jr

Wewish to plot contoursof t,,, / A

Modell : \/

c, =—isin§(l—3c038)
2r 2
Gy = 3B sm8(1+ cos9)
ZJ_
Tro —Tcos—(l 3cos9)
c, — O 2
Trmax = ( r2 ej +Tr29 ‘/\\
B 9 9
=—\/sin2—(1+ 300s9)? + cos® —(1-3cos9)? Tmax - Contours —Mode |1
2JF 2 2

sin §+cos 29 +9cos? S[sm S+c032§ — 6cos0 coszg—sngj
2[ 2 2 2 2 2

_B (1+ 3cos?9)

2Jr

Wewish to plot contoursof t,., /B
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Usingw= Ar*f(0) in V’w=0=
MO -2 f 1A L L f =0 74221 =0
r r

Solution: f = AsinA0 + BcosAi6, Choosing only theodd part givesf = AsinA0
The Stressesfrom This Displacement Solution Are:

, =0,=0,=T7,=0,1, =ug—\|”v=uArk_lsink9 y Toy =%Z—V6V=;1Arx_lcos7u9

Zero Stress Boundary Conditions on Crack Surfaces: =
To, (M) =0=cosAin=0= An=nn/2,n=135-- -.A=n/2,n=135: -
Finite Displacementsatr >0 = A >0

Singular Stressesatr > 0= A <1

. 0< A <1= A =1/2 and So the Displacements and Stresses Become
W= A\/Fsing » Toy :“—Acosg , T “—Asi o

2r

rz_2\/F 2

Copyright © 2009, Elsevier Inc. All rights reserved.
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2112
G, = _ﬂ[—%log(g) +b2log(h) + a%log(2) + b? — a?]
N r a b r
with N = (b? — a?)? - 4a2b2[log(9)]2
a

Strength of MaterialsSolution:

G, __M({-B)  A=b-a, B:ﬁ, R=(a+h)/2
rA(R-B) log(b/ a)
8 T T T T T

— Elasticity Solution
-~ Strength of Material Solution

6 c,a’ I M :

Dimensionless Stress

t/a

Copyright © 2009, Elsevier Inc. All rights reserved.
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b= (Ar3+E+Cr + Drlogr) cos6
r

r :E@Jriz_‘b_(zp\ _§+ chose
ror 06? r* r

G, = aq) (6Ar 2B chose
or? r* o

To ———[18(1)} (ZAr —2—?+stine
or\ r 00 r r

Boundary Conditions:
2B D

c,(a,0)=1,4(a0)=0=2Aa-—+—=0
a® a

o (0,6) =7, (b,6) =0 = 2Ab—i—B % 0

j:ce(r,O)dr T:>3A(b2—a)+ 2(bz—a)+DIog(b) T

+T(a+ b)

j:ce(r,O)rdr =M =M; =
s .3, 2B

2A(p° - &) + . (b-a) + D(b-a) =M

["t(r.0)dr =0, identically satisfied

[Coy(r.m/2)dr =0, identically satisfied

jbce(r,nIZ)rdr = —M, --- appearsnot to be satisfied

j 1,,(r,m/2)dr =T = Ab* - a)+ 2(bz—a)+DIog(b) T

These boundary condition relations can be solved giving the results

2182 2 2
A= p-_Ta0 5 T@+D) i dsogivesM, =0 =M = -
2N 2N N

T(a+b)
2

T(a+b)

So the problemissolved for thespecial casewithM = — . Note however, that by

adding the pure bending case given by solution (8.2.61), the solutionfor an arbitrary end moment
may be generated.
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For disk problemshown in Figure8- 35, the two normal stresseson y = O are

2 a2 P _ 272
o, (x0)= 20| D241 o (x0)/(P/D)= 2| 2R
nD| D +4x n| 1+ (X/R)
2P 4D* 2 4
x0)=—| P o5 xO)/(PID)=—5| — 2 1
oy (x0) nD{(D2+4x2)2 } oy (x0)/(P/D) n[(1+(x/R)2)2 }
MATLABPlots:
1 T T T T T T T T T
05F el o o (x0)(P/D) ]

-0.5

Dimensionless Stress Along x-Axis

-1.5

-

c,(x0)/(P/D)

-0.8

-0.6

0.8
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Te
(1) (2)
Usesuperposition of the two problemsas shown using ssmpleinterchangeof xand y

co_ 2P[(R-y)x* (Rey)x* 1
) | rf r, D

B 3 3
o0 __2P[(R=Y)’  (R+Y) _1}
T r r, D

2P| (R-y)’x (R+Yy)*x -
§) —{( 3/) _{ 2/) } T, =X+ (RFY)?
n r, r,

co__2P[(R=%° (R+X)° _l}
x 14 14
T r r D

Y T r* r)* D

co __2P[(R=x)y* (R+X)y’ 1}

2P| (R—x)? R+ x)? , -
Tg:_{( 9’y _(R+%) y]rm: VT (R0

T r r,

6. =0 4o 2P_(R—y)x2+(R+y)x (R=%°  (R+x)’ 3}
4 4 14 14
T n r, r r, D

@ _ E_(R—y)er(Rer) (R—x)y? +(R+x)y2_£}

G _(S +G
4 4 14 14
T r r, r, r, D

Xy T oUxy Xy 4 4 14 14
T

T =1® L@ 2P (R Y) X (R+Y) X (R X) y (R+X) y
r r, ry r

Ony-axis(x=0)
3 2 ]
. __f{ R _1} o - 4P{ Ry R 15 B

i n|(y?+R?)? D (y* +R?)? R2+y2 D| ”
Corresponding resultsfrom Example8-10
2P 2P| 2 2 1
0,y) = 0y)=—— + 0 0
0,(0.y) = — ,0,(0,y) {D 2y D12y D}r(y)
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8-36*. Continued

MATLAB Comparison Plot:

Dimensionless Stress Along y-Axis

1 1
0.5}f . :
=-=== \ertical Loading
«x»eexer Horizontal loading
oh = \/ertical+Horizontal loading .
c/(P/D)
At
-1.5+ “.” .'0'.
2 -"
-0.5 0 0.5
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' =_M w2r2 +&+C_22
8 2 r
1+3v ,, C,  C,
_ Ly 2
=g P 2 1
c,(a)=0= - (3+v) pw’a’ +&+C—§=O
2 a
G, (b)=0= —Mpm2b2+%+%:o
Solving the boundary conditionrelationsfor C, and C, gives
C, = (8+v) po’(@®+b’),C,=— —(3;\/) po’a’b® =
Gy =— 1+3v po’r? + (B+v) po’(a® +b®) + (38-:2\/) pw’a’h’
(60D = 00(@) =~ 2 poo?a? + B 2 a2 4 2y 4 B2V oy
8 8 8
whenb>> a, (o), ~ (3;") po’b?
From Example8-11
3+v

Grax =0,(0) =06,(0) = po’b? , (b>> a)

.. themaximum stressin theannular disk istwicethat of thesolid disk

Copyright © 2009, Elsevier Inc. All rights reserved.



9-1.

6,=06,=1,=0

Equilibrium Equations(3.6.5), , (no body forces) =

aT_xz: , 8ryz _0

0z 0z

Beltrami - Michell Compatibility Relations(5.3.4),,,, =
0°c, 0%, 0%, 0%, _ 0

ox:  oy:  o0z2 oxoy
Integrating the compatibility results,
d%c, oo, 0 0o,

2
0> L2_f(y,2,% % -0
oxoy OX

= =g(X,z
OX? OX 9(x 2)

oo,

Ly, )=9(x2)=F(2 = F F(2) = o, =xF(2+ f(y,2)

oo,

Insimilar fashion, it can be shown that 5 =G(2) = o, =YG(2) + §(x, 2)
y

0°c o%,

=0 =0=F"(2)=0= F(2)=Az+B
oz o Gra (2) (2)=Az+ B,
Likewisewecan show that G"(z) =0 = G(z) = A,.z+ B,
6(;2 =F(2)=Az+B, = o,= AzX+BXx+ f(y,2)
X
8;;/2 =G(2)=Az+B, > —af(a);’Z) =Az+B, = f(y,z):Azzy+ B,y +F(2)
0%, 2, 2
= =0=> F"(2=0= F(2)=Cz+D

Combining these resultsyieldsthe general form
0,=Cx+C,y+C,z+C,xz+Cyz+C,

Copyright © 2009, Elsevier Inc. All rights reserved.



9-2.
With no warping displacement, u=-ayz,v=oaxz, w=0

eX:ey:eZ:exy:O,eXZ:—7,eyz— 5

6,=6,=0,=1,=0,1,=—pay, t, =pox

By inspection the equilibrium and compatibility relationsareall satisfied
Boundary conditionson lateral surface:
T'=on,+1,n,+1,n,=0=0=0

n_ —_— —_—
T, =t,n,+o,n +7,n,=0=0=0

T'=t,n +1,n +0,n, =0= —payn, +poxn, =— ayﬂ— ax%
2 7 helx T hyzily TRz MO T RO = R s TH ™ s
_ _%%(x2 +y?) # 0 in general (vanishesonly for circular case)

Thus assumed displacement field does not satisfy all boundary conditionson lateral side
Finally check boundary conditions on ends; from relations (9.3.14)

P, = ” RTx”dxdy = —},Loc” < ydxdy = 0 (using centroidal axes)
P = ” RTy”dxdy = uoc” . xdxdy = 0 (using centroidal axes)
P, = [[ T/ dxdy = O(sinceT;" = 0)

M, = j j YT, 'dxdy = 0(since T, = 0)

M, = j j _XT,'dxdy = O(since T, = 0)

M, = ”R(xTyn — yT,")dxdy = poc”R(xz +yH)dxdy =T =

T=pad, ,whereJ = ”FEZdA:polar moment of inertiaof cross- section
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9-3.

Displacement Field: u=-oaz(y—-b) , v=0az(x—-a) , w=w(X,Y)
o 1(ow 1(ow
StrrainField: e, =e, =¢e,=¢,=0, ¢, :E(&—a(y—b)J ' €, :E(Eﬂx(x_a)]

— oW ow
StressField: 6, =6,=0,=1,=0, 1, = u(&—a(y—b)j » Ty = u(a—y+ OL(X—a)J
Equilibrium Equations:
ot, Oty o*'w  o*w
2+ —==0=> —F+—=
oX oy ox= oy
Compatibility Equation with usual Prandtl Stress Function :

a 2 2
aT—)‘Z—&:—Zuoa = V2(|)=a—(l)+6—(l)=—2uoc
oy oXx ox: oy

Boundary Conditionson lateral surface :

do

T'=0,T/=0,T)=1,n +1,n, =0= P 0 = ¢ = constant on boundary

For boundary conditionson ends of cylinder, introduce new coordinates:
X=x-a,y=y-b=dx=dx',dy=dy

P, = [ Toddy = [T dxdy’ = 0, and likewisefor B, and P,
M, = [[ (y-0)T dxdy = [[ T iy’ =0  ikewisefor M

M, = IJ.R ((x- a)T, —(y-b)T; )dxdy = ”R (X'T;' - y'-rxn’j dx'dy’ =2 j J'R, o dxdy’ =T

Boundary conditionsfor displacement formulation

TN, + 71,0, = (Z—VXV—(y—b)ocjnx +(g—\;v+(x—a)oc]ny =0=>
daw o d 5 )
W2 ((x— b
=5 (k- + (y =)

2 2 ow oW
Tzuij[a[(x—a) +(y-b) 1+<x—a)5—(y—b)&dedy

_ 12 12 ,OW IaW [ '
_HHR,(a(x +y )+xay,—y&jdxdy

So the new coordinate system will not change the general formulation.
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9-4.

oy __low oy _1low
X ody oy o X

fe = [iw_ayjm | My
@ =H - =M

T, = a—\N-}-OLX =>T,= (X(—a—\v-%-Xj
yz H ay yz H OX

Equilibrium equationsare satisfied identically, and compatibility equationsgive

2 2 2 2
nol TV 1] nof TV 1= 2pa = TV TV _ginR
oy? oX ox* oy

Boundary condtions:
TN TN, =0 = na 8_w_y ﬂ—ua(—a—er )dx 0=
oy ds OX ds

a_\lj%_kﬁ_wﬂ:)(%_kydy d( (X +y)j
Ox ds oy ds ds ds ds

:%(x2 +y*)onS

9-5.
Resultant shear stress: t= /15, + 15,

. _(20Y" (2%
: —(axj [ay] (V) =40, =12

9 o B
vie sy {(ij (ayj ] (0:9:) ;5 =20,0;); =20 +0,;0;)

but ¢ = (9,5); =(-2pa); =0=

Vet =209, zzl(a—zi)j +2( azd)J +(6242)j :lz
o OX OX0y oy

. 1% issubharmonic = maximum shear stress will alwaysoccur on section boundary.
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9-6.
Polar Coordinate Formulation:u, =u, =0, U, = arz =

:eeze

pA

1
=e,=¢€,=0,¢, :Ear =
, =0,=0,=1,, =T, =0, 1, = par = Equilibrium Equations are Satisfied

Using Stress Function Approach, Governing Equation : V2¢(r) = —2uo = %—
. 1 2

Integrating= ¢ = —E},locl‘ +C,logr +C,

For Bounded Solutionatr =0= C, =0, With¢(a)=0=C, = %uaaz

no=-R(t-a?)

From MembraneAnalogy : t,, = —% = pour
Check with PreviousSolution of Ellipiticd Section Casewitha="b

4
Equation (9.4.3) = K =—pna a 5= Py
2a 2

r.2
a2

Equation (9.4.2) = ¢ = —%az( 1j 3 —%(r Z_a%), .. Checks
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9-7. Y

parabolic membrane

V?z=-2u0 = KZZZ =-2uo = z=—poax’> +Cx+C,

Boundary conditions:

z2(a)=0 = —poa*+C,a+C, =0, z(-a) =0 = —paa®-C,a+C, =0
Solvingfor theconstants=C, =0, C, = paa’

o z=po(a® - x%)

dz
Stress: t,, = Y.V —2U0X = T, = 2u0a

L oad carrying capacity : T =2V = ZHR zdxdy = 4pab J. l (a® — x*)dx = % poa’hb

Copyright © 2009, Elsevier Inc. All rights reserved.



9-8.

Stressfield for torsion of ellipsesection :

. :_Zazuoc __ 2y . 2b*ua o 2Tx
“ a’ +b? mab® " a?+b? nha®
Resulting strain field :

oAy

“ gpab® ' muba®

Strain - Displacement relations:

ow 2Ty 2Ty T(a*+b?) Ty
o T tOY=- s TOYy=- st 33 313
oX nwuab nwuab na’b’u mua’h
Txy 2 2
w= b*-a®)+ f
nua3b3( )+ f(y)
oy nuba nmua’h
X 02 —a?)=— % (b -a?)+ f/(y) = f/(y)=0= f =constant =C
nua’b mua’b
w=—"Y (52 _a?)+C, but w(0,0)=0= C=0
mua’b
W_T(bz—az)xy
nua’o’
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9-9. X2 yz

+
(ka)*  (kb)®

3 2Ty
nab®

2Tx
nba® _ b* x

T
At ageneric point Pinthecross- section: tanf=—%=— =
nab®
2

X2+ Y’ >=1= y=kb 1——2
(ka)®  (kb)® " (ka)®

Ellipse with sameratio of maor to minor axes:

2
Tangent toellipse: dy_ _b_zﬁ
dx ay

.. Tangent slope=tand
9-10.

For equilateral triangular section,

0 = K(x—+/3y +2a)(x ++/3y + 2a)(x—a) , K = -2

6a
V3(x+2a)/3
T ij d)dXdy T 2-[ ZaI f(x+2a)/3 dde
a [ 2J3ua(x—a)(x+ 2a)° o3 ., 271
2% | = dx = a*=—"_poa
IZa( 27a HoA =g B

3
:guoclp , Where || =3/3a*
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9-11.

na’b’no
a® +b’
Polar moment of inertiaof elliptical section :

For torsion of éliptical section: T =

T
Ip=Ix+Iy:Zab(a2+b2)

33 22 212
T:nazbuzazgab(az"'bz) 4f-bL2lOC2 = 4?b!ia2 p
a“+b 4 (@*+b%)* (a"+b%)

For thecircular sectioncase(a=b): T = pal

From Exercise9- 9, thetorsion of equilateral triangular section: T = 3 pod
5

9-12*.
For torsion of equilateral triangular section :

1, =% (x-a)y, T, =B (%2 4 2ax - y?)
a 2a

Alongy=0:1,=0, 1, :;—Zx(x+2a):r

a a
rmaxzr(X:a):?’M; ,rminzr(x:—a)z—%,rantx=Oand—2a
MATLAB Plot :

o 15 1 : : : :
= | : | ' '
< ! : : ! !
> : | | | |
-JT SRS NN N N N A
S : : : : :
< ! : ! : :
8 L
£ o5} R R L femmef S
7] | j i I
@ i | : I
8 ! : : :
c | | i
(o] Ammmem— == T AT U -~ —— -~ - e m e
L] | ' i
[ - 1 1 1
o i i !
E ' ! !
n b ] :
0 05 1
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9-13*.

_po LS 2 _ 2 2
Tﬂ_?(x_a)y’ryz_Z_a(X +2aX—Y7) , T=4/1, + T,

Use MATLAB to Calculateand Plot Contoursof Resultant Shear Stresst:
Note the Highest Stresses Occur on Boundary Where Contours Are Closest Together

Resultant Shear Stress Contours for Torsion of Triangular Section a = 1

9-14.

Try ¢ =K(x—a)(y -mx)(y+m,x)

Clearly thisstressfunction satisfies the zero boundary conditionson each side
VZ = K[(2-6mm,)x - 2(m, —m,)y + 2(mm, - 1)a]

1 1 3uo
F 2 :—2 = = — = = —_— K:—
or V2¢=-2u0 = m =m, , mm, 3= Mm=m \/éand oa

Thereforein order to satisfy thedifferential equation, m =m, = % =

that the section boundary must be an equilateral triangle.
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9-15.

From Example9- 3, ¢ = K(a® — x* + cy®)(a® + cx® — y?)

Differential Equation: V¢ = —2uo =

K(—4a® + 4ca® —12cx” + 2¢°X% + 2x% + 2y* + 2¢°y? —12¢cy?) = —2ua =

K(— 4a® + 4ca’ + (-12c + 2¢” + 2)x* + (2 + 2¢® —12¢) yz): —2uo

Relation must betrueforal xandy: = (2+2¢*-12¢) =0 = c= 3-48=3-2\2

- 2uo po
dthus K = =—
TSR ae ey T =)
Shear Stresses:
_@__(1_‘\'2)“0‘)/ 2 _ 22\ @+~N2uay (. _ 2 2
T”_ay_ oz (a +(3-24J2)x y) oz (a +(3-2v2)y x)

=% @rv2)uox V2)pox (02 + (3-2v2)xe - y2 )4 LY 2mox V2)pox (02 + 3-2v2)y? - x?)
OX 2a 2a

On boundaries x = +/(a® + cy?®) :

:—%(azjtﬁ—zﬁ)xz—yz), T 2+(3—2\/§)x2—y2)

Xz

A+ V2)pox (a
- 2a’

yz

T=1/T§Z+T§Z x (2_\/5)3' ;2(8_6\/5))/ poc\/(3+ 2\/§)a2+(4—2\/§)y2

Maximumstressoccursat y =0: 1, = V2uaa
A similar analysison boundaries y = +4/(a% + cx?) = t,,,, = v2noa a x =0
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9-16. 4

Try boundary product form: ¢ =(x—a)(x+a)(y—b)(y+b)
V2 = VZ(x*y? — x°b* — y?a® + a’b?) = 2y* - 2b” + 2x* — 2a°
Clearly V*¢ cannot be made to equal — 2po.for all xand y

.~ the boundary equation scheme will not work for thisshape. a

v

9-17.
3 4 ©
Fromrelation (9.5.12): T = 16naa’b 1024L;aa > i&.,tanhnib
3 T niss. N 2a
3 4 o
Non - dimensiond form: T - :E(E) —1034(2) > ik_)tanhrlib
H(Xb 3\b T b n-135.. N 2a
b a\’ a\’ nrb
For——10=|—| »10°,|=| »>10* ,tanh— > 1=
a b b 2a
T E[ET
uob* 3 \b
MATLAB Plot :
2-5 : : L T
B IO 0 S VO SO R
Ti(ob’) A
6 8 10

b/a
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9-18.

N
T= 1—; no) a’h
i=1

2uf(3](2)- 42

= %(a + 2b)t3ua

9-109.

2
b= K(b? —r2)(1— 22C0sY _ K(bz Xy 4 2ax - 2D ""XZJ
r X"+y

2 2 2 2
V2= + b :2KK—1+ 2b2ax%j+(—1+ obtax X 3 SJ — —4K
(X" +y7) (X" +y7)

5 Vi =-2u0 = K = % and the governing differential equation issatisfied

Clearly onboundary r =bandr = 2acos6, thestressfunction will vanish asrequired

T =@— o —1+—2b2ax = uo —1+—2b2acOse rsind
oy MU ey ) e

2,2
T, = @:—uo{a—x—bza y —X

(x*+y?)°

B , Sin0—cos’ 0
OX

):—uo{a—rcose—ba 2
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9-20*.

From Exercise9-17, thestresswerefound to be

to =pof 1+ 22y o] 14 2289080 g
Xz W (X2+y2)2 H r3

2

22
T, = —pa(a— X — bzaﬁ] = —po{a— r coso —

On keyway boundary r = b:
= pa(-b+2acos0)sind, 1., = —pa(-b+2acos0) cos6 =

TXZ
Tapmay = AT+ rf,z = po(2acoso —b)

Maximum valueoccursat 6 =0 = (T4 emay = H(22— D)

r

Maximum valuefor thecaseg =0 = (T kewey = uaa[z - g] ~ 2uoa

On shaft boundary r = 2acos6:

T, :&(b2 —4a’ cos” 0) szze )Ty = MOL(bz 4a’® cos’ 6) C0529
4a 0 cos’ 0
= Jt2 +12 =—"= (b*-4a®*cos’ 0 “ b® sec? 6 — 4a*

Tshaft sz Tyz 4aCOS e( ) ( )

: b
Maximum valuefor thecase— — 0 = (T, ) gt = MO
a

bzasin2 0 —cos’ 0

. L T 2uoa
. For thesmall notch case the concentration factor isgiven by (“ oy ~ H
Tmax)shaft ].,LOLa
MATLAB Plot :
2 | | ! |
T
= ) | i |
] 18F------—- N R Ao mmmmmmm o -
8 : : : l
('8 | \ | |
[ R R ——————— 7mmmmmmen R o -
8 o N
Q 1 i 4 1
o 1 1 1
R I B e -
gl N
13 : ! : :
0 0.2 0.4 0.6 0.8 1

b/a
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9-21.

(Unfold Open Tube Into a Rectangular Strip)

Fromrelation (9.6.8), for theclosed tube

Ter = T , Wwhere A, =areaenclosed by tubecenterline

2At
For the open tube, ssmply open the section to form astrip asshown, and then relations
(9.5.15), ; can be used to devel op approximate equation for thestress =

~S A sE A
" "8a’h 2aA

For thesametorque T

3T

2 .
Tﬂz;ap‘szGi , butsince A, >> A, = Tor o>1= Tor >> Ter
Tor T A Ter

2At

.. Stressesare higher in open tube and thus closed tubeisstronger

Copyright © 2009, Elsevier Inc. All rights reserved.
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From Example9- 7, thestresst,,, wasgiven by

Curz T
Tor =~ (r2 N Z2)5/2 , Where C = —

2 1
2mu(= — cose + — cos®
u(3 P+ )
The maximum stress occurs on boundary where z = cospr* + z° , r =sinpVr? + z°
singcos’
o (To) e = —C— 2
z
For thecasez=1 , ¢ = 20° = (ordmac 11 9
(T/71°)

Fromstrength of materialstheory
o T 2T

Z (nrtl2)  wr®

Atz=I= r=Iltanp=1tan20° =

= 2T cort g = oednae _335
ml (T/1%)

Tg

Copyright © 2009, Elsevier Inc. All rights reserved.
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1 4
From Exercise9-22: (t,,) e = Tsingcos” ¢

3 2 1 3
2nz (3—cos<p+3cos (pj

™ 2T 2T
(nr*/2) ot nz’ tan® @
Using MATLAB to Calculateand Plot the Two Predicitons:

From Mechanicsof MaterialsTheory: (t,) o =

Max Shear Stress Comparison
0.06 T T T T T

----- Mechanics of Materials
Elasticity Theory

0.05

0.04

0.03

Max Shear Stress / T

0.02

0.01
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Stressfield solutionfrom Example9- 8:

6,=0,=1, =0

. __i1+2vxy . _ P 3+2v (az— 2_1—2vx2) - ——Ey(l—z)
Al 1+v T 1 8+ V) 3+2v )Tt
Using Hooke'slaw and Strain - Displacement relations
ou %
e=—=——o0,=—Y( -z :>u—— | —2)x+ f(y,z
xT ETTE, ~y(-2) =) y(l —2)x+ f(y,2)
ov %
e =—=—— =— |-z :>v—— | -2)+9(xZ
Ty E” y( ) 261 y’(I-2)+9(x2)
ow 1 v
e, =—=—0,=——Y( -2 :>W——— lz—— |+ h(x
= E% T E, " yi-2) Ei y( 2} (X, y)
eXy:1 @Jr@ =ir =0= fy+gx=—ﬂ(l—z)x
2\oy ox) 2u ¥ ' ’ El,
o -1 @m_NJ:iTXZ feh = PY
2\0z ox) 2u ' ’ 2El
1(ov ow PB+2v)( , , 1-2v , Pv , P
&, =l —t+t—|=xTt.>09,th,=——-12" -y - X° |+ y
2\0z oy) 2un 4El 3+2v 2El El
Differentiating theaboverelations=
f,=0,f,=0
Pv Px P(1-2v)
f_+ =—x, f,+h,=——,9,+h, =———-X
vt O El, o 2El, g 7 2El,
Solvingtheaboverelations= f =0 —&x h -
J =0 e El,. Y 2El
fy,=1,=1,=0= (seeexercise7-9) f =cy+c,z+c,

f’y + 0 :—E—Iva —Z)X = 0 :—E—U —Z)X =0 __P_(| —Z)X —C1X+91(Z)

2Bl
2
f,+h PY o = PY o o h=PXY o xihgy)

X X

£ 2HEl, 28, ° )

g +h, = 0 g0~ e y) PO E) gy B B P
6.(2) + hi(y) = F’(3’;?“)('& y2)+;’;—lyj+§x(|z_z_;j:

91(2)——|(|Z—Z—22j— —hi(y)+ P(SE;EV)(aZ—yZFSE—f:constant:c‘,:

Copyright © 2009, Elsevier Inc. All rights reserved.



9-24. Continued

2 6

X

, P(3+2v) ([, 5 Pv , P(3+2v)( , y3 Pv 4
=—— " J@®-y)l+r——y’-c =——"la’ly-L |+—y’-c,y+¢
h(y) (a2 -y?) A i = sl L A A= AL VAL

Collecting these results determines theform of the displacement field

2 3
9:(2) =i[lz—%j+c4 = g,(2) =i(|—zz —Z—J+042+c.5

Pv
u=—-1y(l -2)x+cy+c,z+c,

El,
Pv Pv 5 P , Z
V= l-2)+——(1-2)x* - x+—| =2 —— |+Cc,z+¢C
2Elxy( ) 2EIX( X -a Elx[z 6) © °
P 72?2\ Px’y P(3+2v) y® Pv
W=——ylz—= |-—=L —cx+———2|a’y -2 |[+—Yy’-c,y+C
Elxy[ 2) 4E1, ° 4El Y73 6Elxy S

Finally applying thefixity conditions:
u(0,00)=0=1¢,=0,Vv(000)=0=c¢c, =0, w0,00)=0=c¢c, =0

mZ(O,O,O):O:f—a;:?: c,=-Cc =¢=0
X

oW _adu
wy(0,0,0)=035=5 f— —C2 =C2 = C2 :O
0.(000) =00 X _ W _ o _PB+2v) . o PG .
oz oy 4El, 8El,

Thusthefinal form of thedisplacement field isgiven by

Pv
u=—-y(l -2)x

=3 y(l-2)

3 2

V= Pv (yZ_XZ)(l_Z)_’_i |_22_Z_ +P(3+2V)a 7

2El, El,l2 6 8EI,

2 2 3
we- P [1z 2Py PEr2v (0 V) PV PGE2Y)
El, 2) 4El,  4El, 3) 6El, 8El,
Beam Deflection Comparison with Strength of MaterialsSolution:
v —P—ZZ(SI -2)
S.O.M. 6E|
3 2 2 2
w00, =P [l Z) PGr2va’ P2 4 PE+2va’,
El, 2 6 8El, 6El 8EI

For z = constant, the u - displacement solution predictsa bilinear form' xy', thusindicating that
plane sectionsdo not remain plane

Copyright © 2009, Elsevier Inc. All rights reserved.
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Elasticity solutionfrom relation (9.9.18)

cosh ™Y
P 2 2 vP 2 12a* & ()" a 1 3_4 13
1,(0,Y) = (07— y) 4+ | —a? - =5 ; 1 =~ (2a)(2b)° =~ ab
21, 6(L+ V)1, = 12 3
a
nmy
3P (1 y2j+ vP R Y
Taahl T R 1T QML NaR3 | 2 2
8ab b 8(1+ v)ab & on coshnib
nmy
ryz(o,y)bZ_g(g) AN (g) WD NE ey
P 8la b> ) 8@+v)\b = n? coshnib

Strength of MaterialsSolution

P 3P y? t,,b? 3(bj y?
P g2 1-Y v _S(B)q_Y
=y Y= 8ab( bz]: P 8lal b’

MATLAB Plot (a = b) Case:

Comparison with v = 0.3
0.4

i

l’ \;
0.35 e

AN
// \\
0.3 ¢ s

0.25 7
I‘/
’ \
0.2 74 AN

yz
N
~
~
\

""" Mechanics of Materials \\
Elasticity \u

0.1 P ‘.\
0.05

/
0.15 7

Non-Dimensional Shear Stress, 1 _(0,y)b%/P

-0.05
-1 -0.8 -06 -04 -02 0 0.2 0.4 0.6 0.8 1

y/b
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y
For theelliptical section with P, = P and no torsion
Vay=——" Py in R,d—wz—lﬂyZ% onS P
1+v1, ds 21,7 ds a X
Use boundary shape to formulateasimplified solution, >
sochoose wy(x,y) = f(xy)+h(x) b
2
Vay=— " Py v Ex—OI ? in R
1+v |X 1+v |X dx NG y2 1
— ==
dy 1P ,dx _ df dh P ,)dx a® b
—=—=—y — = —=——+4+—Yy°|— onS
ds 21, ds ds dx 2I, ds

2 2 2
On theboundary, y? = b’ 1—X—2 ,and soif wechoose N = PP 1—X—2 =
a dx 21 a

X

%: 0 = f =constant =0 on S, and thegoverning differential equation becomes
vef-- Y Py I:)b2x=—ﬂ b—2+ Y |linR
1+vl,  1.a° I \a® 1+v

The boundary condition f =0 can besatisfiedif we choose f of theform

2 2
f= Kx(% e A 1j , Where K isa constant to bedetermined. Substituting thisforminto

b2

2|12 2 2 2 2
thedifferential equation = K = — Pa’b (b v j: _Pb” Q+v)b"+va

21 (3> +a’)\a@® 1+v) 21, (3’ +a’)1+v)
Thustheformfor f now satisfies both the governing equation and boundary condition
_a_“’:ﬂ_ZKXy Pa’ (bz % } _ Py (1+v)b?+va?

“T ey oy b I (3 +ad)lat 1+v I, (32 +a’)d+v)

oy P , of dh P , 3x* P Pb? x? P
SCL S U CL B L FERLAGNV U (7] I S A BN P S L
T T 2 (Gx dxj o Y [ (az 0 2| T

X

2 2 2 2 2 2 2 2 2
b e L e e )
_PB® (1+v)b? +va’ 3x2+y_2_1 +Pb2 1_x_2_y2
21 (3*+a’)1+v) a® b’ 21, 2

For thecasecircular case,a=b =
P 1+2v P 3+2v [a® - y? 1—2vx

T -
o 8(1+v) y 3+2v

T 2

T,=———
4, 1+v

Copyright © 2009, Elsevier Inc. All rights reserved.
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R . 1 _ 1 _
z=x+iy,z=z—1y = x=E(Z+z),y=E(z—z)

0 _00 00_0 0
Ox 0OzOx Ozox 0z Oz
izia_ﬂﬂa_f:,(i_ij
oy 0zdy 0zoy oz 0z

. . . o 1(o .0 o 1({o0 .0
Solving previous lines = —= =| ——i— +i—

oz 2\ax ay)’ oz 2\ax oy
, 0% 0? (6 6}[8 8) (0 8)(6 6) 0?
Vis S+ =\l +t+=Zl|l o= |~ =l == |=%4—=
ox° oy 0z 0z)\oz Oz 0z 0z )\oz oz 0z0z
4
Vi =V?V? =16 ? >
z°0z
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4
Integrating relation (10.2.6) % =0=>
0z°0z
0%
0220z a(2)
o

adngd@&+b@):d@+b@)

%;4) =zc(z) + Jb(f)df +d(z2) = Zc(z) + e(2) + d (2)

¢=ﬂ4n¢+m@pjﬂ@¢+ﬂa

=zg(z)+ze(z)+ h(z) + f(2)
Now since ¢ must be a real function,

¢ = Re[zg(z) + ze(2) + h(2) + £ (2)]

Relz(2)] = [28() + 22 ()]

&m@h%m@+mm

Re[h()+ £ (D] = S h(:) + hE) + £ () + £ ()]

So= %[Eg(z) +2g(2) + ze(z) + ze(z) + h(z) + h(Z) + f(2) + f(2)]

=2 (e() + 2)) + 2(z() + () + (1) + )+ (B2 + /()
Letting 1(2) = g(2) +(z) , w() = h(2) + /() =

¢= %(z 1@+ 2v(2) + w(2) + \VTZ)) = Re(zy(2) +v(2))

www.mechanicspa.mihanblog.com

SilSn (odiga aala Ay — Silsin uviga SO
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Use Navier Equations: pVZu + (A + p)V(V -u)=0 to construct the complex form

o(ou ov Of(ou Ov
Vau+h+p)— —+— | |[+i| pVv+ (A +p)=—| —+— | |=0
{“ " “)@C[@x 6yﬂ l[“ v méy(@x 8yﬂ

Using the complex displacement U =u +iv, U =u —iv,and relations from Exercise10 -1,

it can be shown that a—” v 8—U + a—U , and the complex Navier equation can be written as

ox oy 0Oz Oz

2
wZY o+ )3 UL U
828 0z 0Oz
Integrating this result = 2ua—U+(k+ ) a_U+8_U = f'(2)
oz oz
Next take complex conjugate ZM(Z—U+ (A +p) aa—U+6—U = '(2)
z

Eliminating the 66_U term from the previous two relations =
Z

ap(h+ 2“)88—(2] — (L4301 -0+ ) )

Integrate again = 4pu(A +20)U = (A +30) £ (2) - (A + W)z f'(2)+ g(2)
Rearranging and redefining arbitrary functions of intergration f and g gives

2uU =xy(z)-zv'(z)—w(z) , where k is given by (10.2.10).

Copyright © 2009, Elsevier Inc. All rights reserved.
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2u(u +iv)=xy(2) - 27'(2) - w(2)

ZM%(u+iv):%(%+i%J(Ky(z)—Z}Tz)—\uTz))

=—zy"(2) -y'(2) = 27" () - v'(2)]
Now o, —o, +2it, =2[ZY"(2) +V'(z)] =

~Ev@-v@l=-2(o, -0, ~2i,)
Using Hooke'slaw, o, — o, +2it,, =2u(e, —e, + 2ie, )

ZH%(u +iv)=-[z7"(2)-y'(2)] = ule, - e, +2ie,,)

Copyright © 2009, Elsevier Inc. All rights reserved.
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8(z.2) =%[y(—) +2y(2) +x(z)+m] ~ Re (2v(2) +1(2))

RN
oy 0z 0z)\o0z oz 0z 0z0z 0z

2 2 2 2
cy:@:(i+i_j(i+i_j¢: 0 i)+26 (I)_+6_(l>
Ox 0z 0z N\Noz Oz oz 0z0z 0Oz

"o . +0, =4 0% =2 '(Z)-I-Tz)]
o 7 20z v v
0’0 0%
2 2 2

o (2,2Y2 ) (o' 2

ox0oy 0z 0z)\oz Oz 0z 0oz

, G —n ,

;.0,-0, +2nxy = 4822 =2[zy"(z) +v'(z)]

26, = 2Re[y'(z) +7'(2)] - 2Re[ 7" (2) + y'(2)] =

0, = 2Rely'(2) 5 71"(2) - S ¥'(2)]
6,=(0,+0,)-0, = 2y'E)+ 7] - 2Rely'(2) —%Ev”(Z) —%\v'(Z)]

— 2Refy'(2) + %W(z) + %w'(z)}

Ty =ImlZy"(2) + y'(z)]

Copyright © 2009, Elsevier Inc. All rights reserved.
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From the stress transformation laws in Chapter 3

6,+6, ©,-0C, .
G, = +— c0s20 + 1, sin 20
2 2
c._+0 c.—0O, .
Gy = "2 Y _ x2 =C0s20 -1, sin20

G,—0, .
T,g = sin20+t,,c0s20
2 y

G,+0,=0,+0,
6y —0,=(c,—0,)c0s20 -2t ,sin20
21,4 =(c, —0,)sin20 + 21, cos 20
.. 0y =0, +2it,, = (0, —c,)(c0s20 +isin 20) — 2t (Sin 20 —ic0s 20)
= (o, —o, +2it,,)(c0s20 +isin20) = (5, - o, + 21’rxy)ez’A9
From the displacement transformation laws in Appendix B
u, =uCosO+vsino , u, =—-usinb+vcosd =

u, +iu, =ucos0+vsin0+i(—usin0+vcos0) = (u +iv)(cosd —isin0) = (u +iv)e™

Copyright © 2009, Elsevier Inc. All rights reserved.
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10-7.

V(z) = Aiz® , y(z) = —Aiz® , A= A, +iA,

6. +0, =2y'@)+y'(E)] = 224iz + 2 Aiz] = Y Aiz — AiZ] = ~8(Ay + A, x)
6, -0, +2it,, =2[2y"(z) +y'(z)] = 2[2Z4i - 2 4iz] = 8(A, y +id,y) =
G,—0,=84zy,1,, =44,y

Solving for the normalstresses = o, =-44,x-84,y ,0, =—44,x
Displacements :

2u(u +iv)=xy(z)—z7y'(2) —y(z) = kdiz? — 2z Aiz+ Aiz?
= K(i4, —A,)()c2 —y? + 2ixy) + 2(x? +y2)(iAR +4,)
([ = D)4, + 2004, 1+~ y2) Ay — 2394, 1) =

"= —Zi[z(ml)xyAR I —1)x? — (x+3)y°14, |
1)

Y= Zi[za— )y, +[(+1)x2 + (3—1)y2]14, |
u

Considering a pure bending problem of a rectangular beam (—/ < x </,—c¢ < y <c¢),
the boundary conditions would be

c,(xtc)=0= 4, =0

T, (xtc)=0= 4, =0

1,(,y)=0=4,=0
j o, (+,y)dy=0= 0=0, .. satisfied

3M

16¢3
. with the indicated values of 4, and 4,, stress field will solve the pure bending problem

J:C o (£, y)ydy=tM = —%ARCS =tM = A, =F

Copyright © 2009, Elsevier Inc. All rights reserved.
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v(z)=Az ,y(z)=Blz whereAd= A4, +id, , B=B, +iB,
o, +0, =2Ay'(2) +7' ()] =44,

‘ ‘ B . 2
G, —0C, +2it,, =2 zy"(2) +y'(2)]e” = 2y'(z)e*" -2 T e’ = ——(By +iB,)
re r
2 1
Ge —Gr = __ZBR y Tre = __ZBI
r r
Solving for the normal stresses =

G, =24, +izBR , Gy =24, —izBR

r r
Consider the axisymmetric cylinder problem shown in Figure 8 - 8 with boundary conditions
T,=0=5,=0

1
c,(n)=p, = 24, +_2BR =D

1

1
c,.(r,) =p, = 24, +r_zBR = P>
2
Solving the previous two expressions for 4, and B, and backsubstituting gives

2 2 2 2 2 2 2 2

_hn (p,—-p) 1 ©p—-rp, _ _hn (p,—-p) 1 ©p-rp,
G, = AW AV 2V 2 | Te=r b\ |..2 =T 2 2
1AL r r, —n 73 N\l r v, =1

which are identical to previous solution given by relations (8.4.3).
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¥(2)=0=7'(2)=v"(z) =0
v(z)=Alz=y'(z2)=-A4/z°
G, +0, =2y (@ +7(2)]=0

Gy =0, +2it,, = 2L Zy" () +y'(FJ]e™ = 2y'(z)e™ = -2
.

, oo A
Solving for the individual stresses = 6, =-cy=—, 1, =0
r

Boundary Conditons :c, (a) = —p = 4 =—pa’
2 2
pa pa’ g

WO, =—"0,0,="",T,
r r

Displacements :

' . 4 4
20, +iug) = e lky(2) =2/ ()~ v = e — ===

Solving for the individual displacement components :

_pa’l

, uy =0

2u r

10-10.

From Exercise10-9: 2u(u, +iu,) = _A = 2uu, = _A
r r

Boundary Condition : u, (a) =0 = A =-2uda
da

Su,=—,uy =0
r
. A
From Exercise10-9: 0, =—6,=—,1,=0=
r
2
G, =—0C, :—M—?a,rre =0
r
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X +iy K(X -iY) X +iY
= 2 jogz, ym) =K o et 0= 2
) ) 0 VT S 9 2n(L+ K)

2i0

2uU =xy(z)—zy'(z) —y(z) = —xClog z + Ce*® —kClogz

= 2«Clogr+ Ce™
when|z|>0=r—>0= 2uU > »

when|z|> o =>r1r—>w = 2uU0 > ©

F, =X, +iY, = §(Tx” +iT")ds=i[y(z) + zv'(2)+ w(z) ], . for clockwise interior circuit

Cy

iy . ' .

C XY ogr ey A geo KXY g0 o)

| 2n(l+x) 211+ ) 211+ ) ¢
X4y 2m,_K0(+lY)2

| 2n(l+x) 211+ )

Stressesonr =a:

=1

m}:X+iY

—_ X +iY . X —1iY .
+o, =2[v'(z)+v'(z)]= -2 —— (c0sO —isin®) + ———— (cosO +isin O
o, +6, =2[Y'(2)+7Y'(z)] {2mﬂ1+K)( isin 0) 2m(1+K)( i )}
__2(Xcos+Ysin0)

na(l+ k)

G, —0C, +2it,y =2 Ey"(z)+w'(z)]62ie _ 2{

= #[(H K)(X cos®+Ysin0) +i(1—«)(Y cos® — X sin 0)]
na(l+ x)

Solving for the individual components

2na(l+ ) 2na(l+x)

c, = —M(X0056+Ysin 0)
2na(l+ )

o (x=1)
6_27ca(1+1<)
(=%
7 2ma(l+ k)

(X cosO+Ysin0)

(Y cos6 — X sin 6)
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M:Ij(xTV" —yT")ds =-jj|:xd(%j+yd(@]:| ds

oy
_[Lo0, o0l e
- {x8x+y8yl+¢|“
——ar(@) + 2 @) + 20+ A1) + 2w ) + v E)L

B

+%(Z@+Zy(z)+x(z)+m)

A

= Re[y(2) - 2y(2) - 221 ()1’
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X+iY
V(@Z)=-——
2n K

X-iY X+iY 2 0M
logz, y(z)= ! ! a !
1+

) 21 (1+ k) 2n(l+x) z° 2nz
X+iY le"'9+ X-iY Eefe __2(Xcos0+Ysin0)
2n(l+x) r 2n (1+x) r r(l+K)
6y~ 0, + 2ty =2 7y (2) + /()]
:2|:re—i6 X+iYy 1 o 20 X—-iY « 5 X+iY¥ 24° -39 iM e—2i6:|62i6

klogz+

6, +0, = 2y/()+ 7)) - —z{

— —_e —
2n(1+x) r’ 2n(l+x) r 2n(l+x) »° 2nr?
X+iY o X-iY 5 24°(X+iY) 5 iM
= e Ke" —————FSe " ——
mr (1+ ) o (1+ ) wr” (1+x) r
1 24’ :
0y—0, =| ——————|(Xcos0+Ysino)
o (1+K)
N2 9 2
re:(l Kzr 2a (Y cos0 — X sin@) — MZ
2nr® (1+ ) 2nr
2 2 _ 2 2
Gr:2a 3(3+K)r (Xcose+Ysin6),cre=(K 12r 2a (X cos0+Ysino)
2nr° (1+ ) 2mr° (1+«)

Note that all stresses vanish at oo

Net Force on C Enclosing Origin : ﬁ?(]}” +iT)")ds=—i[y(z) +zy'(2)+ w(2) ],
C

+0—i
1+x) 1+x)

Moment Over C=Re[y(z) —zy(z)-zzy'(z)], =0-M +0=-M
.. Resultant Force and Moments match

+i +i
:_.{_i)( iy X zYK}:_(XHY)

2u(u +iv)=xy(z)-zy'(2) —w(2)
X+iY X-iY 1 X+iY . X-iY & iM
K——logz+z——=-x———logz - S+
2n (1+x) 2n(l+x) z  2n(l+x) 2n(l+x) z° 2nmz

X+iy o X-iY [1_a_2J o iMoo

=—-K

ogr+——— 5 +—e
T (l+x) 21 (1+«) r 2mr
X+iY iM
loga+——e

T (1+x) 2ma

Now the rigid - body motion of the inclusion must be of the form
(u+iv)=(u,+iv,)+(-0,y+i0,x) =
y _—xXloga y _ —xYloga 0 - M

© 2mu(+x) 7 2mu(+x) °  Anpd?

2u(u + iv)|r:a =—-K
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10-14.

v)=1 (z—zij:s ()—T(1+2i]:w"(z)=—7’i3
Kz 4 Kz Kz

4 _ 4
w(@)=-Llz- X Doy =T KL 39
kz® 2 2z

2 2z
The given forms are appropriate since they match with relations (10.4.7) and (10.4.8) with

no resultant force on the holeand with o7 =T, o7 =

- 2 2
o, +0, =2y +7E)]= %(2 + Ziz + 2%) - T(l J 1+ —cos 29}
KZ KZ

c,—o,+2it, =2[Zy"(2)+y'(z)] = 2(_2%_1(“ K—laz _3L4D

2 222 Kz

_ 4
:_ZT[az k-1, 3a }

1
=+ a
Kz 2 477 2xz*

Asr— oo +o, =T ,0, -0, +2t, =-T =0 =T,0;=1,=0

Check Conditions on Plug Boundary =

20+ ), o= =T E |

T 2a° T 2¢°) T(_ x-1, da'
=|k—|z—— |-z |1+ = |[+=|Z——d’ +—
4 Kz 4 KZ 2 2z KZ° )| .

T . . 24 y 9a .
=—|kae"” —2ae™ —ae® ——=e*° + 2ae™ — (k —Dae” + —&*° |=0
K

Copyright © 2009, Elsevier Inc. All rights reserved.
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u, +iug = (u+iv)e "’ = ZL {Ky(z) —zy'(2) - \;Tz)}e’e
u

.. Boundary conditionon C:

1 o~ | . o 5 e 1
o | - TO- VB 0 wihgi] e T-e” -2
B st g
Multiplying by; and integrating around the boundary contour C

2mi(C - z)

V(C) gy’ (C) v@ h(C)
p{ 2m§CQ z 2nz§C§ z 2m§0§ z ] 2_m§0§ z %

Using series form for complex potentials: y(z) = > a,z" , w(z) = >_b,z" in boundary relation =

ooz 20,y f, 1 e =

v(z) = i[ 2pe” §>C Z(C) dC+az— 2a2} , Where the constant term (0) has been dropped
K z

Next starting with the conjugate of the boundary relation =

| @l i
u —
V(C) 4% (f;) v(©) , h(©)
u[ 2m§CQ z 2m§ C—z 2m§CC z ] 2m§0§ z %=
y(z) = _2“6._i6§ h(©) dC+ (0)+a 7(2) , dropping the constant term =
2mi Y- z

W(Z):—ZW_’ § h(C) dc+ a 'Y'(Z)

2ni Yl -z z z

Copyright © 2009, Elsevier Inc. All rights reserved.
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From (10.5_18), o, + G, =(5x+ Gy —_ Zia |:(ZZ iaz) + (22 iaz) + 2:;2
n|(x—a)’+y* (x+a)’+y° a

From (8.4.69) for loading along the x - axis
_ZP[ (R —x)y* N (R+x)y* 1}

o =

X

T 0P +H(R-0D? (P +R+x) D
2P

o= _7[@2 F(R-x)) P+ R+x7Y D

Adding these stresses and noting that R=a , D =2a =

ZP[ a—x a+x l}

(R-x)* .\ (R +x)° 1}

G, +0, =—— + -
A n|(x—a)+y* (x+a)*+)y* da°

.. the results from Chapters 8 and 10 are identical

Copyright © 2009, Elsevier Inc. All rights reserved.
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From general solution (10.6.2)

1 [X+iY X—in 1 ( P P J 2Px
c.+0,=— + =— + — |=-
(x—1iy)

7 nl+x) z z nd+x)  (x+iy) n(l+ k)7’
G, —GC +2t = P x—1y2+ Kb 1
! T+ k) (x+iy)° w4 k) (x+iy)
W[(x —3xp®)+i(y® -3x y)]+ ) - (x—-iy) =
Px
-0, =——(x" -3y " +xr
0.0 S g & T )
Py 2 2 2
T, =—"——(y —-3x"—xr ——4 —B+x)r
Yo2n(@+ )t S ) 2n(l+«)r? [y ( ) ]
= —4 + (k-1 —4 + (k-5
o 2n(1+x)r* [x ( )r] e 21+ x)r? [x ( )r]
In polar coordinates
cx:—PC—Ose[4cosze+K—1]
2n(l+ x)r
o =—PC—OSG[4C0529+K—5]
g 2n(l+x)r
=TSO fsinzo - 3]

Yo 2n(l+x)r

6,+6, ©,-0C

c, = +——2>c0s20+t_, Sin 20
2 2 Y
_ Peosb PN fh6inzg 3 kJeos20- —23"0 [46in2 0« 3]sin 26
tl+«)r 2n(l+«)r 2n(l+x)r
6,+6, ©,—-0C .
o, = L ~C0s20 -1, sin 20
2 2
___fPcosd  _Psinb [4sin26—3—1<]00326)+—Psme [4sin26—1<—3]sin 20
tl+x)r 2n(l+«)r 2n(l+«)r

(&) .
T,p = — sin20+t_ cos26
A 2 Yy

___PSINO 4qin2 -3 «]sin26-
2n(l+ x)r

Psin©

[4sin 20—k - 3]cos 20
2n(l+ «)r

Copyright © 2009, Elsevier Inc. All rights reserved.
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With far - field stresses o7 =67 = S, 17, =0, the general solution form (10.4.7) yields

v(z)= gz + Zanz"” ,v(z)= anz_”
n=1 n=1
From previous work in Example10 - 6, relations (10.6.12)
a,=0,aq, =O(1122),Z)1=—Sa2 , b, =0,b3=a2al=0,bn =0(n=4)=>
— Sa?

OSEERTOR

o, +0,=2[Y(2)+7(2)] = 2[% + %} =28

S S8

Gy =0, +2iT, = A zy"(2) + \lf'(Z)]eﬁe =2 > e =2
z

r
Solving for the stresses

2 2
c, = S(l— a—j , Oy = S(1+ a—) , T,, =0, which matches with previoussolution (8.4.9)
r r

2 2

10-19.

Circular Case : z = w(C) = 5

o
On boundaryin{-plane: {=e® = z=Re™
..boundaries match appropriately
Pointat infinity :z >0 = { >0

Elliptical Case : z =w(({) = R(é + mgj

On boundary in g -plane: ¢ =¢"” =
z=R(e™ +me")=R[(L+m)cos0+i(m—1)sin 0]

=x+iy, wherex = R(1+m)cos6 and y = R(m —1)sin 6
2 2

X y _— .
Note that + =1 = elliptical boundary in z - plane
R*(1+m)*> R*(1-m)® P Y P

Pointat infinity :z >0 = >0

Copyright © 2009, Elsevier Inc. All rights reserved.
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- 2
From equation (10.7.14) : o (o) = S(Z"Hl 2C0S2¢ —m J

m? —2mcos2¢ +1

) ) do
To find maximum value set . *=0>
()

4sin 2¢(m* —2mcos 2@ +1) — 4msin 2¢(2m +1—2cos 2¢ —m?) =0 =

4sin 2¢(m +1)(m —1)* = 0, considerin g general case with m = +1 =

sin20=0= o= 0,%, n,--- (note that ¢ = 0 correspond es to a minimum value)

For the case ¢ = % cos2p=-1=

T 2m +3—m? m-—3)(m+1 m-—3
o (By=s[2nr3=mt ) _n=9m 1)

2 m°+2m+1 (m+1) m+1
MATLAB Plot :

N

T

1

1

1

'

1

'

'

'

:
Q

S

~ |-
(0]

1
i
i
1
T
1
1
1
1
1
1
|
1

0 50 100 150
Angle, 6 (degrees)

Non-dimensional Circumferential Stress
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o0 o0
=0, =0, =§

0
X

Elliptical hole problem with far - field stress : &

(©

w'(C)

Y

s
m—CZ

ay(€)

dz

VT
—
IT
S
S|
wn
£l o
wn| O
A
Q&
L]l
o
s
~—
N
Il
TN
o
[\
o~
AL
~~ IT
o ~
N
s
«~ +
wu\szC
j—
Qs
|
o~
3
~
AN
Il

4S5sin2¢
m® —2mcos2¢p +1

On hole boundary,c, =0 = o, = -

MATLAB Plot :

120

B R R e e

1
:

100
Angle

B R R e O s
80
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S
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50
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e
U ' t
i 1
' I I
== —~ [\~ =-r---48
To) I 1 1
- 1 1 1
o 1 1 | .
b - - o [T S, [
__ I i i ©
e | 1 1
~ ! ! !
ke = - -] DT SR RN, N =3
n T ¥
- | t
S ) t ]
S B o T PO T S S WO -
) ' | o
1 i |
| | ) t 1
1 ] ] 1
©
© < o =3 o < ©

SSANS [BRUBISJUNDILD [BUOISUAWIP-UON

Angle
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From Example 10-8:

ip —ip o O+a o 0+a
re' e 7 i) i)
c, + G},:SR{ P + P —1]:SR6( i {e 2 +e 2 }—1}

j 2 —i 2
,I"VOL ez(6+(x)/ Vl"a e i(0+a)/

_ 2]’[3 0+ a
_S( cos(ﬁ— > )—1]

N

Near crack tip : r, = 2a, r, = a, COS(B— Ozaj = COS(9+(%_BD ~ cosg =

2
2Sa 0
6. +0, ~——COS—
’ 2ar 2
B i
c,—- O, + ZiTxy :SaZ(%e—St(em)/z +i2j
I, a
2Sa’ir, sin
=L3,ZB cos| 3O _;in(3O0+a))) o
(r7,) 2 2

Near crack tip : r, = 2a, ry ~a,and r,sin3 = rsin 0 = 2rsingcosg

2Sa’ir, sin
G,—- 0, t2t, ~ M(cos(@) —isin(@]]

(7’7"&)3/2
~ﬂsingcosg(3in§+icos@) =

\2ar 2 2
2Sa 6 6. 30 Sa 6 06 _ 30

sin—cos—sin— , 1 :—sin—cosEcos7

c,— 0, =
’ Y V2ar 2 2 2 Y 2ar
Solving for the individual stresses and defining the stress intensity factor as K, = SVna =

c.= K, cosg(l—singsin@j
Y 2nr 2 2 2

c. = K, cosg(ljtsingsinﬁj

T2 2 2
K, .06 _0_ 30

= sin —Ccos —Ccos —
2nr 2 2 2

Ty

Copyright © 2009, Elsevier Inc. All rights reserved.
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2u(u+iv)=xy(2)-zy'(2) - y(2)

— 2
Sl S( ) s(a

4
2 —
:Ki(ﬁz — _Z)+§ a-Z .z
4 2 2
Near the crack tip :

: S i S ,~
2u(u +iv) ~ KE G (YL ()2

)1

S 0 0 S 2arcose 0 0
~ K coS — +zsm cos—+zsm
2 2 rr, 2

~ kK ,/ (COSQ+ZSIH ~K,,|=—cosB cos Y 4 isin 2
2 21 2 2
zK,‘/L(COSQ(K—COS@)+iSin9(K—C089))
21 2 2
~K, | cos (x 1)+2$in29 +iK, |— sin 2 (K+1)—200$29 =
21 2 2 271 2 2
K, [r O(K—l 29) K [r . 9(K+1 ze)
u==—L |—cos—|—=+sin*= |, v=—L |—sin—| —=—cos’
p \2n 2\ 2 2 uwV2r 2\ 2 2

Copyright © 2009, Elsevier Inc. All rights reserved.
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S 8 ,_S

o 22

Use polar coordinate s to explore stress field (see figure) :

Stress Function : Z(z) =

0
z=re" ,z—a=rne

c,=ReZ(z)+yImZ'(z)+ 4

2
_ o cos(e——91 - ezj—£+ rsin 0 Sa = sin(3(91 * 92)j+§
NI 2 2 (nr) 2 2

2
1, =-yReZ'(z)=rsin@ Sa — cos(s(el hl eZ)j
(rr,) 2
Check boundary conditions :
On crack surfaces :
2
G, = Sr cos(ﬁj —%+ rsin(O)SLsinf—nj + S 0

N2 2 (rr,)"? 2 2

172
2
T, = rsin(O)(S%cos(s—nj =0, .. checks

nr, 2

Far field :
r,n,r, > o Withe=0,=6,=n/2 =

Gx—>S—£—O—£:0 , GV—>S—§+0+£:S , T, —0
2 2 ’ 2 2 !

.. stresses check

Copyright © 2009, Elsevier Inc. All rights reserved.
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For the skew - symmetric problem, along the x - axis (y = 0), the normal stress ¢, vanishes =
c,=Re[2Y'(z) +2y"(2) +y'(2)] =0 = 2Y'(2) + zy"(2) + ¥'(2) = —iB =
v'(z) ==iB - 2y'(z) - zy"(2)
1.6, = Re[2y'(2) - 2y"(2) - y'(2)] = 4Re(y'(2)) - 2yIm(y"(2))
o, = Re[2y'(z) + 2y"(2) + W'(2)] = 2yIm(y"(2))
T, = Im[ 2" (2) + ')l = -2Im(y'(2)) - 2yRe(y"(2)) - B
Defining the Westergaard function Z(z) =2y'(z) =
o, =2ReZ(z)-yImZ'(z)
c,=yImZ'(z)
T, =-ImZ(z)-yReZ'(z)-B

Copyright © 2009, Elsevier Inc. All rights reserved.
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.. 0o,
From Hooke's, =Cyu
i
. 9o, _ 95
Oe, Oe,

y

= G =Cuy = C;=C;

and thus the general 6 x 6 anisotropic stiffness matrix is symmetricand
thus implies that only 21 independent elastic moduli exist

Copyright © 2009, Elsevier Inc. All rights reserved.
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Itis equivalent to either do three rotations about the coordinate axes or
three reflections about each of the coordinate planes. Choose the three reflections.

10 0
Reflection about the x,, x, —plane: Q; =10 1 0
0 0 -1

Transformation law for the elasticity tensor, C,,, = 0,,0,,0,,0,C,..., =
Cis = Craps = 01,01,95,095,Cpg = —Crios = Cy =0

Cis = Cua = 01,91,93,21,Cpg = —Crizy = Ci5 = 0

Cpy = Copp3 = 0,,0,,0,,0,,C,,.., =—Capz = Cypy =0

Cos = Cha1 = 05,05,05,0,,C,.py = Crogy = Cps =0

Cy =Cypps = Q3mQ3nQ2pQ3qcmnpq =—Cyp = (3, =0

Cp =Cpyy, = szanQ1pQ2qunpq =—Cpyy = Cps = 0

Coo = Carro = ©3,91,91,92,C g = —Carre = Css = 0

Cos = Cagnr = 03,93,95,01,C g = ~Cazar = C5 = 0

-1 0 0
Reflection about the x,, x; —plane: Q;=| 0 1 0
0 01

Transformation law for the elasticity tensor, C,,, = 0,,0,,0,,0,.C,..., =
Cy =Cyy, =0,,0,,0,,0,,C,,.., =—Ci1y = C;s =0

Co =Crip = 05,05,01,0,,C,.py = Cozip = Cpq =0

Cos = Cazp = 03,05,01,05,Cpg = ~Cay = Cy6 =0

Cps =Cppy = QZmQ3nQ3lequnpq =—Cpy = Cps = 0

_Cll C, C; O 0 0
C, C, 0 0 0
. C, 0 0 0
These two transformations = Cl.j=
C, 0 0
C. O
C66_

giving the desired form for orthotropic materials with nine independent elastic constants.
Employing the final (third) reflection about the x,, x, — plane would not produce any new relations.

Copyright © 2009, Elsevier Inc. All rights reserved.
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Material Symmetry: C,;, = 0,,0,,0,,0,,C,..0a
For this case, the following moduli are zero :
Ciy =Cpy= Cis =Clyy =Cig = Cyyp =Cpy = Cpyppe =0
Cos =Copgr = Cp = Cippp =Cgy = Cagpy = Cyg = Cp5¢ =0
Coo =Caapp = Cus = Cigy = Cpp = Cpgqp = Cg = Cyyy, =0
and: Cyy = Cys , Cgp = (Cy =€) /2
The particular rotation is given by :
cos® sin6 0
Q,=|—-sin® cos® 0O
0 0o 1
Cs; Check:
Crss = CélSl = Q3lenQ3leq Cmnpq = Q33anQ33qu C3n3q = anquC3n3q
= Q11Q11C313l + Q11Q12C3132 + Q12Q11C323l + Q12Q12C3232
=0s”* 0C,, +sin”*0C,, = (cos® 0 +sin”0)C,, = Cy,
C,, Check:
Clzz = Cézzz = QZmQZnQZpQZqunpq
= Q;1C1111 + Q221Q222C1122 + Q221Q222C1212 + Q221Q§2C1221
+ Q221Q222C2112 + Q221Q222C2121 + Q222Q221C2211 + ngczzzz
=sin*0C,, +2sin”0cos” 0C,, +4sin® 0cos® OC,, +cos* 0C,,
=C,,sin*0+2C,sin*0cos’ 0+ 2(C,, — C,,)sin*0cos” 0+ C,, cos* 0
= C,,(sin* 0 +2sin*0cos® 0+ cos* B) = C,,(sin” 0 +cos* 0)* = C,,

Copyright © 2009, Elsevier Inc. All rights reserved.
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C,; must be positive definite and so all principal minors p, >0

and all diagonal elements are >0
Orthotropi ¢ Case :

C C
p,>0= | 7 ng >0= C,,C,y >CE
23 33
C C
p,>0=| " C13 >0= C,Cy > Ch
13 33
C C
p,>0=| " Clz >0= C,C,, >C2
12 22
C C C C C C
p4 > O = Cll 22 23 _ b 12 23 + C13 12 22 > O —
C23 C33 C13 C33 C13 C23

C11C22 C33 + 2(:112 C23C31 > C11C223 + C22 C123 + C33C122
Transverse ly Isotropic Case :

C C
p=p,>0=> | " "®l>0= C,C, >CA
13 33
C C
p,>0= " THRl>0=> CE>Cl
12 11
C C C C C C
P,>0=Cy . cl- 12 . 13+C13 * . >0 = Cyu(Cyy + Cpp) > 2C5
C'13 C33 C13 C33 C13 C13
Isotropic Case :u >0
A+2n A
pL=p,=p; >0= \ k+2u>0:>4u(k+2p)>0:>7»+2u>0
A+ 20 A A )
p,>0=1] A A+2u A >O:>4u2(3k+2u)>0:>k+§u>0
A A A+2u
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S11 S12 S13 0 0 0

Sp Sp 0 0 0

o Sx 0 0 0

For orthotropic materials, S,= S. 0 0
S55 0

Ses |

Positive definite strain energy function = that each principal minor of S be positive =

r—‘% »—‘OJ

2

S E
PRS0 08,8, > S :sii{—hj = vy <2
2 SZZ El EZ E2 1

2
S
st >0= 5,5, > S, :ii>[—vﬁJ = V5 <%

N
N

33 E2 E3 E3 2

“i Yt U
w

w
w

2
S.
. >0:>S33S11>S123:>ii>(—ﬂj = V2 <%

31
11 31 E3 1

%!

s Ei
..V!/<—
J

Using moduli £;and £, from Table11-1 =

S- Glass/Epoxy : v3, < E _0_ ;04
E, 17
Boron/Epoxy : v, < L _205 4405
E, 20
Carbon/Epoxy : v, < £ _205_ 55
E, 10

Kevlar49/Epoxy : v, < % = 57—6 =13.82

2
Thus the inequalities = v,, could be greater than one.
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For material with a plane of symmetry and with ¢ . =0c,=06.=1,=0=

e | [Sy S, Gy 0 0 S 0]

€y - §p Gy 0 0 Sy O

e |_| - - Sy 0 0 S| O -
2eyz ) ’ ’ S44 S45 0 ryz
zezx ) ’ ’ ’ S55 O sz
_Zexy_ | - . . . . S66__ 0 i

e.=e,=e =e,=0,2¢_ =8,1_ +8,5T., ,2¢, =857, +S55T.,

Compatibil ity equations :
2 0° 0?
e, 0% 9% -0
oy ox Ox0y
0° 2 0°
ezy+6e22=2 5 0=0
0z oy 0yoz
o%e. 0’e, o%e.,
= =2
ox 0z 0z0x

o, _ 2 _aex},+a€yz+8ezx 020
oxoy Oz 0z ox oy
a ? ex a aeyz aezx aex)’ a 86)72 aezx
=—| - + + =5 —|-———+—=|=0=>
0yoz Ox ox oy 0z ox ox oy
0

0 0
a{_a(‘gzmryz +S45Tx2)+5(S54’CyZ +S55sz):|: 0=

0 0
_5(5441)12 + S45sz) + 5(S54Tyz + SSSsz) = f(y)
azey :i ~ de._, N 8exy N 8eyz N i B Oe. N 5€yz 0=
0z0x Oy oy 0z ox oy oy ox

K
Oy

0 0
|:_ a(‘g&ltyz + SSSTXZ) + a_x(SZMTyz + S45‘Exz):|= 0 =

0 0
- _(S54Tyz + 8T, )+ _(S441'yz +8,57,.) = g(x)
oy ox
Adding the previous results = f(y)+g(x)=0 = f(y) =-g(x) =constant =C

0 0
_6_x(544’cyz + S45sz) + 5(S54Tyz + SSSTXZ) =C
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Homogeneous equation :
SV =285V, +Ss¥,, =0

Look for solutions of the form y(x, y) = f(x + w) , where pisa parameter =

(S4y =28 5n+ Ss5u2)f" =0=
Seeut® —28,.u+8,, =0 --- characteristic equation

Solving the quadratic for the rootsp, = p,, =

_ Ses \ st — S44Sss

S S
Byt Ry =205y, =%
S55 S55
The original differential equation can be written as

Su OV 55 Oy, Oy

2 2 0=
Se; Ox Sy Ox0y Oy
oy oy oty
— = (u, ) —+ =0=
HiHp O (1, + 1) axdy 8y2

9 _ 919 _,2)\-=-0
oy “lax oy uz@xw

S55
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Relations (11.5.3)
_ S11S33 — S123 B.. = S12S33 — S13S23 B. = 522S33 — 5223

Bll - v P — y P —
33 533 S33
B = S16S33 _ S13S36 B. = S66S33 — Saze B.. = S26S33 _ S23S36
16 — S 1 Pee — S 1 Pog — S
33 33 33

Using these relations into Hooke's law for plane strain =

S.S..—S2 S.S.—S.S S . S.—S.S
ex — BllGx + BlZGy + BlGTxv — 11~33 13 Gx + 12~33 13~23 Gy + 16*~ 33 13~36 Txy
’ S Sa3 Sa3

Now we wish to develop plane stress relations with o, =0 = S, =5,; =0

e =8,0 + Slzcy + Slﬁrxy

S.S..—S.S S.S.. —S2 S S..—S..S
_ _ M12%~33 13~23 22~'33 23 26~ 33 23~ 36
e, = B,c + BZZG}, + B261xy = S c, + < o, + S T,y
33 33 33

=030, + SZZGy + S26Txy

S.aS2 — 85,28 SeS — S8 S S.. —S2
_ _ ~16~33 13~°36 26~33 23~36 66~ 33 36
Zexy = B0, + BZGGy + BGGTW = G, + o, + Ty
S S S
33 33 33

=8,,0, + Szecy + Sserxy
11-9.

Case2:p, =p, =p=a+iB, py=p, =
Governing Equation: D,D,D,D, $=0
with D, =D, =2 -y 2 p,=p, =2 _ul
oy ox oy ox
Integrating as before yields the form
& =2Re|[z,F (z,) + F,(z,)] , where z, = x +py
In terms of the variable z,, this formulation is similar to the isotropic case given by (10.2.7)
Another scheme of demonstrating this result is to expand the governing equation as

2 2

0 0 0 _0

~H || R | ¢=0=

oy ox ) \ Oy ox
W e = 20 + )Gy, + (W +4PE+ ), —2(0+ B)D,,, + 0, =0
pp=o’ +p*, u+E =20, p’ +4up+p° = (u+§)* +2uf = 4o’ +2(a’ +B°)
Through a change in variables, this equation can be transformed into the standard
biharmonic form for isotropic theory.
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11-10.

Spb’ =281 1® + (28, + See )t* = 2851 + S5, =0
For orthotropic materials S;, =S, =0 =

Syh® + (28, + Seg)u® + 8, =0

Solving as a quadratic equation for p° :

2
w2, =1 _[2512 +566ji\/[2512 +S%j 452
2 Sll Sll Sll

For S - Glass/Epox y material :

S _ £ _50_5494 281, + See
S, E, 17 !

_ ov, + 51— p027)+ ? _6.6

11 12

u, = %[— 6.6=+/(6.6) - 4(2.94)} ~ 048,612 =
1y, = +0.69i, + 2.47i

11-11.

0= F(z)+ F(z)+ F,(z,) + Fy(z,)
_%%

o =
X ayz

= Mlell(Zl) +H12Fll(21)+ Mng”(Zz) + sz F)(z,)
= H12F1'(21) + leFvlr(Zl) + Hngn(Zz) + “ngﬂ(zz)
= ZRQ[HfFf(Zl) + Hngﬂ(Zz )]

82 " W= Y "(7
0,= T8 Rle) + REM File) + FE)

= F(z,) + F(2)) + F,(2,) + F)(z,)
= 2Re[F(z,) + F}(z,)]
__ 9%

T
Y oxdy

= -, Fz,) -0 F(z)-u,F(z,) -1, F(z,)

= -, F(z,) - F(z,) —u,F)(z,) —u,F)(z,)
= —2Re[p, Fi(z,) + 1, F,(z,)]
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11-12.

o, = 2Re[ui®}(z,) +p;@)(z,)]
G, = 2Re[®}(z,) + D} (z,)]

1, = —2Re[, @} (z,) +1,P}(z,)]
For plane stress,

e, =80, +8,06, +8,T,

= SllRe[qu)i(ZJ + ng)lz (Zz )]+ 2S12Re[q)1(21) + (D'2 (Zz )] - 2S16R3[H1(D1(21) + qu);(zz )l

' ' ou
=2Re[p, @ (z,) + p, D} (2,)] = —

Oox
' ' ov
e, = S0, + SZZGy + SZGTxy = 2Re[q,1, @1 (z,) + g,1, D) (z,)] = 5
, , ou oOv
Zexy = lGGx + SZGGy + SGGTxy = 2R€[(pll’ll + ql)q)l(zl) + (pZHZ + qZ)(DZ(ZZ)] = 5 + a

where p, = Sll“iz —Sieht; + 8y, and g, = Spop, — S + (S) /1,

Integrating the stain - displacement relations =

u=2Re[p,®@(z,) + p,@5(z,)]+ f ()

v =2Re[q,®;(z) + q,P5(2,)] + g(x)

Using these results in the expression for the shear strain =

ou ov ' ’ ’ ' ' ’

5 + a =2Re[ p,, @1 (2,) + p,u, @5 (2,)]+ f'(¥) + 2Re[q, @1 (2) + @11, D (2,)] + g'(x)
=2Re[(pypy + q,) P (2,) + (Po1, + 4,)P5(2,)] =

S +g'(x)=0= f'(y)=-g'(x)=constant =C = f(y)=Cy+C,, g(x) =Cx+C,

Note that f/ and g are rigid - body motion terms and may be dropped
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11-13.

Stresses :
5, = 2Re[W}D}(z,) + 2D} (,)]
G, = 2Re[®;(z,) + D)(z,)]
T, = ~2Re[,®}(,) + 11,0} (2,)]
From stress transformation theory,
6, =0,C08"0+0,sin* 0+ 21, sinOcosO
= 2Re[(u? cos® 0 +sin® 0 — 2u, sin 0cos0))(z,) + (u2 cos® B +sin® O — 2, sin 6.cos O)D, (z, )]
= 2Re[(Sin 0 — p, c0s0)* D! (z,) +(sin© —u, cos0)° D (z,)]
6, =0,sin*0+0,cos’ -2t sin6cosO
= 2Re[(u? sin® 0+ cos® O — 2u, sin 0cos 0) D (z,) + (u’ sin® O + cos” O + 2, sin 6cos O)D (z,)]
= 2Re[(c0S 0 + i, Sin0)* D! (z,) +(COSO + i, Sin 0)° D} (z,)]
T,, =—0,5iN6C0SO+c,sinOcosO+ 1, (cos® 6—sin® )
= 2Re[(—p? sin©cos 0 +sin 0cos O — i, cos’ 0+, sin’ O)D! (z,)
+ (—u2 sin06cos0 +sin 0¢cos —p, cos® O+, sin® B)d) (z,)]
= 2Re[(Sin 6 — p, cos0)(cos O + w, SinO)D; (z;) +(Sin 6 — p, cosO)(cos O + ., SiNO)D, (z,)]
Displacements :
u=2Re[p,®,(z,) + p,P,(z,)]
v =2Re[q,D,(z,) + ¢,P,(2,)]
From displacement transformation theory,
u, =ucose—vsind
= 2Re[(p, €0SO+ g, SINO)D, (z,) + (p, COSO+ g, SINO)D,(z,)]
uy =—uSsin®+vcoso
= 2Re[(g, c0S6 — p, sin0)D, (z,) + (¢, oSO — p, sinB)D,(z,)]
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11-14*.

General characteristic equation :

Subt® = 2816 1* + (28, + See)u” — 28,61 + S, =0
For orthotropic materials S;; = S,; =0 =

St + (28, + Sge)u® +5,, =0

Solving as a quadratic equation for u° :

2
sz :1 _(2S12 +S66j+\/£2‘s12 +Seej _4&
1 +
2 Sy Sy Sy

Definingu,, = i,, = P2, =,

For theisotropiccase,% =1, M -2 = Bf,z = _%[_2i1/22 _4]:1

11 Sll

Using MATLAB:

S-Glass/Epoxy : B,, =0.693,2.474
Boron/Epoxy:  B,, =0.577,5.545
Carbon/Epoxy: B,, =0.788,5.747
Kevlar49/Epoxy : ,, = 0.643,5.784
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11-15.

Withu=v=0, w=w(x,y) = e, =¢,=¢ =¢, =0,

and therefore Hooke's law for monclinic materials becomes

—Gx ] _Cn Cp, Cy O 0 Gy 1 o]
c, - C,, C, O 0 Cyu 0
S.|_| - N O 0 Cgxlil O -
Tyz ' : : C44 C45 O 2eyz
T Ci 0 || 2e,
_Tx)f_ - . . . . C66_ i 0 }
c,=0,=0,=1,=0
ow ow
T, = 2C4Seyz +2Cye,. =Cy 5*‘ Css g
ow ow
T, = 2C44eyz +2C e, =Cyy 5+ Cs 5_x
ot 2 2 2
Equilbrium Egns. = 22+ = —0= ¢, 9 v 20, 9 10, 9 2o
ox oy X Ox0y oy

Looking for solutions w = F (x + py) gives (Cy +2C,u+Cn’)F" =0
Cancelling the common F"term produces the quadratic characteristic equation

C44Pt2 +2C5u+Cy =0

~Cyp * v Cj5 —CuCss

C44

As previously shown C,,C., > CZ =>roots are complex conjugate pairs (u, it
and so general solution to governing equation can be written as
w=F(x+w)+F,(x+ny)=F(z*)+ F,(z*), where z*=x+pny
Since w must be real = w = F,(z*) + F,(z*) = 2Re{F,(z*)} = 2Re{F (z*)}
and the stresses then can be written as
T,. = 2Re{(nC 5 + C55 ) F'(27)}
T, = 2Re{(nCyy + Cys) F'(z*)}

Solving for the two roots gives : p =
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11-16*.

www.mechanicspa.mihanblog.com

Silia udiga aala B35 — Silss unige SO

Forthecase: X =0, u, =ip,
_ (X +p,Y) _ B,Y A = (X +n,Y) _ B.Y

b 2in(pu, — ) - 2in(B, —B,) e 2in(pu, — ;) - 2in(B, —B,)

®i(z)=

ﬁ — BB, Yy —iP,¥x ,

Bl 7 2.2 ,(Dz(zz):é - BB, Yy —iB,Yx
z,  2n(B, —B)(x" +By°)

z,  2n(B, —B,)(x* +BLy7)

G, = 2Re[(sin © — p, c0s0)° D! (z,) +(siN O — p, cos 0)° D (z,)]

YB.B, (B, +B,)sin6

nr(cos’ 0 + B2 sin® 0)(cos® O + B sin® 0)

_BlﬁzYsine{ 1+cos’0-PB.  1+cos’0—P3 }
mr(By - B,)

cos’ 0+PB2sin®0  cos®0+P2sin0

G, =2 Re[(cos 0 + p, sin 0)*d}(z,) +(COS O + i, Sin 0)* D) (z,)]

B,B,Y sin O [cos2 0+B;sin’0  cos” 0 +p;sin’ 6}
(B, —B,)

cos’ 0 +PB2sin®0O  cos®0+P2sin®0

T, = 2Re[(sin 6 —p, cos0)(cos O + p, Sin0)D;(z,)
+(sin© —p, cos0)(cos O + p, Sin B)D, (z,)]

_ B,B,Y cosO N B,B,Y cosO 0

B, —B,) (B —B,)

For the isotropiccase, B, =B, =1 = o, =—

2Y sin0

nr

, 0y =T,=0

MATLAB Plots for orthotropic and isotropic cases :

190
OO

90

Orthotropic Case Carbon/Epoxy

Lo

Isotropic Case

270
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11-17~*.

The hoop stress solution for the pressurized circular hole problem was given by (11.5.47)

{ le—ze

c, = pReq— :

(sin© — p, cos B)(sin® — p, cos 6)
[lpap, —ipy - i“z)Sin3 0 +i(up, — 2)sin® BcosH
+(2u,1, —1)sin@cos® 0 + (u, +p, —i)cos® 0] }

For the orthotropic case withp,, =i, , =
ie™
G, = pRe<— . . .
{(sm 0 —if3, cos0)(sin 6 —iB, cos0)
(BB, =By + Bz)Sin3 0+i(B,B, —2) sin? 6¢cos 6

+(-2B,B, —1)sin6cos” 0 +i(B, + P, —1) cos® 0] }

MATLAB Plot : (Note higher stress regions for orthotropic materials)

90

25

Orthotropic Case Carbon/Epoxy

180

0

Isotropic Case

270

Copyright © 2009, Elsevier Inc. All rights reserved.



11-18*.
From solution (11.5.51) for the circular hole case

S Blz By Bg Boy
0,7)=S - -1 -t
°.(0.7) +(81—Bz)[ (1—B1)[\/a2+[3f(y2—a2) J+(1—B2)[Ja2+l3§(y2—a2) H

Solution for the isotropic case comes from (8.4.15)

2 4 2 4
2\ v ) 20 vy 2y y

MATLAB Plots :

} ........ S S TN prrsvel S

Non-Dimensional Stress

1 1.2 1.4 1.6 1.8 2 22 24 26 28 3
Non-Dimensional Distance y/a
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11-19.

From solution (11.5.50) with a — 0,

. 2 . 2
G, =S+ Re| - —150H S 2 g
(s = M) (ipb) | /27 — p2b? (s — 1 )(ip,b) | 22 — b

=S+ Re| — Sy 4 -1|+ Sk % -1
(s = 1p) (/27 — p2p? (s = o) /22 — p2p?

Now forx=0,and y > b, z, =w,yand z, = u,y =

.= S+ Re| ——2H Y gk Y _1||=S+ReS-8| —2L—
: (s — 1) | |/ y? =2 (= 1) |/ y? = b2 32— b?

)

and likewise for the other stress components,

o, =R~ U PR BN | P S
: (s = Ko )by | 422 — 22 (s = Ko )My | /22 — pn2p? Re(uyp,) | |/y? — b2
. Y \YAV. = \VINg A =k 2___1{|=0
) (Y \/212 —bez (1 — 1) \/Zz2 _ugbz

Note the singular nature of the stresses at the crack tip of order O(1/+/)
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11-20.

Sq? Sa’ 1
D, (z,) = 4z, +—“(Zl + VZl —a ) = 0y(z) =4 - e 2 2 2 _ 2
2(py — 1p) 20— 12) |z —a (Zﬁ\/zl —d )
Sa’ Hl [,2 Sa’y, 1
q)z(Zz) = Az, — Zz t42; — : OF (Zl) 4, - 2 2 2 2
2(uy - Hl—uz)\/zz—a (ZZ-F\/ZZ—LI )
G, = 2Re[ulD;(z,) +u2CD'z(Zz)]
Sa*popy 1 Sa’pp; 1
= 2Re| A’ — e + Ay — -
o 2(u1—|u2)\/zf—az(zﬁﬁf—az) o 2(”1‘“2)\/25—“2(22+\/222‘“2)

5, = 2Re[®}(z,) + @) (z,)]

_ 2Re| 4 S0 He L oty - S 1
i 2(py — 1p) \/zf—az(zlJr\/zf—az) 2(uy — 1p) \/zzz—az(zer\/zzz—az)
Ty = —2R€[u1®1(21) +M2CD'2(22)]
Sa® 1 Sa* 1
=—2Re| Ap, - o 2 2 2 2 + AN, — o 2 2 2 2
2(py — 1) \/Zl -a (Zl+\/21 -a ) 2(py — 1p) \/22 -a (ZZ +\/Z2 -a )
Far - Field Behavior : |z, | > o, |z, | >«
O, = 2Rel Ap; + A15]

_ 2{ (3 +Bo)(0f =BH)S (o — B — 2000,)(05 = B3)S 201, [0ty (af — B) — oy (o - Bé)]s}
2[(o, — O‘1)2 +(B, - Bl)z] (o, — 0“1)2 +(B, - Bl)z] 2B,[(a, - al)z + (Bg - [312)]

=0

o, = 2Rel 4, + 4] = 2{[(“2+Bz)+(al B —20,0,)18 | _ [0, = )* + (B, =B)°1 ¢ _ ¢
200, —,)* + (B, ~ B)’] [(ct, — 0)> + (B, — B,)]

T = —2Re[ A, + Ay, ]

_2{ L@ +B)S | o(l =Bl -20,0,)S _Blo,(ol~B) - o,(c- BS)]S}
(o, - al)z +(B, - Bl)z] (o, - al)z +(B, - B1)2] 2B,[(a, - al)z + (Bg - Blz)]
=0
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11-20. Continued

At Crack Tip:

zy—a=2z,=rcosO0+wrsin®, z;~a,z, +a~2a=
1 . 1 1

\/le_az(zl+\/zlz_a2)~ \/2a§1(a+\/2a21)~ a\/2a§1

z,—a=2z,=rcos0+w,rsind, z,~a,z,+a~2a=
1 1

2 2 2 2| 2
\/zz—a (Zz+\/zz—a ) 61\/26122

\/E(Hl —U,) \/Z B \/2_1 \/2_7”(”1 —U,)

=S\/ZR6 Hallp Ho _ Hy
Vor | -, | |JcosB—p,sin®  Jcos® -, sind

Likewise at the crack tip, the other stress components reduce to

5. =Re{ S\/;Hﬂvlz [ Ho Hy H:Re{ S\/Zuluz [ Ho

G = S\/Z Re 1 ul _ “2
" N2r T -, 4Jcos®—p,sin®  \Jcos®—p,sin®
— S\/;Re “’l”‘Z L 1 1 ]:|

T p—
Y J2r |- p, | |JcosB—psin®  \/cosB —p,sind

Copyright © 2009, Elsevier Inc. All rights reserved.
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11-21.

From Exercise11-15:
w=2Re{F (%)}, T, = 2Re{(UC,s + Ces)F'(¥)} T,. = 2Re{(LC,, + C,s) F'(z%)}
From characteristic equation : pC,; + Co, = —pu(C,s +1Cy,)
Choosing F(z*) = Avz* , where A =—2K,u/(Cy +1C,.) = F'(z*) = Al 24z *
w = 2Re{F (z*)} = 2Re{ A/r \/cos 0 + usin 0}

_ —IQ@R@{M oS0+ psin e} _ KsﬁRe{\/m}

Cos +1Cs Cus +1Co

.= ZRe{(uC45 + C55)F'(z*)}: ZiL/— RQ{A HC% - C55 } == %

Re
r \Jcos0+psin® Vor {Jcoseﬂlsme}
K

t,. = 2Re{(uCy, + C) /()= ——Rel A1 Cs L FBs p,
2r

JcosO+psind | 2r {Jcoseﬂtsme}

Note t_(r,m) = K, Re{ ! }: K Re{-i}=0

vor T (N-1) Ver
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11-22.

E, (du uj E, (u duj Vo Vi
O, =7 |- Ve |'Ce=7 | Ve, | =
r

1-v,, v, \ dr 1-vov,\r "dr)’ E, E,
7.=0 _q_,
r r

E dzu 1 du u 1 du u

: 2 vﬂr 2 R E— (Er_EGVrG) _+(ErV6r_E9)_2 :0

1-v,v,\ dr " dr r 1-vyv, dr r
2
rdu Eld—”—E _0:>dZ+ld—u—nzlz=0,wheren2:Ee/Er

dr? rdr r? dr rdr 7

Looking for solutions of the form: u =Cr" =

mm-1)+m—-n*=0=m?*=n*> = m==n, -.Solutionis u=Ar"+Br™"

E E, E
Gr r (du ve, uj: A _ (n Ver)rn -1 —B —(i’l n Ver)}"
1 Vervre dl" r 1 VGrVVG 1 Vervre
E d E E
J =—9[3—v,.e —”]= A (v 4 B (kv
1-vgv,e\r dr 1-vy, v, — V. V.o

Rewriting the radial stress formas: ¢, =C,;7"™* + C,» ™" and applying the Boundary Conditions :
n+l n+l 2n
P -t
b n _a n b n - }’l

bn+l B MLED\ bn+ln - N
w0, == ), oy = - )
b — b —a

c.(a) =0, c,(b)=—p=>C,=-

www.spowpowerplant.blogfa.com

Q\Jﬁ&;d@d&@&\ﬁwﬁ@f—cLSj),}}aJLgJJ‘}%wggj.u
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12-1.

Thermal Strains : e{” = o(T - T,)3;

1+v \Y%

Mechanical Strains: e ==—c, - =03,
E E
1+v %
e; =6l +el) =——o; - =0, 8 +a(T -T,)§;, =
E E ] )

1-2v

E
ik Oy +3(T -T)) = o = E(ekk —3o(T _To))

A%
Gjj = 1+v |:eij + 1-2v (ekk = 3oyT _To))Sij —oT _To)5u]

= M8y + 218, — (31 + 20) T ~T,)3,

12-2.

Strain Compatibility : e;,, +€; =€, ; —€;x =0

1+v Y

Hooke's Law: ¢; = o —Eckkéiij +oT =T,)9;

ij
Using Hooke's law in the strain compatibility relations and settingk =1 =
Giikk T Owii ~Oik,jk ~ Ok =

v Ea
m(cmm,kkgij + Gmm,ijSkk - Gmm,ijik _Gmm,ik6jk) _E(T,kkgij +T,ij6kk _T,jk6ik _T,ik6jk)

Note that with zero body forces, o ; =0 =

v Ea
Cjju T 1+v Oij = 1+v Gmm,kksij - 1+v

2Ea
=—=—=7
mm,kk l—V Kk

Combining these results gives

1 Ea 1+v

T Okkij = — T+ i T
L+v) Ok 1+v( Y 1—\/8’ 'kk)

(T,kksij + T,ij)

Settingi=j = o

Gijkk T
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12-3.

Unrestricted thermal expansion : e; = aT (X, Y,2)3; =

e,=e,=e,=aTl ,e, =¢e,=¢,=0
Using strain compatibility relations =
% 0% 0% % 0% 2 2
aezx"' ;=22 aezx ZyZO:>5-|; 81;:0
oy  ox oxoy — oy®  ox oy®  ox
o', o%, 0%, O% 0% o°T o7
; v~ = = —5 +—>5=0 7+—5=0
oz* oy oyor o oy oz° oy
o, o%, ,0%, 0%, 0%, o°T 07T
2 2 =2 2 ; =0=> 5+ =
OX oz 0z0X OX 0z ox® oz
2 2 2
The above three relations = d -I; 9 12- 9 12- =0
ox- oy oz
o, 0o o, oe, 08, 0%, o°T
=—|- + + = =0=> =0
oyoz ox\ ox oy oz oyoz 0yoz
%, _O0f oey, o, .\ e, - %, _ o°T _ 0
0z0x oy oy oz OX 0Z0X 0Z0X
o, o oe, O, oe o’e o°T
L=—|— + 2 |= Lt=0= =0
oxoy oz oz oXx oy oxoy OXoy
2 2 2
g=03£= f(y.2), al =0:>ﬂ=g(x,z), al =O:>£=h(x,y)
OX OX OXoy OX OZ0OX OX
a = constant = a , and following similar steps it can be shown that a =b, a
OX oy 0z
a—T:a:>T =ax+F(y,z)
OX
a—T:b:a—sz: F =by+G(2)
oy oy
ﬂ=c:>d—G:c:>G:cz+d
0z dz
~T=ax+by+cz+d
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12-4.

For Plane Stress :

1 1 1+v
e, =E(GX -vo,)+a(T-T,), ¢, =E(Gy —vo,)+a(T -T,), e, =
o =—F (e +ve)— X (T-T)
ol-vi T ol-v °
o, =—F (e, +ve )= (T-T)
ARETEVCE A Y °
T, = E (5]
S RV
Txn = cYxnx +Txyny = (Txn)s =
U L I e )
| 1-v° 0Ox oy’ 1l-v 21+v)( oy ox)|
T =t N +o,n =T/) =
R L U A 1 1Y
| 2(1+v) oy ox 1-v© oy ox 1-v |
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12-5.

Plane Strain :

c,=h(e,+e,)+2ue, —o(3A+2u)(T -T,), o, =A(e, +e,)+2ue, —a@Br +2u)(T -T,) , t,,=2ue,

Solving for the strains =

1+v 1+v

[A-V)o,—vo, +Ea(T -T))], e [A-V)o, —vo, +Ea(T -T,)], e

X ' ¥xy T

82e 0° e, o%e

Using these strains in the compatibility relation —*+ —-=2—* =
oy OX oxoy
2 2 52
; (- )5, —vo, + Ea(T =T,)])+ a ([(1 V)G, —vo, + Ea(T -T,)])=2 a:;yy =

0’ 2 0°
(L-V)V?(o, +0,)+ Eav?T =20 2 90, 0O

oxoy  oX oy
But from equilibrium equations with zero body forces,

oc. Ot 0%c. 0%t ot 0c 0’c, o*1

x L 29 _ x Xy _ xy Y _0 y Yy _

y

= —+ =0, + = —5+ =

ox oy OX OXoy ox oy oy 0y OX
0° 2 0°

285y 0 sz + Gzy
oxoy  oOx oy

= 0 and thus the previous compatibility statement reduces to

V(o, +0,) +EVZT =0
1-v

_1+v

T

To determine the corresponding plane stress result, simply use the transformation Table12 -1 =

E1+2v) \Y 1+v N Ea N

V> , oL —>
@+v) 1+v 1+2v 1-v
and thus the compatibility relation for plane stress becomes V*(c, +o,) + Ea VT =0
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12-6.

From Example 12 - 1, the stresses were given by
o, = —B?[C, cosh Bx + C,xsinh Bx]sin By — EaT, sin By

c, = B{C2 cosh Bx + C,(xsinh Bx + %cosh Bx)}sin By

’ny

= —B{Cz sinh Bx + C,(x cosh Bx + %sinh Bx)} cos By

Stress free boundary conditions : ¢, (ta,y) = 1,,(+a,y) =0 =
C, coshBa + C,asinhBa = —EaT, /p°
C,sinhBa+C,(acoshpa + %sinh Ba)=0

Solving for the two constants =

_ EoT,(apcoshpa +sinhpa) c - EaT, sinhpa

B2a(p +sinhpacoshBa) ' ° Ba(p +sinhBacoshpa)
MATLAB Plots (a=1,p =2):

C,=

Non-Dimensional Stress

'0-8 I I 1 | I i ! 1 ]
-1 -0.8 -0.6 -0.4 -0.2 0 0.2 04 0.6 0.8 1

Non-Dimensional Distance x/a
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For the radially symmetric case,
2

vz:d_2+1d 1d(rij'v4 1d d ld(ri)

dr* rdr rdr{ dr rdr dr rdr{ dr
. the plane stress governing equation V*¢ + EaV’T =0 =
1d ri 1d r% + Ea 14 rd—T =0, andsince o, = ——(I)
rdr{ drirdr{ dr rdri dr r dr
1d r— d (1 d (r Gr)j =—Eali(rd—Tj
rdr{ drirdr rdri dr
Integrating this result three times =

ri(ii(rzcr)) :—Eocrd—T+C1 =
dr\rdr dr

li(r c ) —EaT +C,logr+C, =
r dr

:—EaJTdr+Cljrlog rdr+C,r’ +C, =
c, —E—?der+%(2logr—1)+C2+%
12-8.

Using axisymmetric stress forms :

c, = [—+v——(l+v)aT]
1-v? r
E
Gy = [— V——(1+V)OLT]
dr
Into Equilibrium Eqn. : do, 4+ 9 7% g
dr r
2
d l; +1d—u—i2 =1+ v)ad—T , which can be written as
dr® rdr r dr
dfld dT
—|==(ru) |=( —
dr[ ar )} Avlog

Integrating the governing equation =
ldi(ru) (1+v)aT +constant , intergrating again =
r

(1+ v)oc

u=Ar+ IT rdr

Copyright © 2009, Elsevier Inc. All rights reserved.
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-h

0

oT 14T 1d( dT
—+-—+h =0=>>—|r—
or r or rdri dr

Integrating= T =C, logr +C, —%rz

Boundary Conditions :
T (0) must remain bounded = C, =0

T(a)=To:>C2=To+h7:’a2

h 2 2
ST=T +=2(@ —r
ot @)

Governing equation for plane strain, V*¢ +1E—0LV2T =0=> V= Tah" =
Y Y

L[ 010 ()| B
rdrl dr\rdr 1-v
Integrating the governing equation three times =
cr:&(Zlogr—1)+C2+C—23+—Eah° r?

4 r2 16(1-v)

d’p _d g) C, 3Eah

=—=—(rc,)=—2(2logr +1) +C, ——2 + ° r? 1,=0

%0 =gre ~gr 1on) = 10T G g Ty

o, =v(o, +c,) —Ea(T -T,) =v(o, +0,) — Eoch?i’(az -r?)

Since the cylinder is solid, the stresses must be boundedatr =0 = C, =C, =0

Eah, _,
- a
16(1-v)

Boundary condition 5,(a) =0=C, =

G — Eah, (rz— 2) o = Eah,
" 16(1-vV) T 16(1-v)

L=V Eah, re— Eah, a’ —Ea&(az—rz)
41-v) 8(1-v) 4

(3I‘2 —az), T, =0
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From the general solution given by (12.7.6),
u=Ar+_2 AZ (1+rv)°‘j Tede

Bounded displaceme nsatr=0= A, =0
L [ Tede
(1+rv)0cJ' Tede — @+ \/)och-a_I_wa

For the case where T =T, :

(1+v)aT J~ EdE — (l+v)aT rJ~ £dt = 1+ v)orT, (__Z_La_z]zo

u(@=0= A =-

c, = E [e +ve, —(1+Vv)o(T -T,))] = E F—u+v——(l+v)a(T T)}
vZ| or

l _
d2
% = dr¢

=—(rc,)=0
(o))

Copyright © 2009, Elsevier Inc. All rights reserved.
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The plane stress governing equation V*¢ + EaV*T = 0 with axisymmetry reduces to

ldf,d/1d ( @j + Ea li(rd_T):o
rdr drirdrl ar rdr\ dr
This result can be integrated to give
2 2
r r r r (1 ¢
=Alog—+A|—| log—+A|—| +A -E =1 Tndn [d
o= A log_ Az[aj 9 A{a) . aja(gja nnji

and the resulting stress field then becomes

_1de_A Az(2|og +1)+2A3 E“de
Crdr r?

r

_d%_d Al Ay As Lr
GO—F—E(rGr)——r—+—(2log +3)+ 5 —EocT—r—zLTrdr
With zero tractionson r = aand r = b, general boundary conditions (12.5.9) =

da)=0= A, +A, =0

o(b) =0 = A Iogg+ A{g) Iog£+ Ag(gj LA - Eaj:(%jandn]dé

dd(’j(:‘) 0= A+A+2A =0
d¢(b):o:>i2+i(2log +1)+2—A3—E'[ Trdr=0
dr b a

Solving for the constants gives

A= %{Hg logg(Z Iogg+1) + [2)2 —1} j:Trdr - 4(2)2 Iogg j:Tr Ioggdr}
A, = %{ngz Iogg— (gjz +1} ["Trar - 2{(2)2 —1} NG |og£dr}
NN AR
where N = 4(%092)2 _[(gjz ) T
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Spherical Coordinates with Spherical Symmetry :

ou u
ey = a; , € =8 :ER , €y = €4 = €pr =0
op =Meg +e, +€)+2ue; —(3h+21)a(T —T,)
=+ o) S a“R + 2x“?R ~ 3+ 20T - T,)
:#{(1—v)w—R+2vu—R}— E__or-T)
(L+v)(1-2v) 6R R| (1-2v)
Likewise,
G, =Gy = Meg +€, +&;) +2ue, — (31 +2u)o(T —T,)

=(x+2p)“ +2x‘2R — (32T - T,)

=#{“—R+va“ﬂ— E -1
L+v)(1-2v) R | (1-2v)

Tre = Too = Tor =0

Using these results into the equilibrium equations =

do, 1 d(1d, _, 1+v dT
+—=(20, — 0= —
R TR0 O %)= dR(RZdR( R)) 1-v dR
Integrating this differential equation =
14w C,
= —j TE'dE+CR+ 22
au 1+v 2C
Note: —* = ol T——| TEdg |+ 2
oR 1—v( RSj gg] ' RS
Using these results back into Hooke's Law gives the stresses
20E 1 2EC, 1
= TEd -2
RTTI Y I S, 2v 1tv R
ocE 1 EC 1 oET
=0, = TEd _EC
C47 % = I Crde + —2v TevR 1ov
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Spherical Symmetry Problem :

VT =0= d(deTj 0:>T:—%+Cz

drR drR
L T.ab T.a
Temperature Boundary Conditions:T(a) =T,, T(h)=0=C, = —b'—a , C, = —ﬁ
Ta (b R, Ta (R ) Ta (1 zlgj
LT=—"—=-1|= | TE&dE=—"—| (E-E°)df=—"—| =DbR"“-=R
b—a(R ) I sds b—a-[o(a <)l b—a(z 3
GR(b)=0:>—2aE T.a 1+ EC, _2EC2i3=0
l-vb-a6 1-2v 1+v b
@0 - 2E Ta (10 1), EG2EC, 1,
l-vb-al2a 3) 1-2v 1l+v a
_ i i 3|3
Solving for the constants, C, = c 2v)3aT,a3 (b*+ab-2a%*),C, =— (1+V)Oﬂ;'a b3
3(1-v)(b®-2a%) 2(1-v)(b° -a%)
Inserting these expressions into the general solution from Exercise 12 - 11 gives the stress field
22
GR:EaTi 3ab b——(b2+ab+a)+ a’b
1-v b®-a° R®
EaT, ab a’b?
=0, = ' b—— b?
% =% 1—vb3—a{ ( }
On the inner surface R =a withb=a(l+¢)
EaT. EaT, l+e
= — a’+ab-2b%) = 1+ (1+¢€)—2(1+¢)?
G0 T vb3 @ )= oy [arey oyt dre) - 2drer]
N EaT, (_1__8)
2(1-v) 3
On the outer surface R = b withb =a(1+¢)
EaT, EaT, l+e¢
= ' b® +ab-2a%) = 1+e)’ +(1+¢g)—2
©0 =% T o0 v)b3 el )= o Aoy gLt te) Tdre =2l
EaT,
d ——8)
2(1 V) 3
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Using definitions of the complex and integrated temperature function it was determined that
ot, ot

= 8—' and this suggested the decomposition of the displacement field
X y

u=u'+pty, v=Vv'+pt, , where is a constant to be determined
Using this decomposition definition in Hooke's Law for plane strain

o, =\ 8_u+@ +2pa—u—(x(37»+2p)T
ox oy OX
ou' oV ou’ ot, ot ot
=AM —+— [+2 —a(Br+ 2T + Bl A(=B+—L)+2u—=
ox Vay )T o T2 B{(ax 2 M@x}
MV o M @ 20T+ 208 4o e
ox oy OX OX OX
ou oV ou’ ot
=0 —+— [+2u——a(BA + 2T + 2B(A +p) —&
x oy M= o wWT +2B(A +p) ax
=\ 6_u+8_v +2u8u +[—a(Bh + 2u) + 2B (A +W)]T
ox oy OX
Now if the factor — a.(3X + 2u)+ 2B(A +u) = 0, the temperature terms will vanish.
This will occur if B = % = a(l+v), and thus for this case 6, =5, ,6,=c) and t, =1},
+p

For the plane stress case, simply use the interchange of elastic constants in Table 12 -1to show that

B2tV of14 Y |og
1+2v 1+v
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From relations (12.8.15)

2

V(Z)ZA['OQZ— . 2J,w(z)=A[|ogz-L)
r~+r

2 22 (r? +17)

Stress free boundary conditions :

(0, ~it)irr, = (Y'(Z) +7'(2)-e"[zy"(2) + \V'(Z)]) =0

r=r,r,

S 1 2z 1 2z o Z 2 1 2r’r?
@) +yY(2)-e"[y"(2) +v'(D)] =| = - +=— +e? =+ e
v'(2) +v'(2)-e™[zy"(2) + v'(2)] L 72 7, 2 [Zz T (ri2+roz)zsﬂ
Atz =re"

-1 i io -i6 ~3i0 io ~io 2,2_-3i0
(o, —it,) :{G__ZLJFe__ 2re +e2ie[e + 2re” e" 2rr’e J:l
r ro/r=r; 2 2 3 2 > >

A R A T (S o T
2 2 2r2 )
=| — — 5 2— 2 2 e =O
Lo+l n( )

—| = _ 0 _ i e—ie — O
[ro R A A rf)j
.. stress free boundary conditions are satisfied
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Conduction Equation :

2 2
vor 0o 0T 1T 10T
or ror r°aoo

Using separation of variables, let T (r,0) = f(r)g(6) =

2 " 1 '
r [f (r)+Ff (r)} )

=— = constant =c¢? =
f(r)

9(6)

f”g+%f'g+r—12fg”=0:>

2
f”(r)+% f'(r) +% f(ry=0and g"(0) +c*g(6) =0

Solution to 6 - equation is g(0) = Asinc6 + Bcosco,
but temperature field should be odd function of 6withc=1= ¢(0) = Asin0

Solution tor - equationis f(r)=Cyr + 17
r

. Temperature solutionis T = (Clr + &jsin 0, where we have absorbed the constant Ain C, and C,
r

Insulated boundary condition on hole: aT(@6) _ 0=C, - C._ 0=C,=aC,

or a’

Conditions at Infinity : T (e, 0) =%y = C, =%

2
=T =ﬂ[r +a—Jsine
k r

Copyright © 2009, Elsevier Inc. All rights reserved.
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The potentials from Example 12 - 4 where given by
2

H 2
v(z) = Alogz , w(z) = _A[j_“r log z +1j Wwhere A= _ 2Hga’a

1+ )k

c, + G, :Z(y’(z) +3Tz)j =4Re(y'(z) ) = 4Re(é) = —msin 0,

L+ wk)kr
_ 2
For plane stress, k = 3-v =1+k= 4 =0, + ce:—%sine
1+v 1+v kr

7 2i0 (5., 1 i 2i6 z a2 1
G, — o,+2t,,=2e""(zy"(2) +y'(2)) = 2Ae - 22 =

7?1z
o1 5 2% 40 1
Z—ZAEZIG Ze 30 - e 3|6_i__e i0
r r r

N 2 2
_Sugatal cose—a—zcose+ ia—zsine

1+ x)kr r r
Separating real and imaginary parts =

_ Eaga’

T ke®

3
Gy,— © sin® and rre:E—(?—r—]cose

Solving for the individual normal stresses =

3 3
. _3%@_%)3“ o, =L Eoa Gﬁ_]sme

2 kK r?
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2
Temperature Field for Example12-4: T = %[r + a—Jsin 0
r

2
Temperature Field for Example12-5: T = %(p + a—jsin 0,
p
where p, 6 are the coordinates in the mapped region with

z= R(peie +me“ej = X= R(p+mjcose and y = R[p+mjsine
P p p

MATLAB Plots of isotherms for each problem :

e ————

L1

Example 12-4: Circular Hole Case

1]
11

Example 12-5: Elliptical Hole Case —
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To extract the circular hole case from Example12-5,leta=b = m=0andR=a =

. : r
z=al = re’ =ape” = p=—
a

G, = —%?ea)p(pz +m)[p* = p?(L+m?) +m?]sin0
= - iggf pp’(p" —p®)sin®
:—%K%—?—:jsme
= Ziﬁ?g) o(p? + m){[p* + p>(L+m)>? + m2]sin 6 — 2pmsin 36}
= iigf pp*(p* +p*)sin®
= - E;fa (% +?—33]sin 0
Ty = Ziﬁ?g) p(p? —m)[p* —p*(L+m?)+m?*]cos®
= E?gf pp®(p* —p*)cosO
(e S
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From Examplel2 - 5, the non - dimensional hoop stress around hole boundary is gvien by
equation (12.8.32), withp =1
= __ %% __ (@+m){[A+ @+ m)? +m?]sin® — 2msin 36}
* Eoga/k 2(1—2mcos 26 + m?)?

_ (@+m)[@+m+m?)sin6—msin306]

o (1-2mcos20 +m?)°
Note:G,(n/2) =-1/(1+ m)
MATLABPIlotsform=0,+1/2,+1:

Dimensionless Hoop Stress

6 1 L 1 I 1 1
0 0.5 1 15 2 25 3

theta,(radians)
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Uncoupled energy equation for steady state case : g;; =0

Anisotropic heat conduction law : g; = —k;T ;

Combining these two relations = k;T; =0, which for two - dimensions gives
2 2 2

o %+2kXy %+ kyy%:

Looking for solutions : T =T (x+1y) = (k,, + 2k, A + kyykz)T "=0

k

~.we get the characteristic equation : k, + 2k, A +k A* =0

XXyy

with solution : A = i[— 2k . +./4k? — 4k k ]
2k i Y
yy

- 2 - - - .
with k, k> kg the roots will be complex conjugate pairs :

2
LU L e R
Ky Ky

So the general solution becomes : T(x,y) = F, (X +Ay) + F, (x + 1Y)
but since the temperature must be real =

T(X,y)=F(x+Ay)+ F(x+Ay) = 2Re{F (z*)}, where z*=x+Ay

Copyright © 2009, Elsevier Inc. All rights reserved.
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(1)=x2+4y2 ,(szzes:()c2+yz+zz)e3
op 0,

=—+ 2 =2x+2y=2(x+
u=— & x+2y=2(x+y)
v:@—%=8y+2x=2(x+4y)
oy Ox
w=a—¢:O
oz

Since V?u =0 and V(V - u) = 0 = Navier's equations will be satisfied.

13-2.

u=vVo+Vxop
€ :V'”:V'(V¢+VX(P):V2¢:¢,kk
1

0=V xU=ZVX(Vh+V xq) =V xVx9=_(V(7-) - Vg)= V'

1
or o, = _E(pi,kk

13-3.

Navier's Equation: pVu+ (A +up)V(V-u) =0

Using the vector identity (1.8.5), Vx (V xu) =V(V -u) - Vu =

V(V -u) =V x(V x u) + VZu and using this resultin Navier's equation =
uViu+ (A + u)(Vx (Vxu) +V2u)= 0=

A+ 20V + (+p)(V x (V xu))=0

Taking the divergenceof this result gives

V- [0+ 20 V2 + O+ p)(V X (Vx))| =0 = (A +20)VA(V - 1) =0
Taking the Laplacianof the original form of Navier's equations=>
Vz(pvzu +(A+p)V(V- u))= 0= Vu= —%“WZ(V u)=0

Thus the displacement vectoris biharmonic, and the stress and strain will also be biharmonic.
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Lame's Potential : V2 =0, y =0 = 2uu, = ¢,

€ =5, 10, = i(d),,, +0,) =2—1H¢,,,

o, =Mheyd,; +2ue; = ¢kk8 +¢,,butd, =0
no, =0,

13-5.

Galerkin Vector Representation : 2uu = 2(1-v)VWV -V(V V) = u—l—VV V—Z—V(V V)
H u

1=vyey —ZLVZ[V(V ]

1)

Viu=

V(V-u)= V{l—vv - V)——V . V)} L2V ovew )= 22 v vy )]
u 2n u 2p
Navier's Equation : uV’u+ A +p)V(V-u)+ F=0=

u{l Vo~ L vy -V)]} + (0 + u){l_ 2v
H 2p 2u

Vi[V(V -V)]} +F=0=>

1- Zvjvz[V(v.V)HF =0=
2n

(1- v)V4V+(——+(k+ 1)

1-Vv)V¥V +F =0or
F

VWV =———
1-v
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Helmholtz Representation: u =V +V x o
From (13.1.3) =V -u=V?p andV xu=-V?¢p
Galerkin Vector Representation :

2uu=21-V)V¥V -V(VV)=> u= 1=V ooy —ZiV(V V)
H H

V-u =1__VV .VZV—iVZ(V V)= V{l_zv (% -V)}
u 2p 2p
Vau=1Yvuvy - Lyuyw.p) :v{l_v (VxV)}
H 2p
1-2v

Comparing resultsforV-u andVxu = ¢ =

(V~V),(p=—1_TV(V><V)

Note that Vx ¢ = 1__V[V2V -V(v ~V)] which provides proper match for Galerkin form.
il
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Galerkin Vector Representation :

:i(Z(l—v)VZV—V(V-V))ﬁ u, = (2(1 VIV kkz):>
2u 2p

u, , = Zlu(z(l VIV, — kky) u, :21“(2(1 VIV, i — kkﬂ),

1 1 1-2v
uk,k = 5(2(1_ V)Vk,mmk - Vm,mkk): 2_H(2(1_ V)Vm,mkk - Vm,mkk): TVm,mkk
o, =M, S, +u(y,  +u;,)
1-2v
= }\'Z—MVm e (2(1 vV, wg 2(1- V)V i Vk,kij)
= Vl/m,mkksij + (1_ V)V;,  t (1 V)V Jkki I/vk,kij
Specific components :
6y =0, =VV, . + (1= o + (L= V)Vlkkl Vi

2

VWAV )+ 2(1— v)—v v ——(v V)=2(1- v)—V v +( v’ —%j(V'V)
X

The other normal stress expressions follow in similar fashion
Op =T, = A=WV o + A= VIV, g — Vk k12

0 ., 0
—1-VZvr s 1-v 2
( )8y o V)ax g 88

2
=(1-v) iszﬁisz _ 0 (V-V)
oy ox ) oxoy

The other shear stress expressions follow in similar fashion
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Cylindrical Coordinate Case: V =Ve, + Ve, + Ve,

From Section1-9 or Exercisel1-16: V :eri+e li+e 9

or "ro0 ‘oz
) 0 10 0
v <V,er>=v-v(v,er>=v-[e,—<v,er>+ea——<ner>+ez—<V,er>}
or r 00
:V{ aVe +e01(Ve0
or

( 0 10 aj ov. 1( ov, j ov.
=le,—+e,———+e — | e, e.+e,—| Ve,+ e |+e, e,
or r 00 Oz or r 00 0z

oV, 1ev. 1o o 1 2 oV ( ) 1 j 2 oV
= etttV ———e,=|VV ——=V |e, +——"e
(8}*2 ror r?o0®  oz° 2 ] r? o R I, s B

In similar fashion

Ve =V -2 ey~ Z 0, vire) -,
r

To determine biharmonic forms, reapply the previous Laplacian operators

V4(Vrer):V2V2(Vrer):V |:(V v, — Vj 2 0V, eg:|=V2|:(V2V,—nger}+V {2 ov. 0}
r 7’ 7

00 2 00

V. 1 V. 2 0 V.

e 3)so-Sh-3sl-5h
r 7 r 00 r

of 2 0V, 1(2o0V. 2 6 2
V.2 T2l 2
r° 00 re\r° 00 r? 69 P2 89
2 2y

NS L e,+iz(vz_1jav
r 002 r 00

The other two biharmonic forms follow in similar fashion
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Proposed solution to Boussinesq's Problemis combination of Galerkin vector and Lame potential
V.=V,=0,V.= AR, = Blog(R+z) with A=~ =L
21 27

These formsssatisfy the governingequations: V¢ =0and V*V, =0
Displacements:
uzi@_iaV Px(z 1—2vj

2uox  2uoxdz  AnpR\R® R+z

100 10% Py (z 1-2v

A%-Lo ozt

2u 0y 2 0yoz - AnuR\ R
2 2
w:i@—zi(z(l—v)v% i V] & (2(1 v)+ j

20z 2u oz° 4TuR
Stresses:
2
o, = 0° <|> 0 w2 6‘2 v
Ox? 82 ox

_iP(l—Zv)x2 1 PQ1-2v) +£P(1—2v)x2 _VPz _Eszz +1 Pz
2 tR*(R+z) 2nR(R+z) 2 R*(R+z)* =nR® 2 nR® 2nR°

=—%F’C—f—<1 2)(—— i +’“2(2R+?ﬂ
<RE| R R R+z R(R+2)

o, - G a(vvz_aa_zzjn: P {Byz_(_z)( R y(2R+z)H
y

oy oz 2nR® R R+z R(R+2)°
o 0 v & 3p;?
2- A
e z(( Vv GZZJ TR
. o) B oV, _ P |3z (-2v)(2R+z)xy
Y oxdy OxOyoz  2mR? R(R+z)°

2 2
_ 6 ¢ _i((l_v)vz_aa_]l/z _ 3PyZ

e O0yoz Oy 22 2nR®
2 2 2

T, = ¢ _0 (1_V)v2_a_2 VZ=_3P_"Z5
0zOx Ox oz 271R

Boundary Conditions Check :
7,.(x,3,0) =1_.(x,,0) = 5,(x, »,0) = 0 (exceptat R = 0, stressesare singular at origin)

Finallyit can be shown that on any plane z = constant, _[: o.(r,z)2nrdr =—-P
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Proposed solution to Cerruti's Problemis combination of Galerkin vector and Lame potential

V.= AR,V.=0,V. = Brlog(R+2) , 6 =—"—  where d=— L p={=2vP _(=2v)P
: ’ R+ 4n(l-V) 4n(l-V) 27

These forms satisfy the governing equations: V¢ =0and V*V, =0

Displacements:

u=i@+i(2(1— vy -9 (aV aVzD

2uox 2p ox\ Ox Oz
_ _ 2 2 2 2
_1 1Pl-2v) 1PQ 2V2)x N P N Px3 __P 1+x_2+(1_2V) R x :
2u| 2t R+z 2t (R+z)°R 2nR 2mR 4R R R+z (R+2)

,o L1 1 a(an+asz _ Py (1 1-2v
2uoy 2u\oy\ ox 0Oz AnpR\ R*  (R+z)?

w=i@+i[z(1-v)v2n_a£(5”x +aVznz Px (i+1—2v)
zZ

2u o0z 2u ox Oz AnpR\R* R+z
Stresses :
2
o, = a(l)Jrz(l— ) VV+ w2 O (aV an
Ox ox? \ ox Oz

_3PQA-2v)x P(1—2v)x3 N P1-2v)x*  Px _VvPx 3Px 3Px°
2n(R+z)’R  m(R+z)°R* 2n(R+z)°R* nR® nR® 2mR® 2mR°

2 _ 2
_ Px3 _3x2 N @ 2\/)2 RZ—yZ—ZRy
2nR R° (R+2) R+z
2 2 2 _ 2
6, =28 [ vy & (GVH(WZ): Pr | 3 (Q=2)(pe 2 2Rx
T oy o Nox  oz) 2nR*| R* (R+z) R+z

2 2 2
c :@+2(1—v)§V2VZ +( Ve - ; j(aV +8VZ)=—3PXZ
zZ

* ozt ox Oz 21R°
2 2 B 2
- 0 L )_ v 0 (an+an} Py3 _3x2 a 2v)2 R2_ 2 2Rx
Y Oxoy axay ox 0z ) 2nR R* (R+2) R+z
2
_ 0% +(1—v)—V2 z ) [8V an_ 3ny52
" Oyoz Oy ayﬁz 0z 27R
2 2
T, = 6¢+1— )[ VV+8V2VZJ— 0 [8Vx+aVz)=_3szz
0z0x 0. 0zOx\ Ox 0Oz 2R

Boundary Conditions Check :
7,.(x,3,0) =1_(x,»,0) =,(x,,0) =0 (exceptat R =0, stresses are singular at origin)

Finallyit can be shown that on any plane x = constant, I_w .[_w o (x,y,z)dydz =-P

Copyright © 2009, Elsevier Inc. All rights reserved.
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13-11.

Papkovich Representation : 2uu=A4-V| B+ AR
4(1-v)

From formulation result (13.4.3), 2uu = Zu[h— L V(b} =

1-2v
o=, gy AR
1-2v 4(1-v)
H 2 F 2
NowsinceVh=—— = V°A=-2F
il
21 A-R

= =
1-2v' 4(1-v)

2_22l/l_A‘R:21L 2_1 . 2 4y.
ViB=v (1—2v¢ 4(1—v)j 1—2vv¢ 4(1—v)(2(V A+ (V24)-R)

Using formulation result (13.4.6) =

v2p =2 [M lver h)}: 1-2v {R ul 1(2(v h)+R-(V h))}

2(1-v) 2 2(1-v)
12\/{ F (V-A) RF} 1-2v [V A]
T 2(1-v) 21 2p | 4pd-v)

Combining these results =

2 20 1-2v A 1 Y .
\% B_l_2V ) (V-A) e )(Z(V A)-2(R-F))

[V-A-V-A+(R-F)]= R-F
2(1— V) 2(1-v)

Copyright © 2009, Elsevier Inc. All rights reserved.
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General Papkovich Representation : 2uu = A4 - V{BJF 43 - )}
-V

Axisymmetric Form - Boussinesq Potentials :
A =4,=0,4. = A.(r,2), B=B(r,z) , with V’B=0and V’4. =0 =

DR A - S Y S S R
2u or 4(1-v) 2u 0z 41-v)
2
o L0y Az ) Lofy 4| 10[, of, 4
2u or 4(1-v) 2ur or 4(1-v) 2u Oz 0z 4(1-v)

2
erZ:_i 0 B4 Az 1 0 Az_i B4 Az
4u oroz 4(1-v) 4p or 0z 4(1-v)

lod4 1 0° B Az
4u Oor 2w oroz 4(1-v)
o, =MAle, +e, +e,)+2ue,

A(o® 10 0° Az A 04, ©0° Az
=——| S +t——+—5 | B+ +— -—| B+
2u\or® ror oz 41-v)) 2u 0z oOr 4(1-v)

_ 2 aAZ 82 B+ A z
1 2\/ 4(1 v) 1 2v oz o 4(1-v)
Likewise,
2 " A% aA _ 12 B+ AzZ
4(1 v) 1-2v 0z ror 4(1-v)
v 04, 04, 0o° Az
+ +—=- B+
4(1 v) 1-2v 6z 0z oz° 4(1-v)
T}”Z = Zuerz =5 - B A Z
2 ar 87’82 4(1-v)

Copyright © 2009, Elsevier Inc. All rights reserved.
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Boussinesq Problem - Papkovich Solution
a = 2(1-v)P B= 1-2v)P log(R + )

R 27

Using results from Exercise 13-12,

u, = ENC B+ 4.2

2u or 4(1-v)

LN

__ii[wmg(RJrz)Jr = .
2u or 2T 2nR ) 4muR| R R+z
2
uzzi z_i + AZZ = i 2(1—V)+Z—2 ,Me=0
21 0z 4(1-v) AnuR R
2
S vy Az LV 8AZ_82 B4 Az
1-2v 41-v)) 1-2v 0z or 4(1-v)
— 2 —
_ v VZ(PZ)+ v 2(2(1 v)P]_az((l 2V)PIOQ(R+Z)+ Pz]
1-2v 2nR) 1-2v oz R or 21 21R
P 3’z (1-2V)R
= - +
2nR?| R® R+z
— Ve Pz LV i(Z(l—V)P 10 (1_2V)Plog(R+z)+ Pz
1-2v 2nR) 1-2v oz R r or 27 21R
_@-2v)P|z R
2nR? |R R+z
— — 2 —
S % VZ( sz+ % 2(2(1 V)P)_Q(Z(l v)P]_@Z((l 2V)PI0g(R+z)+ Pz]
1-2v 2nR) 1-2v oz R 0z R 0z 27 27R
__3PZ3
27R®
_ 2 _ 2
_33(2(1 V)P]_ 0 ((l 2V)PI0g(R+z)+ PZJ:_SPI”ZS
27 27R 27R

Trz = Herz -
2 0r R oroz
rz d=2vr 2 (=29R , and defining cos ¢ :% =

Noteu, >0 = — > —"—
R R+z R R+z

cos¢>ﬂ = €0S” ¢+ Cosh > (1—2v)
1+coso

~u, >0 for ¢ < ¢, where ¢, is determined from

cos’ ¢, +cos¢, —(1-2v) =0

________

Copyright © 2009, Elsevier Inc. All rights reserved.
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Displacement Field - Boussinesq Problem :

P [Z_M} u _L 2(1—v)+i u, =0
y U, Rz 1 70

U =— _
' 4nuR R? R+z AmuR
Note surface displacements: u, (r,0) = _PA-2v) . (r0) = PA-V) 4
2npr

MATLAB Vector Distribution Plot :

P

v ) 1 \ »
r

Copyright © 2009, Elsevier Inc. All rights reserved.
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General Papkovich Representation : 2uu = A — V{B + 43 : R)}
-V

Axisymmetric Form - Boussinesq Potentials :
A =4,=0,4 =A4/(r,z), B=B(r,z), with V2B=0and V’4, =0 =

2uu, =—£(B+ 4,2 JZ_G_B_;GAZ

' or 4(1-v) or 41-v) or
. = A, 0 B4 Az | _ A 0B 4z 04
oz " a1-v) oz 4l—v) 4(1-v) oz

Tai-v T e Ml-v) o
From Exercise13-12

3—-4v 4 oB z 0A

c.=Me, +e,+e,)+2ue,

vV o Az v 04, 04, 07 Az
=- \% + + -—| B+
1-2v \4(1-v)) 1-2v 06z 0z Oz 4(1-v)

v 04 v 04 04 0°B 1 o4
Gz(r’o):Oj_ Z+ Z+ == 2 - Z =
41-v)1-2v) 0z 1-2v 0z 0z 0z 2(1-v) oz
104, _ 0’B
2 &z 0z

Integrating = 4. = ZZ—B , Where we have dropped the arbitrary function of integration
Z

Copyright © 2009, Elsevier Inc. All rights reserved.
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AR
4(1-v) |

Two - Dimensional Papkovich Representation : 2uu = A4 — V{B +

where A= 4,(x,y)e, + 4,(x,y)e, and B = B(x,y)

2uu=A1—£{B+—(XA1+yA2)}—A B__1 {xaAl

— +4, +y—=
A1—v) o T

T e 4(1-v)
= 1 |:(3_4v)Al_x%_y%:|_8_B

4(1-v) ox ox ox
Likewise

2py {(3—4V)A2—x%—y%}—83

T a1-v) oy ] o
Forming the complex displacement

2uw(u +1iv) =

Avid, and y(z) :a—B—ia—BWithK:3—4v =
4(1-v) ox Oy

2uW(u +1iv) = xy(z) — zm - @

Define y(z) =

Copyright © 2009, Elsevier Inc. All rights reserved.
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Trial Papkovich Functionsfor KelvinProblem: B =0, 4. = %
TC

From Exercise13-12

5 0 Az _ Pz Prz
B =" 4(1 v) N 8nR(1 v) 8l )R

9
or
2uu, =| A, —— - B 3
az 4(1 v) 2nR az 8nR(1 V) 2nR  8nR’(1-V)

__P {4(1—@ B FZ}: P {2(1—2\/) +1+i}

8n(l-v) 8n(l-v) R R R®

2uuy, =0

This displacement field matches that given in relation (13.3.10), for the Kelvin Problem

R R®

13-18.

For the Doublet Force Problem, use superposition of two Kelvin Problems and take limitd — 0
G,.(r,z+d)—0r(r,z)} 3 _dai

D _1; _ ——Adl
ol —ngg[cr(r,z) o,(r,z+d)] dm{ y =

- WDV)a [(1 2v)z(r? +22) %% Z3p22(r2 1 22) 5/2]
Likewise for the other nonzero stress components
ol = ﬁa [(1 2V)z(r? +22) %2 +32°(r% + 22) 5/2]
0 D -3/2
T T o N 1-2v +
Gy el )6 [( )z(r? + z2) ]
D D

A e O [a=2v)r(r? +22) 2 + 3122 (42 + 22) 2]

Using the transformation relations (B.6) to go from cylindrical to spherical coordinates

G, =0,sin*¢+c.cos’ ¢+2t, singcosd , withsing = r(r* +z°)™'?

Gp=— —2(1+V)D3{ sin2¢+—2(2_v)cosz¢}
8n(l-Vv)R 1+v

Ty = (0, —0.)singcosd -1, (sin” g —cos’ ¢) =

o 2(l+v)D

ko 8n(l-Vv)R®

r 2
=—,C0S0p=z(r +z
2 o= z(

sinpCcos ¢

Copyright © 2009, Elsevier Inc. All rights reserved.
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Since it is expected that the Center of Dilatation will produce a spherically symmetricstress state,
we consider a special direction in the x, z - plane as shown to apply the superposition principle.
For a Doublet acting along the z - axis, the solution was given in Exercise 13-18 as

- 201+ \/)D3 [—Sinz b+ 2(2-v) cos? (I)} T, = 21+ V)D3
8n(l- V)R +v 8n(l- V)R

sinpcosd

For a Doublet acting along the x - axis, replace ¢ by g — ¢ in the previous expressions =

«__ 2(1+v)D [_COSZ¢+2(2—V)

sin ¢ cos
B 8n(l-v)R® beose

in? (I)} = 2(1+ V)D3
8n(l- V)R

For a Doublet acting along the y - axis, replace ¢ by g in the previous z - axis expressions =
ol = 2(1+ v)D3 ,
8n(l- V)R

Applying superposition =
_ 2(+v)D {—1+ 2(2-v) _1} __(@-2v)p
8n(l-v)R® 1+v 2n(l-v)R®

— X y z
Tro = Tro T Thy + Ty =0

=0

— y z _
Opr =Cp +tOp +0, =

These results should then be valid for all directions

Copyright © 2009, Elsevier Inc. All rights reserved.
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For the spherically symmetriccase : u, = u(R),u, =u, =0,and relation (A.12), reduces to

2
g2 gL 2du_ 2,
R dR° RdR R

Look for solutions of the form:u = AR™ and substitue into governing equ. =

mm-D)+2m-2=0=>m*+m—-2=0=>(m-D(m+2)=0= rootsm =1, —2
C

SoU= ClR +R—§
Using relations (A.2) into (A.9) gives the stress relations
du u du du u
Gp=A —+2—|+2u—=(A+2u)—+ 27—
: (dR Rj T ( M)arR R
du u u u du
G, =0y =AM —+2— |+2u—=2A+n)—+A—
60 [dR Rj "R ( M)R dR
: . 2K, K,
which allowes the stresses to be writtenas: 6, =K, ———~, 6, =0, =K, +—
R R
Notethat €, = ———2Y_ K, , ¢, =52
2u(l+v) 21
13-21.
i 2K K
From Exercise13-20 = o, = K| _R_32 , G, =0, =K, +R—§
Boundary Conditions on problem (raduis of cavity taken as a) :
2K 2K
0x(a)=0=> K, -—*=0= K, =—*
a a

op(0)=0,(0)=0,(0)=S =K, =S = K, =84°12

3 3
.. the stressesaregivenby: ¢, = S{l—%} Oy =0y = S{1+ 2R3}

Omax =04 (@) =04(a) = gS — Stress Concentration Factor = K =

N | w

From section 8.4.2, the corresponding two - dimensional result was K, ,, = 2
So K, , > K, , which s to be expected since a three - dimensional domain has
an additional dimension to relieve or reduce the stress concentration.

Copyright © 2009, Elsevier Inc. All rights reserved.
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2K K
_R32 , G, =0, =K, +R—§

Boundary Conditions on spherical shell problem:
Ox(R)==p1, 0x(R,)=-p, =

From Exercise13-20 = o, =K, —

R’ - p,R} — )RR
K, :%, K, = (P, 1302) ~—2 and the stresses become
Rz _Rl 2(R2 _Rl)
o = p1R13 _szS _ (p, _pz)Rfsti
R 3 3 3 3 3
Rz _Rl (Rz _Rl) R
_ _ PlRl3 —p2R23 + (p, _Pz)RfRS 1
Ce =00 T Rs g 2(RP—R®) R°®
2 1 2 1

For thespecialcase: p, =p, p, =0

R3 R: R3 R:
Cr = fla 1__23 1Oy =0g = 31913 1+ 23
R} — R} R R} - R 2R

Copyright © 2009, Elsevier Inc. All rights reserved.
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13-23*.

From Exercise13-20:

2K K

RS
1-2v _K,

2u@+v) T 2u

Inclusion Problem Boundary Conditions :

C
u:ClR+R—§, Cr :Kl_

with C; =

6, (@) =S > K, =85 = C =2
2u(d+v)
u(a)=0= Cla+C—§=O = C, =-C,a’® =K, __iza Sa®
a 1+v
1-2v a° 1-2v d°
=S5]1+2 — |, =0,=35|1- —
o { 1+v R3} % =% { 1+v RJ
Forthecase withv=1/2:6, =06, =04 =S
On the boundary of theinclusion R =a :
o, =8| 1+2172 :3(1_V)S,G¢:cse:S 1-1z2vi o3V g
1+v 1+v 1+v 1+v

MATLAB Plots of boundary stresses :

c /S

N
T
|

Dimensionless Stress
=
= Ul
|

0.5

6/S,c /S -
P )

| | | | | |
0O 005 01 015 02 025 03 035 04 045 05
Poisson's Ratio

Copyright © 2009, Elsevier Inc. All rights reserved.
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Given stress relations for the spherical cavity problem with tension S along z direction :

y G¢(a,¢:0)=_3+i
ZT //’ 2(7 -5v)
27 —15v
c.(a,z=0)=
_____ e 2(7 -5v)
g B R
S - 15v -3
-------- p=m/2) =2
' Oolab=112) =57 "5

(a) Tension S along x and z directions :
Cmex =0.(a,z=0)+0,(a,=0)
_ 27-15v 3+15v 24-30v
S 2(7-5v)" 2(7-5v)"  2(7-5v)
(b) Tension S along z and compression x directions :

Omex =0.(a,2=0)-0c,(a,06=0)
_ 27_15VS+ 3+15v g 15
2(7-5v) 2(7-5v) 7—-5v
which also correspondes to a pure shear far - field loading
(c) Tension Salong x, y and z directions :
Omex =0.(a,2=0)+0,(a,0=0)+0c,(a,0=m/2)
_ 27-15v g 3+15v g 15v-3 S 21-15v S—3S

= - + = =
2(7-5v) 2(7-5v) 2(7-5v) 2(7-5v) 2
which matches with results of Exercise13-21.

Copyright © 2009, Elsevier Inc. All rights reserved.
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Use the Morera stress function with @, = —%chyl, D, = —%zq)yz y Dy = —%qu) , O =0(x,y)

Gy =-2Py23= (Z¢,z),23 =02
Cp=-20zy= (Z¢,1)‘31 =0

Oy =-2M1p1 = VV2¢ = V(0 +0y)

1 1 1 1
G, =- D133 T Dogr3 T D1z o3 = _0"‘[__2(1),2) +(__Z¢,1j =050 =0
2 1 2 s 2 2

1 1
GOy =-My311t Dz T Do = _(_Ezd),zj + [_ Ezq),lj +0=0
11

21
1 1
Oy =-Dant Dt Dp=— _Ezq),l +0+ _Ezd),z =0
22 12

.. stresses are given by the usual form of the Airy stress function ¢(x, y)

Copyright © 2009, Elsevier Inc. All rights reserved.
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2 2 2
6ey+8exz o°e,,

ox> oy’ oxoy

and for plane strain using relation (7.2.2) this would give

o’ (1 v o° (1 v 0° (1+v
——|=0,~—=0, |[+=35|=0,——=0, |-2—— T,y |=0
ox“\ E E oy“\ E E oxoy\ E

Introducing the usual Airy stress function gives

o° (lazq)_lazq)} o’ (£52¢_152¢]+2 o° (l+v 0’ ]z

ox*\Eox* Eoy*) oy’\ Eoy* Eox° oxoy\ E oxoy

We could also simply start with plane strain relation (14.1.5) and use conversion Table 7 - 1.
For the special case of E = E(x) and v = constant :

2 2 2 4 4 4 3
62 100 v 100 v 06 . (108 (1)) o
ox“Eox® Eoy Eoy® E ox“oy E ox“oy® oOx\ E )oxoy

a¢ '), ( )as¢+az[ Jaq) ,v 0% —2va(lj %
ox* 6y 8x ox®  ox? ox*  E ox’oy? ox\ E ) oxoy®
_ _( 1 3% a 0%

ox? E ox 8y ax axa

oo Hoa “( Ja orl2)5t 2nE 0=
Elax " axzay ax ox2 ox2  ox*\E)ay®? ~ox\E)oxoy?

5¢ GK) 5¢ 5¢ [jﬁ_%_vﬁ_% _0
E ox? ay T\ E )\ ok oy?

The governing compatibility equation is

x 6x26y

Copyright © 2009, Elsevier Inc. All rights reserved.
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ou
—+
OX
c, =(k+2p)%+k
u ov
_+_

e
v “H oy T ox

o, =(A+2p)

j , 1(x)

x@ =(k+ 2)ua—u+ Ku
oy OX

ou_
OX

ov

oy
ou

ov
K+2)u—+k
( )“ay Mo

= o (1+ax), A(x) = ku(x)

Using the new form of Hooke's in equilibrium equations:

do, %:03
ox oy
i(k+2)ua—u+ku@ +iua_u+@ =0
OX OX oy) oy oy oX
2 2 2
u, (L+ax) k@+263+ag+ ov +poa(k8+28—uj=0
OX ox° oy® oxoy OX
Ty Oy g,
ox oy
2 2 2
u, (L+ax) k@+28\2/+a\2/+ ou + 1,8 6_u+@ =
oy oy® oOx° oxoy oy OX

Copyright © 2009, Elsevier Inc. All rights reserved.
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v = constant, E(x) = E e* :ﬁ_aE e® =aE :>lﬁ:a:>i2§=i
OX E ox E-ox E
1
ex :_(Gx _Vo-y) :E(d),yy _V¢,xx)
1
ey __(Gy_vcx :E((I),XX_V(I),W)
1+v 1+v
= Ty =~ (I),xy

0%, 0%, _0O%,
2 T2 T =
oy OX oxoy

0 o * [ 1l+v
ay ( ((I) ¢xx)j+_( ((bxx V(I),yy)j=2 ay(_?(l),xyj

1 oE _ 1 1 oE
E((I),yyyy_vd),xxyy)-'_&[g(d),xxx_V(I),yyx) E2 ox ( ,xx_vd),yy)j_ 2(1+V)[E¢,xxyy Ez ox ¢xyy)

Compatibility Relation :

l((I)yyyy - V(I),xxyy) + é(d),xxxx - Vd),yyxx - a(¢,xxx - V(I),yyx))_

E
=- 2(1+ V) (¢,xxyy - a¢,xyy) =

%((I),xxx — V(I),WX - a(¢,xx - Vd),yy)

e—

Vi — 2a (V¢)+aV¢ a(1+v)—

IR

Copyright © 2009, Elsevier Inc. All rights reserved.
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For the hollow cylinder problem the displacements were given by : u=Ar"(""¥/2 4 g/
Using the relations for the stresses gives

G, = E . d_U+VE _ E . —(n+k)+v (-2 g (_n+k)+v pnek2)/2
1-v°|dr r| 1-v 2 2

5, = E . E+Vd_u _ E . 1 (n+k) Vjr—(n+k+z)/z_|_B 1- (_n+k)v p(Cnek=2)/2
1-vor dr| 1-v 2 2

Boundary Conditions:

O, (a) = pi = A(— —n k- ZVJa(n+k+2)/2 + B(—_ n +|2( * ZVJa(mkz)/Z = —1_V2

2 E Pi
s, (b) = p, = A(— nrf=ey kz_ ZVJb*“**Z”z + B(—_ n +§ t2v )b<-“+k-2>’2 _imv _EV2 P,
Solving the two equations for Aand B =

L [_ n +|2( + Zvj(pib(—mk—z)/z B poa(—n+k—2)/2)
-V
A —
E (_ n+k—-2v j(— n+k+2v j(a—(n+k+2)/2b(—n+k—2)/2 _ a(—n+k—2)/2b—(n+k+2)/2)
2 2
1— 2 Z(p_b(—n+k—2)/2 —p a(—n+k—2)/2)
= E (_n k4 2V)(a—(n+k+2)/Zb(—n+k—2)/2 . a(—n+k—2)/2b—(n+k+2)/2)
1—y?2 2(p q (k22 _ p_b—(n+k+2)/2)
B — o] 1

E (_n + k + ZV)(a—(n+k+2)/2b(—n+k—2)/2 _ a‘(—nJrk—Z)/Zb—(nJrkJrZ)IZ)

Back substituting into the stress realtions gives
a—n/Zb—nIZr(—Z—k+n)/2

=— o [_ Q<R @k p, + a" 222 pork 4 g(@Hrzpns2 D, (bk _ rk]
o - a—n/2b—n/2r(—2—k+n)/2 (a(2+k)/2bn/2 pi _ a.n/2b(2+k)/2 po)rk (2 + kV _ nV)
0 b* —a* K—n+2v
k/2pk/2 (k+n)/2 (k+n)/2
. a b ¢ (—ab™ ™" “p, + "™ “bp,) (-2 + kv + nv)
K+n-2v

Copyright © 2009, Elsevier Inc. All rights reserved.



14-5.

From the general solution :
a—nlzb—nlzr(—Z—k+n)/2

_ k+n/ 2 (2+k) /2 N2 (2+k)/2 k (2+k)/2}5n/2 k k
G, == oo [—a b p, +a" b pr* +a b™p;(b —r]
N/ 2} —N/2 . (—2—k+N)/2 (2+k)/ 2} n/2 N2 (2+k)/2 k
- 2 b~ et @ " p, —a" b p )re (2+ kv —nv)
’ b* —a* k—n+2v

. ak/2bk/2(_ab(k+n)/2 pi + a(k+n)/2bpo)(_2 + kV + nV)
K+n-2v
For the special case of internal pressureonly: p, =0 =

q "2 "2 p(2kn)i2 p_a(2+k—n)/2

_ (2+k)/2}n/2 k k] (~2+k+n)/2 K, (~2—k+n)/2
G, =— bk_ak [a' b p|(b =r ]__ Ibk—a.k [(r _b r ]
o - a—n/2b—n/2r(—2—k+n)/2 (a(2+k)/2bn/2 pi)rk (2+ kV _ nV) I ak/ZbKIZ(_ab(k+n)/2 pl)(_z + kV + nV)

‘ b* —a" K—n+2v K+n-2v
2+k-n)/2
_ pia( M2 24 kv —nv p2ekmyz 2-kv-nv bk p(-2-kem12
b*-a* | k—n+2v K+n-2v

14-6.

Withk =vn? +4—4nv = k? =n? +4(L—nv)

For thecase with0<v <1/2,n>0 :MZkzm
M—2+n2—2+k+nZM—2+n =
—2+k+n>0 (equality with n =0)

—Vn*+4-2+n<-2-k+n<—J/n*-2n+4-2+n=
—2—-k+n <0 (equality with n =0)
2 <2+kv—nv<2+(k—n)/2 2+kv—nv

>1 (equality with n =0)

k-=n~ k-n+2v = k-n+1 k—n+2v
2 _ 2—kV—nVS2—(k+n)/2 = 2_kv_nvsl(equalitywithn:O)
k+n Kk+n-2v k+n-1 K+n-2v

Using this results in relations (14.2.7) it follows that 5, <0, 6, >0

Copyright © 2009, Elsevier Inc. All rights reserved.



14-7.

Use the special solution for the case of internal pressure only and letb — o

p_a(2+k—n)/2 |2
c,=— i ) - [(r(—2+k+n)/2 _bkr(—Z—k+n)/2:|_) _pia(2+k—n)/2r(—2—k+n)/2 — _pi “
b —-a r
2+k-n)/2
_ pia( 224+ kv —ny (c2kemyz , 2—Kv—nv bk -2k
Gy =" r o Dbr
b* —a K-—n+2v K+n-2v
(2+k-n)/2
i 2=kv—=nv 2—-kv—nv(a
N pia(2+k mi2 e RV TV (k)2 i AL A e
k+n-2v k+n—-2v \r

1 2 3 4 5 6 7 8 9 10
rla
1
v=025 |
Il Il I T
6 7 8 9 10
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14-8.

For thecase v=0andn=3= k =13 >n
Solution is given by relations (14.3.11)

c, =0, o, =pw’r

Displacement solution follows from (14.3.6) :

2,3
- _ ®'a
u(r) :/\/F (n+)/2 | gr(13-3)/2 p - -

0

po’a’

u(0) = >0

0

14-9*.

MATLAB plot of hoop stress in rotating disk problem

0.9+ 4

2

0.8 4

2
po a

0.71

0

c /

0.6 \n=-0.5 4
0.5+ 1

0.4 "=0 .

T R —

~——
——————
——
~~

0.3+ n=0.5

-
-
~~~~~~
~—

0.2+ n=1 i
n=2

Dimensionless Stress,

0 | | | | | | | | |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Dimensionless Distance, r/a

Similar to the radial stress behavior, the hoop stress becomes unbounded at the origin
for the case with n < 0, while for n > 0, the hoop stress goes to zero at the origin.
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14-10.

For the case with 6, = o, relation (14.3.2) = (;—l: =%

Intergrating gives the displacement soluton u =C,r

Using Hooke's law = o, = E(Zr) d_u+v(r)£ :_ClE(r)
1=vi(r)Ldr rl 1+v(r)

Using equilibrium equations : dde + 90 7% 4 hpr=0= i(ﬂ] = —po°r

r r dr {1+ v(r)
Intergrating gives the soluton: o, = GEM _ —po’r’+C,
1+v(r)
242
Using the boundary conditon o, (a)=0 = C, = pw @
and.. E(r) :ipwz(az —r?)
1+v(r) 2C,

Copyright © 2009, Elsevier Inc. All rights reserved.



14-11.

5, =6, +8,)+ 2ue, _2ua—“+x(a“+@ Mg, g MW
OX ox oz 0 ox oz
2uv
oy My gl ooy M l-2vg o [ MV g o) Mg
ox 2u OX 21 ox 1-2v OX
where v* =
—2v

Likewise for z -component:c, =A(e, +e,) +2ue, = Zu(z)(é—a\:’ +v *8)

=206, - u(z)[a—“+@j —u(2)9
0z OX

oo, Ort,, 0 x ow )|
8X 82 0:>a {2u(z)[—+v SH { (Z)[az axﬂ 0=

ZM(Z)(a—u+v @]+ ()(8 ! 82Wj+dp(z)(a_u+@J:O:

15) 0z%  oxoz dz \oz ox

Vau+ 1+ 2v*) 1 du() (au éwj

OX p(z) dz \oz
Likewise: 72 {H(Z) } E{ZM(Z)(@w*gﬂ ~0=

aX OX 0z oz

\Y W+(1+2v*)— _2 du(z) _+V*8j20

oz wiz) dz \oz
Special case : p(z) = pe* = Au(z) _ ape” = 1 du(z) _

dz u(z) dz

Thus the equilibrium equations reduce to :
ou awj
+ =0

Vu+(1+2v*)—+ ( —
OX 0z 0OX

Viw+ (1+ 2v*)—S+ 20{@+V*8j =0
0z 0z
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14-12.

ou ou. u . ou

ou. u, au ou
=\(e, +e,+€,)+2ue, =A| —+ L+ — |+2u—L=2u—+A9, 9=—TF+L+—=
O =Me tegTe,)t2ue, (ar r azj Mor = o o r oz
2uv(z)
o Mo Ag gy M 1m2v@) g g [ V() g zzu(—8“r+v*(z)sJ
or 2n or 2u or 1-2v(z) or
ou, u, au ou ou
=\(e, +e,+€,)+2ue, =A| —+—L+—= [+ 20—+ =2n—=+A9
GZ (r 0 z) Mz (ar r azj “’az Maz
P =2u(%+v*(z)9]
oz 2u 0z
ou, u, au u u
o, =M€, +€,+€,)+2ue, =\ —+—+—=|+2u—L=2u—L+A9
o r oz r r
u A u
= 2p(—'+—8) = ZM(—'+ v*(z)Sj
r2u r

ou, ou
+

=2ue, = —L
Tor ne,, H( oz arj
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14-13.

Using transformation (14.5.5) into governing equation (14.5.4) =

sbales o abali)-5bal) -
AEs el {E S
e 3

ox ox  2,/u ox
Jﬂ[aaxw ”2’] 1[2 - ﬁ(uxﬁuw)}b

1
VAW +§(2—H(ui + 1Y)~ b —uyy)W =0
Separation of Variables:W = X (X)Y(y) , u=p,p(x)q(y) =

l/ " 1 1 1 14 14
1, PA(X"Y + XY )+2[2H o0 (R2p?9* +pip*a?) —p,p q—uopq)W=0

Divide through by p, pgXY =

X +Y_+£p_2+_q2 1£_£q_:oz>
X Y 4p° 49 2p 2q

" 12 " " 12 "
X" 1p 11:_(Y_+1q_ 1q

X 4p° 2p Y 49 24

2
X, + N (17 [ TV | 0Y+—n+ Y —Eh Y=0
4ip) 20p 4\ q 2\ ¢

J constant=-n?=

Copyright © 2009, Elsevier Inc. All rights reserved.



14-14.

Using the functions, p(x) =e“", q(y) = e

2 2 2 2
Zid f_l(ld_pj cam lp-%_,
pdx® 4 4

p dx 2 4 °
1d%q 1(1dq) 2 q 2
2_ (21__ __q =bo B___(B)ZzB_zbo
qdy” 4{qdy 2
14-15.

For the circular section case, we have axisymmetry, no warping displacement and the
section rotates as a rigid body = u, =u, =0, u, =arz

. : r
The strains then follow from relation (A.2)as e, =e, =, =e, =¢,=0, ¢, :%
The stress can then be calculated using (A.8) ¢, =6,=0, =1, =1, =0, 1, =aur

For the axisymmetric case:
0 _dor _xd o _dor_yd

ox drox rdr'éy dréy rdr

O(1o0|, 0(1o0)_ ,, _xdf1xdp) ydflyde) ., _
ox\pox) oyluoy rdriprdr) rdriprdr

x2+y2i(1ld¢}rlxd¢dx lydpdy

Bl SIS e T =
r driprdr

urdrdr prdrdr

i[ij%‘Fil@"i—id—Zd) — —ZOL — 11(1%] — —2(1
dr

w)dr prdr pdr? rdripdr
e |(ee) (@)2__ (ﬁ@f (l%jz__%
For =Y Ta T T J(axj o) T Wrar) "rar) T ar
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14-16.

From relation (14.6.9) = E[L@j =-2ar
dr{ pdr

Integrating = roe_ —ar ’+C, = 9o _ —ouur Lo
ud dr

r

=

r
b= —ocj u(r)rdr + CJ# dr+C,
Asdiscussed in text, C, =0, and boundary condition ¢(a) =0 = C, = ajap(r)rdr

~.solution is (r) = ot jj‘gu(g)da
do

Ty, =——— => Ty, =OIu(r
0z dl’ 0z H( )
_ _ 27 pa 24y as
J _T/OL_FIOTQZIF dr _ZnIOr u(r)dr
14-17.

Using the gradation model : u(r) = Mo(l-i-ﬂ rj , solutuon (14.6.11) gives
a

a a n m
o(r) = o enE)de = oy, | a(1+—a] de
r r a
For the m =1 case, this easily integrates out to
r3

Mooy BN p
o) =% (2" - 1)+ B (@2 - T

while for the m = —1 case, gives

o) =paf = da=uoo{%&—(%j Iog[1+§&ﬂ

1+-¢
a
1+Er

a aY a? (aY
=—p,0f —r—|—| log +p,0) ——| = | log[L+n|
n n a n n

Using relation (14.6.12), = 1, = aru(r) = uoar(1+ﬂrj
a

a

r

Copyright © 2009, Elsevier Inc. All rights reserved.



14-18.

Using the gradation model : pu(r) = uoe_gr , solutuon (14.6.11) gives

n a

a a_ n e_g
o) =of Eu(E)de = an, [ ge g =ap, (—g—ljm

n 2
—r[ar (a]] 2(1 1]_n
=H 08 f | —+| —| |—p 0| —+— [
n n n n

Using relation (14.6.12), = t,, = aru(r) = p,ore @

14-19.

Relation (14.6.12),: t,, = arp(r) =

% =arp'(n)+ap(r)=0=r,=- u’(ro)

, Where r, is location of max stress point

0

u(r)

Sincer<a= p'(r)<—-——=
a

m m-1
Using the gradation model : u(r) = u{l+2r} = u(r)= Mom(gJ(ﬂgrj =

r :—“(r") :—m(1+ﬂrj(3j:> r=-— a
() a’An ° n@@+m)

Using the gradation model: p(r)=p.e @ = p'(r) = uo(gje_ar =

uwr,) _a

() N

0o —
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14-20.

Using the gradation model (14.6.13), : u(r) = uoe?r , the torsional rigidity is

B 3 2T ra 2 a4 B a 4 —gr
J —T/G—FIO%J dr _anor u(r)dr_Znuoj'O readr

K r3 3r? 6r 6 J —”T
=27, - >+ 7~ s le?
(-n/a) (n/a)® (-n/a)” (n/a) .

Forsmalln:e™ =1-n+2——...>1-e"=n-" 0 ..
2! 21 3

2 3 2
H“H7?]£(zi£j@7ﬂ
11 ma‘p 4n
~2mpa’l =-=n+0(n®) | ——2|1-—+0O(n?
WOLS ()}2{5()}
na'y,

For the homogeneous case, n =0, and thus J = which checks with previous study
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15-1.

Using complex variable methods, choose the potentials

L PN | Yo
v(z )—4 (0 )|09 , w(z) 4l ) log
2u(u +iv)=xy(z) —zy'(z) —y(z) = (for planestrain case)
u+iv=_(3- 4v)—b logz+z ib 1 logz
8n(1—v) 8nl—v)z 8n(l—v)
@4 O ) o 6)+M(c0529+zsm26)—M(Iogr—ze)
8n(l-v) 8n(l-v) 8n(l-v)
Check cyclic property
. ib N b B _
[u+iv]l, =(3- 4\/)8 (1_ )( i) — m(—Zm)— 4(1—\/)[(3 4v) +1] =

Separating real and imaginary parts =

b
u= tan -+ y 1 ny 7 + z
27‘C X 2(1—v) xX“+y 8n(l-v)

v=—"|tan* L4 ! zxy - b,
21 x 20-v)x“+y

2 2
{(2V—1)|og(x2 + 1)+ _yz}
x +y

2 2
+ 1-2v)log(x?® + %)+ ——2
8n(l—v) [( vlog(x™ +y7) x2+y°
Stress Field
G +o —2( '(z)+T2)j—4Re b 11__ B sino—b. coso)
o=y ! An(l-v)z| mwr@-v) g
Gy—Gx+2iTxyZZ(Z'Y”(Z)‘F\V'(Z)): m[b 3le+beile]
=——[b cos30+b,sin30+b, cosO—b sme]
2mr(1-v)
—[b cosO+b, sinO—b cos30+b, sm36]
2mr(l—v)
G,—GC, = —[b cosO+b, sinO—b cos30+b, S|n3e]

o7 2nr(L—v)

T, = —[b cos30+b,sin30 +b, cosO—b sme]
T 4r(1-v)

G, = —[Bb sinO—b, cos6—b, cos30+5, S|n36]
dr(l—v)

c ——[b sin6—3b, cos0+b, €030 — b, 5in 30
T Anr(l-v)
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15-1. Continued

Expressing the stresses in terms of Cartesian coordinates =

2 2 2 2

0, =5 [p, 2B )y X o)
2n(l—v) (x“+y9) (x“+y9)

2 2 2132
v B I L
2n(l—v) (x“+y9) (x“+y9)

o x(x* =) oy’ —y?)

Ty = bx 2 N2 T y .2 2y2
2n(l—v) (x“+y°) (x“+y°)

Copyright © 2009, Elsevier Inc. All rights reserved.



15-2.

Edge Dislocation :

_ 2
u:i tan? 2 4 1 ny 5 ,V=—i L2V log(x” + y*) ~ - zy 2
21 x 20-v)x“+y 2n| 4(1-v) 20-v)x“+y

Cyclic Behavior : [u],. =Zi{tan‘1 X} =b,[v].=0
T X e

Strain Field :
o Ou_bl y 1 ey y-2afyl by 1y -x)
Yoox 2m| xP+y? 2(1-v) (x* + y%)? 2| x*+y* 2(L-v) (x* +y?)?
b 2 2 y(yz _xz) b 2 2 2 2
= - +y7)+ = -x°)-2(1- +
ZW{ y(x"+y7) 20V |~ amr i) [y(y™ =x7) = 2(1=v)y(x" + )]
. _ov_ bjl-2v 2y 1 (x* +y*)2y -2y°
Yooy 2n| 4(1l-v) x> +y° 2(1-v) (x* +y?)?
b | 1-2v 2 2 yx° b 2 2 )
=— +y°)— =— 1-2 +y°)-2
2mr {2(1—\;) YY) |7 a2V ) m 2]

1(ou ov b X 1 x(x*=y?) b|1-2v 2x 1 2xy°
ey =Sl Tt T 2 2t 2 22 | 2 >t 2 272
2\0y ox) Am|x"+y° 2(1-v) (x"+y°) An| 4(Q-v) x"+y° 2(1-v) (x"+y°)

2 2 _ 2
b4{x(x2+y2)+x(x Y )}_ b {1 2v x(x2+y2)+ Xy }
nr

2(1-v) 4t | 2(1-v) 1-v)
b 2 2
=—x(x" -
At (1-v) ( )
Plane Strain Stress Field :
2uv b b 3x% + y?
c, = a (e, +e,)+2ue, =—4—Hy(y2+3x2)=— B y(z Zyz)
1-2v 2nr" (1-v) 2n(l-v) (x“+y°)
2uv by 2 bp  y(x*—y?)
c, = e .+e, )+ 2ue, = x° = =
PRy e e = Y T Sy Gy
b b x(x? - y?
e et (LI PR L
2nr* (1-v) 2n(l—v) (x°+y°)
In Cylindrical Coordinates :
G, =0,C08° 0+, sin’0+ 2t sin 0c0s0=——* sing
! Y 2n(1—v)r
c,=0,sin°0+c, Cos’ 021, sin0cos6=—— M sing
g Y 2n(l—v)r
1, =-0,5iN0c0sO+ o sinOcosO+ 1, (cos’ O—sin® O) b ase
’ 7 Y 2n(l-v)r
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15-3.

Screw Dislocation :

u:v:O,w:itan’lz

2n X

Cyclic Behavior :[w],. = Zi{tan1 X} =b
T c

X

Strain Field :
low b X 1ow b y

ex:ey:ez:exy:()’eyz:__:_ 2 > ’exz:__:__ 5 5
200 4dnx"+y 2 Ox An x“ +y

Stress Field :

c,=06,=0,=1,=0

bp x bp y
T,:2e = ’TXZ:2 exZ:__—
= = Wy 21 x° + y? H 21 x° + y?

In Cylindrical Coordinates :

6, =0,C08"0+0,sin*0+2t, sinBcosO=0

6, =0,sin*0+0,cos’ 6 -2t sin6CosO =0

c.=0

T, =—0,5iN0C0sO+ 0, sinBcosO + 1, (cos’ O —sin’ 6) =0

b_u[rcoseCOSeJr rsmesine} bu

Tg, =T,,C0SO—1_ SN0 =

27 r? r? 2nr

T,=1,.8IN0+1_ cosezb—“{rcosesine— rsmecose} =0

2 2
27 r r
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15-4.
Stress Solution for Edge Dislocation :

G, =0y = —b—Bsine ' Tro =b—Bcose
r r

Sum Forces on Cylinder of radius a,

D F = IOZH (ac, c0sO — at , sin 0)dO
2n
= —ZbBJ‘0 sinBcos06do
2n
= —bB[ "sin20d0 =0
0
DY F = jzn (ac, sin 0+ at,, c0s0)dO
y 0
= ijOZﬁ (—sin® 0 + cos® 0)d0

27
- ijo 052040 =0

15-5.
Stress Field for Screw Dislocation :

Y :GezczztrGZTrzzo’Tez:

r

T = Ijhrwwﬂﬂr—jjhubmﬂﬁ—uQ[nh_

15-6.

Strain Energy Density for Screw Dislocation :

1 1 pb®

U=—-1
g foto: =502

TrodO

pb
2nr
On the ends of a cylinder of finite length, T, will not vanish,

and the resultant twisting moment is given by

uba’®
2

dh

Strain Energy for Screw Dislocation in Region R, <r <R :

—j j Urdrde_—zj “b

2
:&log&
4n R

c

SCI ew
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15-7.

Stress Field for Edge Dislocation: ¢, = o, = —b—Bsin 0,1,= b—Bcose
r r
Strain Field for Edge Dislocation (Plane Strain) :
r 1+v[(1 Vo, vce]—l+v(1 2v)s, 1 ZVG,Z 1- 2vb_Bi 0
21 2u r
& = 1-V)o, - vo, 1= T2 - 2v)0, = 2o, =22 Ping
E 2u 2u r
1 bB
Y, =—T,=—00S0O
u pr
Strain Energy Density for Edge Dislocation :
. 2p2 2p2
U= E(G,,e,, +Goey +T,0Y,0) = 1-2vb Zj sin’ 9+b—Bzcos2 0
2ur 2ur
22 2p2 Y
_D'B —(sin” 0 + cos® 6)—Xb ? sin 0= 28 —(1-2vsin® 0)
r nor 2ur
Strain Energy for Edge Dislocationin RegionR, <r <R, :
2p2
W = [ [ U rdrdd = DB 2 %1 9ysin 6)drdo
0 JR, 0 JrR p
2 2 2
:b 2n(l— v)Iog Llog&
H R, 4n(l-v) "R,
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15-8.

KelvinState with Unit Loads: ¢* =0, y;'=-C i , whereC = 1
R 8n(1-v)

2uuit = @40, w), -~ 40y =-CC), +ac-) o = [ 2 (3-an) o j

u = ZER(X i L+(3- 4\/)8,&)

Gij =0, - vy, — (- ZV)(\V?J‘ + \V?,i) + X, \VZ,;'/

o Oka X X o Sia X o OjuX; o
Wk,k:C%:CF’Wi,j:C jo ’Wj,i:lez—s’Wk,ij:_FSkaxx + 36ka6z/:>

. C [ 3x,x.x;
o =—w5| — +(L=2v)(&i x; + 80X — 85 X,,)

For thespecailcasea, =[0,01]: ¢ =0, y; = [0,0,_%} =

u’ = L[—+ (3—4v) 8,3]
2uR\ R
. C zx Cx . Cz -_ C 2
ux:——2=—3,uy=—y3, 2+(3 4v)
2uR R 2uR 2uR® T 4R\ R
. C 3zxx
. C ( 3zx? C 3zy B C (37
o’ :—RS( 2 (= 2v)zj = RS[ 22 —(1—2V)ZJ , O, :_F(R -(1- ZV)ZJ

Xy R3 RZ RS v Yyz RS R2 R3 R2
Using the displacement vector transformation relations(B.8),
2C(1-v) cos¢
n R
C(3—-4v)sind
21 R

2 2
» =_£32xy=_3szy - =_£(3Z y+(1—2v)yj, - =_£[3Z X L 2V)XJ

up =u;singcosO +u; sindsinO +u; cos¢ =

U, =u; CoSCosO +u; cosdpsin® —u_sing=—

Uy = —u; SiN0+u; cos0=0
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15-8. Continued

Using the stress transformation relations (B.9),
G, = 0% sin” ¢cos’ 0 + o sin® ¢sin® 6+ o7 cos” ¢
z a2 H Z H Z
+217,sIn" ¢sin 6cosO + 217, sin ¢ cos ¢psin 6 + 217, sin $cos ¢cos 6

cos ¢
2

=-2C(2-v)
6, = G- C0s” $Cc0S® B + o° cos® hsin® B + o~ sin® ¢
¢ X y z
z 2 - z - - z -
+21, c0s” ¢sinBcosO — 2t;_sinpcos$psin O — 2t sin ¢cos ¢coso

cos ¢
2

=C(l-2v)

G, =07 sin* 6+ o7 cos® 6217 sinBcos6 = C(1- ZV)&S})
R

Tgy = 07, 5INCOSPCOS” O + 7 sin$pcos$sin® 6 — o7 sin hpcos ¢
Z o« H z H; 2 H
+ 217, singcossinBcosO —t7_(sin” ¢ — cos” ¢)sin O
z =2 2

—12,(sin“ ¢ —cos” ¢) cos 6
sin¢
R2
Tyo = —O, COS$SINBCOSH + 67 cos hsin Ocos 6 + 17, cos §(cos’® 6 —sin® 6)

=C(l-2v)

—1;,Sin¢CcosO + 17, sin¢sin O
=0
Top =0, SiNSINOCOSO + o7 sin ¢psinBcosO + 15, sin ¢(cos® 6 —sin” 6)
+1;,C0s$pCcos0O 17, cos¢sin0
=0

Copyright © 2009, Elsevier Inc. All rights reserved.



15-9.

. Y _ 1
Center of Compression : <|>"=—;1 W =L_3
21-2v) R 2(1-2v) R
. x, (1 X;
Noting that R® = x, x , R, = (EJ,« =
0 o 0 3 1 1 1 2(1—\/) Xi
2uu = (¢ + =41 -V)y = - — 4 —| = Xi
Muz ((I) xk \Vk),z ( )\Ill ( 2(1_ 2V) R 2(1_ 2V) R]’i (l_ 2V) R3

1 EL_ZO;WJi__fL
(1-2v)R® (1-2v) R* R®

X

u. =
i 2“.R3

3x,x, 9,
i =l 2| =0 e =l up )=~ -k
2u\R"), o2 2u R R

. . , 3xx; 6, 1 (3xx
G”ZKekk8U+2ue”:T—F:F ?_Sl]

For spherical displacement components, use transformation relations (B.8)

o i

up =u; Sin$cos0 +u; sin$sin O +u’ cosd = —

2uR’®
uy =u, COSHPCos0 +u; cospsin®—u’sing =0
ug =—u;sinB+u;cos0=0
For spherical stress components, use transformation relations (B.9)
oy =o' sin’ gcos’ 0+ c? sin” ¢sin® 6+ 62 cos” ¢
+ 21, sin® ¢sin O cos 0 + 217_sin$cos ¢psin 0 + 217, sin dcos pcos O
2

3

2 2 2 H HJ
G, =G, C0S” $cos” 0+ o', cos” ¢sin® B+ o7 sin® ¢

X

+ 21, cos® ¢sin O cosO — 275_sinpcos¢sin 6 — 212 sinpcoshpcoso

. . 1
o =o' sin* 0 +c¢ cos’ B — 2t sin@cos =——
24 R3

Copyright © 2009, Elsevier Inc. All rights reserved.



15-9. Continued

Ty = 0% SiN$COS PCOS® 6+ 69 sin hpcos hpsin® 6 — o7 sin ¢pcos ¢
- - - 2 2 -
+ 217, sin¢cos ¢sinBcosO — t7_(sin” ¢ — cos” ¢)sin O
—1° (sin* ¢ — cos® ¢) cos O
=0
Tg, = —G' COS$SiNBCOS O + 57, COs $psin B¢os O + 17, cos p(cos” 6 —sin’ 6)
—17.Sin$cos 0 + 17, sin$sin O
=0
Top = —0% SiN¢siN 6C0s 6 + 67 sin ¢psin Hcos O + 7, sin ¢(cos” 6 —sin” )
o o H
+ 17, Cos$cosO — 17 cosdsin 6O
=0

Copyright © 2009, Elsevier Inc. All rights reserved.
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The state for a line of Centers of Dilatation along x, - axis from 0 to ais given by,

"8°(x) = —Ioas ’(X;A)dA , where 8°(x;A) = 8°(x, —a,x,,x;) =

A (N xpe dls b
T e R ) R T (CARV SRR R
zzi(%_%j’wheref?ZJ(xl—a)2+xzz+x§ a”dR:\/m
R
o Xy fa d\ __x_zj” d(x, 1)
B (1 At

°[(x, = 1)* + x5 + 23]

1(1 xx, 1 (x, —a)x, 1 x, (x (x,—a)
:Eiix22+x§’_§ X2t Jzﬁxgﬂg(ﬁ‘ R j

<o Xy [ dh =_ﬁj“ d(x, —2)

Do )Pl T 2070 (- 0)7 4] + x5

_ 1 x (ﬁ_(xl_a))
2u x +x; R R

Copyright © 2009, Elsevier Inc. All rights reserved.
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Isotropic Self - Consistent Crack Distribution Case withv =0.5:
B 45(v-v)(2-V) _ 45(05-Vv)(2-V)
T 16(1-Vv3)(10v—-3vw-v) 16(1-Vv?)(5-1.5v-V)
_450.5)(1-2v)(2-Vv) 9 (1-2V)
T 16(1-v2)(25)(2-V) 16 (1-V7)

9+/92 —16¢(9 — 16¢)

16ev> —18v + (9 —16¢) = 0 , solving by quadratic formula= v =

16¢
Whene=9/16 =
v=0
E 4 16(1-v*)(10—-3v)e _ . 16009 . _
E 45(2 — V) 45(2)16
E_ . 32(1—V)(5_—V)8 L3209 4,
u 45(2 - V) 45(2)16
Dilute Case withv=0.5:
_ 4(v-W)2-v)  _ 45(05-V)(2-05)  _45(1-2V) _
16(1- v?)(10v —3vv —v) 16(1-0.25)(10v-15v—0.5) 8(17v-1)
v 45+ 8¢
90 +136¢
Whene =9/16 =
v=11_ 0207
37
E 45(2 —v) ~ 45(1.5)
E 45(2—v)+16(1—v?)(10—3v)e  45(1.5) +16(0.75)(8.5)¢
S N S Y
1+@s 1+@g 1.85
45 4516
0 45(2 —v) ~ 45(1.5)
w 45(2-v)+32(1-v)(5-v)e 45(15)+32(0.5)(4.5)¢
R Y
1+@a 1+@3 16
45 4516
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15-11. Continued

tios and comparison with isotropic dilute case

MATLAB Plots of effective moduli ra
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15-12.
For Two - Dimensional Couple Stress Theory :

e, =%, e, =@ , e, =@—¢Z, e,xza—u+¢z , With ¢, =1 o _ou
ox oy Y ox oy 2\ 0x oy
d’e,  u 52€y %
o®  yfox | ox? oxoy
Pey 2 [@_4, ) O (v _1fov_ou)) 18" (ov ou) 1f &% | &% )
oxdy oxoy\ox ) oxoylox 2\ox oy 20xdy\ox oy ) 2\ ox’oy  oyox
Gzex 8zey ~ 6Zexy
oy’ ox’ - Ox0y
2 2
Standard principles of calculus = 9. = 9.
Ox0y  0yOx
B _Lfdy Pu) G 0, ) 0fn in a) 10y, S
ax  2lex? axdy ) oax ax\ax 7)) oaxlax 2\ex oy 2\ ox®  Oxoy
0, _%ey e,
ox Ox Oy
o 1[0 gu) G (0 ) 0% Y ar)) 40 o)
oy 2lavox o) oy ovlex ) ovloax 2\ax oy 2\oyox  oy°
o, Oe, Oe,
oy Cox oy
Stresses: o, =A(e, +e,)+(2u+x)e, , 0, =A(e, +e,)+(2u+x)e,, 1, =02n+xr)e, =
1 1
= -V + ! = ) v X + ) ! Fxy = X
= on ) [o, —Vv(o, +0,)]. ¢, 2n ) [c, —V(o, +0,)], €, i)
where v=2A/(2\ + 2u + K)
2 aZ 62 2 2 2
8e2x €2y _2%% :>a—2[csx—v(csx+cyv)]+a—2[cy—v(cx+cy)]=2 > =
oy ox Ox0y oy ’ Ox X0y
620 azcy ) 2
= -vW(o,+0,)= T, +T
ayZ ax2 ( X y) axay( xy yx)
0 0 om_ oOm,
mxz:’yi’ yz:y& == -
ox oy oy ox
0
Now m =y%=y &—% ande,, =;(1xy +1,.),e = [c,-Vv(o,+0)]=
ox ox 0oy 2(2u + x) ’ (2u + «) }
mo=— L w2 O o v, o =1 (x, +1,) -2 o, - v(o, +0,)]
2(2u + k) Ox 7 2(2u+x) oy ox oy ’
where 2= , Likewise for the relation m . = 2/ i[cs -v(o, +0,)]-1° i(rx +1,.)
2(2u + x) ! ox 7 o 77
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15-13.

Couple Stress Function Formulation :

o’d  0*Y 0’0 %Y 0’0 'Y o’®  o°Y
6, =%~~~ 0, =5+t — T, =— - T = +—
oy°  oxoy ox Ox0y oxoy oy oxoy  Ox
_o¥ oY

m\”z - A ! m z T A

oo oy
Using these formsin the equlibrium relations (14.4.7) =
do, O _,_ 00 &Y oo Y

=0= s ——— — =+ > =0, checks
ox Oy ox0y® Ox“0y OxOy~ 0OyoOx
6 a 3 3 3 3
Ty +i=0 = - 62® _0 \Pz + 0 CDZ + 0 \Pz =0, checks
Oox oy Ox“0y 0Oxdy® Oyox“ OxOy
om_ Om, °Y 'Y 9°d oY oD 'Y
—= g -1, =0t~ -+ —— =0, checks
Ox oy v ox*  0y° oxdy 0Oy° 0Ox0y Ox

Copyright © 2009, Elsevier Inc. All rights reserved.
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Couple Stress Function Formulation :

_oo oY o oY o0 oW o 0P
Yot 8x8y RERRPE 8x6y Fa oy oyt " oxdy  ox®
v o

mxz - A m z
ox oy
Using these forms in the compatibility relations (14.4.13) :

2 52
802"+ 62 -V (o, +0,) = (1, +7,) =
oy ox Ox0y
o'o o'y a4q> oY 82(13 a O o'o oY o'd o'W
4 3t 13 3 z - 242 3 a2a2 T 3
oy" oxoy® Ox 8x 6y ox oy® oOxoy® Ox°0y° Oyox

4 4 ‘D 2

aCAI?WLZ 626132+84_v a?+8q) =0= (1-v)V'®d=0= V'®=0
ox ox“0y® oy ox oy*

om_. Om,. 9°¥ 0*¥

= = = , satisfied identically
oy Ox oyox  OxOy

Xz

0 0
m :lza(txy +17yx)—2125[0x -Vv(o,+0,)] =

oV ,0(0¥Y 0¥ 0D , 0|0°® Y [(0*D  O'D
— == =5 —2 20" —| —~— V|t || =
ox ox | Ox oy Oxoy oy| oy® OxOy ox oy

0
a(\y — PV )= 21 V)1 %(vzop)

Likewise using m _ = 21° Q[Gy -Vv(o, +05,)]- I? ;(‘txy +1,) =
v
aﬁ(\y — VW)= 2(1- I~ 0 (v2q>)
Y

Following the suggested differentiations on the top of page 393in text =
YoV =0

Copyright © 2009, Elsevier Inc. All rights reserved.
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Stress Concentration Around Circular Hole - Micropolar Case
Hoop Stress Solution :

T 4, (64, 64 24| 3l 61>
%o 25(1—00829)—r—zl+[ r42 - r44jcosze_l_:|:71Ko(r/ll)+[1+r—;jKl(7’/ll)}COSZG
1
‘11— 2 272
where Al =—za2, A2 =_M , Ay = Ta ' A4 — 4T(1 V)Cl lz ' A5 __ TallF
2 AL+ F) 2L+ F) 1+ F (L+ F)K,(alL,)
2 2 -1
F=81-v)2 4+“_2+2_"M
I Iy 1, K(all)
On Hole Boundary :r = a

T (_ 6T(L-F) 24T(1-V);

G,(a,0) :Z(l—c0326)+—+ 5 c0s 20
2 2 41+ F) a“(l+F)

2
N 2TF %Ko(a/ll)‘i‘ 1_}.% Kl(a/ll) c0s 26
A+ F)K,(all)| a 4

:T+T{_£_6(1—F)_24(1 VG 6FlL, K,(all) 2F  12F } 2

2 4A+F) d*(+F) (@+F)aK(all) @+F) @1+F)d*

_ Y Z: K 2
T —£(1+F)—3(1 F) 24( 2v)l2 6F1, O(a/ll)+2F+12% 0526
1+F| 2 2 a a K (all) a

=T+

But from definition of F = 4 } and thus

K.(all) 24| F 1# = 2
— _ 2 2 _ 2 2 2
o (@o)=T+ | ta,p) =P 240 2v)zz+3F211 8(1 v)1i2_4_a_2 27 +127% | cos20
1+F 2 2 a a F l]_ A a
1ot Lo -3 ) gpop | g1 200820
1+ F 2 1+ F

Clearly this expression takes on a maximum value when cos20 =-1 = 0 =+n/2

2 3+ F
= nml/2)=T|1 =T
(Ge)max Ge(a T ) ( +1+Fj [1+Fj

Whenl, =/, =1=0=

2l a? 24K, (all)] 2
F:8(1—V)li2|:4+l—2+l—ﬁ 28(1—V) 2 1% (a/l) =0=
vl L Kadl) 412 +a* +2al, ~ 1)
' lKl(a/ll)

(Ge)max = 3T

Copyright © 2009, Elsevier Inc. All rights reserved.



15-16.

Constitutive Equations for Linear Isotropic Elastic Materials with VVoids
o, = e, +2ue, +Bo3, , b =ad, , g =—0d—Eb—Pe,

Under Plane Stress Condtions:

o, =Me, +e, +e.)+2ue +B

o, =A(e, +e, +e.)+2ue, +Bo

c.=Me,+e, +e)+2ue, +B0=0= (A +2un)e. =—Po—A(e, +e,)
T, =2ue

xy ! sz :Tyz :0

Using the relation for e, =

—Bp—2Ale, +e,)
o, . =Me +e +
’ A+2u

21 21
+2ue, +Bo =7 +e )+ +2

A+

21 21
G, =\ +e )+ +2
) x+2p(e" e,) 7\,+2uB¢ ue,

Combining these results gives: o, = %(Mkk +B)5, +2ue;, , Wheree, =e +e,
+2u

—Bo—Ale, +e,)

g=-0d-th—Pe, =—0dp—Ed—Ple, +e, +e,) =—w¢—a¢—ﬁ[ex te, +—r
+ 21

A+2u A+2u

=—m¢—a¢—5—2‘"—ﬁ(ex+ey—M]=—co¢—[a i )¢— WP, e

_k+2u A+2u1

Copyright © 2009, Elsevier Inc. All rights reserved.
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For elasticity with voids, the plane stress compatibility relation is the same as that originally
developedin Chapter 7, given by (7.2.6)
O, d%e, d%e

}_2 Xy

+
o o’ ox0y
From the stress - strain relations developed in Exercise14-16
21 (e, +e)+ 2 B¢+2uex=4u(x+u)ex+ Zhit e +ZHB¢
A+2u © 7 +2 A+2u A+2u 7 A+2u

Ao A ], 2uBY
A+2u U 2(h+p) ) A+2u

5 =4u(7»+u)(e LN e} 219

G, =\

YA+ 2u 20 +p) ) A+2u
These relations can be cast in the identical form as the original classical elasticity results
given in Exercise 7 - 6,

o, :m(ex +ve)), o, :m(ey +ve,) , with

5 —c. - 2uB¢o & o - 2uB¢o ’E:u(3k+2u) 5= A
oa+2n 7T A+ 2u (A +p) 2L+ )

Thus the solution for the strains follows as

A

1. .. 1 . L. dal 1 l+v
e, —E(GX —-VG,), e, —E(Gy —-vc,)andalso e, —Z—ery =77 T,
Substituting these into the strain compatibility relation and following similar steps

asin Exercise7-7=>

~ . o’ 26 0°6

Vi(6,+G,)=2 T“W+862"+ Gzy __ B g
g oxdy  Ox oy A+2u

V2(6x+6))+3k+2u 24P 2
P2+ p) A+ 2u

TN+ 20 (A+p) A+2u

1+9) b=

0=0=>

Vi(o,+0,) _ BB g2
A+l

2

Introducing the usual Airy stress function ¢, = 0

v4w_ MB VZ(I):O
A+l

Copyright © 2009, Elsevier Inc. All rights reserved.
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Hoop stress solution for elasticity with voids

G, = Z{[l + ﬁj + COSZO{aZ LG (1 + 3£ﬂ}
2 r F(a) r

F(r):1+h—2{i2+2hK2—(r/h)}:>F¢(r):ﬁ{_£+ 2K2’(r/h)}:>F,,(r):ﬁF+ 2K3(r/ h) }

N|r *Kj(alh) N| r* aK(alh) N|r* a’hK}(alh)
WhenN=1,L=—=2:>h=£:>

2 2

2 2 "
F(a):1+a— i2+§2—(2) ,F"(r):a— %4_%

2a” a'K,(2) 2\r a'K;(2)

From the properties of Bessel Functions:
, 2
K (x) ==Ky (x) - K (x)

K2(x) = Ky () + LK, () + E[Kl(x) L2k, (x>j + 2 K,

Ge(r,n/Z)/T=£{[1+a—jJ—a2m+[l+3a—:j}
2 r F(a) r

From classical elasticity, the corresponding result is

1 a® 3a’
Tl2)IT==|24+—+—
So(rim/2) 2( 2 r4J

MATLABPIots:

3.5 T T

Non-Dimensional Hoop Stress

Classical Elasticity =~ SSsssaq

1 1 i
1 15 2 25
r/a
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Linear Approximation : U(X,Y)=C, +C,X+C,Y

Evaluating at each node =

u(x;, y;) =U, =C, +C,X +CyY,

U(X,,Y,) =U, =C; +Cy)X, +CyY,

U(X5, Y3) =U; = C; +C X5 +CyY,;

Solving the three equations for the constants =

C, :i(alul +o,U, +o5U;) , C, :i(ﬁlul +B,u, +B5Uy) , C; = i(YIul +7,U, +75U;)
where where A, is the area of the element,and a;; = X; Y, =X, Y; > Bi =Y, = Ve » Vi = X — X;

Back substituting these results into the original form for u(x, y) =

1
u(x,y) = E[(alul +a,Uy + 05Uy ) + (ByU +Bou, 4+ BaU )X+ (v Uy +v,U, +75Us) Y]

1 1 1
:_(a'l +B1X+71Y)u1 +E(a2 +Bzx+y2y)u2 +E(a3 +Bsx+73y)u3

2A,
3
= Z Uy (X, y)
i=1
where y, (X, Y) == i (o; +B;X +7;y) are the interpolation or approximation functions

Copyright © 2009, Elsevier Inc. All rights reserved.



16-2.

For the constant strain triangular element,
[K1=h,A[B] [C][B], with

1 B, 0 B, 0 B; O C, C, O
[B]:m 0 Y1 0 Y 0 Y3 9[C]: C12 C22 0=
Vi Bov. Byovs B 0 0 Cg
_Bl 0 Vl_
0 v, B I
0 g, o 4 [Cn G2 OB 0 B 0 B 0
[K]:4;‘e 02 y Bz Chb C OO0 v, 0 v, 0 7,
B 02 Yz _0 0 Ciulyi B va By 75 Bs
3 3
10 v, B3_
B 0 ]
O % Pilgc yc. BC. y.Ch BC, 1.C
h |B 0 v B.C, v.Ch B.C, 7v.C, BCy vCy,
e 2 2
:4Ae 0 v, B B.Chn 1.Cyn B,Ch, 7,Ch BChL 7iCy
B 02 yz _Y1C66 BiCs 7:Cs BiCs 7v:Cq BiCo
3 3
_O Y3 [33_

Blzcll + Y12C66 Biv\Cp +B7Ces BiBLCy +7,7,C

Copyright © 2009, Elsevier Inc. All rights reserved.




16-3.

F
In general, the body force vector is given by {F} =h, J.Q W]’ { " }dxdy

TFX _
[w] F (-

W,

FXWI
Fle
Fx\vz
FyWZ
Fx\l"3
wa3

F

y

| 0 vy, 0 O}T{Fx}
L0 v, 0y, 0 F,

For the case of element - wise constant body forces,

'[Q F,y,dxdy = F, '[Q v, dxdy = %FXAe , and likewise for all other components

LR =R R

F, F, F, FJ

X y

Copyright © 2009, Elsevier Inc. All rights reserved.



16-4.

For the linear triangular element, with constant boundary tractions

WITXn Txn
WlTyn Tyn
T n T n T n
he.[ [W]T Xn dS — heJ. \‘l',Z Xn dS — he L12 Xn
I Ty I \|12Ty 2 Ty
v, 0

\V3Tyn 0 12

n _ n _ n 1 _ hele
Now hej'rl2 v, T,'ds=hT, Irlz y,ds =h,T, Irlz K(OLI +B,X+7y,y)ds = =

Integrals of the other components involving y, and y, follow identical patterns,
while integrals containing the y, terms will vanish since y; =0onT’,.
Collecting all of the integral evaluations =

T,
T,

T" hL, T

h T X dS __e-12 X
J, ] {Ty”} 2 T
0

0

12
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For the isotropic plane stress case :

E Ev E
e = R Ty
For element 1in Example15-1, B, =-1,8, =1,8, =0,y, =0,y, =-1,y, =1,A =1/2 ,h =1
E E
= BIZCII +712C66 = _w s BiviChn +B171Ces =0, BiB,Cyy +7v,7,C = _m > e
and similarly for all other components in the stiffness matrix =
1 0 -1 v 0 — V]
l-v I-v I-v 1-v 0
2 2 2 2
3—-v l+v I-v
. . —_— — V
[K(l)]: E 2 2 2
20-v)| . ' . 3-v I-v 1
2 2
I-v 0
2
— ' 1 -

Forelement2, B, =0,B, =1,B,=-1,y, =-1,y,=0,y,=1,A =1/2 ,h =1

E
= Blzcll +Y12C66 = , BviC, +B17,Cs =0, BB,C,, +7,7,C =0, ...
2(1+v)

and similarly for all other components in the stiffness matrix =

1-v 0 0 _l—v _l—v 1-v
2 2 2 2
. 1 —-v 0 Y% -1
e . . 1 0 -1 Y%
[K(Z)]z - . . . l—V l—V _1—\/
2(1-v7) 2 2 2
3—-v _l—v
2 2
3—-v
L 2

Copyright © 2009, Elsevier Inc. All rights reserved.



16-6.

From Example15 -1, the reduced global system matrix was given by
K§ Ky Ky K [[U.] [T/2
<G K KD vl o
= =
KO +KS KO +KP Uy |T/2
V3

ORe)
K66 + K44 0

[3-v l+v Iy v
2 2 2
3-v  1-v Y, T/2
E | - 5 2 THv| o
2(1-v)| _ 3-vy ||Ys T/2
2 3y Vs 0
I 2
151.8 -69 -414 276 ||U, T/2
0 151.8 414 -1104 ||V, 0
10 =
151.8 0 U, T/2
151.8 ||V, 0
U, 0.492
, V, 0.081 .
Solving the system = = Tx107" m
U, 0.441
V, —-0.030

www.spowpowerplant.blogfa.com
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MATLAB PDE Toolbox: FEA Solution to Biaxial Loading Problem in Exercise 8-14

rrrrr
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«— —
«— —
«— —
I
1000
FEA Model:

(w/d =7, 2792 Nodes, 5376 Elements)

—
\} oy - Contours oy - Contours
Comparison of oy Results: Comparison of oy Results:
FEA Solution: (c,)a =200, (cx)s = 1900 FEA Solution: (cy)a = 1900, (oy)s =300
Analytical Solution: (ox)a =0, (ox)s = 2000 Analytical Solution: (cy)a = 2000, (oy)s =0
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MATLAB PDE Toolbox: FEA Solution to Biaxial-Shear Loading Problem in
Exercise 8-15 (Figure 8-15)

ALl
Tttt

(w/d =7, 2792 Nodes, 5376 Elements)

=
(S

>

| ox- Contours oy - Contours
Comparison of oy Results: Comparison of oy Results:
FEA Solution: (cx)a =-270, (ox)s = 3300 FEA Solution: (cy)a =-3500, (oy)s =280

Analytical Solution: (cx)a =0, (ox)s = 4000 Analytical Solution: (Gy)s = 4000, (oy)s=0
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16-9.

MATLAB PDE Toolbox: FEA Solution to Curved Beam Problem shown in Figure 8-32.
Choose case b/a = 4, to provide simple match with analytical results given in Figure 8-33
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FEA Model:
b/a=4,2009 Nodes , 3872 Elements

B . oy - Contours

Comparison of oy Results:
FEA Solution: (cx)a =-8973, (ox)s = 3875
Analytical Solution: (ox)a = -10,000, (ox)s=2571
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16-10.

MATLAB PDE Toolbox: FEA Solution to Torsion Problem in Exercise 9-17/18
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FEA Model:
(b=0.267,a=0.8, 2129 Nodes, 4096 Elements)

FEA | V¢ | - Contours

2 2
0 0
Resultant shear stress: T =./1, + 1, = %) (%] _

6X o VIV =|V9)

Analytical Results : T, = 21, ; FEA Results: |V(|)| A~ 12,

Vi, = 0.75
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16-11.

For the two - dimensional, plane strain case :

G; __ (3-4v)In ! 8; +1;r;
8ru(l—v) r e

Using the fact that r; = RN

’ r

1 r
i =———|—(3—-4v)=05, +(I,r,
ij.k 87'5“(1—\/)|: ( ) r ij (,l ,j),k:|
1
= (1 — v)r [_ (3=4V)rd; + 18 + 10 _zr,ir,jr,k]

The stress form is given by

m[_ S 8' * (,8” + r,1'8" _2",1",1",1]
1
+m[— B4V, + 1.8, +1,5, _2ritj(k]
m[ (B—=4V)rd, + 1., +1;5; —2'Eir,,-r,k]
2v

" 8n(l- 2v)(1 207290

[-20-2v)(r, 8, +1,8,)+2r,8, —4rr 1]

87:(1— I
1
R [(1=2v)r,8, —(1=2v)(r, 5, +1,8,0) -2, 1]
1 or or
i =T =—————|(1=2v)r;n, —(1-2v)| —3§; +r;n, |-2r,r,
Py =T, 4n(1_v)r{< ), —( >(an S+ j an}
=_; (1_2\})(@8” +rinj —I’jniJ—FZrir‘jg
4m(1-v)r on : ! i
or
where we have used r,.n, :8_
' n
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