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1687 - Principia by Newton

1717 - Principle of virtual work by Bernolli

1740 - Systems of particles by Euler

1743 - D'Alember's principle

1765 - Rigid bodies by Euler

1775 -> The Newton-Euler formulation for Force and moment balances
(They constitute the basis of Newtonian mechanics)
1780 - Lagrange's equations

1829 - Gauss's variational principle

1830 - Hamilton's equations and Hamilton's principle
1829 - Jourdian's principle

1870-1910 - Gibbs — Appell's equations

1970 - kane's equations
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, _di di
b“ b = constant parameter r.—+—.7=0
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vdv = ads — sds

Sy il S slag,s,s: a = a(s) — vdv = a(s)ds
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if a = costant — v? —v¢ = 2a(s — s;)

vdv

a(v) -

if a =variable — ds
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v=10 dv
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ds

sﬁrb)‘f——f k22—>SOOJ—k

1 _ (ks> _
arcsin v~

v
s = Tosin(kt) — v = vy cos(kt)
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s =cie*t + c,e ™kt or s = Asin(kt) + Bcos(kt)
HDt=0—s=0 —> B=0
Vo
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a, =X=0—x =vyc0s0
x = (vgt cos @) + cte — x = (vyt cosO) + x
a,=—g —> y=—g— y=—gt+cte=—gt+v,sinb
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a, =0 — x =vyt
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10000 Xe0

6 = 15000t (rad) — 6 = 7500(rev)

Ae, =e,.(t +At)—e,.(t)
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At AS0 At AtS0 At

(, A9<60 A6 Ae) do 5
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e, = cosO7 + sin6j

eg = —sinbi + cosoj
e _de; a0
dt do dt
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and €, =0ey U =re, +rbey

vg =16 —> v = /vr2+v§

= v = (e, + 7é,) + (e + rbeg +roey)

— (7 = r62)é, + (vl + 216)3,
a, =¥ —r6? and ag =716 + 276

— a =4/a,% + ay?
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r = Esec@ — r =1697.06m

. m
r = 1200tanfsec0 6 — 71 = 339.4?

# = 1200[(sec8 + tan’Osec)6?* + tanbsecHH| = 37335
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v =re, +rfey

m
lv| = Jv,.2 +v2 — |v| = 480?

a=(#—20%)e + (270 +16)ey

m
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T
3=t2 — t=1.023
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3 3 - 3
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No Slip: x = RO
X4, = x — Rsinf = R(0 — sinf)
y4 = R(1 — cos0)

vy = x'Af +y,] — vy = R(6 — 6cos0)i + (ROsind)f

as = R(6 + 6%sinf — fcosd)i + (RGsing + RO%cos6)j
if 0=0=>v,=0 and a,=R6O?}
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{xp = Rcosf + ROsin6

Yp = Rsin® — RO cos 6
T, =Xl + Y]
= (Rcoswt + Rwtsinwt)T + (Rsinwt — Rwtcoswt)j
v, =1, — v, = (—Rwsinwt + Rwsinwt + Rw*tcoswt)i

+(Rwcoswt — Rwcoswt + Rw?tsinwt)]

v, = Rw’tcoswti + Rw*tsinwtj

|v_’| = Rw’t = §—> s = 1ra)zt2 +c
p dt 2




Solail Lo,y S0 ol LS oiils - pwdige (8 0aSiils Soliss dsliw o

1
if ty=0 > sp=0—> ¢c=0— s=ERa)2t2

e, +rbe; + 7k
a= (r — r@z)er + (276 + rf)es + ik

vee, +vgeg + v, e

Vg = 16 Cos @
Vy =T

d=a,e +agey +aze,
(a, =7 — r<p2 —18%cos%¢@

ag = cos (rze) —2rf¢ sin @

1d
(Y = Lt

— (r2¢9) + r62sing cos @
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Vp Vg
sin60  sin75

vg =717 (?)

solve 1:

solve 2:vg = vy + vpy

mil
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vp? = 402 + 302 vp = 50(77)
6 = 36.87°
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25,V
—4v3+$=0
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Sp=ay > sy =aut+c(if t-=0 and syl;=, =0) > c=0

1
s'A=aA><t—>SA=§aA><t2+C(if to=0 and s4le=, =0)

1 2
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if r=httanf — r=htanf —
if 0=2nt — O6=2m1 —
if Z=ht— z=h— Z=0

v =te, +1rfey + Zk

v = htanfe, + 2mht tanf ey + hey,

lv| = htan B/1 + 4m2t2 + cot?f
a=(¥- ’rH'Z)er + (2776 + rf)eq + Zk
a = —4m?ht tan fe, + 2h tanf 2mey + 0

la| = 4mh tanB+/ 1 + w22
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dz
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T—mg=ma ->T=m(g+a)

mg—T=ma - T=m(g—a)

) ey o Salal ple j0 4559 (pl ey 885 (o b, oS Sl I A (6 g ) IS8 (Sl

?qwgl Cewdo

muyg —T =my X ay

2T —mpg sin@ — u,Ng = mp —
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Ng —mgcos8 =0
ft
T = 205(lb)
Np = 346(lb)

t
vy =+/2a4x - vy = 15.27 (f—>

e kol yasgl o

S
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QO

N—-—-mg=20
pmg =ma - a = g
g ot =— (iftg=0 0)
v=at+vy>t=— (iftg=0->vy=
0 1g 0 0

Cowy [y 0S5 e8> My 62 655, 2 My a2 Sl Gl F s ST s JS& 50 (Jle
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my

my ——
My F

Tri777 777777 77 77777777

Nz—ngzo

fo =mpa - pymyg = mpa - a =g




Solail Lo,y S0 ol LS oiils - pwdige (8 0aSiils Soliss dsliw o

Ny —(my + mp)g =0 - Ny = (my +my)g
F—-f;—fi=ma
F =myu,g + uomyg + u;(my + my)g
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F = (my+my)g(u + u2)
oS o cendgasl fls AN L, zslan s an G SWasl oy o aSST (5,5 L (02 505

TS a1y 5 IS0 50 oo ools (LS s

<

/)

S sl a0, 3 o)ls by Ve b ol Ol aS gl ailsog, o m p > 4 oaS(Jleo

JZL d (S S Gy sl p3Y Oley o Gad oy sl aw wsb T o S oy (281 (6 adlge

(Gl sl Of 4 Cons (1S ey b e iSO Sl Caglio ) Tau 5] cawas |,




Solail Lo,y S0 ol LS oiils - pwdige (8 0aSiils Soliss dsliw o

Ty
T0=KUO—>K=—
Vo

dv
K(wy —v) =mv - K(vy — v) =m—

v

7 dv LT, muv
v=0Vo —V t=0 MV TO
OB 555L a5 J> j0 cewl o sgamme ol (gog0s s slosaly g 0 A o oS > ( Jbo

rad rad

Jo 90 =30° consg o 52_0'5(3_2)9921(7) Slaseis L O g dhis s>

Sales anlore ) 098 (oo Jloe ;3530 595 2 &S (2955 Sl Olyg0

1
0=1 = =15
T cos ->7T 250 (m)

. sin@
'r =
cos?0

m
= 0.67(7)

1 + sin20
r:—
cos30
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rad

if 6=30° and 6=1 j o.ss—zar=f—r9'2

ag = 2760 + 16

ma, + mg sin 6

Fycos0 —mgsin =ma, — F, = = 4.94(N)

cos 6
Fgp — F, sin@ — mg cos 8 = may

- Fg =mayg + mgcos 6 + F;sinf = 9.88(N)

CS o oyt 0 oSSl 2,8 L ogd o 0)ls M sz ay 0 =kt ste cyz LF culb (9,0 (JL
T

Tl Cawd (58w Cl> 4 0,bgd 925)045%.-3@3@%‘)':69)%@[69:00

P

Fcos@ —mg — uyN =mg
N =Fsin6

dv
ﬁFcoskt—mg—uszinktsz—)

(F cos kt —mg — u, F sinkt)dt = mdv -
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t
f(F coskt —mg — u, F sinkt)dt = f mdv —
0
0

F
v= ﬁ[sm kt — u,(coskt —1)] — gt

_ e_n m _ o y F
if =5 2 t—ﬁﬁ (lf t—ﬁ)—>v—0—>

. mgm
2(1 — )

ooy Ty Sl B o col is 2 Jlo 59 @) 2o s sl ey b OA (5 el (Jho
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2 Fg =mayg > N =may = m(Zf‘é + ré) = 2mrw
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Ng = Ny +mgg cos 0

mpgsin® —T — fi, =mp Xa
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T = fr, —mugsint =mya
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mg (h + 6max) = Eké‘r%zax
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muvj
mgcosf — N = R -N=0
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h=2sin30=1
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L, = ((2cos30)% + (2.5)%)2 > L, = 3.041

m
Ly =25-2sin30=15 - vg =3.82 5
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2
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i=1 i=1

- (HG)rel = Zpl X mifji = ZMG
i=1




Solail Lo,y S0 ol LS oiils - pwdige (8 0aSiils Soliss dsliw o

> (Hg)ass = )9y x (@) +6) + ) oy xm; (1)

n n
(HG)abs =zpixmiri+zpixmii:i:ZpiXFi = ZMG
i=1

i=1

Zmipi =0 - Zmif)i =0
Zf)i Xmp; =0

woS oliibet (Hg)aps = (He)rer = ZMG = Hg

(Hg)1 = (Hg):

AN

Hp = (Hp)aps = Z 0, X mI;

(Hp)rer = Z p'y X miF;,i

HP=Z(§+pi)><miI"i= HG‘I‘[_)XITI\_/ —)Hp= HG+(_)><m\7

50
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We know from the statics that sz = ZMG +p XZF

ZMP = H; +p xma

(Hp)rel :Z(ﬁ"‘Pi) x m;((p) + p;)
Zﬁxm15+25xmipi+291Xm15+201><mipi=Zﬁxm15+
+zpixmipi

(HP)rel = (HG)rel + ﬁ X mﬁrel
oS oo Giot (Hp)rel = Zﬁi Xmp'y = zP'i x my (7, = 7)

=ZMp+ap><m,5

2 Mp = (HP)rel —ap Xmp

F + En f vidv,
i - ij i dI'i

n
P'idri + z fl] dri = m;Vv; dVi
i=1

Uia—2) + 0 = (Ty), — (T))1 = AT,
(T)1 + Uiq—2) = (T):

S (o0 peend D)3 plad 6l 1) YU 6 alal,

n
E(Ti)l + Uiy = (Th):
i=1
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T1 + U1_2 = T2

2

SIS s 2 8y (2l slog i ples 15 2 Upp = f Fdr; =0
1

1 1 _,
T = ZTL' = Ez m;v{ = Emi(vi-vi)

- =2 e
V=Vt opp —

1 1 , .

Tzzgmiv +§Emipi+§mi(vxpi)
-, 1 ,

—>T=§Emiv +§Emipi

S35 2 aegerme (nl 998 (oo 3)lg ool eols lis (s asgerme ar F g9, 05 S5 illae (JUo
Caody 1) OB (gl agly CLis g oas ools yhg> (g alais Sl o)l )8 SIal gy 28] o

?%)BT
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psl o J8 K,y lyesned 5 Fi=3ma »d=aqy = el

EMGzHG ,  Hg =3mré xr = 3mr?0

F,

F, = 3mr26 6=
b mr - 3mr?

ey b gl STl e &S o o 0 Vocul Cepu b al)l s ekt 5 JSS e (JLe

SElasl 519 anles o |y aljl e p wled &5 > 4 £4,0 @b Sy o al)l a4 s v ol

Fonle ;b 0 o) gl oo

k'\—‘__-

1 o
3 (G
S Lk bk R BB Lk

(m + M)v = MV + m(V — u)

, m
v=v+ u
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Pz & 58 90 4S50 50 9,00 )8 (Sle slazb,o 5, 2 Ldsb am ey 4 &0 (JLe
> 4z 0 gojlalax BB oS o 1) Hlasle wil solian] 5318 slelgs 0 a8 My My sl

ZF=G > G =0 - G = constant = 0

Zmivi =0 >mv=0 — X = constant

m1X0+MX %+m2XL

m1+m2+M

X, =

m2><O+MX%+m1><L

m1+m2+M

m; —m,
mq +m2+M

w23 oo Gl S LT, 36 ol = (X)) — (X)) =
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P EES ogﬁi’;‘soL:a)y=f(X) olgzds somia b (gl s prdaws YL I M gy 4y (610,38 (JLo

Shame ly ol ey g )0 13 T el o a8 (ol 4y 5800 0,3 3,55 5 51 L8 )1 o s

T g9l Canas @ilo @ w9 0,95
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ZF=O > G =0 - G = constant

Z m;v; = constant =0 - Z m;v; = constant

m

L+ML=ms+M(s+L)>s= L
m ms (S ) S m+ M

>(Mm+Mv=0->v=0
oS0 olael ;o adgl ey g0 o1 51 ciBu ¢ (Solue Caond 90 A gl (5 alads jo b,y il L

¢ au,ygl e |y il pla 5o o0 ol3T (85,31 g pgo ide OB e wled oo ol3] Lo

l
o I 2
d::‘o | % ‘\
| \
FEELT TORR L T CRLNE 0 GAE L O g & T8 D PP LLE
M:Q.D\"\g l/:_ . 3§/‘-
| L&

\
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2F=0 - G=0 - G = constant

R = m m B

(m)—(ix— EXX)_)X_T
m

- my, cosazix’/ -V = 2vycosa

if o =60° —>\'/=v0=250?
k=AT=%mv§—%(§)\’/2 =156 K]
M = 40. Mg=60 . Ma=100 slo p,> 4 a5 aw 4 sl ;| o 200Kge > 4 sl b ((JLio
255 555
=] 0 5 A=|-180 slo cosdye ;5 ,558e l,5 a5 (s alad |5 358 o e
—120 240

105
Va = 2707 — 1207 + 160K (5 0,5 s 5 35,25 3 ( Gl M e s 0l>1) C = | 450
—420
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GI=GZ

mvy = myv, + mgvg + m.v,
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o 6l agly patinge sl a5 i T algS il 05 od Jlos! pe A s Hglia aSl cde 4
ol r“"-“‘ﬂ’
200 x 1507 = 100(2707 — 1207 + 160K) + 60(vg, T + v, K) + 40(vey T + vy ]
+ VCZE)
(Ho)l = (HO)Z -0= T4 X myvy + s X MmgvUp + T'C X MmevVc
i j k i k i j k
= 100555 —180 240|+60[255 0 —120|+40]|105 450 —420
270 —120 160 Vex 0 Vg, Vex  Voy Ve

= Vcx=-30 ,Vcy=300 ,Vcz=—-280

v. = —307+ 3007 — 280 k

77| = 411.46 (?)

o led dnle alasd cpl jo |y o1 gl asgly Gl wles oyl 90 ailoljT wilg it 455 00 40

Ll dlt i leld

\\_// =10 (T_?L(.)
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EM(::HC ,HC=O - HC=Zri><mivi

He = (r]) X m(vp] — row 1) + (—1§) x m(—vy ] + row 1) = 2mriwk

He = 2mriw

: 5 . He=0 —2wvy _ rad
He = 2mQ2rvg)w + 2mree — o = — Do = —20 L 4

PO Olaadd E 5 30 oy L >

m' = pAv

. Am dm
= a0 7 = e

z F=m'Av
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pAv = p'A'v
if A= constant - v' =v

Av, =v'cosd —v =v(cosf — 1)

Av, =v'sin@ -0 =vsind

—F = pAv(v(—1 + cos 8)) - F = pAv?(1 — cos )

R = pAv(vsin6) - R = pAv?sin 8
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B

-

ra=7r=xi+y

Fr=@+y)+&Ei+y) 27 =v +wXr

Ty =1Tp+7T4a — Ty=15+72
B B

Vy =Vp+WXT+ Uy
ap=ag+OXT+w0X(WXT)+20 X Vpp + Qg

Vrel = (X'i +y])

bre = (1 + ) + (xi + yj)
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Viel = Qrep + @ X Vpg

Uy =V + QX714+ Vg
B

<%[])XYZ B <%[])X}’Z tax]]

d? d? X
<W[]>XYZ = <F[]>XYZ + OX[]+QQx][])+20x (E)XYZ

a, = ag + QXré+Qx(QXré)+ZQXVre1+are1

dl]

B B




Solail Lo,y S0 ol LS oiils - pwdige (8 0aSiils Soliss dsliw o

z

A

i )
\jwuw.‘
_\

ﬁAB = (1)2-]9"‘ (1)1E
m =0 Xf"‘ (Ulz X (l)zf‘l' (1)1E+ 0= —(1)1(1)2_{"‘ (l)ll_c)

oS o0 O)la T S 50 i dcgerre 4 B W S 9 800 092 W &S (S o 52 S

= w,] + w k + wi

= 6] + (w1k + i) X (W) + 61K + wi X (1K) + 6F + 0

Uy = (@0 — w1 w)T + (63 — W )] + (61 + wwy)k
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oS dwlbre 1) A s gl augly ol g ey (JLio

S

Qp = @i+ 6]+ Yk

a; = ¢t + (67 + k) x ¢ + 67 + (k) x 67 + Pk + 0

ch\ml}ubA&o..bwauLuuﬁu.c).w(Ju.o
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Vy =V, + W X 04+ vV

Viel = 10?

ag =0ap+ @ X0A+ wX(wX0A)+ 2w XV + Qg

- -» [
W=5 ,0, =41
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H7=Zﬁxmim=fﬁx<wxmdm

H; = (jrzdm>5

HG=IC()

Hg = (Hg)aps = (Hg)rer = ZPi X m;p;
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HO = Zri X m;v;

= D X U
rel Hg + p X miy,

ZMP = H, +ﬁXma=(Hp)rel+ﬁXmap

HG:ZPixmﬁi:jPX(wxp)dm

H0=ZTI><m7'"i=Jr><(w><r)dm

= xi +y] + zk
Wl + wyf + w, k

dH = T{|(y* + 29w, — (xy)w, — (x2)w,|dm

+i[-Ox)w, + (2% + xHw, — (yz)w,|dm + k[—(zx)w, — (zy)w,
+ (x% + yHw,]dm

I, = f(yz +2z%)dm, I, = j(zz +x%)dm, 1, = j(xz +y?)dm

Ixy=jxydm, Ixzzfxzdm, Iyzzfyzdm

H=(Lyw, — Lyw, — L,w,)+ (L o, + 1,0,

- Iyz wz)j
+ (—sza)x —lw, + Izzwz)k
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Ixx

H} = [I{w} , 1] = [—Iyx

~ Iy
{H} = Mw}
[I{w} = Hw}
(1] = Alllg){w} = 0
|(1] = AlID] =0
H, =1I,,w,

H=Ilw

HG=I

a
F =ma

ZMG =I_C(
ZMO =100.’

ZMP = [a + mad
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YF =ma

: M)|.>4.E.BJ~S,{J5> u.oydfdl.‘o) 6‘).35 {ZMG — Ia (e @l}ul}) J.olSJLo.u‘ 6‘).3

ZMO =la+m@Fa)r =1 +mr’)a = l)a

dH o
(—t) +QxH=(Hi+H,j+Hk)+QxH
Xyz
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fz M, =H, —H,0, + Hyw,
Z M, = H, — H,0, + Hyw,

\Z M, = H, — H o, + Hywy

if w=A.Q

Z M, = w,L, + a)ywz(lzz - Iyy) + Iy (a')za)x B a')y) -1, (a')z + a)ya)z)

o IJ’Z ((‘)yz o wZZ)

( .
2 M, =Lyo, — (I, — ;) w0,

- (IZZ - Ixx)wzwx

:‘-‘,.U‘a &l ambo &S > sl
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Deayle ol plesl LB 507 am 358 OYolae jo a5 K

Emvz + Emipi-Pi
1 — =N\ o

1 —_ - — -
=§Zmiw.px(a)><pi)

1—) - — -
=§wzmi-pi X (0 X p;)

1. 1
Ea)sz(pr) =§wHG

1_ 1
—>T=EU.G+§wHG

T—lﬁT
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m
L, = f(yz + z%)dm = phijdA = phlf = ZI,‘C“
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" B -1 0
I=—|-1f I 0
0 0 Jo

Iy =1, +1,

aleo S5 lotn 1) 0 ailed s O (b 2S5 o sl 1) 1 sSda 0 &8 > dlas (JLio

Sl B o ol G 5ly 43,5 Sl e M ey 4 el

Ay =0a, +OXQ+0A+OX0A+2XQX V. +an
a, = —RQ%* ,Q0=0j

OA = xcos0i + xsinfj 0=0

Vier = —x0sinfi + x0cosbj

Ao = —xBsinbi + xfcoslj — x02cosOi — x62sinb)j

= a, = —(RO? + x0?cosB + xBsind + x62cosB)i + (xBcos® — xH2sinb);
+ 200xsind k

dF = pdxas M,, =0

. 1 , 1 _
M,, =j0A><dFA = §mL 9+<§mRLQ +§mL Q cosH)smG =0
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Cawds |y 3 IS 0 oad ools lid als by (g alasd oM o> 4 gl ddl> o aygly olss (Lo

‘-‘»*e.)ﬁT

M

EMA = IA(X

I=T1+m3

__mg
~2(M +m)R

mgR = [(mR2 + MR?) + m(\/fR)z] a-a

Lol el jo 1y ol Cepm 0gd (o oy Sl ot mhaw SO YL 5l a5 M p > 4 Sews (b

gl oy 8530 g bale 58
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mgsina — f = ma

1 1
frzlaz(zmrz)a—)fzzma

2

a=§gsina - v=+V2al =2

1

mgsina.r = (E mr? + mr

gLsina
3

2
2)0{ —a =§gsina

V=Tw

LTI SO SR
va 2(1)—277117 5

gLsina

3
iszU—)vazzmglsina%vzz 3

0 ,9] s Slids o o (g abasd o 1) A oF 4SS g9 o JKi 40 (JLo

kbt ke hl LL UL




Solail Lo,y S0 ol LS oiils - pwdige (8 0aSiils Soliss dsliw o

m
R, = Tg (static)

ZMA =la

L 1,
- mgs = EmL +m

(mg—RA =ma
4 "

L
Za

§ ooy ylas 08,8 o sl argly Olis s Cangllae (JLwo
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F —mgj = m(—bw})i

MX:O -»> 2>
M,=0 - F =mgj — mwjl

L
M, =0 M = M, + (— Ef) X (mgj — mbw?yi)

1 -
M = (M,). T+ (M), ] + (M), - Fmibaf ) k

= (My) =0
- (Mo)y =0

1
- (M,), = Emwa(Z,
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Sample Problem 7/6 ™ 75.mm

The bent plate has a mass of 70 kg per square meter of surface area and
revolves about the z-axis at the rate w = 30 rad/s. Determine (a) the
angular momentum H of the plate about point O and (b) the kinetic
energy T of the plate. Neglect the mass of the hub and the thickness of
the plate compared with its surface dimensions.

Solution. The moments and products of inertia are written with 100 mm
the aid of Egs. B/3 and B/9 in Appendix B by transfer from the parallel
centroidal axes for each part. First, the mass of each part is m,
(0.100)(0.125)(70) = 0.875 kg, mp = (0.075)(0.150)(70) = 0.788 kg.

125 mm

Part A
0.875

=1, +md? I, = - [(0.100)% + (0.125)%]

+ 0.875[(0.050)* + (0.0625)%] = 0.007 47 kg-m?

k 0.87: s s 2
iml?] I *_’3‘—) (0.100)* = 0.002 92 kg m?

«

5 0.875 s s 2
bnl?] L. = ™ (0.125)% = 0.004 56 kg-m?

= ’ xy dm, I, = ’ xz dm]

=1, + md,d.)] I.=0+ 0.875(0.0625)(0.050) = 0.002 73 kg- m?

Part B
= _0.788

=1, + md? 1, = (0.150)* + 0.788[(0.125)* + (0.075)%]

0.018 21 kg-m? %
0.7 , (D) The parallel-axis theorems for transfer-
+ md? I, = 788 [0.075)% + (0.150)2] L) Lhe parallel-axis theorems for transfer

12 ring moments and products of inertia
+ 0.788[(0.0375)* + (0.075)2] = 0.007 38 kg- m? from centroidal axes to parallel axes are
explained in Appendix B and are most

0.788 o - o T . .
- (0.075) + 0.788[(0.125)* + (0.0375)2] useful relations.

12
= 0.013 78 kg*m?

md.d,] I, =0 + 0.788(0.0375)(0.125) = 0.003 69 kg-m?

md.d,] I, =0 + 0.788(0.0375)(0.075) = 0.002 21 kg- m?

[z ye + mdd,] I, =0 + 0.788(0.125)(0.075) = 0.007 38 kg-m?

md?* I, =

The sum of the respective inertia terms gives for the two plates together
= 0.0257 kg-m? I, = 0.003 69 kg-m?
» = 0.010 30 kg- m? I.. = 0.002 21 kg-m?>
. = 0.018 34 kg-m? I,, = 0.010 12 kg-m?
(a) The angular momentum of the body is given by Eq. 7/11,
where w., = 30 rad/s and w, and w, are zero. Thus,
H, = 30(-0.002 21i — 0.010 12j + 0.018 34k) N-m-s Ans.

(b) The kinetic energy from Eq. 7/18 becomes 2) Recall that the units of angular momen-

T = $w-H, = 3(30k)-30(—0.002 21i — 0.010 12j + 0.018 34k)
- 825J

tum may also be written in the base units
as kg-m*/s.
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Sample Problem 7/7

The two circular disks, each of mass m,, are connected by the curved bar
bent into quarter-circular arcs and welded to the disks. The bar has a
mass m,. The total mass of the assembly is m = 2m,; + m,. If the disks
roll without slipping on a horizontal plane with a constant velocity v of
the disk centers, determine the value of the friction force under each
disk at the instant represented when the plane of the curved bar is
horizontal.

Solution. The motion is identified as parallel-plane motion since
the planes of motion of all parts of the system are parallel. The free-body
diagram shows the normal forces and friction forces at A and B and the
total weight mg acting through the mass center G, which we take as the
origin of coordinates that rotate with the body.

We now apply Egs. 7/23, where I, = 0 and w, = 0. The moment
equation about the y-axis requires determination of I... From the dia-
gram showing the geometry of the curved rod and with p standing for
the mass of the rod per unit length, we have

i - /2
[IL. = J xz a’mJ L= J (r sin )(—r + r cos O)pr db
0

rw/2
+ ] (—r sin 6)(r — r cos H)pr db
“0
Evaluating the integrals gives

2
R g a mer=
I, = —pr¥/2 — pr3/2 = —pr’ = +—

xz -
m

The second of Egs. 7/23 with w, = v/r and w, = 0 gives

2

r

v

‘ 2\ .2

; . mat<\ v°
[EAI = I”(u:l] E_‘I' L3 I"lfr _( B :- )

7

(1) We must be very careful to observe the

correct signs for each of the coordinates

R _ f the mass element dm that make up the

But with ¥ = v constant, @, = 0 so that : o ‘

[2F, = 0]

Thus (2) When the plane of the curved bar is not

product xz.

horizontal, the normal forces under the

disks are no longer equal.

We also note for the given position that with I,, = 0 and w, =
the moment equation about the x-axis gives

[EM, = 0] —Nur + Ngr = 0 N, = Ng = mg/2
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S (5 dlal) end Cenngllan 3530 (o0 (Blo s 5 S 59, L sk 4 AB (g als (JLo
3%.53‘5@5;3 ‘) )‘5-3.0‘\-1:@456‘ 4—:5‘}9“—:&6‘ 4%.5‘} &-’w‘QT LSLQ-U‘ 9° C'«@;wledwgs‘ 4—.’.3‘}

?mbomu)9=(906q9|)’)’|a.lﬁﬁ

WA VA

-, —

Vg =V +®XTB
A

—vp] = v, + wk X (—=Lsindi + Lcos6))
vy = wlcosO

vp = wlLsinf

N L
Uy = Vs + @ X Ty = val + wk X (——sin9?+zcosef>

v
- vy = —ZA-(?— tanfy)
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ol S e 055 Gkl pss S ol

Lw

v
- (cosBT — sinbj) = 7'4 (T — tan0j)

P

aM=a_A)+5XrAM+a_)>X(5XTAB)

S L L
ay, i+ aMyf = ayl + ak X (—Esin0?+ Ecos@f)
2( L '9*+L 9*)
—w* | —=sinfi + =cos
2 2<%

au, =5 (asinf + w?cos0H)

L
ay, =3 (acosd — w?sind)

NB = max

mg — Ny =mg,

L . L 1 5
Ny =sinf — Ng —cosf = (—mL )a

2 2

3
a= %sin@

“’a)da)_jBBg 8
, a0 ), 2"

12

w = Tg (cosB — cosB,)

2
if Ng=0 - 6 =cos™! (§C0590>
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ZMA = IACZ

'9><L—1 L?
mgsing X - = zmla

39 .
a = ism@
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’ 1 ’ —_
hmAUA = hmAvA + ELvaB + IBWB

vpp = hwp

, (1+e)hmyv,
Wp =

hzmA + %mBLZ

L ! — !
—thth=—<h—E>vaB+IBWB

fC e (h—%)va,}—IEW'B
dt =

h = Cx(ave) At

(1+e) (g — %) mymgv

(thA + %mBLZ) At

CX (ave) =

C=0

o hosd | oS gt ] o 4 Canl ol 4,5 55 e




