
CHAPTER 2

Fundamental Equations 



Equations in Open Channel Flow (Energy equation)

Energy equation

𝒉𝑳 is the head loss
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Z is the static head 
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is the velocity head



Equations in Open Channel Flow (Energy equation)

Energy equation
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𝑆𝑓 = 𝑇𝑎𝑛𝜃 =
ℎ𝐿
∆𝑥

→ 𝒉𝑳 = 𝑺𝒇∆𝒙
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𝑍1 − 𝑍2
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= 𝑆0 → 𝒁𝟏 − 𝒁𝟐 = 𝑺𝟎∆𝒙

𝑍2



Example 2-1

Water flows under a sluice gate in a horizontal rectangular channel of 2 m wide. If the
depths of flow before and after the gate are 4 m, and 0.50 m, compute the discharge
in the channel (no head loss).

Equations in Open Channel Flow (Energy equation)



Equations in Open Channel Flow (Energy equation)

Example 2-2

Determine the head loss in a rectangular open channel with the width of 3 (m) and

flow rate of 8.5 (m3/s) if:

a. The bed slope is 0.0

b. The bed slope increasing in flow direction and it is 0.2 m in 100 m

c. The bed slope decreasing in flow direction and it is 0.2 m in 100 m

y1=2.10
y1=1.65

L=150 m

y1=2.10
y1=1.65

L=150 m

y1=2.10

y1=1.65

L=150 m



Specific Energy

E =
𝑉2

2𝑔
+ 𝑦

E known as specific energy, (total energy per unit weight measured
above bed level)

𝑉1
2

2𝑔
+ 𝑦1

𝐸1

+ 𝑍1 =
𝑉2
2

2𝑔
+ 𝑦2

𝐸2

+ 𝑍2 𝐸1 − 𝐸2 = 𝑍2 − 𝑍1
∆𝑍

For a given discharge Q, the velocity is Q/A. Then: 𝐸 =
𝑄2

2𝑔𝐴2
+ 𝑦

For a given specific energy, we have:



Specific Energy

• The specific energy reaches a minimum

value Es, called the critical point,

characterized by the critical depth yc

and critical velocity Vc.

• How many depths given a specific energy? 

3 (in which one of them is negative)

• How many possible depths given a specific 

energy? 2

𝐸 =
𝑄2

2𝑔𝐴2
+ 𝑦

• y1 and y2 are Alternate depths (same
specific energy)

𝑦2

𝑦1



Specific Energy

The specific energy diagram reveals that the flow needs the minimum
specific energy, Emin, to pass a channel section at critical depth.

We can show this mathematically, by taking the derivative of following

Equation with respect to 𝑦, noting 𝑇 =
𝑑𝐴

𝑑𝑦
and setting the derivative equal

to zero as:

𝑑𝐸

𝑑𝑦
= 1 −

𝑄2

2𝑔

Τ2(𝑑𝐴 𝑑𝑦)

𝐴3
= 1 −

𝑄2𝑇

𝑔𝐴3
= 1 −

𝑉2𝑇

𝑔𝐴

=
𝑉2

𝑔𝐷
= 1 − 𝐹𝑟2 = 0

Thus, when the specific energy is
minimum, the Froude number is
equal to unity, and the flow depth
is equal to the critical depth.



Specific Energy

Upper part of the curve

• If the value of “E” increases on the upper part
of the curve, then “y” increases.

• For upper part, “y” is greater than ”yc”.

• For upper part of the curve, velocity is less
than critical velocity.

• The flow in this portion is termed as sub-
critical flow.

• The channel is called as deep channel for sub-
critical flow.



Specific Energy

Lower part of the curve

• If the value of “E” increases, we can see that the
value of “y” decreases in lower part of the curve.

• For lower part of the curve, “y” is less than “yc”.

• For lower part of the curve, velocity is greater
than critical velocity.

• For lower part of the curve, the flow is termed
as super critical flow.

• The channel is called as shallow channel for
super critical flow.



Specific Energy

By manipulating the resulting expression of                             we obtain:

𝑑𝑦

𝑑𝑥
=

Τ𝑑𝐸 𝑑𝑥

1 − 𝐹𝑟2

𝑑𝐸

𝑑𝑦
= 1 − 𝐹𝑟2

This relationship shows that, for subcritical flow (𝐹𝑟 < 1.0), the flow depth
increases in the flow direction with increasing specific energy.

However, for supercritical flow (𝐹𝑟 > 1), the flow depth decreases in the flow
direction with increasing specific energy.



Example 2-3

A trapezoidal channel has bottom width of 6 𝑓𝑡 and the side slope of 𝑚 = 2 (1𝑉: 2𝐻)
and it carries a discharge of 𝑄 = 290 𝑐𝑓𝑠. Calculate and plot the specific energy
diagram for this channel. Also, calculate and plot the specific energy for 𝑄
= 135 𝑓𝑡 and 𝑄 = 435 𝑐𝑓𝑠.

Specific Energy



Specific Energy

SuperCritical

SubCritical



Specific Energy

In a rectangular channel, we would have 𝑄 = 𝑏𝑞 and 𝐴 = 𝑏𝑦

𝐸 =
𝑞2

2𝑔𝑦2
+ 𝑦

The relationship between energy at any point and minimum energy is: 

𝐸1 − 𝐸𝑐 = ∆𝑍𝑐

𝑦𝑐 =
2

3
𝐸𝑐 =

2

3
𝐸𝑚𝑖𝑛

In a rectangular channel when there is critical flow, we have:



Example 2-4

Water flow in a rectangular channel with the flow rate of 27 ft3/s, depth of 2 ft, and
width of 4 ft.

a. Determine the flow condition (sub or super critical flow)

b. If there is an upward step of 0.3 ft (as shown in figure below), what would be the
water depth on the upward step (assume there is no head loss)?

𝑄 = 27 𝑐𝑓𝑠
𝑦1 = 2 𝑓𝑡

∆𝑍 = 0.3 𝑓𝑡

Specific Energy



MASS TRANSFER

The mass (𝑚) of an object is the quantity of matter contained in the object.

The volume (𝑉) of an object is the space it occupies.

The density (𝜌) is the mass per unit volume.

The mass transfer rate or mass flux in open-channel flow is the rate with which the

mass is transferred through a channel section.

Momentum Principals 



Momentum Principals 

• In words, the momentum equation states that the change in momentum per

unit time in any body is equal to the resultant of all the external forces

acting on the body in unit time. 𝐹𝑡 = 𝑚(𝑣2 − 𝑣1)

𝜌(𝑑𝑒𝑛𝑠𝑖𝑡𝑦) =
𝑚 (𝑚𝑎𝑠𝑠)

𝑉 (𝑣𝑜𝑙𝑢𝑚𝑒)

𝐹 = 𝑚𝑎 =
𝑚(𝑣2 − 𝑣1)

𝑡

𝑄 =
𝑉(𝑣𝑜𝑙𝑢𝑚𝑒)

𝑡

𝐹 =
𝜌𝑉(𝑣2 − 𝑣1)

𝑡
𝐹 = 𝜌𝑄(𝑣2 − 𝑣1)

𝐹 = 𝜌𝑄(𝑣2 − 𝑣1)

or

𝑄 = 𝑑𝑖𝑠𝑐ℎ𝑎𝑟𝑔𝑒 is the volume transfer rate



Momentum Principals 

𝐹 = 𝜌𝑄(𝑣2 − 𝑣1) = 𝐹1 − 𝐹2 − 𝐹𝐵 = 𝜌𝑄(
𝑄

𝐴2
−

𝑄

𝐴1
)

FB is all forces

Ff is friction force resisting to flow, Fe is sum of
all external forces (other than hydrostatic
pressure, friction, and gravity forces).

𝐹𝐵 =
𝐹𝑓

𝛾
+
𝐹𝑒
𝛾
− ∆𝑥𝑆0

𝑦1 + 𝑦2
2

𝐹𝑓

∆𝑥𝑆0
𝑦1 + 𝑦2

2
𝐹𝑒∆𝑥 is distance between the two sections, 

and, S0 is longitudinal bottom slope of the 
channel.

represents the component of weight
of water between the two sections in
the flow direction

∆𝑥𝑆0
𝑦1 + 𝑦2

2



Momentum Principals 

𝐹 = 𝐹1 − 𝐹2 − 𝐹𝐵 = 𝜌𝑄(
𝑄

𝐴2
−

𝑄

𝐴1
)

𝐹 = 𝑃. 𝐴 = 𝛾𝑌𝐶𝐴

𝐹 = 𝛾𝑌𝐶1𝐴1 − 𝛾𝑌𝐶2𝐴2 − 𝐹𝐵 = 𝜌𝑄2(
1

𝐴2
−

1

𝐴1
)

𝑀 = 𝑌𝐶𝐴 +
𝑄2

𝑔𝐴

𝑀1 = 𝑀2 +
𝐹𝐵
𝛾

Proof is required

F is hydrostatic pressure force.

𝑌𝐶 is distance from free surface to centroid of the flow
section.

𝑀 is Specific momentum 



Relationships between 𝑦, 𝐴, and 𝑌𝐶 for various channel sections



Example 2-5

The channel shown in figure is rectangular in cross-section, and it is 10 ft wide.
Suppose the friction forces and the weight component in the flow direction are
negligible. Determine the magnitude and the direction of the force exerted by
flow on the spillway.

Momentum Principals 



Specific momentum is defined as:

A specific momentum diagram indicates that
the same discharge can pass through a
channel section at two different flow depths
corresponding to the same specific
momentum.

Specific Momentum Diagram for Constant Discharge 

𝑀 =
𝑄2

𝑔𝐴
+ 𝑌𝐶𝐴

and a plot of flow depth versus the
specific momentum for a constant
discharge is called the specific
momentum diagram.



• These depths, marked as 𝑦1 (supercritical)
and 𝑦2 (subcritical) in the figure, are called
the conjugate depths (Henderson 1966).

Specific Momentum Diagram for Constant Discharge 

• The minimum momentum required
to pass a given discharge through
the section occurs at critical depth.

• The upper limb of the diagram is
for subcritical flow, and the lower
limb represents supercritical flow.



Example 2-6

A trapezoidal channel has a bottom width of 𝑏 = 6𝑓𝑡 ft and side slopes of 𝑚 = 2
(1𝑉: 2𝐻), and it carries a discharge of 𝑄 = 290 𝑐𝑓𝑠. Calculate and plot the specific
momentum diagram for this channel. Also, calculate and plot the specific energy
diagrams for the same channel for 𝑄 = 135𝑐𝑓𝑠 and 𝑄 = 435 𝑐𝑓𝑠.

Specific Momentum Diagram for Constant Discharge 



Specific Momentum Diagram for Constant Discharge 



Hydraulic Jump

• When subcritical flow accelerates into the supercritical state the transition
often is smooth with gradually increasing velocity and decreasing depth
bringing about a smooth drop in the water surface until the alternate depth
is achieved.

• When supercritical flow changes to subcritical flow, however, there is no
smoothing of the water surface upstream of the transition.

• As a result the transition to subcritical flow is sudden and marked by an
abrupt discontinuity, or hydraulic jump, in the water.

• The greater the difference between the alternate depths the more severe
the hydraulic jump.



Hydraulic Jump

• When flow is supercritical in a upstream section of a channel and is then forced
to become subcritical in a downstream section, the Hydraulic Jump occurs.

• Conjugate depths refer to the depth (y1) upstream and the depth (y2)
downstream of the hydraulic jump.



Hydraulic Jump



Hydraulic Jump



• Jump caused by a change in channel slope.

• Jump caused by a hydraulic structure

Hydraulic Jump



• Jump classification

Hydraulic Jump



Hydraulic Jump

Facts

• Dissipates the energy of water over a
spillway to reduce the erosion issue.

• Traps air in the water that could be
useful for removing wastes and
pollution in the water

• Reverses the flow of water, it can be
used to mix chemicals for water
purification

• Maintains a high water level on the
downstream side that is useful for
irrigation purposes



• The nature of the hydraulic jump cannot be accounted for by use of the
energy equation, because there is a substantial dissipation of energy.

• As Energy loss due the hydraulic jump is usually significant and Unknown,
we need to use conservation of momentum.

Hydraulic Jump



• However, usually the friction force between sections J1 (before
jump) and J2 (after jump) is negligible.

• Also, if the channel is nearly horizontal, the component of the
weight in the flow direction is negligible.

• Then, in the absence of any other external forces (other than
pressure forces), we have:

Hydraulic Jump

𝑀1 = 𝑀2 +
𝐹𝐵
𝛾

0

𝑀1 = 𝑀2



• In most open-channel flow problems involving hydraulic jumps, one of the
two depths 𝑦𝑏𝑒𝑓𝑜𝑟𝑒 𝑗𝑢𝑚𝑝 or 𝑦𝑎𝑓𝑡𝑒𝑟 𝑗𝑢𝑚𝑝 would be known, and we would

need to calculate the second one.

• This equation is valid for any cross-sectional shape.

• Once this equation is solved for the unknown depth, the energy equation
can be used to calculate the head loss due to the hydraulic jump.

• For rectangular channels, an explicit solution is available for the equation.

• For most other types, the solution requires either a trial and error
procedure.

Hydraulic Jump

𝑀1 = 𝑀2



Example 2-7

A trapezoidal channel has a bottom width of 𝑏 = 6𝑓𝑡 ft and side slopes of 𝑚
= 2 (1𝑉: 2𝐻), and it carries a discharge of 𝑄 = 290 𝑐𝑓𝑠. A hydraulic jump
occurs in this channel. The flow depth just before the jump is 𝑦𝑗1 = 0.9 𝑓t.

Determine the depth after the jump.

Hydraulic Jump



A momentum equation for sequent depths of a hydraulic jump on a level floor
in a rectangular channel can be derived by applying momentum equation
between sections 1 and 2 as given below.

Hydraulic Jump

𝑀1 = 𝑀2

𝑀 =
𝑄2

𝑔𝐴
+ 𝑌𝐶𝐴

𝑄2

𝑔𝐴1
+ 𝑌𝐶1𝐴1 =

𝑄2

𝑔𝐴2
+ 𝑌𝐶2𝐴2

Proof: In a rectangular channel, the relation
between depth of flow before and after the jump is:

𝑦2
𝑦1

=
1

2
1 + 8𝐹𝑟1

2 − 1



Momentum and Hydraulic Jump

• In a rectangular channel, the relation between depth of flow before and
after the jump is:

𝑦2
𝑦1

=
1

2
1 + 8𝐹𝑟1

2 − 1

• The height of hydraulic jump is:

ℎ𝑗 = 𝑦2 − 𝑦1

• The power lost by hydraulic jump is:

𝑃 = γ𝑄∆𝐸

• The head loss or energy dissipation 
during a jump is:

∆𝐸 =
𝑦2 − 𝑦1

3

4𝑦2𝑦1
→ ቐ

𝛾 = Specific weight of water

𝑄 = Discharge



Example 2-8

Water downstream of an spillway flows in a 100 ft wide rectangular channel with the
depth of 0.6 ft and velocity of 18 ft/s. Determine the depth after the jump, the
Froude numbers before and after the jump, height of the jump, the head loss and
power dissipated during the jump. And plot the y vs specific energy.

Hydraulic Jump



Hydraulic Jump

y E

0.6 5.63

1 2.81

1.4 2.32

1.8 2.36

2.2 2.57

2.6 2.87

3 3.20

3.19 3.37

3.4 3.56

3.59 3.73

3.8 3.93



Homework 2

Q2-1. A rectangular channel b= 1.5m , Q= 900L/s, the depth of flow before the
hump is 1m and ∆z=200mm , compute the depth of flow above the hump.



Homework 2

Q2-2. A rectangular channel b= 2.0 m , Q= 2 m3/s, the depth of uniform flow
before the hump is 0.8 m. What should be the height of the hump (∆z) to have
critical flow over it (no head loss).



Homework 2

Q2-3 A 36-inch storm sewer (d0= 3.0 ft) carries a discharge of Q = 30 cfs.

a. Determine the critical depth.
b. Calculate and plot the specific energy diagram for this channel.
c. Also calculate the specific energy diagrams for Q = 10 cfs and Q = 20 cfs.



Q2-4. Hydraulic jump occurs in a rectangular channel with the flow rate of 500 ft3/s
and width of 10 ft. If the depth of flow before the jump is 3.1 ft, what would be the
depth after the jump, head loss during the jump, and velocity after and before the
jump.

Homework 2



Q2-5. Hydraulic jump occurs in a rectangular channel with the width of 9 m. If the
depths of flow before and after the jump are 1.55 m and 3.08 m, respectively, what
would be the flow rate in the channel (Assume Rh=y)?

Homework 2


