
CHAPTER 4

GRADUALLY VARIED FLOW



Gradually Varied Flow In Open Channels

• Flow control is any feature that imposes a relationship between the flow depth

• and discharge in a channel.

• A critical flow section, for instance, is a flow control, since at this section Fr=1.0.

• Likewise, various hydraulic structures such as weirs and gates will control the flow.

• Normal flow may be viewed as a flow control also because a normal flow
equation, like Manning Equation, describes a depth-discharge relationship.

• However, sometimes the other controls will pull the flow away from the normal
flow conditions.



Gradually Varied Flow In Open Channels

• The flow depth varies between two flow controls.

• Such a non-uniform flow is called gradually-varied flow if the changes in the flow
depth are gradual.



Gradually Varied Flow In Open Channels

• To obtain an expression for gradually-varied flow, recall energy equation:
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Gradually Varied Flow In Open Channels

• Open channels are classified as being mild, steep, critical, horizontal, and adverse
in gradually-varied flow studies. If for a given discharge:

• If the normal depth of a channel is greater than the critical depth, the channel
is said to be mild.

• If the normal depth is less than the critical depth, the channel is called steep.

• For a critical channel, the normal depth and the critical depth are equal.

• If the bottom slope of a channel is zero, the channel is called horizontal.

• A channel is said to have an adverse slope if the channel bottom rises in the
flow direction.



Gradually Varied Flow In Open Channels

• It is a plot of the flow depth as a function of distance
along the flow direction.

• A sound understanding of possible profiles under
different flow situations is essential before we can obtain
numerical solutions to gradually-varied flow problems.

• A gradually-varied flow
profile or gradually-varied
water surface profile is a
line indicating the position
of the water surface.
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Classification of Surface Profiles

We have three depths here:

Actual depth of flow (𝑦) Normal depth of flow (𝑦𝑛) Critical depth of flow (𝑦𝑐)

-------------------------------------------------------------------------------------------------------------

For a given discharge:

1. If the actual flow depth is greater than both normal and critical depths = Zone 1

2. Between the normal and critical depths = Zone 2

3. Less than both normal and critical depths = Zone 3

Note: Both 𝐹𝑟 and 𝑆𝑓 are functions of the depth, 𝑦. In fact, both

𝐹𝑟 and 𝑆𝑓 will decrease as 𝑦 increases.



Classification of Surface Profiles

So, water surface profiles classified into two
different ways:

1. According to the slope of channel (Mild, Steep,
Critical, Horizontal, or Adverse)

2. According to the actual depth of flow in relation
to the critical and normal depth (zone 1,2 and 3)

The first letter of slope (M, S, C, H, or A) in
combination with 1, 2, or 3 defines the type of
surface profile.



Classification of Surface Profiles

Mild (M): The normal depth is greater than critical depth
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Classification of Surface Profiles

The channel bottom, the critical depth line, and the normal depth line divide the
channel into three zones in the vertical dimension, namely M1, M2, and M3.

The solid lines in the figure represent the shapes of the possible flow profiles in
these three zones.

Obviously, the normal depth line itself
would represent the water surface if the
flow in the channel were normal.



Classification of Surface Profiles

In zone M1, the water surface is above the
normal depth line. Therefore, in this zone 𝑦
> 𝑦𝑛 and consequently 𝑆𝑓 < 𝑆0.

Also, 𝑦 > 𝑦𝐶 and thus 𝐹𝑟 < 1.0 in zone
M1.

Therefore, both the numerator and the
denominator are positive quantities, and 𝑑𝑦
/𝑑𝑥 > 0.

In other words, the flow depth must
increase in the flow direction in zone M1.
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Classification of Surface Profiles

In the zones M2:

𝑦 < 𝑦𝑛 and consequently 𝑆𝑓 > 𝑆0

𝑦 > 𝑦𝐶 and thus 𝐹𝑟 < 1.0

In zone M3:

𝑦 < 𝑦𝑛 and consequently 𝑆𝑓 > 𝑆0

𝑦 < 𝑦𝐶 and thus 𝐹𝑟 > 1.0
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Classification of Surface Profiles

Steep (S): The normal depth is less than critical depth
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Classification of Surface Profiles

For a steep channel, 𝑦𝑛 > 𝑦𝐶 by definition.

The channel bottom, the normal depth line, and the critical depth line divide the
channel into three zones in the vertical dimension, namely S1, S2, and S3.

As before, the solid lines in the figure represent the shapes of the possible flow
profiles in these three zones.

If the flow were normal in this channel,
the normal depth line itself would
represent the water surface.



Classification of Surface Profiles

• In zone S1 the water surface is above the critical depth line, therefore in this zone
𝑦 > 𝑦𝐶 and thus 𝐹𝑟 < 1. Also, 𝑦 > 𝑦𝐶 > 𝑦𝑛, and consequently 𝑆𝑓 < 𝑆𝑜.

• Therefore, both the numerator and the denominator of equation are positive

quantities, and in zone S1
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> 0. In other words, the flow depth must increase

in the flow direction.
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Classification of Surface Profiles

Critical (C): The normal depth equals critical depth

𝑑𝑦

𝑑𝑥
=
𝑆0 − 𝑆𝑓

1 − 𝐹𝑟2

+



Classification of Surface Profiles

Horizontal (H): There is no normal depth.
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Classification of Surface Profiles

Adverse (A): There is no normal depth.
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Example 4-1

A very long rectangular channel (channel 1) has a width of 𝑏 = 10𝑓𝑡, Manning
roughness factor of 𝑛 = 0.020, and a bottom slope of 𝑆0 = 0.02. It carries a
discharge of 𝑄 = 300 𝑐𝑓𝑠 . This channel joins another channel (channel 2)
downstream, that has identical properties except for a slope of𝑆0 = 0.005 .
Determine the type of water surface profile occurring in these two channels.

Classification of Surface Profiles



Classification of Surface Profiles



Example 4-2

Suppose in Example 4.1 the slope of channel 2 were 𝑆0 = 0.001. Determine
whether the hydraulic jump would occur in channel 1 or channel 2.

Classification of Surface Profiles



Quantitative Evaluation of Surface Profile 

In practice, most surface profiles are generated by numerical integration,
which is, by dividing the channel into reaches and carrying the computation
of water surface evaluation from one end of reach to the other.

• Consider the channel reach shown in having a
length of ∆𝑥.

• Sections 𝑈 and 𝐷 denote the flow sections at the
upstream and downstream ends of the reach,
respectively.

• Using the subscripts 𝑈 and 𝐷 to denote the
upstream and downstream sections, we can write
energy equation as:



Quantitative Evaluation of Surface Profile 

The applicable equation is:
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Quantitative Evaluation of Surface Profile 

Where 𝑆𝑓𝑚 is:

𝑆𝑓𝑚 =
1

2
𝑆𝑓𝑢 + 𝑆𝑓𝐷

By rearranging the Manning formula, the friction slopes at sections U and D are
obtained as:
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Quantitative Evaluation of Surface Profile 

The two most common methods used to perform the gradually-varied flow
calculations are the direct step method and the standard step method.

Direct Step Method

In this method, the depth and velocity are known at a given section of the
channel (one end of the reach), and one arbitrarily chooses the depth at the
other end of the reach. Then the length of the reach is solved for.
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This method is called the direct step method, since the reach length is obtained
directly from the Equation without any trial and error.



Quantitative Evaluation of Surface Profile 

• For subcritical flow calculations, we start from the downstream end of a
channel and proceed in the upstream direction.

• At downstream, 𝑦𝐷 is known.

• Using the known discharge and the cross-sectional properties, we first
calculate 𝑉𝐷, and 𝑆𝑓𝐷.

• Next we pick a value for 𝑦𝑈 and calculate the corresponding 𝑉𝑈, 𝑆𝑓𝑈.

• Then, from Equation, we determine the channel reach ∆𝑥.
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Quantitative Evaluation of Surface Profile 

• This process is repeated for further upstream reaches until the entire length

of the channel is covered.

• Note that 𝑦𝑈 of any reach becomes 𝑦𝐷 for the reach considered next.

• Also, we must be careful in picking the values for 𝑦𝑈. These values depend

on the type of the profile that will occur in the channel.

• For example, if an M2 profile is being calculated, 𝑦𝑈 must satisfy the

inequalities 𝑦𝑈 > 𝑦𝐷 and 𝑦𝑛 > 𝑦𝑈 > 𝑦𝐶.

• Likewise, for an S1 profile, 𝑦𝑈 < 𝑦𝐷 and 𝑦𝑈 > 𝑦𝐶 > 𝑦𝑛.



Quantitative Evaluation of Surface Profile 

• For supercritical profiles, we start at the upstream end and proceed in the
downstream direction.

• For the first reach, 𝑦𝑈 is known from the upstream boundary condition.

• We choose a value for 𝑦𝐷 and calculate the reach length, ∆𝑥.

• This process is repeated for further downstream reaches until the length of
the channel is covered. The 𝑦𝐷 of any reach becomes 𝑦𝑈 of the subsequent
reach.

• The values of 𝑦𝐷 must be chosen carefully in the process. For instance, for M3
profiles, 𝑦𝐷 > 𝑦𝑈 and 𝑦𝐷 < 𝑦𝐶 < 𝑦𝑛.

• Likewise, for S2 profiles, 𝑦𝐷 > 𝑦𝑈 and 𝑦𝑛 < 𝑦𝐷 < 𝑦𝐶.



Quantitative Evaluation of Surface Profile 

• In certain situations, the flow depths at both ends of a surface profile will be
known and we can perform the calculations to determine the total length of
the profile.

• In such a case we can start from either the upstream end or the downstream
end, regardless of whether the flow is subcritical or supercritical.

• However, a downstream boundary condition is always known for subcritical
flow, and an upstream boundary condition is always known for supercritical
flow.

• Therefore, it is reasonable to adopt the general rule that subcritical flow
calculations start at the downstream end, and supercritical flow calculations
start at the upstream end.



Quantitative Evaluation of Surface Profile 

Example 4-3

A very long trapezoidal canal has 𝑏 = 18 𝑓𝑡, 𝑚 = 2.0, 𝑆0 = 0.001, and 𝑛 = 0.020,
and it carries 𝑄 = 800 𝑐𝑓𝑠. The canal terminates at a free fall. Calculate the water
surface profile.



Quantitative Evaluation of Surface Profile 



Quantitative Evaluation of Surface Profile 



Quantitative Evaluation of Surface Profile 



Quantitative Evaluation of Surface Profile 



Quantitative Evaluation of Surface Profile 



Quantitative Evaluation of Surface Profile 

Example 4-4

Flow enters a long, rectangular flume at its upstream end from under a sluice gate.
The flume has 𝑏 = 3 𝑓𝑡, 𝑛 = 0.013, and 𝑆0 = 0.02. The flow depth at the entrance
is 1.30 𝑓𝑡 and the discharge is 30 𝑐𝑓𝑠. Determine the water surface profile.



Quantitative Evaluation of Surface Profile 

S2 Profile



Quantitative Evaluation of Surface Profile 



APPLICATIONS OF GRADUALLY-VARIED FLOW

LOCATING HYDRAULIC JUMPS

• To determine the jump location in a channel, we need to use the jump equation
along with the gradually-varied flow calculations.

• The jump length is usually negligible compared to the length of a channel. Therefore,
we often perform these calculations assuming that the jump occurs vertically.

• The flow depths, 𝑦𝐽1 and 𝑦𝐽2, just upstream and downstream of the jump should

satisfy the jump equation.



APPLICATIONS OF GRADUALLY-VARIED FLOW

• If there is gradually-varied flow upstream of the
jump, 𝑦𝐽1 should also satisfy the gradually

varied equations upstream.

• Likewise, if there is gradually varied flow
downstream, then 𝑦𝐽2 should also satisfy the

downstream gradually-varied flow equations.



APPLICATIONS OF GRADUALLY-VARIED FLOW

Example 4-5

In Example 4.2, Determine the distance between the hydraulic jump and the
downstream end of channel.

Example 4:2 A very long rectangular channel (channel 1) has a width of 𝑏 = 10𝑓𝑡, Manning
roughness factor of 𝑛 = 0.020, and a bottom slope of 𝑆0 = 0.02. It carries a discharge of 𝑄
= 300 𝑐𝑓𝑠. This channel joins another channel (channel 2) downstream, that has identical
properties except for a slope of 𝑆0 = 0.001. Determine the type of water surface profile
occurring in these two channels.



APPLICATIONS OF GRADUALLY-VARIED FLOW

Depth after jump



Homework 4

Q4-1 Determine the critical depth, normal depth and water surface profile in a
rectangular channel with the width of 10ft, n=0.015 and S0=0.001, and Q=300
cfs, if:

a. y = 2ft

b. y= 4ft

c. y=6ft.



Homework 4

Q4-2 The flow enters a rectangular channel from under a sluice gate, as shown
in Figure, at a depth of 1.75 𝑓𝑡. The channel has a width of 𝑏 = 4 𝑓𝑡, a
Manning roughness factor of 𝑛 = 0.013, and a bottom slope of 𝑆0 = 0.001.
The discharge is 𝑄 = 133 𝑐𝑓𝑠. The channel is 200 𝑓𝑡 long, and it terminates at
free fall. Calculate the free surface profile.


